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Countable Toronto spaces
by

Gary Gruenhage (Auburn, AL) and J. Tach Moore (Toronto)

Abstract. A space X is called an a-Toronto space if X is scattered of Cantor—
Bendixson rank « and is homeomorphic to each of its subspaces of the same rank. We
answer a question of Steprans by constructing a countable a-Toronto space for each
a < w. We also construct consistent examples of countable a-Toronto spaces for each
a < wi.

1. Introduction. For a space X, let X? = X, let X**! be the non-
isolated points of X¢, and for « a limit, let X% = ﬂﬁ<a XP. X is scattered
if X* = () for some «. In this case, we call the least such a the Cantor—
Bendizson rank, 7(X), of X. The set X\ X! (i.e., the isolated points of
X“) is called the ath level of X.

The so-called Toronto problem, posed by J. Steprans [S], asks if there
is an uncountable non-discrete Hausdorff space X which is homeomorphic
to each of its uncountable subspaces. Such a space, if it exists, is called a
Toronto space. According to the folklore, a Toronto space must be scattered
of Cantor—Bendixson rank wy, and hereditarily separable (in particular, each
level must be countable). The Toronto problem is still unsettled, though it is
known that there are no Toronto spaces under CH, and no regular Toronto
spaces under PFA.

Taking a cue from the structure of a Toronto space, Steprans calls a space
X an a-Toronto space if X is scattered of rank «, and X is homeomorphic to
each of its subspaces of the same rank. For example, a convergent sequence
is 2-Toronto. Steprans asks if there is an w-Toronto space, and mentions that
it is unknown if there is an a-Toronto space for any a > 3. The main result
of this paper is that there is a countable a-Toronto space for any a < w,
and there are consistent examples of countable a-Toronto spaces for each
w<a<ws.
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Given a filter F on w, let F* be the set of all X C w such that
XNFE # ( for every F € F. F is said to be homogeneous if for any
X € FT, the restriction of the filter F to X is isomorphic to F. Let us
also denote by F x w the filter on w X w generated by sets of the form
F xw, F € F. We will show in Section 2 that if there is a homoge-
neous filter F on w which is isomorphic to the filter F x w on w?, then
there is an a-Toronto space for every a < w. If F has a certain additional
property (see Theorem 2.11), then there is an a-Toronto space for every
a < wi.

In Section 3 we describe, in ZFC, a filter F which is homogeneous and
isomorphic to F x w. Thus there are countable a-Toronto spaces in ZFC for
every a < w. This filter does not have the additional property required to
build countable a-Toronto spaces for w < o < wy. In Section 4, we show that
it is consistent for there to be a filter having also the additional property,
and hence consistent for there to be countable a-Toronto spaces for every
a < wi. We do not know if such filters (i.e., having the additional property)
exist in ZFC, or if there can be countable a-Toronto spaces in ZFC for
w<a<w.

Our construction also produces (consistent) a-Toronto spaces for o = wy
and a = wy + 1, albeit with uncountable levels. We do not know if there can
be an wi-Toronto space with countable levels.

In Section 5, we show that a very natural construction of spaces from a
filter which is somewhat different from our construction in Section 2 cannot
produce a-Toronto spaces for a > 4, though it does give other 3-Toronto
spaces in ZFC.

2. Toronto spaces from the filter. Given a filter F on w, we will
define corresponding scattered spaces T,, o an ordinal, of rank «a. T, will
be countable iff & < wy. Most other properties of the spaces T, will depend
on properties of the filter F. We will show (Theorem 2.10) that if F is
homogeneous and isomorphic to the filter F x w, then T, is an a-Toronto
space for a < w. If F has an additional property (see Theorem 2.11), then
T, is a-Toronto for all o < wy.

If (X,,)new is a sequence of (disjoint) spaces, and F is a filter on w, let
(Xn)new Ur {00} denote the space whose set is {oo} U J,,c,, Xn, such that
each X, is a clopen subspace, and a neighborhood of oo has the form {oo}U
Uner Xn, where F' € F. If F is a filter on a set A, then (X4)qea Ur {00}
is defined similarly.

Let Ty be the empty space and 77 a single point space. Let T+ =
({n} X To)new Ur {oo}. If av is a limit ordinal and T3 has been defined for
all 8 < a, let T, = @ﬁ<a Tp. Clearly T, is scattered of rank «, and is
countable iff a < ws.
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To verify other properties of the spaces T, given properties of the fil-
ter F, it will be helpful to establish some general facts about the “Uz”
construction.

LEMMA 2.1. If W C (X,)new Ur {00}, then
ceW\{c}e{n:WnX, #0}eFT .
Proof. Clear. m

LEMMA 2.2. If h, : X,, — Y, is a homeomorphism for each n € w, then
the map H: (Xn)nEw Ur {OO} - (Yn)nEu.: Ur {OO} deﬁned by H(OO) = 00
and H(x) = hy(x) for x € X,, is a homeomorphism.

Proof. That H is a bijection and continuous at every point except
(possibly) oo is clear. It follows from Lemma 2.1 that oo € W < oo € H(W).
Thus H is also continuous at co. The proof that H ! is continuous is similar.
Thus H is a homeomorphism. =

LEMMA 2.3. For each A C w, (Xp)new Ur {00} = [((Xn)nea Uria
{o0}) @ ((Xn)new\a Urt(w\a) {00})]/{oo}

Proof. That the obvious mapping is a homeomorphism follows easily
from Lemma 2.1, upon noting that B € F7T iff either BN A € FT or
BNn(w\A)eFt. n

Another straightforward application of Lemma 2.1 shows:
LEMMA 2.4. For spaces X,, and Y, n € w, we have
(Xn @ Ya)new Ur {00} = [((Xn)new Ur {00}) ® ((Yn)new Ur {o0})]/{o0}-
LEMMA 2.5. If F is homogeneous, then for any A € FT, we have
(Xn)new Ur {00} = (Yo © Zn)new Ur {00}

where (Yp)new 18 a reindexing of (Xp)nea, and Z, = X, forn € w\ A
while Z, =0 for n € A.

