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Abstract. In analogy to the analyticity condition ||AetAH <ct ™ t>0, for a
continuous time semigroup (etA)tZO, a bounded operator T is called analytic if the dis-
crete time semigroup (T"),cn, satisfies ||[(T — IT"| < Cn~1, n € N. We generalize
O. Nevanlinna’s characterization of powerbounded and analytic operators T' to the fol-

lowing perturbation result: if S is a perturbation of T" such that ||R(Ag,T") — R(Xo, S)|| is

small enough for some Ay € o(T") N o(5), then the type w of the semigroup (et(s_l)) also

controls the analyticity of S in the sense that ||(S — I)S™|| < C(w +n"1)e*", n e N.

As an application we generalize and give a simple proof of a result by M. Christ on
the temporal regularity of random walks 7" on graphs of polynomial volume growth. On
arbitrary spaces {2 of at most exponential volume growth we obtain this regularity for any
powerbounded and analytic operator T' on Lo ({2) with a heat kernel satisfying Gaussian
upper bounds.

1. Introduction and main results. Let X be a Banach space and
L(X) the space of all bounded linear operators on X. Following [C-SC], an
operator T' € L£(X) is called analytic if there exists a constant C' > 0 such
that

(T —DT™| <Cn~! forallneN.
This notion is a discrete time analogue of the property ||Aet4|| < Ct~!, ¢ >0,
which characterizes the analyticity of a bounded semigroup (etA)tzo. The

following characterization of analytic operators is due to O. Nevanlinna [N1,
Thm. 4.5.4], [N2, Thm. 2.1].

THEOREM. Let T € L(X). Then the following are equivalent:

(a) T is powerbounded and analytic.
(b) (e"T=D) is a bounded analytic semigroup and o(T) C DU {1}.
() [AN=1)RN\T)|| < C forall |\ > 1.

Here D C C is the unit disk, o(T') is the spectrum of T' and, for A in
the resolvent set o(T'), we denote by R(\,T) := (A — T)~! the resolvent
operator.
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In particular, if T is powerbounded and analytic then (e/T—1)) is an
analytic semigroup of type 0. If S € £(X) is a perturbation of T such that
IR(No, T) — R(Ng, S)| is small enough for some A\g € o(T) N o(S) then the
type w of the analytic semigroup (e!t~1)) also controls the analyticity of S.

More precisely, in the first part of this paper we will prove the following
perturbation theorem for analytic operators.

THEOREM 1.1. Let T € L(X) be powerbounded and analytic. Fix Ao €
o(T) and C,6 > 0. Then there exist wg,d, D > 0 such that for all S € L(X)
with ||S]| < C and all w € [0,wy] the two conditions

(1) IAR(A, S — I —w)|| <C  forall X\ € Xs,
(2) Xo € 0(S) and ||R(Ao,T)— R(No,5)|| <d
imply ||S™|| < De“™ and ||(S — I)S™|| < D(w +n=1)e“™ for all n € Ny.

Here and in what follows X5 denotes the open sector {z : |arg(z)| <
d + m/2} and for bounds of the type “for all n € Ny” involving negative
powers n~% we use the convention 0% := 1.

In the second part of the paper this perturbation result is applied to
the problem of temporal regularity of discrete heat kernels which is the
following.

Let (£2, u,d) be a o-finite measure space equipped with a metric d and
set Ly := L,(£2,p). Let T' € L(Ly) be a powerbounded and analytic opera-
tor whose powers 7" have integral kernels p, (z,y) satisfying the Gaussian
bounds

Al Y™/ (m=1)
(3) Ipn(z,y)] < Co n—N/m exp (—bo%> for all n € N
nt/\m=

and some N,by > 0,m > 1. For m = 2, such estimates are quite common
[H-SC]; for m # 2, they appear on the so-called graphical Sierpiniski gaskets
and related graphs with fractal structure [J], [BB].

