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Weakly a-favourable measure spaces
by

D. H. Fremlin (Colchester)

Abstract. I discuss the properties of a-favourable and weakly a-favourable measure
spaces, with remarks on their relations with other classes.

1. Introduction. Seeking to understand the special properties of Leb-
esgue measure, regarded as an abstract measure without looking directly
at its relation with the topology of the real line or Euclidean space, we
are led more or less naturally to six classes of measure space: compact,
countably compact and monocompact measure spaces, a-favourable and
weakly a-favourable measure spaces, and perfect measure spaces. (See 1A
below for the definitions.) These form a straightforward hierarchy, each
class, as I have listed them, being included in the next. In this paper I look
at the class of weakly a-favourable spaces from the point of view of pure
measure theory, examining in particular its permanence properties under
standard operations.

We find that an image of a weakly a-favourable measure is weakly a-
favourable (2B), and that the product of any number of weakly a-favour-
able probability spaces is weakly a-favourable (2D); in fact, there is a
general result on measures on product spaces with weakly a-favourable
marginals (2C), in the spirit of Kolmogorov’s theorem on measures with
perfect marginals. I do not know whether there are corresponding results
for a-favourable spaces, but I include a partial result in this direction: the
product of an a-favourable space with a countably compact space is a-
favourable (2E).

In §3, I discuss some conditions under which we can be sure that a
weakly a-favourable space is in fact a-favourable, or regularly monocom-
pact, or even countably compact. In §4, I give examples (i) of a regularly
monocompact probability measure which is not countably compact, and (ii)
of a perfect probability measure which is not weakly a-favourable (adapting
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an example of K. Musial). I conclude with a brief discussion of some open
problems.

1A. Basic definitions. (a) Following [19], T will say that a compact class
is a family K of sets such that (X' # ) whenever K’ C K has the finite
intersection property, and that a countably compact class is a family K of
sets such that (K’ is non-empty for every countable set £’ C IC with the
finite intersection property. (Note that most authors up to 1980 or so, fol-
lowing [14], used the phrases “compact class”, “compact measure” to mean
what I am calling “countably compact class” and “countably compact mea-
sure”.) Following [24] and [5], I say that a monocompact class is a family
K of sets such that (), .y K, # 0 for any non-increasing sequence (K, )nen
in IC.

(b) Now let K be a family of non-empty sets. Consider the infinite
game I'(K) for two players in which the players choose alternately sets
Ky, K}, K1, K{,... in K with Ky 2 K, 2 K; 2 K{ 2 ... and the first
player wins if (,.y K3 = 0, while the second player wins if [, o Ki # 0.
I will say that a strategy for the second player in I'(K) is a function o :
U,,>; K" — K such that o(Ko,...,K,) C K, for every Ko,...,K, € K,
and that such a strategy o is a winning strategy if (), oy K # 0 whenever
(Kn)nen 1s a sequence in K such that K, 41 C o(Ko,...,K,) for every
n € N. Similarly, a tactic (or “stationary strategy”) for the second player
in I'(K) is a function 7 : £ — K such that 7(K) C K for every K € K,
and 7 is a winning tactic if (), oy Kn # 0 whenever (K, )nen is a sequence
in I such that K, 11 C 7(K,) for every n € N. If 7 : £ — K is any tactic
for the second player, we have an associated strategy o defined by setting
o(Ko,...,K,)=1(K,) for every Ky, ..., K, € K, and ¢ will be a winning
strategy iff 7 is a winning tactic.

I will say that a non-empty family K of non-empty sets is a weakly a-
favourable class if the second player has a winning strategy in I'(K), and an
a-favourable class if the second player has a winning tactic. In this context,
it is convenient to say that if K is empty (so that there are no plays in the
game I'(K)) then the empty tactic is a winning tactic for the second player,
so that K is a-favourable.

For a variety of measure-theoretic and topological questions to which the
idea of “weakly a-favourable class™ is relevant, see [8].

neN

(c) Recall that a measure space (X, X, ) is (countably) compact if there
is a (countably) compact class £ C X such that p is inner regular with
respect to I, in the sense that uF = sup{uK : K € K, K C E} for every
E € ¥ ([14] and [19], or [10], §342 and §451). (X, X, u), or u, is (weakly)
a-favourable if X'\ N, is a (weakly) a-favourable class, where I write NV,
for the ideal of p-negligible sets ([8]).
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Next, if (X, X, 1) is a measure space and I a family of sets, we say that K
p-approrimates X if whenever E € Y and 0 < v < pF there are F' € X and
K € K such that FF C K C E and uF' > v. (Note that, on the definitions
above, p is inner regular with respect to K iff L N X p-approximates X.)
(X, X, u), or u, is monocompact if there is a monocompact class which p-
approximates 2.

Three natural variations on this idea are perhaps worth signalling, even
though it is at present quite unclear which, if any, of them correspond to
different measure spaces.

(o) Let us say that a measure space (X,X,u) is regularly monocom-
pact if there is a monocompact class K such that p is inner regular with
respect to K (equivalently, if there is a monocompact class £ C X which
p-approximates ).

(6) Let us say that a measure space (X, X, u) is weakly monocompact if
there is a monocompact class K such that for every E € X' \ N, there are
FeX¥\N,, KeKsuchthat FCKCE.

(7) Let us say that a measure space (X, X, u) is weakly regularly mono-
compact if there is a monocompact class K which is coinitial with X'\ N,,.

To complete this list, recall that a measure space (X, X, u) is perfect if
whenever f: X — R is a Y-measurable function, £ € ) and pFE > 0, then
there is a compact set K C f[E] such that pf~[K] > 0 ([20], or [10], §342
and §451).

1B. Elementary results. (a) A compact class is countably compact. A
countably compact class of non-empty sets is monocompact. A monocom-
pact class is a-favourable (since K — K is a winning tactic). An a-favour-
able class is weakly a-favourable. Any subset of a compact, or countably
compact, or monocompact class is a class of the same kind.

(b) It will be useful to have the following facts available.

(i) A family K of subsets of a set X is a compact class iff there is a
compact topology (not necessarily Hausdorff) on X such that every member
of K is closed ([19], 3.2, or [10], 342D). It follows that if K is any compact
class of sets, there is a compact class K* D K such that K U K’ € K* for all
K, K' e K* and (K’ € K* for every non-empty K’ C KC*.

(ii) If K is a countably compact class, there is a countably compact class
K* O K such that KU K’ € K for all K, K’ € K* and [,,cy Kn € K* for
every sequence (K, )pen in * ([14] or [10], 413R).

1C. LEMMA. If K is a family of non-empty sets, and L is a coinitial
subset of K, then L is (weakly) a-favourable iff K is.
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Proof. For “weakly a-favourable”’; this is [8], 2P. For “a-favourable”,
let § : K — L be any function such that 6(K) C K for every K € K.
If 7 : K — K is a winning tactic for the second player in I'(K), then
Lw— 07(L): L — L is a winning tactic in I'(£). If 7: £L — L is a winning
tactic in I'(L), then K — 76(K) : K — K is a winning tactic in I'(K).

1D. In the definition of “strategy” above, the function ¢ determining
the moves of the second player is defined solely in terms of the moves of the
first player, it being understood that a play of the game will proceed in the

form
KO, U(KO))KDO-(KOa Kl)v ey

so that there is no need to name the moves of the second player in the
definition of 0. A different approach describes a play of the game by the
sequence of the second player’s moves, and it is useful to have a condition
for weak a-favourability in terms of such sequences.

LEMMA. Let K be a family of non-empty sets. Then K is weakly a-
favourable iff there is a family Q C Un21 K™ such that

(i) whenever (K, ..., K]) € Q then K{ D K1 D ... 2 K] ;
(ii) for every K € K there is a K' C K such that the one-term sequence
(K") belongs to Q;
(iii) whenever (K{,...,K}) € Q and K € K and K C K], then there is
a K' C K such that (K{,...,K,,K') € Q;
(iv) whenever (K] )nen s a sequence in K such that (K{,...,K]) € Q
for every n, then (N, oy K, # 0.

