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Weakly α-favourable measure spaces

by

D. H. F r em l i n (Colchester)

Abstract. I discuss the properties of α-favourable and weakly α-favourable measure
spaces, with remarks on their relations with other classes.

1. Introduction. Seeking to understand the special properties of Leb-
esgue measure, regarded as an abstract measure without looking directly
at its relation with the topology of the real line or Euclidean space, we
are led more or less naturally to six classes of measure space: compact,
countably compact and monocompact measure spaces, α-favourable and
weakly α-favourable measure spaces, and perfect measure spaces. (See 1A
below for the definitions.) These form a straightforward hierarchy, each
class, as I have listed them, being included in the next. In this paper I look
at the class of weakly α-favourable spaces from the point of view of pure
measure theory, examining in particular its permanence properties under
standard operations.

We find that an image of a weakly α-favourable measure is weakly α-
favourable (2B), and that the product of any number of weakly α-favour-
able probability spaces is weakly α-favourable (2D); in fact, there is a
general result on measures on product spaces with weakly α-favourable
marginals (2C), in the spirit of Kolmogorov’s theorem on measures with
perfect marginals. I do not know whether there are corresponding results
for α-favourable spaces, but I include a partial result in this direction: the
product of an α-favourable space with a countably compact space is α-
favourable (2E).

In §3, I discuss some conditions under which we can be sure that a
weakly α-favourable space is in fact α-favourable, or regularly monocom-
pact, or even countably compact. In §4, I give examples (i) of a regularly
monocompact probability measure which is not countably compact, and (ii)
of a perfect probability measure which is not weakly α-favourable (adapting
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an example of K. Musia l). I conclude with a brief discussion of some open
problems.

1A. Basic definitions. (a) Following [19], I will say that a compact class
is a family K of sets such that

⋂
K′ 6= ∅ whenever K′ ⊆ K has the finite

intersection property, and that a countably compact class is a family K of
sets such that

⋂
K′ is non-empty for every countable set K′ ⊆ K with the

finite intersection property. (Note that most authors up to 1980 or so, fol-
lowing [14], used the phrases “compact class”, “compact measure” to mean
what I am calling “countably compact class” and “countably compact mea-
sure”.) Following [24] and [5], I say that a monocompact class is a family
K of sets such that

⋂
n∈N Kn 6= ∅ for any non-increasing sequence 〈Kn〉n∈N

in K.

(b) Now let K be a family of non-empty sets. Consider the infinite
game Γ (K) for two players in which the players choose alternately sets
K0, K

′
0, K1, K

′
1, . . . in K with K0 ⊇ K ′

0 ⊇ K1 ⊇ K ′
1 ⊇ . . . and the first

player wins if
⋂
i∈N Ki = ∅, while the second player wins if

⋂
i∈N Ki 6= ∅.

I will say that a strategy for the second player in Γ (K) is a function σ :⋃
n≥1Kn → K such that σ(K0, . . . ,Kn) ⊆ Kn for every K0, . . . ,Kn ∈ K,

and that such a strategy σ is a winning strategy if
⋂
n∈N Kn 6= ∅ whenever

〈Kn〉n∈N is a sequence in K such that Kn+1 ⊆ σ(K0, . . . ,Kn) for every
n ∈ N. Similarly, a tactic (or “stationary strategy”) for the second player
in Γ (K) is a function τ : K → K such that τ(K) ⊆ K for every K ∈ K,
and τ is a winning tactic if

⋂
n∈N Kn 6= ∅ whenever 〈Kn〉n∈N is a sequence

in K such that Kn+1 ⊆ τ(Kn) for every n ∈ N. If τ : K → K is any tactic
for the second player, we have an associated strategy σ defined by setting
σ(K0, . . . ,Kn) = τ(Kn) for every K0, . . . ,Kn ∈ K, and σ will be a winning
strategy iff τ is a winning tactic.

I will say that a non-empty family K of non-empty sets is a weakly α-
favourable class if the second player has a winning strategy in Γ (K), and an
α-favourable class if the second player has a winning tactic. In this context,
it is convenient to say that if K is empty (so that there are no plays in the
game Γ (K)) then the empty tactic is a winning tactic for the second player,
so that K is α-favourable.

For a variety of measure-theoretic and topological questions to which the
idea of “weakly α-favourable class’” is relevant, see [8].

(c) Recall that a measure space (X,Σ, µ) is (countably) compact if there
is a (countably) compact class K ⊆ Σ such that µ is inner regular with
respect to K, in the sense that µE = sup{µK : K ∈ K, K ⊆ E} for every
E ∈ Σ ([14] and [19], or [10], §342 and §451). (X,Σ, µ), or µ, is (weakly)
α-favourable if Σ \ Nµ is a (weakly) α-favourable class, where I write Nµ
for the ideal of µ-negligible sets ([8]).
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Next, if (X,Σ, µ) is a measure space and K a family of sets, we say that K
µ-approximates Σ if whenever E ∈ Σ and 0 ≤ γ < µE there are F ∈ Σ and
K ∈ K such that F ⊆ K ⊆ E and µF ≥ γ. (Note that, on the definitions
above, µ is inner regular with respect to K iff K ∩ Σ µ-approximates Σ.)
(X,Σ, µ), or µ, is monocompact if there is a monocompact class which µ-
approximates Σ.

Three natural variations on this idea are perhaps worth signalling, even
though it is at present quite unclear which, if any, of them correspond to
different measure spaces.

(α) Let us say that a measure space (X,Σ, µ) is regularly monocom-
pact if there is a monocompact class K such that µ is inner regular with
respect to K (equivalently, if there is a monocompact class K ⊆ Σ which
µ-approximates Σ).

(β) Let us say that a measure space (X,Σ, µ) is weakly monocompact if
there is a monocompact class K such that for every E ∈ Σ \ Nµ there are
F ∈ Σ \ Nµ, K ∈ K such that F ⊆ K ⊆ E.

(γ) Let us say that a measure space (X,Σ, µ) is weakly regularly mono-
compact if there is a monocompact class K which is coinitial with Σ \ Nµ.

To complete this list, recall that a measure space (X,Σ, µ) is perfect if
whenever f : X → R is a Σ-measurable function, E ∈ Σ and µE > 0, then
there is a compact set K ⊆ f [E] such that µf−1[K] > 0 ([20], or [10], §342
and §451).

1B. Elementary results. (a) A compact class is countably compact. A
countably compact class of non-empty sets is monocompact. A monocom-
pact class is α-favourable (since K 7→ K is a winning tactic). An α-favour-
able class is weakly α-favourable. Any subset of a compact, or countably
compact, or monocompact class is a class of the same kind.

(b) It will be useful to have the following facts available.

(i) A family K of subsets of a set X is a compact class iff there is a
compact topology (not necessarily Hausdorff) on X such that every member
of K is closed ([19], 3.2, or [10], 342D). It follows that if K is any compact
class of sets, there is a compact class K∗ ⊇ K such that K ∪K ′ ∈ K∗ for all
K, K ′ ∈ K∗ and

⋂
K′ ∈ K∗ for every non-empty K′ ⊆ K∗.

(ii) If K is a countably compact class, there is a countably compact class
K∗ ⊇ K such that K ∪K ′ ∈ K∗ for all K, K ′ ∈ K∗ and

⋂
n∈N Kn ∈ K∗ for

every sequence 〈Kn〉n∈N in K∗ ([14] or [10], 413R).

1C. Lemma. If K is a family of non-empty sets, and L is a coinitial
subset of K, then L is (weakly) α-favourable iff K is.
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P r o o f. For “weakly α-favourable”’, this is [8], 2P. For “α-favourable”,
let θ : K → L be any function such that θ(K) ⊆ K for every K ∈ K.
If τ : K → K is a winning tactic for the second player in Γ (K), then
L 7→ θτ(L) : L → L is a winning tactic in Γ (L). If τ : L → L is a winning
tactic in Γ (L), then K 7→ τθ(K) : K → K is a winning tactic in Γ (K).

1D. In the definition of “strategy” above, the function σ determining
the moves of the second player is defined solely in terms of the moves of the
first player, it being understood that a play of the game will proceed in the
form

K0, σ(K0),K1, σ(K0,K1), . . . ,

so that there is no need to name the moves of the second player in the
definition of σ. A different approach describes a play of the game by the
sequence of the second player’s moves, and it is useful to have a condition
for weak α-favourability in terms of such sequences.

Lemma. Let K be a family of non-empty sets. Then K is weakly α-
favourable iff there is a family Q ⊆

⋃
n≥1Kn such that

(i) whenever (K ′
0, . . . ,K

′
n) ∈ Q then K ′

0 ⊇ K ′
1 ⊇ . . . ⊇ K ′

n;
(ii) for every K ∈ K there is a K ′ ⊆ K such that the one-term sequence

(K ′) belongs to Q;
(iii) whenever (K ′

0, . . . ,K
′
n) ∈ Q and K ∈ K and K ⊆ K ′

n, then there is
a K ′ ⊆ K such that (K ′

0, . . . ,K
′
n,K

′) ∈ Q;
(iv) whenever 〈K ′

n〉n∈N is a sequence in K such that (K ′
0, . . . ,K

′
n) ∈ Q

for every n, then
⋂
n∈N K

′
n 6= ∅.

P r o o f. (a) If K is weakly α-favourable, let σ :
⋃
n≥1Kn → K be a

winning strategy for the second player in Γ (K). Define Qn ⊆ Kn+1, φn :
Qn → Kn+1 inductively, for n ∈ N, as follows. Start by settingQ0 = {σ(K) :
K ∈ K}, and let φ0 : Q0 → K be any function such that K ′ = σ(φ0(K ′)) for
every K ′ ∈ Q0. Given Qn and φn, let Qn+1 be the set of finite sequences
saK ′ in K for which s = (K ′

0, . . . ,K
′
n) ∈ Qn and there is some K ∈ K such

that K ⊆ K ′
n and K ′ = σ(φn(s)aK); now take φn+1 : Qn+1 → Kn+1 to be

any function such that if s ∈ Qn and saK ′ ∈ Qn+1, then φn+1(saK ′) is of
the form φn(s)aK where K ⊆ K ′

n and K ′ = σ(saK). At the end of the
induction, set Q =

⋃
n∈N Qn ⊆

⋃
n≥1Kn.