Proof. By homogeneity, (X,)nca Urja {oo} is homeomorphic to
(Yn)new Usr {00} for some reindexing (Y, )new Of (Xpn)nea. Also, it is clear
that (Xy)new\a UF(w\4) {00} is homeomorphic to (Zy,)new Ur {00} where
the Z,’s are as given in the statement of the lemma. The lemma now follows
by applying Lemma 2.3, the above remarks, and Lemma 2.4. u

LEMMA 2.6. If F is homogeneous and not the co-finite filter, then Ty,
is homeomorphic to every topological sum of Ti, and countably many Tz for
0 < a.
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Proof. The result is obvious for Ty and T;. Suppose it holds for all
8 < a. If « is a limit ordinal, then T, is by definition the topological sum
of the T’s for f < «, and the result follows easily from the induction
hypothesis.

Suppose « is a successor, say a = v + 1, and consider T, ® @,,c,, Xn,
where each X, is homeomorphic to some T, , 3, < a. Note that 7 homo-
geneous and not the co-finite filter implies that T, is homeomorphic to the
topological sum of itself and countably many copies Y,,, n € w, of T,. Now
TCV ©® @new Xn = [TO‘ & ®n€w Yn] ©® ®n€w X” = TO‘ & ®n€w(Xn @ Y”)
By the induction hypothesis, each X,, ® Y,, is homeomorphic to one or two
copies of T',, and the result follows. m

LEMMA 2.7. For any filter F onw, and disjoint spaces { X, m : n,mew},

(Xn,m)(n,m)6w2 Urxw {OO} = ( @ Xn,m>n€w Ur {OO}

mew

Proof. Note that for A C w?, A € (F x w)* & m1(A) € FT, where m
is the projection onto the first coordinate. Now it is easy to use Lemma 2.1
to verify that the obvious mapping is a homeomorphism. =

The next lemma shows that if in the definition of T, 11, each copy {n} x
T, of T, is replaced by the sum of finitely many or countably infinitely many
copies of Ty, the result is homeomorphic to T, 11, provided F has the stated
properties.

LEmMA 2.8. If F is homogeneous and isomorphic to F X w, then

({n} * Ta)new Ur oo} = (@D {mom} < Tu) _ Ur {oo},

where 0 < k,, < w.

Proof. Let A=J,{n} x k,. Then A € (F x w)™. By the assumptions
on F, (F xw)[A is isomorphic to F x w and F. Use an isomorphism between
(F xw)[A and F to constuct the natural bijection between the spaces. Then
use B € ((F xw)|A)T & m(B) € Ft to show via Lemma 2.1 that this
bijection is a homeomorphism. =

LEMMA 2.9. Suppose F is homogeneous and isomorphic to F X w. If
A FT, then

(Xu)uew Ur {00} = (DY) Us (oo},

mew

where (Y ). mew 18 a reshuffling of the X;’s, and for each n, |[{m : Y, = X
for some i € A}| = w.
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Proof. We have

(Xn)nEw Ur {OO}
= [((Xn)nea Uria {00}) ® ((Xn)new\a Uriw\a) {00})]/{oc}

o [(( P WTT) e UF {OO}> @ ((Zn)new Ur {o0}) | /{oo},

where the W]™’s are a reindexing of the X,’s, n € A, and the Z,, are as
in Lemma 2.5. The first homeomorphism exists by Lemma 2.3, and the
second follows from F being homogeneous and isomorphic to F x w, and
Lemma 2.7. Now by Lemma 2.4, the latter quotient space is homeomorphic
to (Zn © (B,new Wi'))new Ur {oo}. Finally, for each n let Y,*, m € w, be
a reindexing of {Z,} U{W" :m € w}. =

THEOREM 2.10. If F is homogeneous and isomorphic to F X w, then
T, is a countable n-Toronto space for every n < w, and any subspace of
T, of rank j < n is homeomorphic to a topological sum of countably many
copies of Tj.

Proof. Clearly the theorem holds for n < 1. Also, if it holds for all
n < w, it is easy to check that it holds for n = w, since T, is just the
topological sum of the T,,’s, n < w.

We will complete the proof by showing that the theorem holds for n =
k + 1, given it holds for n < k, where k < w. To this end, let X be a
subspace of Tj41. If 0o is either not in X or is an isolated point of X, it is
easy to use the induction hypothesis to verify the conclusion of the theorem.
So, suppose oo is a limit point of X. Let X,, = X N ({n} x T). Note that
X = (Xy)new Ur {o0}. Let jo < k be maximal such that {n : r(X,) =
Jo} € FT. Then there is Fy € F such that jo = max{r(X,) : n € Fy}, and
Ag = {n € Fy : 7(X,) = jo} € FT. Let Ny be the clopen neighborhood
{00} UU, e, Xn of 00 in X5 note No = (X, )ner, Ur {00}. By homogeneity
and Lemma 2.5, Ny is homeomorphic to (Y, ®Z,, ) ne,Ur{oo} where (Yy,)new
is a reindexing of (X, )nea,, and each Z, is either () or X,, for some m €
Fy\ A. By the induction hypothesis, since 7(Z,,) < r(Y,) = jo, each Y,, & Z,,
is a topological sum of countably many copies of T},. So by Lemma 2.8, Ny
is homeomorphic to T)j,+1. Let N1 = X \ Ny. By the induction hypothesis,
Ny is homeomorphic to a topological sum of countably many copies of T,
for some j; < k. Of course X = Ny @ N;. If jo = k, which happens iff
r(X) =k + 1, then Ny and (by Lemma 2.6) X are homeomorphic to Tj1.
If jo < k, then by Lemma 2.6, X is homeomorphic to a topological sum of
countably many copies of Ty, ax{jo+1,5,}- That completes the proof. m

THEOREM 2.11. Suppose F is homogeneous and isomorphic to F X w,
and satisfies
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(x)  Whenever f : w — w is unbounded on every F' € F, there is some
A € F* such that f]A is finite-to-one.

Then T, is a countable a-Toronto space for every o < wy, and any subspace
of To of rank B < « is homeomorphic to a topological sum of countably
many copies of Tg.

Proof. Theorem 2.10 shows this theorem holds for @ < w. Suppose it
holds for all 3 < «, where o < w1, and consider X C T,.