Proof. (a) If K is weakly a-favourable, let o : [J,,~; K" — K be a
winning strategy for the second player in I'(K). Define Q,, C K", ¢, :
Qn — K™ inductively, for n € N, as follows. Start by setting Qo = {o(K) :
K € K}, and let ¢ : Qo — K be any function such that K/ = o(¢po(K')) for
every K’ € QQp. Given Q,, and ¢,, let @,+1 be the set of finite sequences
s~ K’ in K for which s = (K, ..., K]) € @, and there is some K € K such
that K C K/, and K’ = o(¢,(s)"K); now take ¢,11 : Qni1 — K™ to be
any function such that if s € Q,, and s” K’ € Q,,+1, then ¢, 1(s”K') is of
the form ¢, (s)"K where K C K/ and K’ = (s K). At the end of the
induction, set @ = J,,cy @n € U,,>1 K™

The construction ensures that Q satisfies (i). Setting K’ = o(K), we see
that @Q satisfies condition (ii). If s = (K{,...,K},) € Q, K € Kand K C K,
set K/ = o(¢(s)"K); then K/ C K and s”K’ € Q, so Q satisfies (iii). If
(K] )nen is a sequence in K such that (KJ),...,K]) € Q for each n, then
observe that ¢, +1(Ky, ..., K] ) extends ¢, (Ky,. .., K,) for every n, so we
have a sequence (K, )nen in K such that (Ko, ..., K,) = ¢n(K]|, ..., K]) for
every n. In this case, by the choice of @, 41 and ¢, 11, we have K, 11 C K|, =
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o(Ko,...,Ky) for every n. Because o is a winning strategy, (), cy K, =
N,en Kn is non-empty, as required by condition (iv).

(b) If there is such a family @, then choose o, : K" — K induc-
tively, for n € N, as follows. For K € K, 0¢(K) is to be any member of
K, included in K, such that the single-element sequence (oo(K)) belongs
to Q; there is such an element because @) satisfies condition (i). Given
o KMt — K and (Ko,...,Kn,r1) € K"2, set K/ = o.(K,...,K,)
for r < n. If (K{,...,K]) € Q and K,,+1 C K], then, because @ satis-
fies condition (ii), there is some K C K, such that (K{,...,K},K’) €
Q; take 0,41(Ko,...,Kyt1) to be any such K’'. In any other case, set
Ont1 (Ko, ..., Kpnt1) = Kpy1. At the end of the induction, set o(s) = 0,(s)
forn € N, s € Kn+L.

The construction of the o, certainly ensures that ¢ is a strategy for
the second player in I'(KC). If now (K, )nen is a sequence in K such that
K41 C o(Ko,...,K,) for every n € N, then, inducing on n, we see
that (K{,...,K]) € @ for every n € N, where K|, = o(Ko,...,K,); so
Npen Kn = Nyey K7, is non-empty, by condition (iii) on Q. As (Ky)nen is
arbitrary, o is a winning strategy and K is weakly a-favourable.

1E. In §§3-4 below, we shall be looking at measures on {0,1}4, for
various sets A, and it will be helpful to have the following facts set out
clearly.

LEMMA. Let (X;);er be any family of topological spaces, with product X .

(a) For any closed set F C X, there is a smallest set Ap C I such that
F is determined by coordinates in Ap, in the sense that x € F whenever
reX,yeF and x[Ar = ylAF.

(b) If (Fp)nen is a non-increasing sequence of closed sets in X with
intersection F', then Ap C U, cnNm>n AP, -

(c) Suppose that p is a strictly positive topological measure on X which
is a product measure in the sense that u(ENF) = pE - uF whenever E, F €
dom i and there is some set J C I such that E is determined by coordinates
in J and F is determined by coordinates in I\ J. Suppose that E and F
are measurable sets such that E /N F is negligible, F is closed, and F is
self-supporting in the sense that u(F NU) > 0 whenever U C X is an open
set meeting F'. If J C I is such that E is determined by coordinates in J,
so is F.

Proof. (a) Let J be the family of those subsets J of I such that F is
determined by coordinates in J. Then I € J and JNJ' € J for any J,
J' € J ([10], 254T). Set Ap = (N JT.

Suppose, if possible, that F' is not determined by coordinates in Ag.
Then we have y € F, x € X \ F such that x[Ap = y[Ap. Because F is
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closed, there is a finite set K C I such that {z : z € X, 2K = x[I} is
disjoint from F'. Because J is closed under finite intersections, there is a
J € J such that K NJ = Ar N J. But now consider z € X defined by
saying that z(i) = z(i) if i € K, 2(i) = y(i) if i € I\ K. Then z[J = y[J, so
z € F, because F' is determined by coordinates in J; but also z[K = x[K,
so z € F', which is impossible.

Thus F' is determined by coordinates in Ap, and A is the unique small-
est member of 7, as claimed.

(b) Set A = U,enNpon AF,.- i€ I\ A then L = {n:i ¢ Ap,}
is infinite, so ' = (¢, F,. Since every F,, for n € L, is determined by
coordinates in I \ {i}, so is F' ([10], 254M), and Ar C I\ {i}. As i is
arbitrary, Ap C A, as claimed.

(c) Suppose, if possible, otherwise; then there are z € F', y € X \ F such
that [J = y[J. Because F' is closed, there is a basic open set containing
y and disjoint from F'; we can express this in the form U NV where U and
V are open, U is determined by coordinates in J and V is determined by
coordinates in I'\ J. Now z € U, so UNF # () and (U N F) > 0. But now

O0=p(FNUNV)=wENUNV)
because £ A F' is negligible
=uWENU) pV
because £ NU is determined by coordinates in J, V is determined by coor-
dinates in '\ J, and p is a product measure

=p(FNU) -puV >0

(because p is strictly positive). But this is absurd.

2. Measure spaces. 1 come now to the main work of this paper, the
study of (weakly) a-favourable measure spaces.

2A. Elementary facts. Compact measure spaces are countably compact,
countably compact measure spaces are a-favourable, and a-favourable mea-
sure spaces are weakly a-favourable, just because we have corresponding
results for the abstract classes of §1. It is also the case that semi-finite
weakly a-favourable measure spaces are perfect; see [8], 6Bg. (The result
there is stated only for totally finite measure spaces, because these are the
only case considered in [20]. If we extend the definition as in 1Ac above,
then a semi-finite measure p is perfect iff the subspace measure ug on F
is perfect whenever uF < oo; and it is also easy to see that p is weakly
a-favourable iff pg is weakly a-favourable for every set E of finite measure,
because {E : 0 < pE < oo} is coinitial with dom p \ NV,.) If (X, X, p) is
“countably separated”, in the sense that there is a sequence of measurable
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sets separating the points of X, then u is compact iff it is perfect ([10],
343K), so all the classes considered here coincide for such spaces. All Radon
measures are of course compact, since by definition they are inner regular
with respect to the compact sets in some Hausdorff space, which form a
compact class.

Since any countably compact class is monocompact, we see at once that,
for arbitrary measure spaces,

countably compact = regularly monocompact

= monocompact and weakly regularly monocompact
and

monocompact or weakly regularly monocompact = weakly monocompact.

It is also easy to see that a weakly monocompact space (X,X, pu) is a-
favourable; if IC is a monocompact class witnessing the definition in 1Ac(y)
above, choose any function 7 : ¥ \ N, — X \ N, such that for every
E € Y\ N, there is a K € K such that 7(E) C K C E; then 7 will
be a winning tactic for the second player in the game I'(X \ NV,,).

It is worth noting that a semi-finite measure space (X, X, u) is perfect iff
(X, Xo, u[ Xo) is compact for every countably generated o-algebra Xy C X iff
(X, Yo, u[Xp) is countably compact for every countably generated o-algebra
Yo € ¥ ([18], or [10], 451F). In particular, for measures defined on countably
generated o-algebras, all the classes considered in this paper coincide.

It is easy to see that if (X, X, u) is a measure space and E € X, then F,
with the induced measure, is compact, or countably compact, or monocom-
pact (of any variety), or a-favourable, or weakly a-favourable, or perfect, if
X is. Non-measurable subsets, on the other hand, relatively rarely inherit
these properties; for instance, no non-measurable subset of R can be perfect
in its subspace measure. Concerning measurable images and products there
is something more interesting to say, as follows.

2B. THEOREM. If (X,X, pu) is a weakly a-favourable measure space,
(Y, T,v) a semi-finite measure space and f : X — Y an inverse-measure-
preserving function (that is, uf~[F] is defined and equal to vF for every
F eT), then (Y,T,v) is weakly a-favourable.