The construction ensures that Q satisfies (i). Setting K ′ = σ(K), we see
thatQ satisfies condition (ii). If s = (K ′

0, . . . ,K
′
n) ∈ Q, K ∈ K andK ⊆ K ′

n,
set K ′ = σ(φ(s)aK); then K ′ ⊆ K and saK ′ ∈ Q, so Q satisfies (iii). If
〈K ′

n〉n∈N is a sequence in K such that (K ′
0, . . . ,K

′
n) ∈ Q for each n, then

observe that φn+1(K ′
0, . . . ,K

′
n+1) extends φn(K ′

0, . . . ,K
′
n) for every n, so we

have a sequence 〈Kn〉n∈N in K such that (K0, . . . ,Kn) = φn(K ′
0, . . . ,K

′
n) for

every n. In this case, by the choice ofQn+1 and φn+1, we have Kn+1 ⊆ K ′
n =
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σ(K0, . . . ,Kn) for every n. Because σ is a winning strategy,
⋂
n∈N K

′
n =⋂

n∈N Kn is non-empty, as required by condition (iv).

(b) If there is such a family Q, then choose σn : Kn+1 → K induc-
tively, for n ∈ N, as follows. For K ∈ K, σ0(K) is to be any member of
K, included in K, such that the single-element sequence (σ0(K)) belongs
to Q; there is such an element because Q satisfies condition (i). Given
σn : Kn+1 → K and (K0, . . . ,Kn+1) ∈ Kn+2, set K ′

r = σr(K0, . . . ,Kr)
for r ≤ n. If (K ′

0, . . . ,K
′
n) ∈ Q and Kn+1 ⊆ K ′

n, then, because Q satis-
fies condition (ii), there is some K ⊆ Kn+1 such that (K ′

0, . . . ,K
′
n,K

′) ∈
Q; take σn+1(K0, . . . ,Kn+1) to be any such K ′. In any other case, set
σn+1(K0, . . . ,Kn+1) = Kn+1. At the end of the induction, set σ(s) = σn(s)
for n ∈ N, s ∈ Kn+1.

The construction of the σn certainly ensures that σ is a strategy for
the second player in Γ (K). If now 〈Kn〉n∈N is a sequence in K such that
Kn+1 ⊆ σ(K0, . . . ,Kn) for every n ∈ N, then, inducing on n, we see
that (K ′

0, . . . ,K
′
n) ∈ Q for every n ∈ N, where K ′

n = σ(K0, . . . ,Kn); so⋂
n∈N Kn =

⋂
n∈N K

′
n is non-empty, by condition (iii) on Q. As 〈Kn〉n∈N is

arbitrary, σ is a winning strategy and K is weakly α-favourable.

1E. In §§3–4 below, we shall be looking at measures on {0, 1}A, for
various sets A, and it will be helpful to have the following facts set out
clearly.

Lemma. Let 〈Xi〉i∈I be any family of topological spaces, with product X.

(a) For any closed set F ⊆ X, there is a smallest set AF ⊆ I such that
F is determined by coordinates in AF , in the sense that x ∈ F whenever
x ∈ X, y ∈ F and x�AF = y�AF .

(b) If 〈Fn〉n∈N is a non-increasing sequence of closed sets in X with
intersection F , then AF ⊆

⋃
n∈N

⋂
m≥nAFm .

(c) Suppose that µ is a strictly positive topological measure on X which
is a product measure in the sense that µ(E∩F ) = µE ·µF whenever E,F ∈
domµ and there is some set J ⊆ I such that E is determined by coordinates
in J and F is determined by coordinates in I \ J . Suppose that E and F
are measurable sets such that E 4 F is negligible, F is closed , and F is
self-supporting in the sense that µ(F ∩ U) > 0 whenever U ⊆ X is an open
set meeting F . If J ⊆ I is such that E is determined by coordinates in J ,
so is F .

P r o o f. (a) Let J be the family of those subsets J of I such that F is
determined by coordinates in J . Then I ∈ J and J ∩ J ′ ∈ J for any J ,
J ′ ∈ J ([10], 254T). Set AF =

⋂
J .

Suppose, if possible, that F is not determined by coordinates in AF .
Then we have y ∈ F , x ∈ X \ F such that x�AF = y�AF . Because F is
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closed, there is a finite set K ⊆ I such that {z : z ∈ X, z�K = x�I} is
disjoint from F . Because J is closed under finite intersections, there is a
J ∈ J such that K ∩ J = AF ∩ J . But now consider z ∈ X defined by
saying that z(i) = x(i) if i ∈ K, z(i) = y(i) if i ∈ I \K. Then z�J = y�J , so
z ∈ F , because F is determined by coordinates in J ; but also z�K = x�K,
so z 6∈ F , which is impossible.

Thus F is determined by coordinates in AF , and AF is the unique small-
est member of J , as claimed.

(b) Set A =
⋃
n∈N

⋂
m≥nAFm . If i ∈ I \ A, then L = {n : i 6∈ AFn}

is infinite, so F =
⋂
n∈L Fn. Since every Fn, for n ∈ L, is determined by

coordinates in I \ {i}, so is F ([10], 254M), and AF ⊆ I \ {i}. As i is
arbitrary, AF ⊆ A, as claimed.

(c) Suppose, if possible, otherwise; then there are x ∈ F , y ∈ X \F such
that x�J = y�J . Because F is closed, there is a basic open set containing
y and disjoint from F ; we can express this in the form U ∩ V where U and
V are open, U is determined by coordinates in J and V is determined by
coordinates in I \ J . Now x ∈ U , so U ∩F 6= ∅ and µ(U ∩F ) > 0. But now

0 = µ(F ∩ U ∩ V ) = µ(E ∩ U ∩ V )

because E 4 F is negligible
= µ(E ∩ U) · µV

because E ∩U is determined by coordinates in J , V is determined by coor-
dinates in I \ J , and µ is a product measure

= µ(F ∩ U) · µV > 0

(because µ is strictly positive). But this is absurd.

2. Measure spaces. I come now to the main work of this paper, the
study of (weakly) α-favourable measure spaces.

2A. Elementary facts. Compact measure spaces are countably compact,
countably compact measure spaces are α-favourable, and α-favourable mea-
sure spaces are weakly α-favourable, just because we have corresponding
results for the abstract classes of §1. It is also the case that semi-finite
weakly α-favourable measure spaces are perfect; see [8], 6Bg. (The result
there is stated only for totally finite measure spaces, because these are the
only case considered in [20]. If we extend the definition as in 1Ac above,
then a semi-finite measure µ is perfect iff the subspace measure µE on E
is perfect whenever µE < ∞; and it is also easy to see that µ is weakly
α-favourable iff µE is weakly α-favourable for every set E of finite measure,
because {E : 0 < µE < ∞} is coinitial with domµ \ Nµ.) If (X,Σ, µ) is
“countably separated”, in the sense that there is a sequence of measurable
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sets separating the points of X, then µ is compact iff it is perfect ([10],
343K), so all the classes considered here coincide for such spaces. All Radon
measures are of course compact, since by definition they are inner regular
with respect to the compact sets in some Hausdorff space, which form a
compact class.

Since any countably compact class is monocompact, we see at once that,
for arbitrary measure spaces,

countably compact ⇒ regularly monocompact
⇒ monocompact and weakly regularly monocompact

and

monocompact or weakly regularly monocompact ⇒ weakly monocompact.

It is also easy to see that a weakly monocompact space (X,Σ, µ) is α-
favourable; if K is a monocompact class witnessing the definition in 1Ac(γ)
above, choose any function τ : Σ \ Nµ → Σ \ Nµ such that for every
E ∈ Σ \ Nµ there is a K ∈ K such that τ(E) ⊆ K ⊆ E; then τ will
be a winning tactic for the second player in the game Γ (Σ \ Nµ).

It is worth noting that a semi-finite measure space (X,Σ, µ) is perfect iff
(X,Σ0, µ�Σ0) is compact for every countably generated σ-algebra Σ0 ⊆ Σ iff
(X,Σ0, µ�Σ0) is countably compact for every countably generated σ-algebra
Σ0 ⊆ Σ ([18], or [10], 451F). In particular, for measures defined on countably
generated σ-algebras, all the classes considered in this paper coincide.

It is easy to see that if (X,Σ, µ) is a measure space and E ∈ Σ, then E,
with the induced measure, is compact, or countably compact, or monocom-
pact (of any variety), or α-favourable, or weakly α-favourable, or perfect, if
X is. Non-measurable subsets, on the other hand, relatively rarely inherit
these properties; for instance, no non-measurable subset of R can be perfect
in its subspace measure. Concerning measurable images and products there
is something more interesting to say, as follows.

2B. Theorem. If (X,Σ, µ) is a weakly α-favourable measure space,
(Y, T, ν) a semi-finite measure space and f : X → Y an inverse-measure-
preserving function (that is, µf−1[F ] is defined and equal to νF for every
F ∈ T ), then (Y, T, ν) is weakly α-favourable.

P r o o f. (a) Write L for {F : F ∈ T, 0 < νF < ∞}. Write K for the
set of those K ∈ Σ \ Nµ such that either K ∩ f−1[F ] is µ-negligible for
every F ∈ L or f [K] ∩ F is ν-negligible whenever F ∈ T and K ∩ f−1[F ] is
µ-negligible. We shall have to remember that while K ∩ f−1[F ] will always
be measurable, there is no guarantee that f [K] ∩ F is measurable. Note
however that if E ∈ Σ and f [E] is negligible, then there is some negligible
F ∈ T such that f [E] ⊆ F , so that E ⊆ f−1[F ] is negligible, because f is
inverse-measure-preserving.
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(b) K is coinitial with Σ \ Nµ. To see this, take any E ∈ Σ \ Nµ. If
E ∩ f−1[F ] is negligible whenever F ∈ L, then E ∈ K and we can stop.
Otherwise, take F0 ∈ L such that E0 = E ∩ f−1[F0] is not negligible. Set
F = {F : F ∈ T, F ⊆ F0, E0 ∩ f−1[F ] is negligible}. By the principle of
exhaustion ([10], 215A–215B), there is a countable set F0 ⊆ F such that
F \F1 is negligible for every F ∈ F , where F1 =

⋃
F0. Set K = E0\f−1[F1].