If « is a limit, then T, = s<a LB By the induction hypothesis, each
subspace X N Tz of X is homeomorphic to the topological sum of copies
of T for some ' < . Now one can use Lemma 2.6 to split up or group
these T3’s in the appropriate way to show that X = T, x if 7(X) is a limit
ordinal, and is homeomorphic to the sum of countably many copies of T} x)
otherwise.

It remains to verify the theorem in case « is a successor, say a = vy + 1.
As in the proof of Theorem 2.10, we may suppose that oo is a limit point of
X, in which case X = (X, )new Ur {00}, where X,, = X N ({n} x T).

Let 0, = r(X,), and let 6 be minimal such that, for some F; € F,

sup{d,, : n € Fy} = 4.

Let A={ne€Fy:6, =0} IfAec Fr let Ag = A If A ¢ FT, then
we may assume A = (), i.e., 6, < ¢ for each n € Fy. Note that therefore
0 is a limit ordinal. Let 3,, n € w, be increasing with supremum J. Define
f 1w — wsuch that f(n) =m iff 5, <J, < Bm41. By minimality of J, f is
unbounded on every F € F. By (x), there is Ag € F+, Ag C Fp, such that
fTAp is finite-to-one.

Thus, whether A € FT or not, we have an 4y € FT, Ay C Fy, such
that sup{d,, : n € B} = ¢ for every infinite B C Ay. Let Ny be the clopen
neighborhood {oo} U, ¢, Xn of 0o in X. By homogeneity and Lemma 2.9,
No = (Zn)newUr {0}, where each Z,, is a topological sum of X,,,’s, m € Fyp,
with m € Ag infinitely often. Thus r(Z,) = § for all n. By the induction
hypothesis, Z,, is homeomorphic to a topological sum of countably many
copies of T, hence by Lemma 2.8, Ny = T511. The proof is now completed
as in Theorem 2.10. =

We now show that the condition (*) is necessary for T,, 41 to be (w+ 1)-
Toronto.

THEOREM 2.12. Suppose F is a filter on w which fails to satisfy condition
() of Theorem 2.11. Then T, 41 is not (w + 1)-Toronto.

Proof. Recall T,,41 = ({n} X T, )new Ur {o0}. Suppose T,,41 is (w+ 1)-
Toronto, and let f : w — w be such that |f(F)| = w for every F € F.
We will show that f]A is finite-to-one for some A € F+. To this end, let
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X = ({n} x Ttmn))new Ur {o0}. Then X is homeomorphic to a subspace of
T+1, and it follows from the fact that |f(F')| = w for every F' € F that
r(X)=w+1.
So there must exist a homeomorphism h : T,,;1 — X. For k € w let
B, = {n cCw: h({k‘} X Tw) N ({n} X Tf(n)) 75 @}
Since r(T,,) = w, we must have |f(Bj)| = w. Thus we can choose n, € By
such that f(no) < f(n1) < ... Now pick xx € h({k} x T,) N ({nx} X Ttn,))-

Note that oo € cl(h~!({x} : k € w})). It follows that A = {ny : k € w} is in
FT. Since f is one-to-one on A, that completes the proof. m

THEOREM 2.13. If F satisfies the conditions of Theorem 2.11, then T,
and T,,+1 are wi-Toronto and (wy + 1)-Toronto, respectively (albeit with
uncountable levels). However, T, 12 is not (wy + 2)-Toronto.

Proof. That T, is w;-Toronto follows just like the limit case of the
proof of Theorem 2.11. Now consider a subspace X of T}, +1 of rank w; + 1,
and let X,, = X N ({n} x T,,,). Then for Ft-many n’s, r(X,) = w; and
for such n, X,, 2 T,,. Now use Lemmas 2.5 and 2.8 as in Theorem 2.10 to
complete the proof that X = T, 1. Thus T, +1 is (w1 + 1)-Toronto.

Let Y be the subspace of T}, 11 consisting of only its isolated points and
the point co. Note that every neighborhood of oo in Y is uncountable. It
follows that T}, +2 has a subspace Z of rank w; 4+ 2 with a point at level
1 every neighborhood of which is uncountable. But every level 1 point of
T.,,+2 has a countable neighborhood. Thus Z 2 T,,, 12 and so T}, 12 is not
(w1 + 2)-Toronto. m

3. The ZFC filter. In this section we will define a homogeneous filter F
on w such that F is isomorphic to F X w. It will be more convenient for our
purposes to actually define the filter on the countable ordinal w* =5 w".
The filter F is the collection of all A C w“ such that the order type of
w* \ A is less than w*. Note that the F-positive subsets of w* are simply
those which have order type w®.

THEOREM 3.1. F is homogeneous and isomorphic to F X w.

Proof. Notice that if X C w¥ isin Ft+ and & : X — w* is an order
isomorphism then @ is also an isomorphism between F[X and F. Thus F
is homogeneous.

To see that F is isomorphic to F X w, recall that the ordinal w - w* is
the order type of the set w x w* equipped with the lexicographical order. It
is easy to see that

o0
w-wY = g w-w" = w".
n=1
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Let @ be an order isomorphism between w* X w with the reverse lexico-
graphical order and w®. Define F* to be the preimage of F under @. Now
it suffices to show that F* is equal to F X w. It should be clear that F*
contains F X w. If A is in F* then define A° to be the union of all £ C A
such that E = 7~ (7(E)) where 7 : w* X w — w* is the projection onto the
first coordinate. Notice that A° is also in JF since if the complement of A
has order type a < w* then the complement of A° has order type at most
w-a < w®. Since 7(A%) must be in F, and since 77! (7(A%)) = A% A D AY
is in F X w and we are finished. m

COROLLARY 3.2. There are, in ZFC, n-Toronto spaces for everyn < w.
Proof. Immediate from Theorems 3.1 and 2.10.

Unfortunately, this filter does not produce a-Toronto spaces for o > w
by Theorem 2.12 and:

PrOPOSITION 3.3. Let F be the filter of Theorem 3.1. Then F does not
satisfy condition (%) of Theorem 2.11.

Proof. Define f : w¥ — w by f(a) = k iff a € [wF,wk + w). If the
restriction of f to a set A C w* is finite-to-one, clearly A has order type w
and hence is not in F'. =

In the next section, we will show that at least there are consistent ex-
amples of filters satisfying all the conditions of Theorem 2.11.