Proof. (a) Write £ for {F : F € T, 0 < vF' < co}. Write K for the
set of those K € X \ N, such that either K N f~'[F] is p-negligible for
every F € L or f[K|NF is v-negligible whenever F' € T and K N f~1[F] is
p-negligible. We shall have to remember that while K N f~![F] will always
be measurable, there is no guarantee that f[K] N F is measurable. Note
however that if E € X and f[E] is negligible, then there is some negligible
F € T such that f[E] C F, so that E C f~![F] is negligible, because f is
inverse-measure-preserving.
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(b) K is coinitial with X'\ A,. To see this, take any E € X\ N,. If
E N f71[F] is negligible whenever F' € £, then E € K and we can stop.
Otherwise, take Fy € £ such that Eg = E N f~1[Fy] is not negligible. Set
F={F:FeT,F CFy, Egn f~![F] is negligible}. By the principle of
exhaustion ([10], 215A-215B), there is a countable set Fy C F such that
F\ Fy is negligible for every F' € F, where Fy = |JFo. Set K = Eo\ f~[Fy].
Now F is certainly closed under countable unions, so F; € F, and Ey \ K =
Eo N f~1[F1] is negligible; but this means that K is not negligible.

If F €T and KN f~1[F] is negligible, then F N Fy € F so FNFy\ F; is
negligible. But f[K] C Fy \ F1, so f[K]NF is negligible. As F' is arbitrary,
K € K. Of course, K C E; as E is arbitrary, K is coinitial with X'\ NV, as
claimed.

(¢c) By 1C, K is a weakly a-favourable class, and there is a winning
strategy o for the second player in I'(K). Define ¢, : LTt — Kl
ol : LT — £ inductively, for n € N, as follows.

If L € £ take K € K such that K C f~1[L]; let ¢o(L) be the one-term
sequence (K), and let o{,(L) be a measurable envelope of f[o(K)] included in
L. (Such an envelope exists because vL is finite and f[o(K)] C f[K] C L;
see [10], 132E.) Note that as o(K) is not negligible, nor is f[o(K)], and
op(L) € L. Now suppose that ¢,, o/, have been defined and s € £,
L € L. Choose K € K such that K C f~1[L] and, if possible, K C o(¢,(s));
set ¢p11(87L) = ¢, (s)" K, and let 0, ,(s” L) be a measurable envelope of
flo(s™K)] which is included in L. Continue.

(d) At the end of the induction, set o’(s) = o/,(s) whenever n € N and
s € L™ The construction ensures that o’ is a strategy for the second
player in I'(L).

Now suppose that (L, )nen is a sequence in £ such that L, is included
in o’(Lg,...,L,) for every n € N. Then we have a sequence (K, )nen in K
defined by saying that (Ky,...,K,) = ¢n(Lo,...,L,) for every n € N. Set
K/ = o(Ky,...,K,) for each n. Then K/ belongs to K, is non-negligible
and included in K, C f~![L,], so, by the definition of K, f[K/] N F is
negligible whenever F' € T and K,, N f~![F] is negligible. Examining the
construction, we see that for each n € N we have L1 C o'(Lg,...,Ly),
which is a measurable envelope of f[K]|. But this means that L, 11N f[K]]
is not negligible, so K/, N f~1[L,41] is not negligible. When we came to
choose K, 11, therefore, we had the option of taking it to be a subset of K],
so we did, and K,,+1 C o(Ko,..., Knt1).

Since this is true for every n € N, (1, .y K, is not empty. But K, C
Sy for every n, so ,en Ln 2 flNen Kn] is non-empty. As (Ly)nen is
arbitrary, ¢’ is a winning strategy, and L is a weakly a-favourable
class.
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(e) Because v is semi-finite, £ is coinitial with 7"\ N,, so (by 1C in the
other direction) v is weakly a-favourable.

REMARK. There is a corresponding result for countably compact mea-
sures ([17], or [10], 452I). The same is true of perfect measures ([20], or
[10], 451E), but not of compact measures (e.g., take (X, ) to be [0, 1] with
Lebesgue measure, (Y,v) to be [0,1] with the countable-cocountable mea-
sure, and f the identity map). I do not know whether the image, in this
sense, of an a-favourable measure must again be a-favourable.

2C. I turn now to products of weakly a-favourable spaces. I approach
these through a more general result on projective limit measures on product
spaces.

THEOREM. Let ((X;, X;, 1:))icr be a non-empty family of weakly o-
favourable measure spaces. Let p bE\a probability measure on X, inner
regular with respect to the o-algebra @, ;X; generated by {m;YE] i€,
E € X}, where w; : X — X, is the canonical map for each i € I. If every
m; 1S inverse-measure-preserving, then p is weakly a-favourable.

Proof. (a) If any X, is empty, the result is trivial; let us suppose that
every X; is non-empty. For each i € I set C; = {Wi_l[E] : E € X}, and write
C = U,e;Ci- Let K be the set of non-negligible subsets of X expressible in

the form
K = m U ﬂ Cnm':

nENr<k, i€Jnr

where k, € N for n € N, J,,, is a finite subset of I for n € N, r < k,,, and
Chri € C; for every n € N, r < k,, i € J,,. For each K € K, fix such a

representation; say
NEN 1<k, (K)i€Jn,(K)

Note that p is inner regular with respect to IC ([10], 454A).

(b) For each i € I, let Q; C U, e (i \ N,,)" ! satisfy the conditions of
Lemma 1D. For n € N, let S,, € C"*! be the set of sequences (Coy...,Cp)
in C such that if i € I and {r : r <n, C, € C; \ {X}} is a non-empty set
enumerated in ascending order as rq,...,7s, then (Ey,..., Es) € Q;, where
C,, = m; '[E;] for j < s. Observe that if (C},),en is any sequence in C such
that (Cy)r<n € S, for every n, then ), .y Crn # 0, because ﬂnGLi Cn #0
for every i € I, where L; = {n:C,, € C; \ {X}}.

Fix on any well-ordering <; of N® with order type w, and any total
ordering < of I; let < be the lexicographic ordering of N3 x I.

(c) We can define ¢,, : K"t — G, for n € N, in such a way that
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(i) if ¢n(Ko,...,K,) = (Co,...,Cyp) then also ¢, (Ko,...,Kp) =
(Co,...,Chn) for every m < n,

(ii) if (Kp)nen, (Cn)nen are sequences in K, C respectively such that
On(Ko, ..., K,) = (Co,...,Cp) and K11 C K, N[ C, for every n,
then M, cy Kn = N,en On:

The construction proceeds as follows. For simplicity at the start, just
take ¢o(K) = X for every K € K. Given that Koy,...,K,11 € K and
on (Ko, ..., Ky) = (Co,...,Cp) € Sy, then, if K11 C K, N(),,, Cr, look
at the quadruples (I,m,r,i) such that [ < n, m € N, r < k,,(K;) and
i € Jmr(K;). Take the x-first quadruple (I, m,r, i), if there is one, such
that no Cj, for j < n, is either included in or disjoint from C,,.;(K}).
Look at those j < n such that C; € C; \ {X}. These, if any, are of the
form (7; '[Ey],...,m; '[Es]) where (Ey,...,Es) € Q;. There must there-
fore be an E € X, such that (Ep,...,E,E) € Q; and 7; '[F] is either
included in Cy,(K;) or disjoint from it and K41 N7, 1[E] is not negli-
gible (since there is a sequence of such E’s with conegligible union in Ej,
and K, is a non-negligible subset of 7; '[E]). Set ¢p11(Ko, ..., Knt1) =
(Co, e ,Cn,ﬂ';l[Ei]) € Sn+1.

If Kyp1 € K,yN(),.<,, Cr or there is no appropriate quadruple (I, m,r, 1),
set ¢n+1(KO7 PN ,Kn+1) = (Co, .. ,Cn,X).

The construction ensures (i). To see that (ii) is true, take (K, )nen,
<Cn>n€N such that ¢n(K0, . ,Kn) = (Co, ‘e ,Cn) and Kn+1 - Kn N
,.<,, Cr for every n. Consider the set L of all quadruples (I,m,r,4) such
that I, m € N, r < k,,,(K;) and i € J,,-(K;). Observe that because every
Jmr(K) is finite, these quadruples form a set of order type at most w for <.
Suppose, if possible, that (I,m,r,i) € L is such that no C,, is either disjoint
from or included in C,,,;(K;). In this case, every C,,, at least for n > [, was
chosen to be disjoint from or included in some different C,,/,; (K;/) where
(',m’,r",i") < (I, m,r,i); and there are only finitely many of these.