Now F is certainly closed under countable unions, so F1 ∈ F , and E0 \K =
E0 ∩ f−1[F1] is negligible; but this means that K is not negligible.

If F ∈ T and K ∩ f−1[F ] is negligible, then F ∩F0 ∈ F so F ∩F0 \F1 is
negligible. But f [K] ⊆ F0 \ F1, so f [K]∩ F is negligible. As F is arbitrary,
K ∈ K. Of course, K ⊆ E; as E is arbitrary, K is coinitial with Σ \ Nµ, as
claimed.

(c) By 1C, K is a weakly α-favourable class, and there is a winning
strategy σ for the second player in Γ (K). Define φn : Ln+1 → Kn+1,
σ′n : Ln+1 → L inductively, for n ∈ N, as follows.

If L ∈ L take K ∈ K such that K ⊆ f−1[L]; let φ0(L) be the one-term
sequence (K), and let σ′0(L) be a measurable envelope of f [σ(K)] included in
L. (Such an envelope exists because νL is finite and f [σ(K)] ⊆ f [K] ⊆ L;
see [10], 132E.) Note that as σ(K) is not negligible, nor is f [σ(K)], and
σ′0(L) ∈ L. Now suppose that φn, σ′n have been defined and s ∈ Ln+1,
L ∈ L. Choose K ∈ K such that K ⊆ f−1[L] and, if possible, K ⊆ σ(φn(s));
set φn+1(saL) = φn(s)aK, and let σ′n+1(saL) be a measurable envelope of
f [σ(saK)] which is included in L. Continue.

(d) At the end of the induction, set σ′(s) = σ′n(s) whenever n ∈ N and
s ∈ Ln+1. The construction ensures that σ′ is a strategy for the second
player in Γ (L).

Now suppose that 〈Ln〉n∈N is a sequence in L such that Ln+1 is included
in σ′(L0, . . . , Ln) for every n ∈ N. Then we have a sequence 〈Kn〉n∈N in K
defined by saying that (K0, . . . ,Kn) = φn(L0, . . . , Ln) for every n ∈ N. Set
K ′
n = σ(K0, . . . ,Kn) for each n. Then K ′

n belongs to K, is non-negligible
and included in Kn ⊆ f−1[Ln], so, by the definition of K, f [K ′

n] ∩ F is
negligible whenever F ∈ T and Kn ∩ f−1[F ] is negligible. Examining the
construction, we see that for each n ∈ N we have Ln+1 ⊆ σ′(L0, . . . , Ln),
which is a measurable envelope of f [K ′

n]. But this means that Ln+1∩f [K ′
n]

is not negligible, so K ′
n ∩ f−1[Ln+1] is not negligible. When we came to

choose Kn+1, therefore, we had the option of taking it to be a subset of K ′
n,

so we did, and Kn+1 ⊆ σ(K0, . . . ,Kn+1).
Since this is true for every n ∈ N,

⋂
n∈N Kn is not empty. But Kn ⊆

f−1[Ln] for every n, so
⋂
n∈N Ln ⊇ f [

⋂
n∈N Kn] is non-empty. As 〈Ln〉n∈N is

arbitrary, σ′ is a winning strategy, and L is a weakly α-favourable
class.
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(e) Because ν is semi-finite, L is coinitial with T \ Nν , so (by 1C in the
other direction) ν is weakly α-favourable.

Remark. There is a corresponding result for countably compact mea-
sures ([17], or [10], 452I). The same is true of perfect measures ([20], or
[10], 451E), but not of compact measures (e.g., take (X,µ) to be [0, 1] with
Lebesgue measure, (Y, ν) to be [0, 1] with the countable-cocountable mea-
sure, and f the identity map). I do not know whether the image, in this
sense, of an α-favourable measure must again be α-favourable.

2C. I turn now to products of weakly α-favourable spaces. I approach
these through a more general result on projective limit measures on product
spaces.

Theorem. Let 〈(Xi, Σi, µi)〉i∈I be a non-empty family of weakly α-
favourable measure spaces. Let µ be a probability measure on X, inner
regular with respect to the σ-algebra

⊗̂
i∈IΣi generated by {π−1

i [E] : i ∈ I,
E ∈ Σi}, where πi : X → Xi is the canonical map for each i ∈ I. If every
πi is inverse-measure-preserving , then µ is weakly α-favourable.

P r o o f. (a) If any Xi is empty, the result is trivial; let us suppose that
every Xi is non-empty. For each i ∈ I set Ci = {π−1

i [E] : E ∈ Σi}, and write
C =

⋃
i∈I Ci. Let K be the set of non-negligible subsets of X expressible in

the form
K =

⋂
n∈N

⋃
r≤kn

⋂
i∈Jnr

Cnri,

where kn ∈ N for n ∈ N, Jnr is a finite subset of I for n ∈ N, r ≤ kn, and
Cnri ∈ Ci for every n ∈ N, r ≤ kn, i ∈ Jnr. For each K ∈ K, fix such a
representation; say

K =
⋂
n∈N

⋃
r≤kn(K)

⋂
i∈Jnr(K)

Cnri(K).

Note that µ is inner regular with respect to K ([10], 454A).

(b) For each i ∈ I, let Qi ⊆
⋃
n∈N(Σi \Nµi

)n+1 satisfy the conditions of
Lemma 1D. For n ∈ N, let Sn ⊆ Cn+1 be the set of sequences (C0, . . . , Cn)
in C such that if i ∈ I and {r : r ≤ n, Cr ∈ Ci \ {X}} is a non-empty set
enumerated in ascending order as r0, . . . , rs, then (E0, . . . , Es) ∈ Qi, where
Crj = π−1

i [Ej ] for j ≤ s. Observe that if 〈Cn〉n∈N is any sequence in C such
that 〈Cr〉r≤n ∈ Sn for every n, then

⋂
n∈N Cn 6= ∅, because

⋂
n∈Li

Cn 6= ∅
for every i ∈ I, where Li = {n : Cn ∈ Ci \ {X}}.

Fix on any well-ordering 41 of N3 with order type ω, and any total
ordering 42 of I; let 4 be the lexicographic ordering of N3 × I.

(c) We can define φn : Kn+1 → Sn, for n ∈ N, in such a way that
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(i) if φn(K0, . . . ,Kn) = (C0, . . . , Cn) then also φm(K0, . . . ,Km) =
(C0, . . . , Cm) for every m ≤ n,

(ii) if 〈Kn〉n∈N, 〈Cn〉n∈N are sequences in K, C respectively such that
φn(K0, . . . ,Kn) = (C0, . . . , Cn) and Kn+1 ⊆ Kn ∩

⋂
r≤n Cr for every n,

then
⋂
n∈N Kn =

⋂
n∈N Cn.

The construction proceeds as follows. For simplicity at the start, just
take φ0(K) = X for every K ∈ K. Given that K0, . . . ,Kn+1 ∈ K and
φn(K0, . . . ,Kn) = (C0, . . . , Cn) ∈ Sn, then, if Kn+1 ⊆ Kn ∩

⋂
r≤n Cr, look

at the quadruples (l,m, r, i) such that l ≤ n, m ∈ N, r ≤ km(Kl) and
i ∈ Jmr(Kl). Take the 4-first quadruple (l,m, r, i), if there is one, such
that no Cj , for j ≤ n, is either included in or disjoint from Cmri(Kl).
Look at those j ≤ n such that Cj ∈ Ci \ {X}. These, if any, are of the
form (π−1

i [E0], . . . , π−1
i [Es]) where (E0, . . . , Es) ∈ Qi. There must there-

fore be an E ∈ Σi such that (E0, . . . , Es, E) ∈ Qi and π−1
i [E] is either

included in Cmri(Kl) or disjoint from it and Kn+1 ∩ π−1
i [E] is not negli-

gible (since there is a sequence of such E’s with conegligible union in Es,
and Kn+1 is a non-negligible subset of π−1

i [Es]). Set φn+1(K0, . . . ,Kn+1) =
(C0, . . . , Cn, π

−1
i [Ei]) ∈ Sn+1.

If Kn+1 6⊆ Kn∩
⋂
r≤n Cr or there is no appropriate quadruple (l,m, r, i),

set φn+1(K0, . . . ,Kn+1) = (C0, . . . , Cn, X).
The construction ensures (i). To see that (ii) is true, take 〈Kn〉n∈N,

〈Cn〉n∈N such that φn(K0, . . . ,Kn) = (C0, . . . , Cn) and Kn+1 ⊆ Kn ∩⋂
r≤n Cr for every n. Consider the set L of all quadruples (l,m, r, i) such

that l, m ∈ N, r ≤ km(Kl) and i ∈ Jmr(Kl). Observe that because every
Jmr(Kl) is finite, these quadruples form a set of order type at most ω for 4.
Suppose, if possible, that (l,m, r, i) ∈ L is such that no Cn is either disjoint
from or included in Cmri(Kl). In this case, every Cn, at least for n > l, was
chosen to be disjoint from or included in some different Cm′r′i′(Kl′) where
(l′,m′, r′, i′) 4 (l,m, r, i); and there are only finitely many of these.