The question arises under which conditions one can guarantee the fol-
lowing natural bound for the discrete time derivatives Dp,, := ppy1 — pn:

d(m, y)m/(mfl)

k —N/m—k
4)  |DFpu(z,y)| < Crpn™N/ eXp<_bk 1/ (m—1)

> for all n € N.
Let T, € L(L2), o € R, denote the Davies perturbations of T (see Defini-
tion 3.1). Since D¥p,, is the kernel of the operator (T'— I)¥T™, by Davies’
perturbation method the estimate (4) is equivalent (see Lemma 3.2) to the
ultracontractive estimates

(Ug) H(TQ—I)’“TSHLOO < Oy N/m—k exp(wg|o|™n) for allm € N; p € R.
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Recall that our hypothesis (3) can be checked [H-SC] by establishing
(ﬁo) HT;HLQ, HT;LH27(>O < C(’)an/Qm exp(wilo|™n) foralln €N, p € R.

Hence the aim is to deduce (Uy) from (Ug). This will be achieved by shifting
the derivation from the ||-||2,oo-norm and the ||-||1 2-norm to the ||+ || 2-norm.
More precisely, if we can verify the analyticity property

(Ax) (T, — I)kTg‘HQ’Q < C’,’g'n_k exp(wylo[™n) foralln € Ny, o€ R
then (Uy) follows easily from (Uy), (Aj) and factorizations of the type
Ty = DT 100 < NTR L2 175 (1 = T)*[l22 175 [12,00-

Intermediate steps in the proof of (Up) are often [H-SC] the verification of
growth estimates for the semigroups (7} )nen, and (e!Te=D)),5¢ in the form
of (Ap) and of

(5) AR\, T, — I — wplo|™)||22 < CJ  forall X € X5, |o] < 1.

Then we obtain (Aj) as a direct consequence of the following corollary to
Theorem 1.1, whose conditions (c¢) and (d) correspond to (Ap) and (5).

COROLLARY 1.2. Let X be a Banach space and (S,).er a family of
operators in L(X). Suppose there are constants C,w,m,d > 0 satisfying the
following conditions:

(a) T := Sy is powerbounded and analytic.

(b) There exist g > 0 and \g € C such that \g & o(S,) for all |o] < 0o
and

IR0, T) = R0, S,) =0 as g —0.

(c) ISyl < Cewlel™ for all n € Ny, o € R.

(d) AR\, S, — I —wlo|™)|| < C for all X € X5, |o] < 1.
Then, for all k € N, there exist wy,Cy > 0 such that

1(So — D*S2|| < Cyn=Fe=xlel™™  for alln € No, 0 € R.

The constants wy, Cy, depend on the (S,),+0 only by the rate of convergence
in (b).

Corollary 1.2 will be applied to S, := T}, the Davies perturbations of T'.
In this case, the resolvent convergence in (b) will be verified by means of the
Gaussian kernel bounds (3). This requires the volume growth condition (6)
on ({2, u,d) in the following result, which will be proved by the reasoning as
just described.

PROPOSITION 1.3. Let (£2,pu,d) be a metric measure space of at most
exponential volume growth:

(6) AC,c>0Vr >0, z€ 2: |B(z,r)| < Ce™.
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Let T € L(Ls) be a powerbounded and analytic operator whose Davies
perturbations (T,)per  satisfy (Uo), (Ao) and (5) for some constants
CL, Cl,wh, N > 0 and m > 1. Furthermore, let T have an integral ker-
nel p € Loo(£2%) such that

(7) AC;6>0: |p(z,y)| < Cle=bdl@y)™ "
Then the T™ have integral kernels p, such that for all k € Ny there exist
constants C, by, > 0 with

d(x’ y)m/(m_l)

k —N/m—k
|D*p,, (2,y)| < Crpn ™™/ eXp<_bk L/ (m—1)

) for all n € N.

Here | B(x,r)| denotes the volume of the closed ball B(x,r) with centre x
and radius 7. An application of Theorem 1.3 for m = 2 yields the following
result on Markov chains.

THEOREM 1.4. Let (£2,p,d) be a metric measure space of at most ex-
ponential volume growth as in (6). Let N € Ry and T € L(Ls) be the
integral operator corresponding to a symmetric Markov kernel p € Loo(£22)
satisfying

(8) Jro>0Ve e 2: supp(p(z,-)) C B(z,ro),

9) sup |pn(z,y)| < Cn~N?%  for alln €N,
m’y

(10) —1¢o(T)

where the p, are the kernels of the T™. Then for all k € Ny we have
d 2
|DFp(z,y)| < Cpn~ N2k exp<—bkﬂ> for all n € N.
n