Thus, for every (I,m,r,i) € L, there is some n € N such that C,, is
either included in or disjoint from C,,,;(K;). Take any I, m € N; set Hy,, =
Ur<tn () Nic g, (51) Cmei (K1) Since ki, (K7) and every Jy,, (K;) are finite,
there is some n > [ such that i<n C is either disjoint from Hj,, or included
in Hy,,; since

r<n

Q#Kn—i-l gKlm mcjgﬂln’w
Jj<n
C; € Hyy,. But this means that

ﬂC]g ﬂ Hlm:ﬂKh

JEN I,meN leN

we have ;.

as claimed.



Weakly a-favourable measure spaces T

(d) Now define o : |, . K™ — K by writing

neN
o(Ko,....K,) =K,n[)C,

r<n

whenever ¢, (Ko, ..., K,) = (Cy,...,C,) and the intersection is not negligi-
ble, K, otherwise; this is a winning strategy for the second player in I'(K).
Since p is inner regular with respect to K, it is weakly a-favourable.

2D. COROLLARY. If ((X;, X;, pi))ier is any family of weakly a-favour-
able probability spaces, the product measure on Hiel X; is also weakly a-
favourable.

REMARKS. Once again, this corresponds to known results about the
other classes. The product of compact probability spaces is compact ([10],
342G), the product of countably compact probability spaces is countably
compact ([14]), and the product of perfect probability spaces is perfect ([20]);
all these may be found in [10], 451J, and the extensions corresponding to
Theorem 2C are also true ([10], 454A). If we use the “c.l.d. product measure”
of [10], §251, we find that the product of finitely many compact, or countably
compact, or perfect measure spaces of any magnitude is again compact or
countably compact or perfect ([10], 451I). However, I do not know whether
the product of two a-favourable probability spaces is always a-favourable.
I can give the following partial result.

2E. PROPOSITION. If (X, X, u) is an a-favourable measure space and
(Y, T,v) is a countably compact measure space, then the c.l.d. product mea-
sure on X XY is a-favourable.

Proof. Write A for the c.l.d. product measure on X x Y, and A for
its domain. (For a full description of the “c.l.d. product measure”, see [10],
§251. The only special feature we need here is the fact that

if AW > 0 then there are £ € Y, F € T, both of finite measure, such
that A(W N (E x F)) > 0,

as in [10], 2511d. Of course, this is only relevant when one of p, v is not
o-finite.)

Let 7 : ¥\ W, — X\ NV, be a winning tactic for the second player in
I'(X¥\N,). Let £ C T be a countably compact class of sets such that v
is inner regular with respect to IC; by 1Bb(ii), we may suppose that I is
closed under finite unions and countable intersections. Now let W be the
family of sets W € A such that AW > 0, m[W] = {z : (z,y) € W} € X|
and all the vertical sections of W belong to K. Then W is coinitial with
A\ Ny. To see this, take W € A such that \W >0, and let F € ¥, F €T
be such that uE < oo, vF < oo and A(W N (E x F)) > 0. Let F/ € K
be such that F/ C F and A(W N (E x F’)) > 0. Let (E,)nen, (Fn)nen
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be sequences in X, T respectively such that > >~ uE, - vF, < pE - vF’
and (J,,cy En X F, 2 (E x F')\ W. Choose F}, € K, for n € N, such that
F! C F"\ F,, for each n and

oo
PE - vF' > (uEy - vFy + p(En N E) - v(F'\ (F, U F)));
n=0
then W' =N, .y(E\ En) x F')U(E, x F},) is a non-negligible subset of W/
and every vertical section of W' is in . By Fubini’s theorem ([10], 252F),
there is a non-negligible measurable set E/ C {x : vW[{z}] > 0}; setting
W"” =W'n(E' xY), we have a member of W included in W, as required.
Now define 7" : W — W by setting 7/ (W) = W N (7(m[W]) x Y) for
every W € W. This is a tactic for the second player in the game I"(W). If
(Wi )nen is a sequence in W such that W,, .1 C 7/(W,,) for every n, then
71 [Wiy1] € 7(mi[W,]) for every n, so there is an x € [, ¢y 71 [Wn41]. For
each n € N, the vertical section W,,[{z}] is a non-empty member of K, so
MNpeny Wal{z}] is non-empty and (), .y Wy is non-empty. As (W, )nen is
arbitrary, 7’ is a winning strategy and W is an a-favourable class. As W is
coinitial with A4\ Ny, X is a-favourable, as claimed.

3. When weakly a-favourable spaces must have stronger prop-
erties. I have already noted that a semi-finite countably separated measure
space is compact iff it is perfect. In this section I give further results showing
that for measure spaces which are “simple” in one sense or another some of
the classes above coincide.

3A. It will be convenient to be able to call on the following straightfor-
ward idea.

LEMMA. Suppose that (X, X, p) is a totally finite measure space, and
that Q C U, (X \N,)™ satisfies the conditions (1)(iil) of Lemma 1D. Let
(ViYica be any family in X. Set S =J,~; A™. Then we can find a family
(Qs)ses of subsets of Q such that B

(o) whenever n > 1 and s € A" then Qs is a countable subset of (X\
N)™

(B) if s, t belong to S and s extends t, then every member of Qs extends
a member of Qy;

(7) if we set Hs = {K,, : (Ko,...,K,) € Qs} for s € A" then H, is
a disjoint family with conegligible union;

(0) if s € A" and K € H,, then K is either included in Vin) or
disjoint from it.

Proof. Choose Qs for short sequences s first, as follows. Let us say,
conventionally, that if s € A is the empty sequence then @, consists of the
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empty sequence alone. Given ¢ € )5, where s € A", and i € A, set
E,={K:q"KeQ, KCV,or KNV, =0},

and let £ C &; be a maximal disjoint set; define Q,~; = {¢"K : ¢ € Qs,
K € &}, and continue. An easy induction on n shows that () is true for
every s, and the other requirements are obviously satisfied.

3B. The first main result of this section extends a theorem of [5], where
it is shown that a monocompact space in which the algebra of measurable
sets is wy-generated is countably compact. In order to express the new result
in its full strength we need a couple of definitions.

DEFINITIONS. (a) Let P be any partially ordered set. Then the additivity
of P is

add P = min{#(Q) : @ C P has no upper bound in P},
writing min () = oo, and the cofinality and coinitiality of P are
cf(P) = min{#(Q) : Q@ C P is cofinal with P},
ci(P) = min{#(Q) : Q C P is coinitial with P}.

(b) If 2 is a Boolean algebra, write wdistr(2() for the least cardinal s
such that 2 is not weakly (k, co)-distributive ([13], §14.6), that is, the least
cardinal of any set & C P2 such that

(i) for some ag € A\ {0}, E C A and sup E = ag for every E € &,
(ii) if a € A\ {0} and a C ap then there is an E € &£ such that a Z sup E’
for any finite £’ C E.

(If there is no such family &, that is, if 2 is purely atomic, say that
wdistr(2) = c0.)

(c) For a general discussion of these cardinals, see [8], §6. We need to
know that if (X, X, u) is a probability space with measure algebra 2, then
both add(N,) and wdistr(?A) have uncountable cofinality. In fact, add P is
either 2 or oo or a regular infinite cardinal for any partially ordered set P,
and add(WN,,) is certainly uncountable, so has uncountable cofinality. As for
wdistr(21), this is either oo (if u is purely atomic), or add(N7,), where N7, is
the ideal of Lebesgue negligible sets (if u has countable Maharam type and
is not purely atomic), or wy (if 1 has uncountable Maharam type); see [9],
6.3d and 6.13a. So this too always has uncountable cofinality.

3C. We need a little calculation with these cardinals.

LEMMA. Let (X, X, p) be a measure space, with uX > 0, and suppose
that E is a family of countable subsets of X such that |J & is conegligible for
every £ € E and #(E) < min(add(N,,), wdistr(2)), where A = X/ X NN,
is the measure algebra of (X, X, u). Then u is inner regular with respect to
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the family IC of sets K € X such that K is covered by a finite subfamily of
E for every £ € E.

Proof. Since K is closed under finite unions, it is enough to show that
KK\ N, is coinitial with X'\ N, (see [10], 412Aa). So take any F € X'\ N,.
Consider a = F* in 2, and for £ C X' consider

Ae ={(ENF)":E€é&).