4. The consistent filter. The purpose of this section is to prove the
following,.

THEOREM 4.1. If ZFC is consistent, then it is consistent with ZFC' that
there is a filter F on w satisfying:

(i) F is homogeneous;
(ii) F is isomorphic to the filter F X w on w
(iii) Whenever f : w — w is unbounded on every F € F, then there is
some A € FT such that flA is finite-to-one.

2.
’

The starting point for our construction is the following observation. Sup-
pose Fo = {Feo : @ < w1}, e = 0,1, are subbases for filters on w such that,
whenever H and K are disjoint finite subsets of w1 and (), c iy Fea \Upe i Fep
is non-empty, then it is infinite, and so is the corresponding set using Fi_..
Then there is a natural o-centered poset P forcing Fy and F; to be iso-
morphic: namely, P consists of all pairs p = (7P, HP), where 7P is a finite
one-to-one function from w to w, and H? € [w1]<¥. Declare ¢ < p if 77 D 7P,
H? > HP, and for each 8 € HP, we have n € Fyg < 79(n) € Fig when-
ever n € dom(7¢\ 7P). This forcing adds a function ¢ : w — w such that
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t(Fop) =* Fip for every § < wy, and it is easy to see that such a function ¢
is an isomorphism.

Call a pair of filters having subbases as above a good pair. Any pair
of filters generated by wi-sized independent families is a good pair. Our
naive idea to start with a filter F on w generated by an independent family
A ={A, : a < w}, consisting of wi-many Cohen reals, then force it to be
isomorphic to the filter F x w on w?, which is generated by the independent
family {A x w : A € A}, and finally iterate the type of poset described in
the previous paragraph w; times (we start with a model of CH) to force F
to be homogeneous.

Note that for any infinite subset X of w in the ground model, the re-
striction of A to X is still an independent family. The problem one runs
into, however, is that this is not true for many subsets X added by the
forcings. For example, if some infinite set X is added which is almost con-
tained in every member of A, then the restriction of F to X is the cofinite
filter, and then there is no hope of making F homogeneous. So we must in
particular show sets like this are not added. In fact, we show that for any
subset X of w added at some stage of the iteration, if X € F*, then there
is some ¢ < wy such that the restriction of {A, : « > 0} to X is an indepen-
dent family. By Lemma 4.2 below, this turns out to be enough for F and
its restriction to X to be a good pair of filters (witnessed by the subbase
{Npa)<n Aatncw U{Aa : a = 0} for F and its restriction to X for F[X),
and so they can be forced to be isomorphic.

Forcing notation follows Kunen [Kul; in particular, Fn(X,Y) denotes
the set of all functions from a finite subset of X into Y. For A C w, we let

Al =Aand A =w )\ A.

LEMMA 4.2. Let A= {A, : @ < w1} be an independent family of subsets
of w, and let F be the filter generated by A. Given ¢ € Fn(wy,2), let L, =
ﬂaedom(g) Aﬁ(a). Suppose the following holds:

VX Cw[X € FT = Iy <wi(XNL,#0 for all p € Fn(w; \ v,2))].

(To express the property in words, one might say it means that the restriction
of A to any member of F* is “eventually independent”.) Then for every
X € F7, there exists § < wy and a finite-to-one ¢ : § — w such that

N 4\ () Aa| NN X #0
p(a)<n $(a)<n
for alln < w and g € Fn(w; \ 6,2).
Proof. Let X € F*. Let M be a countable elementary submodel con-

taining A, X, and a function Y — ~(Y') € w; witnessing the hypothesized
property. Let § = M Nw;. Construct a finite-to-one fuction ¢ : § — w such
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that, for each n, ¢ =1(n) ¢ 7(Xﬁﬂ¢(a)<n A,) as follows. Let § = {dg, d1,...}.
Note that A, € M for each o < 4, and v(Y) < § for each Y € M N FT.
Hence we can inductively choose a finite subset ¢~1(n) of § containing:

(1) 0;, where i is least such that 6; ¢ U, _,, o 1(4);

(2) 9 >~v(X N ﬂ¢(a)<n Aqy)-

We claim that this 6 and ¢ have the desired properties. To see this, fix
n € w. Let Zn, = [Nya)<n Aa \ Np(a)<n 4a] N X, and let o € Fn(w; \ 6,2).
We need to show Z,, N L, # ). Choose o/ € ¢~(n) \ v(X N Né(ay<n Aa)-
Let o' = 0™ (a’,0). Since ¢’ € Fn(w1 \ 7(X N(\y(a)<n Aa),2), We have

@#[Xm N Aa}mLQ/:KXm N Aa)\Aa/}ng

d(a)<n dla)<n
C [(Xn N Aa)\ N Aa} NL,
p(a)<n p(a)<n
=Zp,NL, =

Now we describe the posets that will be used in the iteration. Let F
be the filter generated by an independent family A = {4, : o < w1}, let
X e Ft,let 6 <wy, and let ¢ : § — w be a finite-to-one function satisfying
the conclusion of Lemma 4.2. Let Q(A, X, 6, ¢) be the poset consisting of all
p = (TP, FP nP) such that:

(a) 7P is a finite one-to-one function from w to X;

(b) F? € [wy \ 0]

(c) n? € w.

Define ¢ < p iff 79 D 7P, F'4 D FP, n% > nP, and

(i) Vn € dom(72\ 7P)VB € FP[n € Ag < 7(n) € Agl;
(i) Vn € dom(r?\ 7P)Vk < nP[n € (0 <k Aa ©TIN) €Ny (0)<i Aal-

LEMMA 4.3. The poset Q = Q(A, X, 0, ¢) is o-centered, and if G is a
Q-generic filter, then t = |J{7P : p € G} is a bijection from w to X such
that t(Ag) =" AgNX for all 8= 6, and t(y(n)<n Aa) =" XN N40)<n Aa
for all n < w. In particular, t witnesses that in V[G], F is isomorphic to its
restriction to X.

Proof. Clearly any two conditions p and ¢ for which 7P = 77 are com-
patible, and so the poset is o-centered.