Thus, for every (l,m, r, i) ∈ L, there is some n ∈ N such that Cn is
either included in or disjoint from Cmri(Kl). Take any l,m ∈ N; set Hlm =⋃
r≤km(Kl)

⋂
i∈Jmr(Kl)

Cmri(Kl). Since km(Kl) and every Jmr(Kl) are finite,
there is some n ≥ l such that

⋂
j≤n Cj is either disjoint from Hlm or included

in Hlm; since
∅ 6= Kn+1 ⊆ Kl ∩

⋂
j≤n

Cj ⊆ Hlm,

we have
⋂
j≤n Cj ⊆ Hlm. But this means that⋂

j∈N
Cj ⊆

⋂
l,m∈N

Hlm =
⋂
l∈N

Kl,

as claimed.
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(d) Now define σ :
⋃
n∈NKn → K by writing

σ(K0, . . . ,Kn) = Kn ∩
⋂
r≤n

Cr

whenever φn(K0, . . . ,Kn) = (C0, . . . , Cn) and the intersection is not negligi-
ble, Kn otherwise; this is a winning strategy for the second player in Γ (K).
Since µ is inner regular with respect to K, it is weakly α-favourable.

2D. Corollary. If 〈(Xi, Σi, µi)〉i∈I is any family of weakly α-favour-
able probability spaces, the product measure on

∏
i∈I Xi is also weakly α-

favourable.

Remarks. Once again, this corresponds to known results about the
other classes. The product of compact probability spaces is compact ([10],
342G), the product of countably compact probability spaces is countably
compact ([14]), and the product of perfect probability spaces is perfect ([20]);
all these may be found in [10], 451J, and the extensions corresponding to
Theorem 2C are also true ([10], 454A). If we use the “c.l.d. product measure”
of [10], §251, we find that the product of finitely many compact, or countably
compact, or perfect measure spaces of any magnitude is again compact or
countably compact or perfect ([10], 451I). However, I do not know whether
the product of two α-favourable probability spaces is always α-favourable.
I can give the following partial result.

2E. Proposition. If (X,Σ, µ) is an α-favourable measure space and
(Y, T, ν) is a countably compact measure space, then the c.l.d. product mea-
sure on X × Y is α-favourable.

P r o o f. Write λ for the c.l.d. product measure on X × Y , and Λ for
its domain. (For a full description of the “c.l.d. product measure”, see [10],
§251. The only special feature we need here is the fact that

if λW > 0 then there are E ∈ Σ, F ∈ T , both of finite measure, such
that λ(W ∩ (E × F )) > 0,

as in [10], 251Id. Of course, this is only relevant when one of µ, ν is not
σ-finite.)

Let τ : Σ \ Nµ → Σ \ Nµ be a winning tactic for the second player in
Γ (Σ \ Nµ). Let K ⊆ T be a countably compact class of sets such that ν
is inner regular with respect to K; by 1Bb(ii), we may suppose that K is
closed under finite unions and countable intersections. Now let W be the
family of sets W ∈ Λ such that λW > 0, π1[W ] = {x : (x, y) ∈ W} ∈ Σ,
and all the vertical sections of W belong to K. Then W is coinitial with
Λ \ Nλ. To see this, take W ∈ Λ such that λW > 0, and let E ∈ Σ, F ∈ T
be such that µE < ∞, νF < ∞ and λ(W ∩ (E × F )) > 0. Let F ′ ∈ K
be such that F ′ ⊆ F and λ(W ∩ (E × F ′)) > 0. Let 〈En〉n∈N, 〈Fn〉n∈N
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be sequences in Σ, T respectively such that
∑∞
n=0 µEn · νFn < µE · νF ′

and
⋃
n∈N En × Fn ⊇ (E × F ′) \W . Choose F ′n ∈ K, for n ∈ N, such that

F ′n ⊆ F ′ \ Fn for each n and

µE · νF ′ >
∞∑
n=0

(µEn · νFn + µ(En ∩ E) · ν(F ′ \ (Fn ∪ F ′n)));

then W ′ =
⋂
n∈N((E \En)×F ′)∪ (En×F ′n) is a non-negligible subset of W

and every vertical section of W ′ is in K. By Fubini’s theorem ([10], 252F),
there is a non-negligible measurable set E′ ⊆ {x : νW [{x}] > 0}; setting
W ′′ = W ′ ∩ (E′ × Y ), we have a member of W included in W , as required.

Now define τ ′ : W → W by setting τ ′(W ) = W ∩ (τ(π1[W ]) × Y ) for
every W ∈ W. This is a tactic for the second player in the game Γ (W). If
〈Wn〉n∈N is a sequence in W such that Wn+1 ⊆ τ ′(Wn) for every n, then
π1[Wn+1] ⊆ τ(π1[Wn]) for every n, so there is an x ∈

⋂
n∈N π1[Wn+1]. For

each n ∈ N, the vertical section Wn[{x}] is a non-empty member of K, so⋂
n∈N Wn[{x}] is non-empty and

⋂
n∈N Wn is non-empty. As 〈Wn〉n∈N is

arbitrary, τ ′ is a winning strategy and W is an α-favourable class. As W is
coinitial with Λ \ Nλ, λ is α-favourable, as claimed.

3. When weakly α-favourable spaces must have stronger prop-
erties. I have already noted that a semi-finite countably separated measure
space is compact iff it is perfect. In this section I give further results showing
that for measure spaces which are “simple” in one sense or another some of
the classes above coincide.

3A. It will be convenient to be able to call on the following straightfor-
ward idea.

Lemma. Suppose that (X,Σ, µ) is a totally finite measure space, and
that Q ⊆

⋃
n≥1(Σ \Nµ)n satisfies the conditions (i)–(iii) of Lemma 1D. Let

〈Vi〉i∈A be any family in Σ. Set S =
⋃
n≥1A

n. Then we can find a family
〈Qs〉s∈S of subsets of Q such that

(α) whenever n ≥ 1 and s ∈ An then Qs is a countable subset of (Σ \
Nµ)n;

(β) if s, t belong to S and s extends t, then every member of Qs extends
a member of Qt;

(γ) if we set Hs = {Kn : (K0, . . . ,Kn) ∈ Qs} for s ∈ An+1, then Hs is
a disjoint family with conegligible union;

(δ) if s ∈ An+1 and K ∈ Hs, then K is either included in Vs(n) or
disjoint from it.

P r o o f. Choose Qs for short sequences s first, as follows. Let us say,
conventionally, that if s ∈ A0 is the empty sequence then Qs consists of the
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empty sequence alone. Given q ∈ Qs, where s ∈ An, and i ∈ A, set

Eq = {K : qaK ∈ Q, K ⊆ Vi or K ∩ Vi = ∅},
and let E ′q ⊆ Eq be a maximal disjoint set; define Qsai = {qaK : q ∈ Qs,
K ∈ E ′q}, and continue. An easy induction on n shows that (γ) is true for
every s, and the other requirements are obviously satisfied.

3B. The first main result of this section extends a theorem of [5], where
it is shown that a monocompact space in which the algebra of measurable
sets is ω1-generated is countably compact. In order to express the new result
in its full strength we need a couple of definitions.

Definitions. (a) Let P be any partially ordered set. Then the additivity
of P is

addP = min{#(Q) : Q ⊆ P has no upper bound in P},
writing min ∅ = ∞, and the cofinality and coinitiality of P are

cf(P ) = min{#(Q) : Q ⊆ P is cofinal with P},
ci(P ) = min{#(Q) : Q ⊆ P is coinitial with P}.

(b) If A is a Boolean algebra, write wdistr(A) for the least cardinal κ
such that A is not weakly (κ,∞)-distributive ([13], §14.6), that is, the least
cardinal of any set E ⊆ PA such that

(i) for some a0 ∈ A \ {0}, E ⊆ A and supE = a0 for every E ∈ E ,
(ii) if a ∈ A\{0} and a ⊆ a0 then there is an E ∈ E such that a 6⊆ supE′

for any finite E′ ⊆ E.

(If there is no such family E , that is, if A is purely atomic, say that
wdistr(A) = ∞.)

(c) For a general discussion of these cardinals, see [8], §6. We need to
know that if (X,Σ, µ) is a probability space with measure algebra A, then
both add(Nµ) and wdistr(A) have uncountable cofinality. In fact, addP is
either 2 or ∞ or a regular infinite cardinal for any partially ordered set P ,
and add(Nµ) is certainly uncountable, so has uncountable cofinality. As for
wdistr(A), this is either ∞ (if µ is purely atomic), or add(NL), where NL is
the ideal of Lebesgue negligible sets (if µ has countable Maharam type and
is not purely atomic), or ω1 (if µ has uncountable Maharam type); see [9],
6.3d and 6.13a. So this too always has uncountable cofinality.

3C. We need a little calculation with these cardinals.

Lemma. Let (X,Σ, µ) be a measure space, with µX > 0, and suppose
that E is a family of countable subsets of Σ such that

⋃
E is conegligible for

every E ∈ E and #(E) < min(add(Nµ),wdistr(A)), where A = Σ/Σ ∩ Nµ
is the measure algebra of (X,Σ, µ). Then µ is inner regular with respect to
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the family K of sets K ∈ Σ such that K is covered by a finite subfamily of
E for every E ∈ E.

P r o o f. Since K is closed under finite unions, it is enough to show that
K \Nµ is coinitial with Σ \ Nµ (see [10], 412Aa). So take any F ∈ Σ \ Nµ.
Consider a = F • in A, and for E ⊆ Σ consider

AE = {(E ∩ F )• : E ∈ E}.
If E ∈ E, then, because E is countable and the map E 7→ E• : Σ → R is a
sequentially order-continuous Boolean homomorphism,

supAE =
(
F ∩

⋃
E
)•

,

which is equal to F • = a because
⋃
E is conegligible. Because #(E) <

wdistr(A), there is a non-zero c ⊆ a such that, for every E ∈ E, there is a
finite set E ′ ⊆ E such that c ⊆ supAE′ . Let K ∈ Σ be such that K• = c.
Then K \

⋃
E ′ is negligible for every E ∈ E; and also, of course, K \ F is

negligible. Because #(E) < add(Nµ), there is an H ∈ Σ ∩ Nµ including
(K \ F ) ∪

⋃
E∈E(K \

⋃
E ′). Setting K ′ = K \ H we have a non-negligible

member of K included in F .