If £ € E, then, because £ is countable and the map £ — E*: Y — Ris a
sequentially order-continuous Boolean homomorphism,

sup Ag = (FHUS).,

which is equal to F* = a because |J& is conegligible. Because #(E) <
wdistr(21), there is a non-zero ¢ C a such that, for every £ € E, there is a
finite set £ C & such that ¢ C sup Ag. Let K € X be such that K* = c.
Then K \ |JE&' is negligible for every £ € E; and also, of course, K \ F is
negligible. Because #(E) < add(N,,), there is an H € ¥ NN, including
(K\ F)UUJeer(K\UE'). Setting K’ = K \ H we have a non-negligible
member of K included in F'.

3D. THEOREM. Let (X, X, u) be a weakly a-favourable probability space,
and suppose that there is a set V C X such that #(V) < min(add(N,),
wdistr(2)), where A is the measure algebra of p, and p is inner regular
with respect to the X-algebra T generated by V. Then (X, X, 1) is countably
compact.

Proof. (a) Set x = min(add(N,), wdistr(2)), and let (V¢)e<, run over
VU{X}. For each { < k let T¢ be the o-algebra generated by {V,, : n < ¢}.
Because cf(k) > w, T'= U, Te. Let Q € U,>, (X \ NV,)" be a family
witnessing that X'\ V,, is a weakly a-favourable class, as in 1D; and choose
Qs CQ, Hs C X\ N,, for s € |J,,~, ", by the construction of Lemma 3A.

(b) Let W be the subalgebra of T generated by {V¢ : { < s}, and Ws
the family of sets expressible as intersections of sequences in W. Then p is
inner regular with respect to Ws. To see this, observe that because W is
closed under finite unions, Ws is closed under finite unions and countable
intersections, while W is closed under complementation. By [10], 412C, or
otherwise, u[T is inner regular with respect to Ws, so u also is, by [10],
412Ab.

For each ¢ < k, write W) for the algebra of subsets of X generated
by {V;, : n <&}, and W(gg) for the set of intersections of sequences in W();

then Ws = UE < ng), again because k has uncountable cofinality.

(c) For £ < k let K¢ be the family of those sets K € Wég) such that
whenever s € J,,~, ™ there is a finite subset of H, covering K. Set



Weakly a-favourable measure spaces 81

K = U§<K K¢. Then p is inner regular with respect to K. To see this,
suppose that F € X and that 0 < v < puFE. Choose sequences (K, )nen in
Ws and (&,)nen in & inductively, as follows. Start with any Ky € W;s such
that Ko C E and puKy > ~. Given that K,, € Ws and that uK, > -, take
&, < Kk such that K, € Wgé”) and &, > &; for i < n. By Lemma 3C, there is
a K, 1 € X such that K, 11 C K,,, pK,41 > v and for every s € |J,,~; &'
there is a finite subset of H, covering K,,11; shrinking K, a trifle if need
be, we may arrange that K, 11 € Ws. Continue.

At the end of the induction, set K = [, oy Kn, £ = sup, ey &n- Then
K e WsNTe, K C Eand pK > ~. If s € |J,,,»1 £, there is some n € N such
that s € J,,~; &7, because (&, )nen is non-decreasing; and now K C K, 41
is covered by a finite subset of H,. Thus K € K¢ and K € K. As F and
are arbitrary, p is inner regular with respect to K.

(d) K is a countably compact class. For suppose that (K, ),ecn is a
sequence in IC with the finite intersection property. Let F be an ultrafilter
on X containing every K,,. For each n take £, < x such that K, € K¢, , and
a countable subset J,, of £, such that K, is expressible as ﬂieN Wi, where
each W,; belongs to the algebra of subsets of X generated by {V,, : n € J,}.

Let (s(i))ien be a sequence running over | J,,cy J/n- (I pass over the trivial
case in which every J, is empty, since in this case every K, must be X.)
For every n € N, s, = (s(i));<n belongs to £ for some r, so that K, is
covered by a finite subfamily of H,, , and there is a K] € H,, belonging
to F. Now (K{,...,K]) € Q for every n. For we know that K| € Hs,,
so there is a ¢ € Qs,_, such that ¢~ K/ € Qs,. (If n = 0 take ¢ to be the
empty sequence.) But this means that, for every i < n, ¢(i) 2 K/, so that
q(i) € F, while q(i) € Hs,; and since H,, is disjoint, we must have ¢(i) = K
for every i < n, and (Ky,...,K])=q" K], € Q.

Accordingly there is an = € (1, oy K. Now suppose, if possible, that
x & K, for some r € N. Then there is an i € N such that x ¢ W,;. There
are therefore finite sets I, I’ of J, such that x € W and W NW,; = 0, where
W= ﬂnez Vi \ UneI’ Vi

If n € I, there is some n € N such that s(n) = n; by the choice of
Qs, . K, is either included in Vj, or disjoint from it. Since z € V;,, we have
K] CV,,and V,, € F. Similarly, if { € I’, there is an m such that s(m) = (,
and in this case we must have K,, C X\ V; and X \ V¢ € F. So we see that
W € F; but we started by taking F to contain K., so it also contains W,;,
which is disjoint from W. This contradiction shows that z € [,y Kr. As
(K, )ren is arbitrary, K is a countably compact class. Putting this together
with (c), we see that p is countably compact, as claimed.

3E. REMARKS. We can identify the following cases in which Theorem
3D can be applied.
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(a) Since min(add(N,,), wdistr(2)) is always at least wy, we see that if
(X, X, p) is any weakly a-favourable probability space in which X is gener-
ated by wp sets, then it is countably compact. This extends Corollary 1.3
of [5], and complements the result from [18] that if (X, X, 1) is perfect and
X is countably generated, then p is compact.

(b) Searching for adequate generating sets to use in Proposition 3D, we
have the following simple fact. If V is any coinitial subset of X\, then p is
inner regular with respect to the algebra generated by V; so if ci(X\ NV,) <
min(add(N,,), wdistr(2()), the result will be applicable. Now suppose that
Martin’s Axiom is true and that u is a quasi-Radon probability measure of
countable Maharam type, with measure algebra L. In this case, add(N,) > ¢
([7], 32F-G). In particular, add(N) = ¢, so wdistr(2) > ¢. On the other
hand, the family I of non-empty self-supporting closed subsets of X is coini-
tial with X\ V,,, and the map K — K* : K — 2l is injective; so ci( X\ N,,) <
#(2A) < ¢ (because 2 is a separable metrizable space). Thus we have

[MA] if (X, X, u) is a weakly a-favourable quasi-Radon probability space
with countable Maharam type, then it is countably compact.

Subject to the continuum hypothesis we can lift this one step, since a prob-
ability algebra of Maharam type ¢ also has cardinal c; so we get

[CH] if (X, X, ) is a weakly a-favourable quasi-Radon probability space
with Maharam type at most wy, then it is countably compact.

3F. For the next proposition, and also for the examples in §4, we shall
need some further well known facts. Recall that a topological measure is
“completion regular” if it is inner regular with respect to the zero sets, that
is, sets of the form f~1[{0}] for some continuous real-valued function ([10],
4111); and that a Radon measure v on {0,1} is completion regular iff the
self-supporting closed sets are all determined by coordinates in countable
sets ([2], Lemma 2). The usual measure on {0, 1} ([10], 254J) is completion
regular, by a theorem of Kakutani ([10], 415E and 417E).

Suppose that v is a completion regular Radon measure on {0, 1}, that
X is any subset of {0,1}#, and that p is the subspace measure on X.
(For the general theory of subspace measures, see [10], §214.) Let W be a
measurable envelope of X. Write IC for the family of non-empty compact
self-supporting sets included in W. Then every member of K is determined
by a countable set of coordinates, and p is inner regular with respect to
Kx ={KNX:KeK} (cf. [10],4120). f K, K’ e Kand KNX C K'NX,
then v(K N K') = vK. Since K is self-supporting, it must be included in
K'. Thus K — KN X : K — Kx is an order-preserving bijection.

3G. THEOREM. Suppose A is a set and that v is a completion regu-
lar Radon probability measure on {0,1}4. Let X C {0,1}4 be a set such
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that the induced subspace measure p on X is weakly a-favourable. Then
is a-favourable. If v is the usual measure of {0,1}4, then u is reqularly
monocompact.