Let G be a Q-generic filter. First we show that, for each k € w, the
subset of @ consisting of all p with & € dom(7P) is dense. To this end,
suppose k ¢ dom(7P). Let o : FP — 2 be such that k € Ag < o(8) = 1.
Let n < n? be maximal such that k € ﬂ¢(a)<n A,. By the property of ¢,
the set [Ny(n)<n Ao \ Ng(a)<n Aal N Lo N X is infinite, so we can choose a
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natural number &’ in this set which is not in ran(7?). Let 7¢ = 7P U{(k, k') },
F1=FP and n? =nP. Then q < p.

By a similar argument, for each k € X, the set of all p with k € ran(7?)
is dense. It follows that ¢ : w — X is a bijection.

We now prove that ¢ is an isomorphism between F and F[X by showing
that

(1) t(Ag) =* X N Ag for every [ > §; and

Tosee (1), fix 3 > 0. Thereis p € G with § € FP. Let k ¢ dom(7P). There
is g € G with ¢ <pand k € 77. Then k € Ag & 79(k) € Ag & t(k) € Ag.
Similarly, if k¥ € X \ ran(7?), then k € Ag < t71(k) € Ag. It follows that
t(Ap \ dom(7P)) = [X N Ag] \ ran(7P).

Now for (2), fix n <w.There is pe G with n<nP. Let k¢ dom(7P?). There
is g€ G with ¢<p and k€79. Then k€[ 4y <) Aa S TU(k) €Nya)cn Aae
t(k) € Ny(a)<n Aa- The analogous statement is true for k€ X \ ran(7?). It
follows that t((y(n) <, Aa \dom(7?)) = [X Ny (0)<p Aa] \ran(r?).

It follows that the bijections ¢ and ¢~! map elements of F to elements
of its restriction to X, and vice versa. So ¢t witnesses that these two filters
are isomorphic. m

Now we define the poset Q1(.A) forcing F to be isomorphic to the filter
F x won w? Let p= (7P, FP) be in Q1(A) iff:

(a) 7P is a finite one-to-one function from w to w?;
(b) FP € [wq]<¥.

Define ¢ < p iff 77 D 7P, F4 D F?, and Vn € dom(79\ 7P)Vj3 € FP[n €
Aﬁ = Tq(n) S Ag X w].

LEMMA 4.4. The poset Q1(.A) is o-centered, and if G is a Q1(A)-generic
filter, then t = J{7P : p € G} is a bijection from w to w? such that t(Ag) =*
AgXw for all B € wy. In particular, t witnesses that in V[G], F is isomorphic
to F X w.

Proof. Note that the collection {A, X w : a < w;}, which generates
the filter on w?, is an independent family. Thus Lemma 4.4 follows by a
proof similar to (and somewhat shorter than, since the complication of the
finite-to-one function is not involved here) that of Lemma 4.3. =

Now we describe the iteration, which is a finite support iteration P, of
(Qa)a<w, - Let the ground model V satisfy CH. Let Qo = Fn(w; x w, 2); i.e.,
Qo is the poset for adding wi-many Cohen reals. If G is QQg-generic and
a<wiy,let Ay ={new:JGo(a,n) =1}. Then A ={A,:a <wi}isan
independent family in V[Go]. Let Q1 be a Qo-name for the forcing Q1 (A) of
Lemma 4.4. Each Q,, for a > 1 will be a name for a forcing Q(A, Xo, 00, 0a)
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as in Lemma 4.3 forcing F and its restriction to X, to be isomorphic. Since
V E CH, and each poset in the iteration is CCC and has size wq, it follows
that the final model satisfies CH, and we can arrange the X,’s to include
(names for) every X € F* in the final model. Thus in the end F will be
homogeneous, and, thanks to Ql, will be isomorphic to F x w. It turns
out nothing more need be done to obtain the additional property (iii) of
Theorem 4.1.

However, a problem with the above simple outline is that, given that
X, € Ftin VP in order to continue the iteration we must show that there
is forced to be some §, < w; and finite-to-one function ¢, : 6, — w such
that Q(A, Xq, da, ¢o) exists, i.e., the conclusion of Lemma 4.2 is satisfied.
So we must show that P, forces the hypothesis of Lemma 4.2.

To establish notation, let us describe the iteration more precisely. We
will often abuse notation by letting sets be names for themselves, when this
should cause no confusion, but we will also use X to denote a name for X
when we want to emphasize that we are talking about names.

First note that, without loss of generality, we can think of members of
the iteration as having the form

p= <Jp7 <7—f> F1p>7 <7—57 F57”2>76DP>
where
(i) oP € Fn(w; X w,2);
(ii) 77 is a finite one-to-one function from w to w? and F¥ € [wy]<¥;
(i) DP € [wy \ 2]<;
(iv) for each v € DP, 7P is a finite one-to-one function from w to w,

gl
FP € [w]=¥, and n} < w.

Further, there is a sequence (Xa,5a,¢5a), 1 < a < wi, of names such
that:

(V) kg “Xo € FT 00 < w1, ¢ : 04 — wis finite-to-one, and Xy, 0o, da
satisfy the conclusion of Lemma 4.2” and for each v € DP,
(vi) plyIF “p(7) € Q(A, Xa,6,0)”.
In particular this implies
(vii) plvy IF “ran(7l) C X, and FP Cuwy\ o
As indicated above, we can also assume that
(viii) Ik, “X € F* = 3a <wi (X = X,)".

Let us also make the following simple but useful observation. If we change
p by extending oP and doing nothing else, we get a stronger condition; it
follows that plFn € Ag < 0P I-ne Ag & ((B,n),1) € oP.
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In order to show that an iteration as described above actually exists, we
need to show that in V' any X € F* satisfies the hypothesis of Lemma
4.2. Then if at stage o we are given some X, € F*, we can conclude that
there is a d, < w; and finite-to-one ¢, : d, — w such that X, d,, and
¢ satisfy the conclusion of Lemma 4.2, and thus continue the iteration as
described.

First we show, roughly speaking, that in V=, members of F+ are not
contained in an “orbit” of finitely many of the previously added isomor-
phisms tg : w — Xg, 1 < f < o, and t; : w — w?. This will be needed
later to show that we are free enough to extend conditions to force things
we want to force.