3D. Theorem. Let (X,Σ, µ) be a weakly α-favourable probability space,
and suppose that there is a set V ⊆ Σ such that #(V) ≤ min(add(Nµ),
wdistr(A)), where A is the measure algebra of µ, and µ is inner regular
with respect to the Σ-algebra T generated by V. Then (X,Σ, µ) is countably
compact.

P r o o f. (a) Set κ = min(add(Nµ),wdistr(A)), and let 〈Vξ〉ξ<κ run over
V ∪ {X}. For each ξ < κ let Tξ be the σ-algebra generated by {Vη : η < ξ}.
Because cf(κ) > ω, T =

⋃
ξ<κ Tξ. Let Q ⊆

⋃
n≥1(Σ \ Nµ)n be a family

witnessing that Σ \Nµ is a weakly α-favourable class, as in 1D; and choose
Qs ⊆ Q, Hs ⊆ Σ \ Nµ, for s ∈

⋃
n≥1 κ

n, by the construction of Lemma 3A.

(b) Let W be the subalgebra of T generated by {Vξ : ξ < κ}, and Wδ

the family of sets expressible as intersections of sequences in W. Then µ is
inner regular with respect to Wδ. To see this, observe that because W is
closed under finite unions, Wδ is closed under finite unions and countable
intersections, while W is closed under complementation. By [10], 412C, or
otherwise, µ�T is inner regular with respect to Wδ, so µ also is, by [10],
412Ab.

For each ξ < κ, write W(ξ) for the algebra of subsets of X generated
by {Vη : η < ξ}, and W(ξ)

δ for the set of intersections of sequences in W(ξ);
then Wδ =

⋃
ξ<κW

(ξ)
δ , again because κ has uncountable cofinality.

(c) For ξ < κ let Kξ be the family of those sets K ∈ W(ξ)
δ such that

whenever s ∈
⋃
m≥1 ξ

m there is a finite subset of Hs covering K. Set
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K =
⋃
ξ<κKξ. Then µ is inner regular with respect to K. To see this,

suppose that E ∈ Σ and that 0 ≤ γ < µE. Choose sequences 〈Kn〉n∈N in
Wδ and 〈ξn〉n∈N in κ inductively, as follows. Start with any K0 ∈ Wδ such
that K0 ⊆ E and µK0 > γ. Given that Kn ∈ Wδ and that µKn > γ, take
ξn < κ such that Kn ∈ W(ξn)

δ and ξn ≥ ξi for i < n. By Lemma 3C, there is
a Kn+1 ∈ Σ such that Kn+1 ⊆ Kn, µKn+1 > γ and for every s ∈

⋃
m≥1 ξ

m
n

there is a finite subset of Hs covering Kn+1; shrinking Kn+1 a trifle if need
be, we may arrange that Kn+1 ∈ Wδ. Continue.

At the end of the induction, set K =
⋂
n∈N Kn, ξ = supn∈N ξn. Then

K ∈ Wδ∩Tξ, K ⊆ E and µK ≥ γ. If s ∈
⋃
m≥1 ξ

m, there is some n ∈ N such
that s ∈

⋃
m≥1 ξ

m
n , because 〈ξn〉n∈N is non-decreasing; and now K ⊆ Kn+1

is covered by a finite subset of Hs. Thus K ∈ Kξ and K ∈ K. As E and γ
are arbitrary, µ is inner regular with respect to K.

(d) K is a countably compact class. For suppose that 〈Kn〉n∈N is a
sequence in K with the finite intersection property. Let F be an ultrafilter
on X containing every Kn. For each n take ξn < κ such that Kn ∈ Kξn

, and
a countable subset Jn of ξn such that Kn is expressible as

⋂
i∈N Wni, where

each Wni belongs to the algebra of subsets of X generated by {Vη : η ∈ Jn}.
Let 〈s(i)〉i∈N be a sequence running over

⋃
n∈N Jn. (I pass over the trivial

case in which every Jn is empty, since in this case every Kn must be X.)
For every n ∈ N, sn = 〈s(i)〉i≤n belongs to ξn+1

r for some r, so that Kr is
covered by a finite subfamily of Hsn , and there is a K ′

n ∈ Hsn belonging
to F . Now (K ′

0, . . . ,K
′
n) ∈ Q for every n. For we know that K ′

n ∈ Hsn ,
so there is a q ∈ Qsn−1 such that qaK ′

n ∈ Qsn . (If n = 0 take q to be the
empty sequence.) But this means that, for every i < n, q(i) ⊇ K ′

n, so that
q(i) ∈ F , while q(i) ∈ Hsi

; and since Hsi
is disjoint, we must have q(i) = K ′

i

for every i < n, and (K ′
0, . . . ,K

′
n) = qaK ′

n ∈ Q.
Accordingly there is an x ∈

⋂
n∈N K

′
n. Now suppose, if possible, that

x 6∈ Kr for some r ∈ N. Then there is an i ∈ N such that x 6∈ Wri. There
are therefore finite sets I, I ′ of Jr such that x ∈W and W ∩Wri = ∅, where
W =

⋂
η∈I Vη \

⋃
η∈I′ Vη.

If η ∈ I, there is some n ∈ N such that s(n) = η; by the choice of
Qsn

, K ′
n is either included in Vη or disjoint from it. Since x ∈ Vη, we have

K ′
n ⊆ Vη, and Vη ∈ F . Similarly, if ζ ∈ I ′, there is an m such that s(m) = ζ,

and in this case we must have K ′
m ⊆ X \Vζ and X \Vζ ∈ F . So we see that

W ∈ F ; but we started by taking F to contain Kr, so it also contains Wri,
which is disjoint from W . This contradiction shows that x ∈

⋂
r∈N Kr. As

〈Kr〉r∈N is arbitrary, K is a countably compact class. Putting this together
with (c), we see that µ is countably compact, as claimed.

3E. Remarks. We can identify the following cases in which Theorem
3D can be applied.
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(a) Since min(add(Nµ),wdistr(A)) is always at least ω1, we see that if
(X,Σ, µ) is any weakly α-favourable probability space in which Σ is gener-
ated by ω1 sets, then it is countably compact. This extends Corollary 1.3
of [5], and complements the result from [18] that if (X,Σ, µ) is perfect and
Σ is countably generated, then µ is compact.

(b) Searching for adequate generating sets to use in Proposition 3D, we
have the following simple fact. If V is any coinitial subset of Σ\Nµ, then µ is
inner regular with respect to the algebra generated by V; so if ci(Σ \Nµ) ≤
min(add(Nµ),wdistr(A)), the result will be applicable. Now suppose that
Martin’s Axiom is true and that µ is a quasi-Radon probability measure of
countable Maharam type, with measure algebra A. In this case, add(Nµ) ≥ c
([7], 32F–G). In particular, add(NL) = c, so wdistr(A) ≥ c. On the other
hand, the family K of non-empty self-supporting closed subsets of X is coini-
tial with Σ \Nµ, and the map K 7→ K• : K → A is injective; so ci(Σ \Nµ) ≤
#(A) ≤ c (because A is a separable metrizable space). Thus we have

[MA] if (X,Σ, µ) is a weakly α-favourable quasi-Radon probability space
with countable Maharam type, then it is countably compact.

Subject to the continuum hypothesis we can lift this one step, since a prob-
ability algebra of Maharam type c also has cardinal c; so we get

[CH] if (X,Σ, µ) is a weakly α-favourable quasi-Radon probability space
with Maharam type at most ω1, then it is countably compact.

3F. For the next proposition, and also for the examples in §4, we shall
need some further well known facts. Recall that a topological measure is
“completion regular” if it is inner regular with respect to the zero sets, that
is, sets of the form f−1[{0}] for some continuous real-valued function ([10],
411I); and that a Radon measure ν on {0, 1}A is completion regular iff the
self-supporting closed sets are all determined by coordinates in countable
sets ([2], Lemma 2). The usual measure on {0, 1}A ([10], 254J) is completion
regular, by a theorem of Kakutani ([10], 415E and 417E).

Suppose that ν is a completion regular Radon measure on {0, 1}A, that
X is any subset of {0, 1}A, and that µ is the subspace measure on X.
(For the general theory of subspace measures, see [10], §214.) Let W be a
measurable envelope of X. Write K for the family of non-empty compact
self-supporting sets included in W . Then every member of K is determined
by a countable set of coordinates, and µ is inner regular with respect to
KX = {K ∩X : K ∈ K} (cf. [10], 412O). If K,K ′ ∈ K and K ∩X ⊆ K ′∩X,
then ν(K ∩ K ′) = νK. Since K is self-supporting, it must be included in
K ′. Thus K 7→ K ∩X : K → KX is an order-preserving bijection.

3G. Theorem. Suppose A is a set and that ν is a completion regu-
lar Radon probability measure on {0, 1}A. Let X ⊆ {0, 1}A be a set such
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that the induced subspace measure µ on X is weakly α-favourable. Then µ
is α-favourable. If ν is the usual measure of {0, 1}A, then µ is regularly
monocompact.

P r o o f. (a) Let W be a measurable envelope of X. Write K for the
family of non-empty self-supporting compact subsets K of W , and KX =
{K ∩X : K ∈ K}, as in 3F, so that the subspace measure νW on W is inner
regular with respect to K, and µ is inner regular with respect to KX . By
Lemma 1C, KX is a weakly α-favourable class. Let Q0 ⊆

⋃
n≥1KnX be a

family satisfying the conditions of Lemma 1D. Set

Q = {(K0, . . . ,Kn) : n ∈ N, Kr ∈ K for r ≤ n,

(K0 ∩X, . . . ,Kn ∩X) ∈ Q0}.
Then Q ⊆

⋃
n≥1Kn and

(i) K0 ⊇ . . . ⊇ Kn for every (K0, . . . ,Kn) ∈ Q;
(ii) for every K ∈ K there is a K ′ ⊆ K such that the one-term sequence

(K ′) belongs to Q;
(iii) whenever (K0, . . . ,Kn) ∈ Q and K ∈ K and K ⊆ Kn, then there is

a K ′ ⊆ K such that (K0, . . . ,Kn,K
′) ∈ Q;

(iv) whenever 〈Kn〉n∈N is a sequence in K such that (K0, . . . ,Kn) ∈ Q
for every n, then X ∩

⋂
n∈N Kn 6= ∅.