Proof. (a) Let W be a measurable envelope of X. Write K for the
family of non-empty self-supporting compact subsets K of W, and Kx =
{KNX: K €K}, as in 3F, so that the subspace measure vy on W is inner
regular with respect to K, and pu is inner regular with respect to x. By
Lemma 1C, Kx is a weakly a-favourable class. Let Qo C J,,~; L% be a
family satisfying the conditions of Lemma 1D. Set

Q={(Ko,....,K,):neN, K, €K forr<mn,
(KonX,....,K,NX) € Qo}
Then @ C U,,>, K" and

(i) Ko 2 ... 2 K, for every (Ky,...,K,) € Q;
(ii) for every K € K there is a K’ C K such that the one-term sequence
(K') belongs to Q;
(iii) whenever (Kjy,...,K,) € Q and K € K and K C K, then there is
a K’ C K such that (Ko,...,K,,K’) € Q;
(iv) whenever (K, )nen is a sequence in K such that (Ko,...,K,) € Q
for every n, then X N[N, cn Kn # 0.

Forie A, set V; ={x:2x e W, 2(i) =0}. Set S =J,,~; A", and choose
Qs € Q, Hs C K from the family (V;);c4 as in 3A above.

(b) For closed sets F' C {0,1}*, let Ar be the smallest set such that F
is determined by coordinates in Ap (see Lemma 1E). Now define 7 : K — K
in such a way that

whenever K € K, then 7(K) € K, 7(K) C K, and 7(K) C |JHs for
every s € |, ey A%

this is possible because there are only countably many sequences s to deal
with, and |JH; is always conegligible in W.

(c) If (Kyn)nen is a sequence in K such that K,41 C 7(K,) for every
n € N, then X N, oy Kn is non-empty. For set K = (1, oy Kn. Since
every K, is compact and K,11 C K, for every n, K cannot be empty.
If K = {0,1}#, the result is trivial. Otherwise, take any z € K, and let
(in)nen be a sequence running over Agx. (Ax must be countable because
it is included in J,, oy Ak, , or otherwise, and it is not empty because we
are supposing that K # {0,1}*.) If n € N, then for any m large enough
we have i, € Ak, for every r < n, by Lemma 1Eb above; in this case,
K C 7(K,,) is covered by Hs, , where s, = (ig,...,i,), so that z € E,, for
some FE, € H,, .
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At this point, note that, because H, is disjoint, E, 11 € Hg,,, must
always be included in E,,, and (Ey, ..., E,) must belong to @, for each n.
We also know, by the construction of (), , that E,, is either included in H;,
or disjoint from it.

Since (Ey, ..., E,) € Q for every n, there is a point x € X N (), ey En-
Now x(iy,) = z(i,) for every n, so x|Ax = z[Ag,and z € K. So XNK # (),
as claimed.

(d) If we now set 7/ (KNX) =7(K)NX forevery K €e K, 7" : Kx — Kx
witnesses that Ky is an a-favourable class, so that u is a-favourable.

(e) Now suppose that v is the usual measure on {0,1}4. Write £ for
the set of those K € K such that K C |JH, for every s € [, .y A% The
point is that p is inner regular with respect to Lx = {K N X : K € L}. To
see this, argue as follows. Given E € domp and 0 < v < pF, express F as
F N X where FF C W is measured by v, and choose inductively a sequence
(Lp)nen in K such that

LO g F7 VLO >,
and, for each n € N, given that vL,, > v,
Lpi1 € Ly, Lyyr ©UHs for every s € |, ey Az:l and vL, 11 > 7.

At the end of the induction, set L = (), oy Ln; then A7 C |, oy A7, for
every n € N, by Lemma 1Eb, so L C [JH, for every s € |J, oy AL T we
now take K € K such that K C L and pu(L \ K) = 0, then Ax C Ap, by
Lemma 1Ec, so K € L and KNX € Lx; and of course K N X C F and
(KN X)>+~. As E and v are arbitrary, p is inner regular with respect
to Ex.

(f) The definition of 7 in (b) above allows us, if we choose, to set 7(K) =
K for every K € L. Then 7' : Kx — Kx will still be a winning tactic, as
before. But 7/(E) = E for every E € Lx. So if (E,)pen is any non-
decreasing sequence in Ly, we shall have E,, 1 C 7/(E,,) for every n, and
MNpen En # 0. This shows that Ly is a monocompact class, so that p is
regularly monocompact.

4. Examples. It is easy to find a countably compact measure which is
not compact (for instance, the countable-cocountable measure on any un-
countable set). Separating the other classes here seems to be harder. [16]
provides an example of a perfect probability space which is not countably
compact; since it is a subspace of {0, 1}** with its usual measure, 3Ea tells
us that it is also not weakly a-favourable. The principal example here (4B)
is a regularly monocompact space which is not countably compact, answer-
ing a question suggested by [24] (p. 380). I show how Musial’s example
can, subject to the continuum hypothesis, be adapted to have countable
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Maharam type (4C), and conclude by describing an interesting example of
a weakly a-favourable class which is not a-favourable (4E).

4A. A combinatorial result. The example relies on an important con-
struction due to S. Todorcevié ([23]). Since it is not stated in exactly the
required form in that paper, and since it is of great independent interest, |
give the proof.

LEMMA. Let k be the successor of a regular infinite cardinal. Then there
is a function ¢ : [k]? — [k]<% such that whenever D € [k]" then Ureppe ¢(1)
= K.

Proof. (a) Let A be the cardinal predecessor of k. Write S = {§ : 0 < &,
cf(d) = A}, so that S is a stationary subset of k£ ([12], p. 58). By Solovay’s
theorem ([12], Theorem 85) there is a partition (S¢)¢<, into stationary sets.
For each a < k, let C, be a cofinal subset of a of order type cf(«). (If
a = 3+ 1 is a successor ordinal, C, = {f}.) Now define J,5 € [k]<¥
inductively, for a < 3, as follows. Jo, = {a} for every a < k. If J,, has
been defined for a <y < 3, where a < § < k, set v = min(Cp \ «), so that
a <y < f,and set Jog = Joy U {B}.

(b) If 6 € S and 0 < < K, then there is an oy < ¢ such that 0 € Juz
whenever oy < a < §. We can prove this by induction on 3. If 3 = d we
can take ag = 0, since {a, 8} C J,p for all a < . For the inductive step to
B >0, set vy =min(Cy \ J), so that 6 <~ < 3. We have

otp(Cg N J) = otp(Cz N~y) < otp(Cp) = cf(B) < A = cf(0),

so ap =supCg N o is less than 6. If a3 < o < §, then min(Cs \ a) =7, so
that Jog 2 Jay. Now the inductive hypothesis tells us that there is an g
such that oy < ap < ¢ and ¢ € J,, whenever ag < a < d, so the induction
proceeds.

(c) Set p({ev, B}) ={£ : £ < K, SeNJop # 0} whenever o < 5 < k. This
is always finite because the S¢ are disjoint. Now suppose that D € [k]* and
that £ < k. Then

D'={§:6<k,d=sup(DNJ)}

is a closed unbounded set in k, so meets the stationary set S¢; take any
d € Se N D'. Because #(D) = k, there is a § € D\ §. By (b) there is an
ap < 0 such that § € J,p whenever ap < a < 4. Now § € D', so there is an
a € DNd\ ag, and in this case § € J,5 so & € ¢({a, B}).

As D and ¢ are arbitrary, ¢ has the required property.

4B. EXAMPLE. Let k be a cardinal such that

(a) K is the successor of a regular infinite cardinal,

(B) K = &,
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(7) k> ws.
Give {0,1}" its usual measure v. Then there is a subset X of {0,1}" such

that the subspace measure on X is reqularly monocompact but not countably
compact.

REMARK. The smallest cardinal for which (a)—(7) can be proved without
special axioms is ¢™*. T ought to remark that for k = ¢** a very much
stronger result than 4A can be proved ([21]).

Proof of the Ezample. (a) By 4A, there is a function ¢ : [k]*> — [k]<%
such that k = U;¢pj2 ¢() for every D € [s]". Let ¢ : K — [k]* be a
surjection. For B C k set Hg = {x : x € {0,1}", z(§) = 0 for every £ € B}.

(b) Let A be the family of sets expressible in the form I U (), where
I € [k])? and € € ¢(I). Then

(i) every member of A is infinite;
(ii) ANPJ is countable for any countable J C k;
(iii) for any family (Je¢)e<n of countable sets, there is an A € A such
that n ¢ J¢ for any distinct {,n € A.