Let T be a collection of one-to-one functions from w to w or to w?, and
let k € w. We say that O(T, k) C w is the orbit of k under T if:

(i) whenever t € T, t : w — w, and n € O(T, k), then t(n) and t~!(n)
(if defined) are in O(T, k);
(i) whenever t € T, t : w — w?, and n € O(T, k), then 7 (t(n)) €
O(T,k) and t~*(n,j) € O(T, k) for all j;
(iii) O(T, k) is the smallest set containing k and satisfying (i) and (ii).

Note that n € O(T, k) iff there is a finite sequence ng,nq,...,n; of natural
numbers such that ng = k& and n; = n, and a finite sequence tg, t1, ..., of
members of T such that, for each i < [, either n;1 = t;(n;), n; = tiy1(nit1),
Ni41 = T (ti(ni)), or n; = 1 (ti+1 (ni+1)).

LEMMA 4.5. Let t : w — w? be the bijection added by the first coordinate
(i.e., by Q1) of the forcing P, and for 1 < § let tg : w — w be that added
by the Bth coordinate. Let T' be a finite subset of {tz : 0 < 8 < a}. Then
for each k € w,

ko “O(T, k) & F17.

Proof. Suppose not. Then for some p € P,, p IF O(T,k) € F*. We
assume p has the form described above, and we may also assume p IF T =
{ty : v € E}, where E € [a]<“. Choose p < w;y such that no (g, n) is in
dom(o?) and p[vy IF 57 < u for each v € DP (such a p exists by CCC).
Let k' < w be greater than k and any integer mentioned in o” or the s,
v € {1} U DP. Let p’ be obtained from p by adding ((x,%),0) to o® for each
i < k', and adding u to each F?, v € {1} U DP. It is easy to check that p’ is
a condition stronger than p.

Since p’ I+ O(T,k) € F7, there are ¢ < p’ and m > k’ such that
qIF-m e O(T,k)NA,. By extending ¢ if necessary, we may assume that there
is a sequence (ng,ni,...,n;) of integers and a sequence (yo,71,...,7) €
E<% such that this sequence of integers and the sequence of members of T’
corresponding to the 7;’s witness that m € O(T, k) (i.e.,, no = k, n; = m,
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etc. .. ; see the discussion of O(T, k) prior to the statement of this lemma).
We may also assume that ¢, hence 0%, decides whether or not n; € A, for
all 1 <, and if, e.g., ¢ IF t,,(n;) = nit1, then 7 (n;) = nit1. The following
claim contradicts ¢ I- m € A, proving the lemma.

CLAM. For each i <1, ql-n; ¢ A,.

Proof of Claim. Since ap,(<,u,k>) =0, n9 ==k, and g < p’, we have
q - ng ¢ A,. Suppose the claim is false, and let ¢ < [ be least such that
¢ IF niy1 € A,. Suppose, e.g., that, v; = 1 and 71 (7(n;)) = n;41 (all other
cases, which we omit, are similar). Note that ¢ IF n,4; € A, and ¢ < p/

implies that n;;1 is not mentioned by 71, and so not by 77 " either. Thus

n; & dom(Tf/). But now g < p’ and p € Ff/ imply ¢[1lFn; € A, & 7{(n;) €
A, Xw & nipq € Ay, But by our choice of 4, ¢ I “n; € A, and n;41 € A,”,
contradiction. m

The following lemma shows that, under certain circumstances and for
certain values of § and m, we are free to extend two compatible conditions
so that m is forced to be in Ag, or not, as we wish.

LEMMA 4.6. Let o < wy, let q € P, and let M be a countable elementary
submodel containing q and P,. Let p € P, be compatible with q (we do not
require p € M however). Let 1 be greater than any integer mentioned by p
(i.e., greater than any nh, pw € DP, or anything in the domain or range of
o? or of any 7f). Let T = {t,, : p € DP U{1}}, where t, is the isomorphism
added by the pth coordinate of the forcing. Suppose the following hold:

(i) D1 D> Dr;

(ii) for each p € DP U{l}, 71 D 78 and Fi D FL N M;

(iii) for each p € DP, nf, > nb;

(iv) for each p € DP, qlu decides qb;l(i) for each i <nb (i.e., there are
finite sets K}, of ordinals, i < nk, such that q[u I- o1 (i) = K);

(v) glFm e w\ Uy, O(T, k).

Then whenever o € Fn(w; \ M,2), there is a condition s < p,q such that
o*({8,m)) = o(B) for all 3 € dom().

Proof. Since ¢ and p are compatible (by hypothesis), we can choose
r < ¢, p such that ¢” decides whether or not n € Ag whenever:

(1) n appears in the domain or range of some 7/ for p € D U {1}, and
(2) pe FYUU{F{UK], : p€ DP,i <nh}.

Let O = O({7}},epruf1},m). Note that O contains m and is finite
(it would have to be contained in the union of {m} and the finite set of

integers mentioned in the domain and range of the 7/’s). Also ONI = 0
since r IFm ¢ U, ., O(T', k).
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Fix g0 € Fn(w; \ M,2). We need to show that there is a condition s <
p,q such that o°((8,m)) = o(B) for all § € dom(p). To this end, first let
o € Fn(w; X w,2) be such that:

(3) dom(o) = dom(c") U (dom(p) x O);
(4) o({B,n)) = o(B) if B € dom(g) and n € O;
(5) o({B,n)) = o"({B,n)) otherwise.

Now let

s = (o, (t}, F1 U FP), (1, FTU FY nl)uepa).

By (4) above, s (if it is a condition) forces what we want. It remains to prove
that s is a condition extending both ¢ and p.
Note that ¢ D 07U oP, since:

(6) ¢" D o?U 0P

(7) o = 0" outside of dom(p) x O;

(8) dom(p) N'dom(c?) = (recall ¢ € M and dom(p) C wy \ M); and
9)OoNni=0.

So s can be thought of as ¢ with 07 extended, the F?’s enlarged, but
the 71’s left the same. Also recall Fi7 O F N M for every u € DP U {1}, so
F3\ Fl C wi \ M (this is needed to show s[u I- F] C wy \ d,). Tt easily
follows that s is a condition and s < gq.