For i ∈ A, set Vi = {x : x ∈W, x(i) = 0}. Set S =
⋃
n≥1A

n, and choose
Qs ⊆ Q, Hs ⊆ K from the family 〈Vi〉i∈A as in 3A above.

(b) For closed sets F ⊆ {0, 1}A, let AF be the smallest set such that F
is determined by coordinates in AF (see Lemma 1E). Now define τ : K → K
in such a way that

whenever K ∈ K, then τ(K) ∈ K, τ(K) ⊆ K, and τ(K) ⊆
⋃
Hs for

every s ∈
⋃
n∈N A

n+1
K ;

this is possible because there are only countably many sequences s to deal
with, and

⋃
Hs is always conegligible in W .

(c) If 〈Kn〉n∈N is a sequence in K such that Kn+1 ⊆ τ(Kn) for every
n ∈ N, then X ∩

⋂
n∈N Kn is non-empty. For set K =

⋂
n∈N Kn. Since

every Kn is compact and Kn+1 ⊆ Kn for every n, K cannot be empty.
If K = {0, 1}A, the result is trivial. Otherwise, take any z ∈ K, and let
〈in〉n∈N be a sequence running over AK . (AK must be countable because
it is included in

⋃
n∈N AKn , or otherwise, and it is not empty because we

are supposing that K 6= {0, 1}A.) If n ∈ N, then for any m large enough
we have ir ∈ AKm

for every r ≤ n, by Lemma 1Eb above; in this case,
K ⊆ τ(Km) is covered by Hsn , where sn = (i0, . . . , in), so that z ∈ En for
some En ∈ Hsn .
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At this point, note that, because Hsn is disjoint, En+1 ∈ Hsn+1 must
always be included in En, and (E0, . . . , En) must belong to Qsn for each n.
We also know, by the construction of Qsn , that En is either included in Hin

or disjoint from it.
Since (E0, . . . , En) ∈ Q for every n, there is a point x ∈ X ∩

⋂
n∈N En.

Now x(in) = z(in) for every n, so x�AK = z�AK , and x ∈ K. So X∩K 6= ∅,
as claimed.

(d) If we now set τ ′(K∩X) = τ(K)∩X for every K ∈ K, τ ′ : KX → KX
witnesses that KX is an α-favourable class, so that µ is α-favourable.

(e) Now suppose that ν is the usual measure on {0, 1}A. Write L for
the set of those K ∈ K such that K ⊆

⋃
Hs for every s ∈

⋃
n∈N A

n+1
K . The

point is that µ is inner regular with respect to LX = {K ∩X : K ∈ L}. To
see this, argue as follows. Given E ∈ domµ and 0 ≤ γ < µE, express E as
F ∩X where F ⊆ W is measured by ν, and choose inductively a sequence
〈Ln〉n∈N in K such that

L0 ⊆ F, νL0 > γ,

and, for each n ∈ N, given that νLn > γ,

Ln+1 ⊆ Ln, Ln+1 ⊆
⋃
Hs for every s ∈

⋃
n∈N A

n+1
Ln

and νLn+1 > γ.

At the end of the induction, set L =
⋂
n∈N Ln; then AnL ⊆

⋃
m∈N A

n
Lm

for
every n ∈ N, by Lemma 1Eb, so L ⊆

⋃
Hs for every s ∈

⋃
n∈N A

n+1
L . If we

now take K ∈ K such that K ⊆ L and µ(L \K) = 0, then AK ⊆ AL, by
Lemma 1Ec, so K ∈ L and K ∩ X ∈ LX ; and of course K ∩ X ⊆ E and
µ(K ∩ X) ≥ γ. As E and γ are arbitrary, µ is inner regular with respect
to LX .

(f) The definition of τ in (b) above allows us, if we choose, to set τ(K) =
K for every K ∈ L. Then τ ′ : KX → KX will still be a winning tactic, as
before. But τ ′(E) = E for every E ∈ LX . So if 〈En〉n∈N is any non-
decreasing sequence in LX , we shall have En+1 ⊆ τ ′(En) for every n, and⋂
n∈N En 6= ∅. This shows that LX is a monocompact class, so that µ is

regularly monocompact.

4. Examples. It is easy to find a countably compact measure which is
not compact (for instance, the countable-cocountable measure on any un-
countable set). Separating the other classes here seems to be harder. [16]
provides an example of a perfect probability space which is not countably
compact; since it is a subspace of {0, 1}ω1 with its usual measure, 3Ea tells
us that it is also not weakly α-favourable. The principal example here (4B)
is a regularly monocompact space which is not countably compact, answer-
ing a question suggested by [24] (p. 380). I show how Musia l’s example
can, subject to the continuum hypothesis, be adapted to have countable
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Maharam type (4C), and conclude by describing an interesting example of
a weakly α-favourable class which is not α-favourable (4E).

4A. A combinatorial result. The example relies on an important con-
struction due to S. Todorčević ([23]). Since it is not stated in exactly the
required form in that paper, and since it is of great independent interest, I
give the proof.

Lemma. Let κ be the successor of a regular infinite cardinal. Then there
is a function φ : [κ]2 → [κ]<ω such that whenever D ∈ [κ]κ then

⋃
I∈[D]2 φ(I)

= κ.

P r o o f. (a) Let λ be the cardinal predecessor of κ. Write S = {δ : δ < κ,
cf(δ) = λ}, so that S is a stationary subset of κ ([12], p. 58). By Solovay’s
theorem ([12], Theorem 85) there is a partition 〈Sξ〉ξ<κ into stationary sets.
For each α < κ, let Cα be a cofinal subset of α of order type cf(α). (If
α = β + 1 is a successor ordinal, Cα = {β}.) Now define Jαβ ∈ [κ]<ω

inductively, for α ≤ β, as follows. Jαα = {α} for every α < κ. If Jαγ has
been defined for α ≤ γ < β, where α < β < κ, set γ = min(Cβ \ α), so that
α ≤ γ < β, and set Jαβ = Jαγ ∪ {β}.

(b) If δ ∈ S and δ ≤ β < κ, then there is an α0 < δ such that δ ∈ Jαβ
whenever α0 ≤ α < δ. We can prove this by induction on β. If β = δ we
can take α0 = 0, since {α, β} ⊆ Jαβ for all α ≤ β. For the inductive step to
β > δ, set γ = min(Cβ \ δ), so that δ ≤ γ < β. We have

otp(Cβ ∩ δ) = otp(Cβ ∩ γ) < otp(Cβ) = cf(β) ≤ λ = cf(δ),

so α1 = supCβ ∩ δ is less than δ. If α1 < α < δ, then min(Cβ \ α) = γ, so
that Jαβ ⊇ Jαγ . Now the inductive hypothesis tells us that there is an α0

such that α1 < α0 < δ and δ ∈ Jαγ whenever α0 ≤ α < δ, so the induction
proceeds.

(c) Set φ({α, β}) = {ξ : ξ < κ, Sξ ∩ Jαβ 6= ∅} whenever α < β < κ. This
is always finite because the Sξ are disjoint. Now suppose that D ∈ [κ]κ and
that ξ < κ. Then

D′ = {δ : δ < κ, δ = sup(D ∩ δ)}
is a closed unbounded set in κ, so meets the stationary set Sξ; take any
δ ∈ Sξ ∩ D′. Because #(D) = κ, there is a β ∈ D \ δ. By (b) there is an
α0 < δ such that δ ∈ Jαβ whenever α0 ≤ α < δ. Now δ ∈ D′, so there is an
α ∈ D ∩ δ \ α0, and in this case δ ∈ Jαβ so ξ ∈ φ({α, β}).

As D and ξ are arbitrary, φ has the required property.

4B. Example. Let κ be a cardinal such that

(α) κ is the successor of a regular infinite cardinal ,
(β) κω = κ,



86 D. H. Fremlin

(γ) κ ≥ ω2.

Give {0, 1}κ its usual measure ν. Then there is a subset X of {0, 1}κ such
that the subspace measure on X is regularly monocompact but not countably
compact.

Remark. The smallest cardinal for which (α)–(γ) can be proved without
special axioms is c++. I ought to remark that for κ = c++ a very much
stronger result than 4A can be proved ([21]).

Proof of the Example. (a) By 4A, there is a function φ : [κ]2 → [κ]<ω

such that κ =
⋃
I∈[D]2 φ(I) for every D ∈ [κ]κ. Let ψ : κ → [κ]ω be a

surjection. For B ⊆ κ set HB = {x : x ∈ {0, 1}κ, x(ξ) = 0 for every ξ ∈ B}.

(b) Let A be the family of sets expressible in the form I ∪ ψ(ξ), where
I ∈ [κ]2 and ξ ∈ φ(I). Then

(i) every member of A is infinite;
(ii) A ∩ PJ is countable for any countable J ⊆ κ;
(iii) for any family 〈Jξ〉ξ<κ of countable sets, there is an A ∈ A such

that η 6∈ Jξ for any distinct ξ, η ∈ A.

Of these, (i) is trivial, because ψ(ξ) is infinite for every ξ < κ. (ii)
is true because [J ]2 is countable whenever J is, and if A ∈ A, A ⊆ J
then A = I ∪ ψ(ξ) for some I ∈ [J ]2, ξ ∈ φ(I). As for (iii), given such
a family 〈Jξ〉ξ<κ, there is a D ∈ [κ]κ such that η 6∈ Jξ for any distinct
ξ, η ∈ D (because κ can be expressed as the union of ω1 such free sets,
by [6], Theorem 44.1, so at least one of them has cardinal κ). Now there
are a ξ < κ such that ψ(ξ) ⊆ D, and an I ∈ [D]2 such that ξ ∈ φ(I), so
A = I ∪ φ(ξ) has the required properties.