Of these, (i) is trivial, because (&) is infinite for every { < k. (ii)
is true because [J]? is countable whenever J is, and if A € A, A C J
then A = T U(€) for some I € [J]?, & € ¢(I). As for (iii), given such
a family (J¢)e<y, there is a D € [k]" such that n ¢ J¢ for any distinct
¢,n € D (because k can be expressed as the union of w; such free sets,
by [6], Theorem 44.1, so at least one of them has cardinal k). Now there
are a £ < k such that ¢(£) C D, and an I € [D]? such that £ € ¢(I), so
A = TU¢(€) has the required properties.

(c) Now let X C {0,1}" be {0,1}* \ Uycy Ha. Let pu = vx be the
subspace measure on X, and X' its domain.

(d) Write K for the family of non-empty closed subsets of {0, 1}* which
are self-supporting for v; then every K € K meets X. To see this, recall
that K is determined by coordinates in a countable set J C I. Now ANPJ
is countable (by b(ii) above), so thereisay € K\ |J{Ha: A€ A, AC J};
if we set z(§) = y(§) for € € J and 1 otherwise, then x € K N X. Thus X
is of full outer measure for v, p is a probability measure inner regular with
respect to Kx ={KNX : K € K},and K — KNX : K — Kx is an
order-isomorphism, as in 3F.

(e) p is a-favourable. To see this, consider a tactic 7 constructed as
follows. For every non-negligible £ € Y| choose Kg € K such that Kg N
X C E. Kg is determined by a countable set Ag of coordinates. Now let
7(FE) € Kg N X be such that u(7(E)) > 0 and
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for every I € [Ag]?, £ € ¢(I) there is a finite J C 9(€) such that H
does not meet 7(F);

such a set exists because

inf H;=vH, =0
ng(g)lisﬁnite VHI = VEe©) ’
and there are only countably many pairs (I,£) to be looked at. Clearly, T
is a tactic for the second player in the game I'(X \ N},).
Let (E,)nen be a sequence of non-negligible sets in X such that E,+; C
T(E,,) for every n. Then

Kg, . ,NXCEuw1 C7(E,) CKp, NX

n+1
for every n, so (Kg,)nen is a non-increasing sequence of compact sets in
{0,1}", and K = ,,cn K&, is non-empty. By Lemma 1Eb, K is determined
by coordinates in A* = {J,,cn Nysn AE,, -

Take any 2’ € K, and consider z € {0, 1}", defined by setting z(i) = 2'()
for i € A* and 1 otherwise. Then z € K. If 2 ¢ X, then thereisan A € A
such that z(i) = 0 for every i € A. Of course, A C A*. Express A as TUy(€),
where I € [A]? and & € ¢(I); then there is some n such that I € [Ag, ]2
But in this case there is a finite set J C () such that K, N H; =0, and
z ¢ Kg, , which is impossible.

Thus z € KNX C (,enEn- As (Ep)nen is arbitrary, 7 is a winning
tactic and p is a-favourable.

By 3G, p is regularly monocompact.

(f) For the last step, I argue by contradiction. Suppose, if possible, that
1 is countably compact.

(i) There is a countably compact class R C X such that p is inner
regular with respect to R. By 1Bb(ii), we may suppose that R is closed
under countable intersections. Write Z for the family of zero sets in {0, 1}*
and Zx for {ZNX : Z € Z}. Then Zx is also closed under countable
intersections, and p is inner regular with respect to Zx; so u is inner regular
with respect to R N Zx ([10], 412Ac).

(ii) For each £ € k, let (Z¢p)nen be asequence in Z such that Z¢,NX € R
and Ze¢,, N X C Hyey for every n € N, and limy, o0 t(Zen, N X) = 1/2. We
may of course replace Zg,, by Ze¢,NH ¢y, so that Zg, C Hyey for every n. Let
Je C Kk be a countable set such that every Zg,, is determined by coordinates
in J¢. Note that if F' € domv is such that vF' > 0 and F' is determined by
coordinates in & \ {¢}, there is an n € N such that v(F N Zg,) > 0, because

lim I/(H{g} A Zgn) = lim M(X N Hg \ Zgn) =0,
SO

lim v(F N Zg) =v(FNHe) =3vF >0.

n—oo
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(iii) By b(iii), there is a set A € A such that & ¢ J,, whenever &, n
are distinct members of A. Enumerate A as (§;);eny and choose (n;)ien
inductively in such a way that F,, =(),,, Zen, is never negligible; this is
possible by the last remark in (ii) just above. In this case, (X N Zg,p,)ien
is a sequence in R such that every finite subset has non-empty intersection,
because Fj, N X is never empty. There ought therefore to be a point x €
X N(V;en Zein,;- But for this x, we have x(§;) = 0 for every i € N, that is,
x(§) =0 for every £ € A, and = ¢ X.

This contradiction shows that p is not countably compact, and has all
the declared properties.

4C. In [16], there is an example of a perfect probability measure which is
not countably compact; since it is a subspace of {0, 1}*?, 3Ea tells us that it
is also not weakly a-favourable. I offer a minor adaptation of the argument
to show that, subject to the continuum hypothesis, we can achieve the same
phenomenon with a measure of countable Maharam type.

EXAMPLE. Let v be any strictly positive completion regular Radon prob-
ability measure on {0,1}*1. Then there is a set X C {0,1}**, of full outer
measure for v, such that the subspace measure on X is perfect but not weakly
a-favourable.

Proof. (a) I start by giving the construction. Let {2 be the set of non-
zero countable limit ordinals. For each § € (2, let (65(n))nen be a strictly
increasing sequence in ¢ with supremum ¢, and set As = {05(n) : n € N}.
Choose ws € {0,1}4% such that v{z : x]As = ws} = 0.

If we write

20 ={0:9 € 2, ws(§) =0 for infinitely many £ € As},
2 ={0:0€ 2, ws(§) =1 for infinitely many & € As},

at least one of these is a stationary set in wq. Take ¢ € {0, 1} such that 2,
is stationary.
Now define X by writing

X ={x:2€{0,1}**, x]As # ws for every 0 € (2.}.

(b) The first step is to check that v*X = 1. For suppose, if possible,
otherwise. Then, because v is completion regular, there is a non-negligible
zero set K C {0,1}** which is disjoint from X. This K is determined by
some countable set of coordinates, so there is a ( < w; such that K is
determined by coordinates in . Now there is a z € K such that z[As # ws
for any § € (2. such that 6 < (, because there are only countably many such
J, so we have only countably many negligible sets to avoid. Set z(§) = z(§)
for £ < ¢, z(§) =1—¢efor £ € w \ (. Then z € K because z[¢ = z[(.
If§d € £2, and § < (, then z[As = 2[As # ws. If § € 2. and § > (, then
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{£: €€ As, x(§) =€} C As N is finite, so again z[As # ws. Accordingly,
x € K N X, which is supposed to be impossible. Thus X must indeed have
full outer measure.

(c) Next, I have to show that the subspace measure p on X is perfect.
To see this, let f : X — R be a measurable function and £ € domy a
non-negligible set. Then there is a measurable function ¢g : {0,1}** — R
extending f, and an F' € domwv such that FF N X = E. There is a function
h:{0,1}** — R, determined by coordinates in a countable set, equal almost
everywhere to g; let H C {0,1}** be a conegligible set, a countable union
of zero sets, such that h|H = g[H. Let Fy be a non-negligible zero set
included in F'.

Let ¢ < w; be such that Fyy, H and h are all determined by coordinates
less than (. As in (b) just above, the set D = {§ : § € 2, As C (}
is countable, and G = {z : x € {0,1}*", x[A; # ws for every 6 € D}
is conegligible. Of course, v is perfect, so there is a compact set K C
h[Fy N G N H] such that vh=1[K] > 0. But, just as in (b), if we have any
z € G there is an x € X such that z[{ = z[(, and now h(x) = h(z). This
means that h[B N X] D h[BNG] for any set B C {0,1}** determined by
coordinates less than (. In particular,

F1E] = g[E) = gIF 1 X] 2 g[H 1 Fy 1 X]
=h[HNFyoNX]2DhHNFyNG] DO K.
On the other hand, f~![K] D> HN X Nh~ K], so
pf K] > v (HNXNh ' K]) =vh K] > 0.
As f is arbitrary, u is perfect.

(d) These arguments are minor modifications of the corresponding ones
in [16]. Similarly, to see that p is not weakly a-favourable, I adapt the
argument used in [16] to show that it is not countably compact. Write K
for the family of non-empty closed self-supporting sets in {0,1}“; every
member of K is determined by a countable set of coordinates, p is inner
regular with respect to Cx ={KNX: KeK}and K— KNX: K — Kx
is an order-preserving bijection (see 3F above).