It remains to prove that s < p. From (i)—(iii) and the definition of s, we
have the necessary containments, and 7; = 7,1, so what we need to show is
that s[u forces:

(a) Vn € dom(rl \ T)VB € F)ln € A & 7i(n) € Agl;

(b) Vn € dom(rI\7)Vk < nl[n € Mo, 3)<k As = 7n) € Ny, (5)<k Ag|
for each p € DP, and
(c) Vn € dom(r] \ 77)VB € FY[n € Ag < 7 (n) € Ag X w).

Proof of (a). Let n € dom(7! \ 77), B € FJ, where u € DP. Since
7(n) = 7,(n), by the definition of O we have n € O < 7(n) € O. So if
(B,n) is in dom(g) x O, then so is (3,71(n)) and by (4) above, o(= s[1)
forces “n € Ag < 0(B) =1 & 7i(n) € Ag”. On the other hand, if (3,n) is
not in dom(g) x O, neither is (3, 7(n)), and so o and ¢ agree on these two
values. Since 7 < p and n € dom(7); \ 7)), we must have " I “n € Ag &
7(n) € Ag”. So o, hence s[u, forces this too.

Proof of (¢). This proof is virtually the same as for (a), if we put u =1
and put 7 (71 (n)) in place of 7d(n).
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Proof of (b). Let n € dom(77\7%) and k < n,,. By (iv), and since r, s < g,

i siplk “pu(8) <k pe | KL

i<k
Since ¢ € M and dom(g) N M = @, we have dom(o) N, K};; = 0. By
the definition of r, 0" decides the values of (3,n) and (3,71(n)) for any
B € U;p K}y, and by definition o(= s[1) decides these values the same
way. It follows that ru Ik “n € ﬂ%(ﬁ)d: Ag” & slplk “n e ﬂ¢u(ﬁ)<k Ag”
and rlp b “7l(n) € Ny, (5<x 48" < slu - “7i(n) € N, (5)<k As”- Now
since r[u forces

“n e ﬂ Ag & 1l(n) € ﬂ Ag”
u(B)<k du(B)<k

(since n € dom(7); \ 7)) and r < p) so does s[u, and we are done. m

The next lemma shows that the hypothesis of Lemma 4.2 is satisfied
with respect to the independent family .4 added by the first factor.

LEMMA 4.7. Let o < wy. Suppose I X € FT. Then there exists v <
wi such that ko X N L, # 0 for every o € Fn(w;y \ 7,2) (where L, =

mﬂedom(g) Ag(ﬁ))

Proof. If not, then for each v < w, there are p, € P, and o, €
Fn(w; \ 7,2) such that p, IF XN L, =0.Say

by = <077 <7—in Fiy>7 <Tlv Flan>M€D7>'
We may assume:

(i) the 07’s form a A-system with root o;
(ii) 3D C a such that DY = D for all ~;
(iii) for all w € D U {1}, there is 7, such that 77 = 7, for all v, and for
all u € D, there is ny, such that nj, =n,, for all v;
(iv) for all u € DU {1}, the F))’s form a A-system with root F),.

Let p = (o, (71, F1), (Tu, Fuynp) pep). Let us write ¢ D p if containment
holds on each coordinate, i.e., 0 D o, 7! D 71, etc. Note that this does not
necessarily imply that ¢ < p in the sense of the poset P,.

Let M be a countable elementary submodel containing p, X, P, etc.
Choose v € wy \ M such that, for each p € DU {1},

[(F}\ F,,) Udom(s7 \ 0)] N M = 0.

Let [ be greater than any integer mentioned by p, (i.e., greater than any

Ny, € DU {1}, or anything in the domain or range of o7 or of any 7.)).
Let T'= {t, : p € D U{1}}, where t, is the isomorphism added by the

uth coordinate of the forcing. Since I, X € FT, by Lemma 4.5 there are
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r < p, and m € w such that

rik“me X\ | J O, k).
k<l
Consider a maximal antichain of conditions ¢ D p such that:

() ¢ I “m € X\ U, O(T. k)"
(b) for each p € DU {1}, qlp decides ¢, (i) for each i < n, (i.e., there
are finite sets K, of ordinals, i < ny,, such that g I- ¢ (i) = K).

Any such maximal antichain must contain a condition compatible with r.
By CCC, and elementarity of M, there is such a maximal antichain in M,
and hence we can choose a ¢ D p in M satisfying (a) and (b) which is
compatible with 7r.

Note that the conditions of Lemma 4.6 are satisfied for this ¢ with p = p,
and ¢ = p4. So there is s < p, ¢ with o*((3,m)) = 0,(5) for all 8 € dom(p-).
Then slk-me X N L, . This contradicts p, I+ X NL,, = (), which completes
the proof. =

At this point, we can see that the iteration can be continued as claimed,
with Qu, o > 1, forcing F to be isomorphic to its restriction to X,. Since
each X € F7T in the final model is named by some X,, a < wy, F is
homogeneous in V1. The forcing Q; assures us that F is isomorphic to
F X w.

It remains to prove that F also satisfies condition (iii) in Theorem 4.1.
Let us note that any subset I of w which appears by stage 1 < a < wy
and is in F1 in VP remains in FT in Ve (since for each finite H C wy,
the statement “I N[z Ag # 07 is absolute for transitive models of set
theory).

Therefore, since any f : w — w in the final model appears in some initial
stage, it suffices to prove that condition (iii) holds at every stage 1 < a < wy.
So suppose

Fo “f :w — w and YF € F(f(F) is unbounded)”.

Let M be a countable elementary submodel containing P,, f ... Let
MNw; ={ag,a1,...}

Let Ty, = {ta, : l <k, 1 < a; < a}. Let ag = (). By induction on k > 1,
we can define, for each o € w*, conditions a, € M N P,, and i,, j, € w such
that:

(a) ag IF “f(ic) = jo and i € (<5 Aoy \ Up<jo) OTo),m)7;
(b) ig“(n) > i, and j(,h(n) > Jos
(c) D% D> {ay:l< o], 1 <y < al;
(d) for each p € D%, nfe > |o|, and there is 5> < w; such that
ag [p -6, = 6%

0
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(e) for each pu € D, for each i < |o], ao [pu decides the value of ¢, ' (i);

(f) for each p € D% U {1}, dom(727) D |o];

(g) FY'” D {ay : 1 < |ol} and for each p € D%, Fio O {a; : Il < |o],
(52" <a < MﬂLU1};

(h) as < ayy for each I < |o|;

(j) {ag—(n) : m < w} is a maximal antichain below a .