(c) Now let X ⊆ {0, 1}κ be {0, 1}κ \
⋃
A∈AHA. Let µ = νX be the

subspace measure on X, and Σ its domain.

(d) Write K for the family of non-empty closed subsets of {0, 1}κ which
are self-supporting for ν; then every K ∈ K meets X. To see this, recall
that K is determined by coordinates in a countable set J ⊆ I. Now A∩PJ
is countable (by b(ii) above), so there is a y ∈ K \

⋃
{HA : A ∈ A, A ⊆ J};

if we set x(ξ) = y(ξ) for ξ ∈ J and 1 otherwise, then x ∈ K ∩X. Thus X
is of full outer measure for ν, µ is a probability measure inner regular with
respect to KX = {K ∩ X : K ∈ K}, and K 7→ K ∩ X : K → KX is an
order-isomorphism, as in 3F.

(e) µ is α-favourable. To see this, consider a tactic τ constructed as
follows. For every non-negligible E ∈ Σ, choose KE ∈ K such that KE ∩
X ⊆ E. KE is determined by a countable set AE of coordinates. Now let
τ(E) ⊆ KE ∩X be such that µ(τ(E)) > 0 and
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for every I ∈ [AE ]2, ξ ∈ φ(I) there is a finite J ⊆ ψ(ξ) such that HJ

does not meet τ(E);

such a set exists because

inf
J⊆ψ(ξ) is finite

νHJ = νHψ(ξ) = 0,

and there are only countably many pairs (I, ξ) to be looked at. Clearly, τ
is a tactic for the second player in the game Γ (Σ \ Nµ).

Let 〈En〉n∈N be a sequence of non-negligible sets in Σ such that En+1 ⊆
τ(En) for every n. Then

KEn+1 ∩X ⊆ En+1 ⊆ τ(En) ⊆ KEn ∩X
for every n, so 〈KEn〉n∈N is a non-increasing sequence of compact sets in
{0, 1}κ, and K =

⋂
n∈N KEn is non-empty. By Lemma 1Eb, K is determined

by coordinates in A∗ =
⋃
n∈N

⋂
m≥nAEm .

Take any z′ ∈ K, and consider z ∈ {0, 1}κ, defined by setting z(i) = z′(i)
for i ∈ A∗ and 1 otherwise. Then z ∈ K. If z 6∈ X, then there is an A ∈ A
such that z(i) = 0 for every i ∈ A. Of course, A ⊆ A∗. Express A as I∪ψ(ξ),
where I ∈ [A]2 and ξ ∈ φ(I); then there is some n such that I ∈ [AEn ]2.
But in this case there is a finite set J ⊆ ψ(ξ) such that KEn ∩HJ = ∅, and
z 6∈ KEn , which is impossible.

Thus z ∈ K ∩ X ⊆
⋂
n∈N En. As 〈En〉n∈N is arbitrary, τ is a winning

tactic and µ is α-favourable.
By 3G, µ is regularly monocompact.

(f) For the last step, I argue by contradiction. Suppose, if possible, that
µ is countably compact.

(i) There is a countably compact class R ⊆ Σ such that µ is inner
regular with respect to R. By 1Bb(ii), we may suppose that R is closed
under countable intersections. Write Z for the family of zero sets in {0, 1}κ
and ZX for {Z ∩ X : Z ∈ Z}. Then ZX is also closed under countable
intersections, and µ is inner regular with respect to ZX ; so µ is inner regular
with respect to R∩ZX ([10], 412Ac).

(ii) For each ξ ∈ κ, let 〈Zξn〉n∈N be a sequence in Z such that Zξn∩X ∈ R
and Zξn ∩X ⊆ H{ξ} for every n ∈ N, and limn→∞ µ(Zξn ∩X) = 1/2. We
may of course replace Zξn by Zξn∩H{ξ}, so that Zξn ⊆ H{ξ} for every n. Let
Jξ ⊆ κ be a countable set such that every Zξn is determined by coordinates
in Jξ. Note that if F ∈ dom ν is such that νF > 0 and F is determined by
coordinates in κ \ {ξ}, there is an n ∈ N such that ν(F ∩Zξn) > 0, because

lim
n→∞

ν(H{ξ} 4 Zξn) = lim
n→∞

µ(X ∩Hξ \ Zξn) = 0,

so
lim
n→∞

ν(F ∩ Zξn) = ν(F ∩Hξ) = 1
2νF > 0.
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(iii) By b(iii), there is a set A ∈ A such that ξ 6∈ Jη whenever ξ, η
are distinct members of A. Enumerate A as 〈ξi〉i∈N and choose 〈ni〉i∈N
inductively in such a way that Fm =

⋂
i≤m Zξini is never negligible; this is

possible by the last remark in (ii) just above. In this case, 〈X ∩ Zξini〉i∈N
is a sequence in R such that every finite subset has non-empty intersection,
because Fm ∩ X is never empty. There ought therefore to be a point x ∈
X ∩

⋂
i∈N Zξini . But for this x, we have x(ξi) = 0 for every i ∈ N, that is,

x(ξ) = 0 for every ξ ∈ A, and x 6∈ X.
This contradiction shows that µ is not countably compact, and has all

the declared properties.

4C. In [16], there is an example of a perfect probability measure which is
not countably compact; since it is a subspace of {0, 1}ω1 , 3Ea tells us that it
is also not weakly α-favourable. I offer a minor adaptation of the argument
to show that, subject to the continuum hypothesis, we can achieve the same
phenomenon with a measure of countable Maharam type.

Example. Let ν be any strictly positive completion regular Radon prob-
ability measure on {0, 1}ω1 . Then there is a set X ⊆ {0, 1}ω1 , of full outer
measure for ν, such that the subspace measure on X is perfect but not weakly
α-favourable.

P r o o f. (a) I start by giving the construction. Let Ω be the set of non-
zero countable limit ordinals. For each δ ∈ Ω, let 〈θδ(n)〉n∈N be a strictly
increasing sequence in δ with supremum δ, and set Aδ = {θδ(n) : n ∈ N}.
Choose wδ ∈ {0, 1}Aδ such that ν{x : x�Aδ = wδ} = 0.

If we write

Ω0 = {δ : δ ∈ Ω, wδ(ξ) = 0 for infinitely many ξ ∈ Aδ},
Ω1 = {δ : δ ∈ Ω, wδ(ξ) = 1 for infinitely many ξ ∈ Aδ},

at least one of these is a stationary set in ω1. Take ε ∈ {0, 1} such that Ωε
is stationary.

Now define X by writing

X = {x : x ∈ {0, 1}ω1 , x�Aδ 6= wδ for every δ ∈ Ωε}.
(b) The first step is to check that ν∗X = 1. For suppose, if possible,

otherwise. Then, because ν is completion regular, there is a non-negligible
zero set K ⊆ {0, 1}ω1 which is disjoint from X. This K is determined by
some countable set of coordinates, so there is a ζ < ω1 such that K is
determined by coordinates in ζ. Now there is a z ∈ K such that z�Aδ 6= wδ
for any δ ∈ Ωε such that δ ≤ ζ, because there are only countably many such
δ, so we have only countably many negligible sets to avoid. Set x(ξ) = z(ξ)
for ξ < ζ, x(ξ) = 1 − ε for ξ ∈ ω1 \ ζ. Then x ∈ K because x�ζ = z�ζ.
If δ ∈ Ωε and δ ≤ ζ, then x�Aδ = z�Aδ 6= wδ. If δ ∈ Ωε and δ > ζ, then
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{ξ : ξ ∈ Aδ, x(ξ) = ε} ⊆ Aδ ∩ ζ is finite, so again x�Aδ 6= wδ. Accordingly,
x ∈ K ∩X, which is supposed to be impossible. Thus X must indeed have
full outer measure.

(c) Next, I have to show that the subspace measure µ on X is perfect.
To see this, let f : X → R be a measurable function and E ∈ domµ a
non-negligible set. Then there is a measurable function g : {0, 1}ω1 → R
extending f , and an F ∈ dom ν such that F ∩X = E. There is a function
h : {0, 1}ω1 → R, determined by coordinates in a countable set, equal almost
everywhere to g; let H ⊆ {0, 1}ω1 be a conegligible set, a countable union
of zero sets, such that h�H = g�H. Let F0 be a non-negligible zero set
included in F .

Let ζ < ω1 be such that F0, H and h are all determined by coordinates
less than ζ. As in (b) just above, the set D = {δ : δ ∈ Ωε, Aδ ⊆ ζ}
is countable, and G = {x : x ∈ {0, 1}ω1 , x�Aδ 6= wδ for every δ ∈ D}
is conegligible. Of course, ν is perfect, so there is a compact set K ⊆
h[F0 ∩ G ∩ H] such that νh−1[K] > 0. But, just as in (b), if we have any
z ∈ G there is an x ∈ X such that x�ζ = z�ζ, and now h(x) = h(z). This
means that h[B ∩ X] ⊇ h[B ∩ G] for any set B ⊆ {0, 1}ω1 determined by
coordinates less than ζ. In particular,

f [E] = g[E] = g[F ∩X] ⊇ g[H ∩ F0 ∩X]
= h[H ∩ F0 ∩X] ⊇ h[H ∩ F0 ∩G] ⊇ K.

On the other hand, f−1[K] ⊇ H ∩X ∩ h−1[K], so

µf−1[K] ≥ ν∗(H ∩X ∩ h−1[K]) = νh−1[K] > 0.

As f is arbitrary, µ is perfect.

(d) These arguments are minor modifications of the corresponding ones
in [16]. Similarly, to see that µ is not weakly α-favourable, I adapt the
argument used in [16] to show that it is not countably compact. Write K
for the family of non-empty closed self-supporting sets in {0, 1}ω1 ; every
member of K is determined by a countable set of coordinates, µ is inner
regular with respect to KX = {K ∩X : K ∈ K} and K 7→ K ∩X : K → KX
is an order-preserving bijection (see 3F above).