The estimate for £k = 0 was shown by W. Hebisch and L. Saloff-Coste
in [H-SC,Thm. 2.1] without restrictions on ({2, 4, d) and o(7"). And indeed,
intermediate steps in their proof are the verification of (Up), (Ag) and (a
slight weakening of) (5); see Lemmas 2.2, 2.3, 2.4 in [H-SC]. In fact, the argu-
ments given there show (5) so that, in particular, the semigroup (e?T 1) is
bounded analytic. Hence, by Nevanlinna’s theorem cited above and our ad-
ditional assumption —1 ¢ o(T'), the selfadjoint operator T" is powerbounded
and analytic so that Proposition 1.3 easily implies Theorem 1.4 (see §4 be-
low). We remark that if condition (9) is replaced by

[Pn (2, 9)] < Cof(n) exp<‘bod(%y)2>

for all n € N and some decreasing sequence (f(n))nen,, then the proof of
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Theorem 1.4 leads to the adapted conclusion

for all n € N.

- d(z, y)?
D pa(o)] < Cf(Ln+ )30+ exp( -5 A2 )
Theorem 1.4 was shown by M. Christ in [C] by a quite difficult proof for
the special case when (2 is a connected graph equipped with the counting
measure p and its natural metric d. Moreover, in [C] the following additional
assumptions are made:

e (2 is of polynomial volume dimension NV, i.e.
IC>0Vr>1,ze2: C N <|B(z,r)| <Crl,
e de>0Va,y € 2, dlz,y) =1= p(x,y) > e.

Note that every graph is at most of exponential volume growth provided
that each node has a uniformly bounded number of neighbours.

2. Proof of Theorem 1.1 and Corollary 1.2. In Theorem 1.1 we
consider perturbations S € £L(X) of a powerbounded and analytic operator
T € L(X) satisfying A\g € o(S) for some fixed A\g € o(T). For such pertur-
bations S of T' the characteristic resolvent estimate ||R(u,T)|| < Clu—1]71
for all || > 1 remains valid at least for all || > 1 outside a circle around
the singularity p = 1 of a radius proportional to ||R(Xo,T") — R(Ag, 5)||-

This is shown in the following lemma, whose proof is based on the con-
tinuity of the inversion map on {U € L(X) : U invertible}.

LEMMA 2.1. Let T € L(X) satisfy ||[R(u, T)|| < Clp—1|71 for all |pu| > 1.
Let Ao € o(T) and po > 0. Then there exist di, D1 > 0 such that for all
operators S € L(X) and for all po > |p| > 1 we have

IR, T) = R(Xo, S)|| < dalu—1] = [|R(u, S)|| < Dilu—1]7".

Proof. Obviously, it suffices to find dy, D; > 0 such that
IR0, T) = R(Xo, S)|| < dilpp = 1| = [[R(p,T) = R(u, S)|| < Dilpu — 1|7
for all S and pu as required. Recall that, for an invertible operator U € £(X),
any V € L(X) with |U — V|| < |[U™||7! is invertible and

oo -vi
U=t = U =V
If |R(No,T) — R(No,S)| is small enough we can apply this to U :=
(Mo — )"t = RN, T) and V :=(N\g — )=t — R(N\g, S) for |p| > 1. Indeed,

since

U= v <

1T = Ao =l Il + (Ao = ) R(p, )| < Ao — plCrlpe — 17
we obtain p € o(S) and
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| R(u, T) — R(pt, S)|| | Xo — p
= |lUT'R(Xo,T) — V"'R(X, 9)||

< U IRO0,T) = RO, S)I -+ [0 =V 1R, S)]|
_ R()\o, S
<1010 - VI (1 + e =)

U -VI
cslp =1 = U=V

< |Xo—plCalp—17"

< Ao = ulCalu =17
provided |U — V|| = [|R(Xo, T) — R(Ao, S)|| < eslpp —1]/2. m

Proof of Theorem 1.1. This proof is motivated by the proof of the impli-
cation (c¢)=-(a) in Nevanlinna’s theorem cited in the Introduction as given
in [N1, p. 102]. By hypothesis, T is powerbounded and analytic, hence due
to [N2, Thm. 2.1] we can assume

[(w = DR(p,T)|| <C forall [u| > 1.