(e) Let o : |J,,»; Kx — Kx be any strategy for the second player in
the game I'(Kx). (I seek to show that ¢ is not a winning strategy.) Define
o' :U,>1 K" — K by saying that

o(KonX,...,.K,NX)=0'(Ko,...,K,)NX
for all Ky,..., K, € K.

(f) The next step is to choose an increasing family (M) o<y, of countable
sets. These can be described as elementary submodels for an appropriate
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fragment of set theory; but for readers unfamiliar or uncomfortable with
model theory, I give the details of a straightforward construction. Let M
be the family of countable subsets M of K U w; such that

e whenever Ky,..., K, € M NK, then o/(Ky,...,K,) € M,

e whenever K, K’ € M N K and K N K’ is not negligible, there is an
L e MNK such that L C KN K’,

e whenever K € M NK then K is determined by coordinates in M Nwq,

e whenever £ € M Nwy and p < &, then n € M,

e whenever [ is a finite subset of M Nw; and w € {0,1}!, then {z: x €
{0,1}*1 x|I € w} belongs to M.

Then it is easy to see that if M C KUw; is any countable set, there is an
M’ € M such that M C M'; if M € M, then M Nw; € wy; and if (M) pen
is a non-decreasing sequence in M, then (J,,cy M,y € M. Let (My)a<w, be
a family in M such that My = 0, M, U{M,Nw;} C M, for every a, and
Mo =g, Mp for a € 2.

If we set 74 = sup(M, Nwy) for @ < wi, (Ya)a<w, IS strictly increasing
and 7, = supg_, vp for a € £2; 50 {7, : @ € 2} is a club in wy, and meets
the stationary set (2. Let a € 2 be such that v, = 0 € .. Set M} = 0,
M, = My, ny for n > 1, so that (M) )nen is an increasing sequence in M
with union M,.

(g) Consider the set A;. For each n € N, I, = As N M, \ M), is finite,
because M, Nwy < d. Set H, = {x : z € {0,1}**, z[I,, = ws[[,}; then
H, € M; ;. Choose (K,)nen in K inductively, as follows. Ko = Hy € Mj.
Given that K; € M/, for i < n, then K|, = o'(Ko,...,Ky,) € M) ;. Now
K], is determined by coordinates in M, ; Nwy, while H,,; is determined
by coordinates in [I,,41, which is disjoint from M’rll-f—l; so K/ NH, 1 # 0 and
(because K], is self-supporting) v(K/ NH,1) > 0. Since both K/ and H,,+1
belong to M) , 5, thereis a K, 1 € M), ,NK such that K, 11 C K NHy41.
Continue.

At the end of the induction, consider K = ﬂneN K,,. Because K,, C H,
for every n, z(§) = ws(§) whenever x € K and § € A5, so KN X = (. But
this means that (K, N X),en has empty intersection, while

K,yiNXCK,NX=0KyNX,...,K,NX)

for every n € N. So (K,, N X),en witnesses that o is not a winning strategy.
As o is arbitrary, p is not weakly a-favourable.

4D. REMARK. If the continuum hypothesis is true, then by Theorem
7 and Lemma 3 of [2] there is a strictly positive completion regular Radon
measure on {0, 1}*! with countable Maharam type, and we can start from
this in Example 4C to obtain a perfect probability space of countable Ma-
haram type which is not weakly a-favourable.
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4E. Since most of us find it surprising that any class of sets can be
weakly a-favourable but not a-favourable, and since, as far as I know, the
following example has not been published explicitly (though it is implicit in
[4]), I set out the following fact.

PROPOSITION. Let B be the algebra of subsets of R with the Baire prop-
erty, and M the ideal of meager subsets of R. Then B\ M is a weakly
a-favourable class which is not a-favourable.

Proof. (a) Because R is a complete metric space, R is an a-favourable
topological space in the sense of [3], that is, the family of non-empty open
subsets of R is an a-favourable class. By [8], 71, it follows that B\ M is
weakly a-favourable.

(b) Let 7 be a tactic for the second player in I'(B\ M). (I seek to show
that 7 is not a winning tactic.) Let U/ be a countable base for the topology
of R, not containing the empty set.

(i) The key to the argument is the following fact: for any U € U there
isa Ve U such that {M : M € M,V \7(U\ M) € M} is cofinal with
M. For suppose, if possible, otherwise. Then we can find for each V' € U
a set My € M such that V \ 7(U\ M) ¢ M whenever M € M and
M D My . Because M is a o-ideal of sets, so that add(M) > w = #(U),
M* = Uy ey My belongs to M. But now 7(U \ M*) € B\ M, so there
must be some non-empty open set G such that GA7T(U\ M*) € M. Taking
V € U such that V' C G, we have V \ 7(U \ M*) € M while M* O My,
which is supposed to be impossible.

(ii) We can therefore choose a sequence (V;);en in U such that, for each
i€ N, {M : Vi \7(Vi\ M) € M} is cofinal with M; shrinking V; if need
be, we can suppose that diamV; < 2% for each 4, so that N = Nien Vi
contains at most one point. Now choose (N;);en in M in such a way that
Ny O N and, for each 1,

Vi \T(Vi\ Ni) e M, Niy1 2 Vipa \7(Vi \ NVi).
Now, setting F; = V; \ N;, we have a sequence (E;);cn in E\ M such that
Eiy1 C 7(E;) for every i € N, while (), Es € ();en Vi \ IV is empty.

(iii) Thus 7 is not a winning tactic; as 7 is arbitrary, B \ M is not
a-favourable, as claimed.

REMARK. Note that if we set uF= 0 for E€ M and ~o for F € E\ M,
then (R, E, ) is a measure space in which M= N,; so that, if we read the
definitions in 1A literally, it is a weakly a-favourable measure space which is
not a-favourable. Of course, it is not semi-finite. Observe also that (R, B, M)
is a complete wi-saturated measurable space with negligibles in the sense of
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[8], and indeed is “Ka-regular” and therefore “semi-perfect” in the termi-

nology of that paper. Thus except for the crucial fact that W(E /M) =w it
is similar to the best-behaved of probability spaces.

5. Problems. As remarked above, the results here leave open the
following questions:

(a) Is there a weakly a-favourable probability space which is not regularly
monocompact?

(b) If (X, X, ) is an a-favourable probability space and T is a o-sub-
algebra of X, is (X, T, u| T') necessarily a-favourable?

(This is a special case of the question raised after Proposition 2B.)

(c) (i) Is the product of two a-favourable probability spaces again a-
favourable?

(ii) If (X5, X%, pi))ier is a family of probability spaces such that the

measure on | [, ; X; is a-favourable for every finite J C I, is the
product measure on [[,.; X; necessarily a-favourable?

Of course, a negative answer to (a) would lead at once to positive answers
to (b) and (c), and to corresponding results for monocompact spaces; but
this would be surprising, and it is more natural to seek a negative answer
to one of the questions (b) or (c)(i) to provide a negative answer to (a). A
difficulty with the questions in (c) is that we cannot start from the a-favour-
able space in Example 4B; any power of this is (isomorphic to) a weakly
a-favourable subspace of some {0, 1}‘47 and is therefore a-favourable, by
Proposition 3G. And similarly, it will be no help if one of the factors is a-
favourable and the other is countably compact, by Proposition 2E. So until
we have another example of an a-favourable measure which is not countably
compact, we cannot approach (c)(i) effectively. On the other hand, it might
be useful to look at 4B in the context of question (b) here.

As noted in 4D above, the simplest form of the example in 4C has Ma-
haram type wi, and we need a special axiom, such as the continuum hy-
pothesis, to achieve an example of this kind with countable Maharam type.
Similarly, the example in 4B has Maharam type between max(ws,¢) and
¢, and while conceivably the techniques of [2] and [22] may allow some
reduction in this (as in 4C), they cannot bring us to Maharam type less
than wy, by 3Ea. So the questions arise:

(d) Is it consistent to suppose that every perfect probability space of
countable Maharam type is countably compact?

G. Plebanek has found a construction using a relatively weak special
axiom (valid, in particular, if either there is a Sierpinski set in R or Martin’s
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axiom is true) of a perfect probability space of countable Maharam type
which is not weakly a-favourable.

(e) Is every (weakly) a-favourable probability space of countable Ma-
haram type countably compact?
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