Note that (a) and (b) can be obtained because f is forced to be un-
bounded on every F' € F. Then (c)—(g) can be obtained simply by extending
as necessary. So given that a, has been defined, there is a maximal antichain
of conditions below a, satisfying (a)-(g), and by CCC, there is one in M,
hence (h) and (j) can be obtained as well.

Note that for any P,-generic G, there is a unique h € w* with a, € G
for each n € w. So there a corresponding set I = {i, : n < w} in V[G]. By
(a) and (b), fg is strictly increasing on 1.

Let I be a Py-name for I. It remains to prove that Ik, I € F*. Suppose
not. Then there is some p € P, and finite subset H of wy such that p I-
“INgey Ag=10".

Note that there is some a, compatible with p for ¢ of any prescribed
length. So we can choose a, compatible with p so that:

(k) |o| is greater than any integer mentioned in p;
W A{a:l<lol} DDPUHNM)UH{F,NM:pe DP}.
Then from (1) and (a) we have:
(m) aq IFio € (N, cnnr Ay-
By (c) and (1) we have:
(n) D* > DP.
By (k), (n), (f), and compatibility we have:
(o) for each p € DP U {1}, 752 D 7}.
By (d)
(p) for each p € DPU{1}, Fie D FPNM, and ngs > nf, for each p € DP.

It follows from (a), (e), (k), (n), (o), and (p) that the conditions of
Lemma 4.6 are satisfied for this p with ¢ = a%, m = i,, and | = |o|. So,
there exists s < a,,p with 0°((53,i,)) = 1 for each § € H\ M. Then by (m)
and s < a,, we have

, (8), (1), and compatibility we have:

sli, e 10 (] Ap.
BeEH
This contradicts s < p, and completes the proof of Theorem 4.1. m
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We wish to remark here that there is a theorem of W. H. Woodin which
suggests that the Continuum Hypothesis implies that a filter with the prop-
erties given in Theorem 4.1 exists. In particular he has shown that if ¢ is a
Y2 sentence (i.e. a sentence of the form 3F C P(w)Q171 - .. Qrrr)(F, 1, .. .
..., k) where ); is a quantifier over the reals and v is a quantifier free for-
mula) then, provided that certain large cardinals exist (a supercompact is
sufficient), if ¢ can be forced to be true, then it holds in any forcing ex-
tension satisfying the Continuum Hypothesis. In other words, if ¢ is not a
consequence of the Continuum Hypothesis, then the proof cannot be purely
a forcing argument. It is not difficult to show that the existence of a filter
with the properties of Theorem 4.1 is a statement of this form. If the exis-
tence of such a filter were not a consequence of the Continuum Hypothesis
then this would be of independent interest.

5. Concluding remarks. The topologies of our spaces T, are deter-
mined by the filter F on w, and by the “Ux construction” for defining
the neighborhoods of the point co which we added to the countably many
copies {n} x Ty, n < w, of T,, in order to construct T, 41 from T,. A dif-
ferent natural way of defining the topology of T, is to declare N to be a
neighborhood of oo iff co € N and N contains a neighborhood of the point
(n, 00) of maximal rank in {n} x T, for F-many n € w. Let T), be the spaces
obtained by defining them inductively this way, i.e., just like the T,’s but
using this finer neighborhood base for co. Then T} is the same as Tb, i.e., it
is homeomorphic to the space w U {F} with w the set of isolated points and
a neighborhood of F having the form F'U{F}, F € F. But T} is different;
in particular, the restriction of the neighborhood filter of co to the isolated
points is isomorphic to the filter 72 on w? defined by

FP={Acuw?: {n:{m:(n,m)c A} € F} € F}.

A filter F is said to be idempotent if it is isomorphic to F2.

The following result shows that, while the T/, construction does yield a
3-Toronto space in ZFC (iff F is an ultrafilter), T} is never an a-Toronto
space if a > 4.

THEOREM 5.1. Let F be a filter on w, and let T!,, « an ordinal, be the
spaces defined as above. Then:

(a) T4 is a 3-Toronto space iff F is an ultrafilter;

(b) T, is not an a-Toronto space if o > 4.

Proof. (a) We can consider T4 as the set (w x (w + 1)) U {co}, where
w X w is the set of isolated points, each (n,w) has a neighborhood base of
sets of the form {n} x (FU{w}), F' € F, and a neighborhood of co consists
of oo together with neighborhoods of (n,w) for F-many n.



162 G. Gruenhage and J. T. Moore

Suppose F is an ultrafilter and X C T4 has rank 3. Then for F-many n,
it must be the case that there are F,, € F such that {n} x (F, U{w}) C X.
Now, using the easily verified fact that any ultrafilter is homogeneous, it is
not difficult to prove that X = T3.

Suppose on the other hand that F is not an ultrafilter. Let A C w be
such that A,w\ A€ FT. Let X = T4\ (A x {w}). Then X has rank 3. But
the subset A x w of X is a set of isolated points whose only limit point in X
is 0o, while in T4 any set of isolated points clustering at oo must also have
cluster points of the form (n,w). So X is not homeomorphic to T5.

(b) Let o > 4, and consider removing the level one points from a neigh-
borhood of some level 2 point of T7,. By the discussion preceding the theo-
rem, in the resulting subspace this level 2 point of 7!, becomes a level one
point with a neighborhood filter isomorphic to 2. Thus it must be the case
that F is an idempotent filter. Frolik showed in [F] that no ultrafilter is
idempotent, so F is not an ultrafilter. Note that any set of isolated points
of T/, which has a limit point at level 2 must also have a limit point at
level 1. But, using an idea from the proof of part (a), we see that there is a
subspace of T}, of rank « which fails to have this property. Hence T}, is not
a-Toronto. m

REMARK. An idempotent filter on w has been constructed in ZFC by
M. Katétov [Ka], and a homogeneous one (also in ZFC) by J. Steprans
(unpublished note). The latter result answers a question of Steprans in [S].
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