(e) Let σ :
⋃
n≥1KX → KX be any strategy for the second player in

the game Γ (KX). (I seek to show that σ is not a winning strategy.) Define
σ′ :

⋃
n≥1Kn → K by saying that

σ(K0 ∩X, . . . ,Kn ∩X) = σ′(K0, . . . ,Kn) ∩X
for all K0, . . . ,Kn ∈ K.

(f) The next step is to choose an increasing family 〈Mα〉α<ω1 of countable
sets. These can be described as elementary submodels for an appropriate
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fragment of set theory; but for readers unfamiliar or uncomfortable with
model theory, I give the details of a straightforward construction. Let M
be the family of countable subsets M of K ∪ ω1 such that

• whenever K0, . . . ,Kn ∈M ∩ K, then σ′(K0, . . . ,Kn) ∈M ,
• whenever K,K ′ ∈ M ∩ K and K ∩ K ′ is not negligible, there is an
L ∈M ∩ K such that L ⊆ K ∩K ′,

• whenever K ∈M ∩K then K is determined by coordinates in M ∩ω1,
• whenever ξ ∈M ∩ ω1 and η < ξ, then η ∈M ,
• whenever I is a finite subset of M ∩ ω1 and w ∈ {0, 1}I , then {x : x ∈
{0, 1}ω1 , x�I ∈ w} belongs to M .

Then it is easy to see that if M ⊆ K∪ω1 is any countable set, there is an
M ′ ∈M such that M ⊆M ′; if M ∈M, then M ∩ω1 ∈ ω1; and if 〈Mn〉n∈N
is a non-decreasing sequence in M, then

⋃
n∈N Mn ∈M. Let 〈Mα〉α<ω1 be

a family in M such that M0 = ∅, Mα∪{Mα∩ω1} ⊆Mα+1 for every α, and
Mα =

⋃
β<αMβ for α ∈ Ω.

If we set γα = sup(Mα ∩ ω1) for α < ω1, 〈γα〉α<ω1 is strictly increasing
and γα = supβ<α γβ for α ∈ Ω; so {γα : α ∈ Ω} is a club in ω1, and meets
the stationary set Ωε. Let α ∈ Ω be such that γα = δ ∈ Ωε. Set M ′

0 = ∅,
M ′
n = Mθα(n) for n ≥ 1, so that 〈M ′

n〉n∈N is an increasing sequence in M
with union Mα.

(g) Consider the set Aδ. For each n ∈ N, In = Aδ ∩M ′
n+1 \M ′

n is finite,
because M ′

n ∩ ω1 < δ. Set Hn = {x : x ∈ {0, 1}ω1 , x�In = wδ�In}; then
Hn ∈M ′

n+1. Choose 〈Kn〉n∈N in K inductively, as follows. K0 = H0 ∈M ′
1.

Given that Ki ∈ M ′
i+1 for i ≤ n, then K ′

n = σ′(K0, . . . ,Kn) ∈ M ′
n+1. Now

K ′
n is determined by coordinates in M ′

n+1 ∩ ω1, while Hn+1 is determined
by coordinates in In+1, which is disjoint from M ′

n+1; so K ′
n ∩Hn+1 6= ∅ and

(because K ′
n is self-supporting) ν(K ′

n∩Hn+1) > 0. Since both K ′
n and Hn+1

belong to M ′
n+2, there is a Kn+1 ∈M ′

n+2∩K such that Kn+1 ⊆ K ′
n∩Hn+1.

Continue.
At the end of the induction, consider K =

⋂
n∈N Kn. Because Kn ⊆ Hn

for every n, x(ξ) = wδ(ξ) whenever x ∈ K and ξ ∈ Aδ, so K ∩X = ∅. But
this means that 〈Kn ∩X〉n∈N has empty intersection, while

Kn+1 ∩X ⊆ K ′
n ∩X = σ(K0 ∩X, . . . ,Kn ∩X)

for every n ∈ N. So 〈Kn∩X〉n∈N witnesses that σ is not a winning strategy.
As σ is arbitrary, µ is not weakly α-favourable.

4D. Remark. If the continuum hypothesis is true, then by Theorem
7 and Lemma 3 of [2] there is a strictly positive completion regular Radon
measure on {0, 1}ω1 with countable Maharam type, and we can start from
this in Example 4C to obtain a perfect probability space of countable Ma-
haram type which is not weakly α-favourable.
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4E. Since most of us find it surprising that any class of sets can be
weakly α-favourable but not α-favourable, and since, as far as I know, the
following example has not been published explicitly (though it is implicit in
[4]), I set out the following fact.

Proposition. Let B̂ be the algebra of subsets of R with the Baire prop-
erty , and M the ideal of meager subsets of R. Then B̂ \ M is a weakly
α-favourable class which is not α-favourable.

P r o o f. (a) Because R is a complete metric space, R is an α-favourable
topological space in the sense of [3], that is, the family of non-empty open
subsets of R is an α-favourable class. By [8], 7I, it follows that B̂ \ M is
weakly α-favourable.

(b) Let τ be a tactic for the second player in Γ (B̂ \M). (I seek to show
that τ is not a winning tactic.) Let U be a countable base for the topology
of R, not containing the empty set.

(i) The key to the argument is the following fact: for any U ∈ U there
is a V ∈ U such that {M : M ∈ M, V \ τ(U \M) ∈ M} is cofinal with
M. For suppose, if possible, otherwise. Then we can find for each V ∈ U
a set MV ∈ M such that V \ τ(U \ M) 6∈ M whenever M ∈ M and
M ⊇ MV . Because M is a σ-ideal of sets, so that add(M) > ω = #(U),
M∗ =

⋃
V ∈UMV belongs to M. But now τ(U \M∗) ∈ B̂ \ M, so there

must be some non-empty open set G such that G4τ(U \M∗) ∈M. Taking
V ∈ U such that V ⊆ G, we have V \ τ(U \M∗) ∈ M while M∗ ⊇ MV ,
which is supposed to be impossible.

(ii) We can therefore choose a sequence 〈Vi〉i∈N in U such that, for each
i ∈ N, {M : Vi+1 \ τ(Vi \M) ∈ M} is cofinal with M; shrinking Vi if need
be, we can suppose that diamVi ≤ 2−i for each i, so that N =

⋂
i∈N Vi

contains at most one point. Now choose 〈Ni〉i∈N in M in such a way that
N0 ⊇ N and, for each i,

Vi+1 \ τ(Vi \Ni) ∈M, Ni+1 ⊇ Vi+1 \ τ(Vi \Ni).

Now, setting Ei = Vi \Ni, we have a sequence 〈Ei〉i∈N in B̂ \M such that
Ei+1 ⊆ τ(Ei) for every i ∈ N, while

⋂
i∈N Ei ⊆

⋂
i∈N Vi \N is empty.

(iii) Thus τ is not a winning tactic; as τ is arbitrary, B̂ \ M is not
α-favourable, as claimed.

Remark. Note that if we set µE= 0 for E∈M and ∞ for E ∈ B̂ \M,
then (R, B̂, µ) is a measure space in which M= Nµ; so that, if we read the
definitions in 1A literally, it is a weakly α-favourable measure space which is
notα-favourable. Of course, it is not semi-finite. Observe also that (R, B̂,M)
is a complete ω1-saturated measurable space with negligibles in the sense of
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[8], and indeed is “Ka-regular” and therefore “semi-perfect” in the termi-
nology of that paper. Thus except for the crucial fact that π(B̂/M) = ω it
is similar to the best-behaved of probability spaces.

5. Problems. As remarked above, the results here leave open the
following questions:

(a) Is there a weakly α-favourable probability space which is not regularly
monocompact?

(b) If (X,Σ, µ) is an α-favourable probability space and T is a σ-sub-
algebra of Σ, is (X,T, µ�T ) necessarily α-favourable?

(This is a special case of the question raised after Proposition 2B.)

(c) (i) Is the product of two α-favourable probability spaces again α-
favourable?

(ii) If 〈(Xi, Σi, µi)〉i∈I is a family of probability spaces such that the
measure on

∏
i∈J Xi is α-favourable for every finite J ⊆ I, is the

product measure on
∏
i∈I Xi necessarily α-favourable?

Of course, a negative answer to (a) would lead at once to positive answers
to (b) and (c), and to corresponding results for monocompact spaces; but
this would be surprising, and it is more natural to seek a negative answer
to one of the questions (b) or (c)(i) to provide a negative answer to (a). A
difficulty with the questions in (c) is that we cannot start from the α-favour-
able space in Example 4B; any power of this is (isomorphic to) a weakly
α-favourable subspace of some {0, 1}A, and is therefore α-favourable, by
Proposition 3G. And similarly, it will be no help if one of the factors is α-
favourable and the other is countably compact, by Proposition 2E. So until
we have another example of an α-favourable measure which is not countably
compact, we cannot approach (c)(i) effectively. On the other hand, it might
be useful to look at 4B in the context of question (b) here.

As noted in 4D above, the simplest form of the example in 4C has Ma-
haram type ω1, and we need a special axiom, such as the continuum hy-
pothesis, to achieve an example of this kind with countable Maharam type.
Similarly, the example in 4B has Maharam type between max(ω2, c) and
c++, and while conceivably the techniques of [2] and [22] may allow some
reduction in this (as in 4C), they cannot bring us to Maharam type less
than ω2, by 3Ea. So the questions arise:

(d) Is it consistent to suppose that every perfect probability space of
countable Maharam type is countably compact?

G. Plebanek has found a construction using a relatively weak special
axiom (valid, in particular, if either there is a Sierpiński set in R or Martin’s
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axiom is true) of a perfect probability space of countable Maharam type
which is not weakly α-favourable.

(e) Is every (weakly) α-favourable probability space of countable Ma-
haram type countably compact?
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