Therefore, by Lemma 2.1, there exist dy, D1 > 0 satisfying for all S € £L(X)
and for all 2C' > |u| > 1 the condition

(11) R0, T) = R(Ao, S)I| < da|p = 1| = [[( = D) R(p, S)|| < D1

One checks that for sufficiently small ¢, co > 0 (depending only on ¢) the
map
0,t0) = Ry,  t |14 7+ te’ /D1 — ot 71,

is decreasing for all r € [0,1]. Hence we have
(12) [147r+te’CT /2| < (1 +7)(1 —cot) for all t € [0,t0], r € [0,1].

Now we set d := dytg/4. Then, for all S € L£(X) satisfying [|S|| < C and
(2), we deduce from (11) that o(S) D {p : |u| > 1, |p— 1] > tp/4} and

V22> |ul > 1, (=1 >te/4:  [[(n—1)R(p,S)| < Di.
Hence we find r < 1, Dy >0 independent of the operator S with
V2>l =, fu— 112 /25 [l — DR S)| < Dy

By choosing a greater » < 1 or a smaller § > 0 if necessary, we derive for
M= {p:|p[=r, [p—1] = to/2} that

too,0 i = t0/2 = 14 too,()ei((prﬂ/g) e M.
Hence there exist wg,ng > 0 such that for all n > ng, w € [0,w] we have

Ftnw €[0,t0] 0 1H+w+ n~t 4+ tn’wei(éﬂ/?) e M.
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For all such n and w we construct a closed path I3, ., as follows:
Fn,w = {nw,1 U Fn,w,Q U Fn,w,S,

lhwii=1+w+nt+ [O,tnvw]ei(ﬂ’r/m,

Fn,w,Q C M’

Dnws =14+w+n""+[0,t,,]e OTm/2),
For all S € L(X) satisfying ||S|| < C, (1) and (2), I}, is a path in o(5)
around o(S) so that

(eSS —I) = 2mi)~" | (e7“A)"(A = DR(A, S) dA.
Fn,w

It remains to estimate the integrals over the I, ., j, 7 = 1,2,3. Since I, o, 1 C

1+ w + X5 the hypothesis (1) and (12) yield

H | (N =DRK,S) d)\H

n,w,1l

<Cem™ | AMA-1A—1—w[THd)|

Fn,w,l
to -1 i(647/2)
“1\n nlwt+n=" +te
<Cl(1+n)" (1 - cot) | T 4 et /2)] |
0
to
< Ce(1—sind) " (wn +1) | (1 — cot)™ dt
0
<C'(w+nh.

For the integral over I5, ,, » we have even exponential decay in n:
H [ eV =1RM,S) d)\H < | "Dy |dA| < 2xDyr".
Fn,w,2 M
Since the integral over I, ,, 3 is symmetric to I, ,, 1 we have shown

(e79)™(S —I)|| < Ci(w+n~1) forall n € Ns,,.

Hence the second assertion of Theorem 1.1 follows and it remains to show
the powerboundedness of e~ S. Since

(e7“S)" = (2mi)~ | (e7“N)"R(\, 8)dA

Fn,w

we can proceed as above. Indeed, using (1) again we get
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© (1 +n (1 = eot)"

| 1 @=nrross)an| <o T e
n,w,1 0
0 e—cotn
< Ce (S) =1+ tei0+m/2)] dt
oo 67007’
=Ce § m dr < 0.

For the integral over I5, ,, » we obtain the bound

H | e =N"RrO,S) dAH < | DiA =171 aN < Dy (2/t0)2r.
n,w,2 M
By symmetry of I, ., 1 and I}, ., 3 we have established

[(e7“S)"| < Cy foralln €Ns, . m

REMARK 2.2. Let T, Ao, C, d and wq, d be as in Theorem 1.1. Then for all
k € Ny there exists Dy > 0 such that for all S € £(X) with ||S|| < C and
all w € [0,wp] the two conditions (1) and (2) together imply

(S —D)*S™|| < Dp(w +n"Hke*™  for all n € N.

Proof of Corollary 1.2. Let k € N>o. It suffices to consider the case where
w|o|™ is small since whenever w|g|™ > ¢ we have, by hypothesis (c),

(S, — I)kSgH < CltkgkeZhwlel™n < 0y _p=kedkwlel™  for all n € N.
But for w|p|™ small we obtain from Remark 2.2, applied to S := S,,

1(Sp — 1)FST|| < Dy(wlo|™ +n~t)kevlel"™ < Dyn=helkrDwlel™n g

3. Proof of Proposition 1.3. Let ({2, u,d) be a o-finite measure space
equipped with a metric d and define L, := L,(f2,p). Fix some A C
{1 € Lo : ¢ R-valued} such that

da,y) = sup [9(a) ~ Yly)| for all 2.y € 2

For instance, one may choose A := {d(xg,:) An:xzg € 2, n € N}.

DEFINITION 3.1. For any operator T' € L(Ls) we define its Davies per-
turbations (T,)eecr by

T, := e®Te % forpeR, ¥ e A.
Here we deliberately omit the dependence of T}, on 9 so that the phrase

“for all p € R” has always to be read as “for all o € R and all ¢ € A”.
The following lemma is well known as “Davies’ perturbation method”.
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LEMMA 3.2. Let K € L(Ly) have an integral kernel k € Lo (£2%). Let
C,w>0,m>1andb:=w YD (m—1)m="/"=1) Then the following
are equivalent:

(a) [k(z,y)| < Cebden™ ™0 o

(1) 1 Koll1.00 < Ce?lel™ for all o € R.

Proof. Observe that e?¥ Ke=2% has kernel k(z,)e?®®)~v®)  Hence
if (b) holds then we have

k(z,y)| < Cevlel™ g—o(¥(@)—=(y))
so that, for fixed x and y, approximating d(z,y) by suitable ¢» € A and
choosing o :=sgn(1(z) — ¥(y))(d(x, y)/(wm))/ =D shows
k(2. y)| < Cebi@n™ .
For the converse we assume (a) and obtain

|e2¥ Ke 2|1 00 = sup |k(z, y)|et®®—¥W)
x?y

< Csup e_bd(x7y)7n/(7n71)e‘g‘d(rvy)

x7y
< Csupe "/ el — geelel™
r>0

Proof of Proposition 1.3. Recall that, in addition to the assumptions of
this section, our space ({2, i1, d) is now of at most exponential volume growth:

AC,c>0Vr >0, x € §2: |B(x,r)| < Ce.

In order to obtain (the desired estimates for) integral kernels of the opera-
tors T"(I — T)*, by Lemma 3.2 we have to estimate the [(T' — I)kT"], =
(T, — I)FTy in the || - [|1,00-norm. More precisely, we have to show for all
k € Ny that

(Uk) (T, — I)kTgHLOO < Cpn~N/m=kewrlel™ foralln eN, pe R

“1/(m=1) —m/(m-1)_

where the relation between wy, and by, is by, = w m—1)m

By using factorizations of the type
1Ty = DTy 00 < 1T N2 1Ty = DFTEY2 20 T30 2,06

for n > 2 and the hypothesis (7) for n = 1 the estimate (Uy) is evident by
the hypothesis (Up) once we establish the analyticity property

(Ap) (T, — I)kTZ;LH272 < CY'n"Fexp(w,|o|™n) for all n € Ny, p € R.
Since by assumption we have (Ag) and (5), i.e.

AR\, T, — I — wplo|™)|l22 < C§  forall A € Xy, |o] <1,
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the property (Ay) follows directly from Corollary 1.2 if we can show
(13) HR()\o,T) — R(}\O,TQ)H272 — 0 as 0 — 0

for some Ag. Now, if \g > 1 is large enough then

IR(Xo,T) = R(Xo, Tp)ll22 < > _ A" H[T" = T2 for all [of < 1.

n=1

By using (Ag) we have, for some constants C,¢ > 0 and all M € N, |o| < 1,

[ee] oo
Do AT = Tylla < D0 A" TICH (L el < Tt
n=M n=M
Since (Up) and (Ag) are supposed to hold we have already seen that (Up)
holds, i.e. the T™ have integral kernels p,, such that

dlz. )™/ (m=1)
|pn(z,y)| < Con~N/m exp (—bo (%33( ) ) for all n € N.
nt/m=

Since T} has kernel pnl(z, y)eg(w(x)_w(y)) we can estimate as follows by ap-
plying Schur’s Lemma in the first step:

M
ST =T 2.2
n=1

M 00 m/(m—
< s Bz, k B DT ety
< Co Y- sup 3 1B(o bl exp( b ) (€ -1

m/(m—1
(k — 1)m/(m=1) (eelk _ 1)
Ml/(mfl)

— 0 as ¢ — 0, by monotone convergence.

By letting M — oo the convergence in (13) follows. m

REMARK 3.3. If, in the situation of Proposition 1.3, the hypothesis (60)
is replaced by

(IAJO) 1T 1,25 1 T3 2,00 < C)V f(n) exp(wilo|™n) forallmeN, peR

for some decreasing sequence (f(n))nen, then the above proof shows

m/(m=1)
| D pu(z,y)| < Crf(L(n +1)/3))n " exp(—%%)

for all n € N.
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4. Proof of Theorem 1.4. Let ({2, u,d) be again a o-finite measure
space equipped with a metric d and let T' € £L(Ls) be the integral operator
corresponding to a symmetric Markov kernel p € Lo, (£2%). Furthermore, let
(T,)ocr be the Davies perturbations of 7" defined with respect to

A= {d(zg,") An:zo € 2, n € N}

The following lemma is a slight modification of [H-SC, Lemma 2.3] with
essentially the same proof. We give it for the sake of completeness.

LEMMA 4.1. If the symmetric Markov kernel p € Loo(£2?) satisfies the
support-condition in Theorem 1.4, i.e.

(14) drg > 0Ve e 2: supp(p(zx,-)) C B(z, 1),
then, for all 6 € [0,7/2), there exists w > 0 such that
Ree((T, — I)g,g) Swd®|lgll3  for all g € La(2), lo| <1, |o| < 0.

Proof. We can adopt the arguments of the proof of [H-SC, Lemma 2.3]
although in [H-SC] the Davies perturbations are defined with respect to
A ={d(zg,) : z¢g € £2}. First we note that

(15)  [e2¥®) — W] < po|o|(e2¥ @) 4+ e2¥W)Y gz e 2, y e B(x,rg),
for all o € R and ¢ € A. Defining f := e~%%g we have

U —Tp)g.9)
=4((I —=T)f, e f)

=2\ (f(x) — f())(e2¥C) f(z) — 2090 f () k(, y) dv dy
=\ 1f(2) = f)P(e2¥®) + &2 W) (2, y) dw dy

+\(f(@) = FO)(F@) + f())(€2V @ — 2P W)k(z,y) d dy
= E1 + EQ.

The first term F; is nonnegative. Using the Cauchy—Schwarz inequality, (14)
and (15), we can estimate the second term FE5 by

1B < \[f(x) — fy)P(e2¥® + €2 W) 2k(x, ) da dy
<\ |f (@) + f(y)Plee? ™ — ¥ W2k (z,y) da dy
<83 E10” [ (| (@) + £ (y) ) (€22 + 2V W) e(z, y) d dy

< CE e flI3  (lel <1)
< (cos(8) 1 + 4wo?|g1I3)
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for suitable C,w > 0 independent of |g| < 1, » € A and g € Ly(£2). This
shows

Re e (I = T,)g,9) > cos(9)Fr /4 — | E>/4] > ~w?llgl3. »

Proof of Theorem 1.4. Fix some § € (0,7/2), choose w > 0 as in

Lemma 4.1 and set w{ := cos(d) " 'w. Employing Lemma 4.1 for functions
12

g € La(02) of the type g = ete’” (Te=I1=w(0®) £ shows

d i "

et 7T fIE <0 forall f € La(®), Jol < 1. [o] <6t 0.

Hence ||62(T@’I"’J6,92)||272 <1 for all |arg(z)| < 0, which implies
INRON T, — I —wyo®)|lae <C  forall A€ Xs, |of <1

by well known semigroup theory [P]. Now arguing as in the proof of [H-SC,
Lemma 2.4] and of [H-SC, Lemma 2.2] yields the following two estimates:

2 2
1Ty |22 < Ce0e™, Ty 12, 1Ty 200 < Cr /100

for all n € N, p € R and some w{ > 0. In particular, T" is powerbounded so
that its selfadjointness implies o(T") C [—1,1]. Our additional assumption
—1 ¢ o(T) thus ensures

o(T) C (—-1,1].

By Nevanlinna’s Theorem [N1, Thm. 4.5.4] the operator T' is analytic and
Theorem 1.4 follows from Proposition 1.3. =
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