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A converse of the Arsenin—Kunugui theorem
on Borel sets with o-compact sections

by

P. Holicky and M. Zeleny (Praha)

Abstract. Let f be a Borel measurable mapping of a Luzin (i.e. absolute Borel
metric) space L onto a metric space M such that f(F) is a Borel subset of M if F is
closed in L. We show that then f_l(y) is a K set for all except countably many y € M,
that M is also Luzin, and that the Borel classes of the sets f(F), F closed in L, are
bounded by a fixed countable ordinal. This gives a converse of the classical theorem of
Arsenin and Kunugui. As a particular case we get Taimanov’s theorem saying that the
image of a Luzin space under a closed continuous mapping is a Luzin space. The method
is based on a parametrized version of a Hurewicz type theorem and on the use of the
Jankov—von Neumann selection theorem.

1. Introduction. Luzin’s classical result says that a Borel measurable
mapping f : L — Y of a Borel subset L of a Polish space X to a Polish
space Y is Borel bimeasurable (i.e. f(B) is Borel for every Borel subset B
of L) if f~1(y) is at most countable for each y € Y. Let us remark that
moreover the graph of f is the countable union of graphs of one-to-one Borel
measurable mappings [2, Theorem 18.10].

R. Purves [7] showed that a Borel measurable f : L — Y, with L
and Y as above, is Borel bimeasurable if and only if the set {y € Y :
f~1(y) is uncountable} is at most countable. In the final remark below we
give a slightly stronger formulation of this theorem.

The classical Arsenin—-Kunugui theorem says that the projection to Y
of a Borel subset B of the product X x Y of two Polish spaces is a Borel
subset of Y if the sections of B defined by BY = {z € X : (z,y) € B} are
K, for all y € Y. Considering the projection of the graph, it follows that, if
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f: L —Y is Borel measurable with L and Y as above, then the set f(L) is
Borel in Y whenever f~1(y) is K, for each y € Y. Let us remark that also
this theorem has a strengthening analogous to the result mentioned above.
J. Saint-Raymond [8] showed that the graph of such an f is the union of
countably many graphs of Borel measurable mappings with compact fibers.
Then the result of Arsenin and Kunugui follows from a well known result of
Novikov about projections of Borel sets with compact sections.

In this paper we prove the following converse of the Arsenin-Kunugui
theorem that is similar to the converse of Luzin’s theorem given by Purves.

MAIN THEOREM. Let f : L — Y be Borel measurable, L be a Luzin
space, and Y be a metric space. Then the following statements are equiva-
lent.

(a) For every closed set F' C L the set f(F') is Borel in f(L).
(b) The set S={yeY : f~(y) is not K,} is at most countable.

The proof is based on Lemma 1, where we give a construction of a
parametrized family of closed homeomorphic copies of the space of irra-
tionals in sections of an analytic set A with non-K, sections. The formula-
tion of Lemma 1 was inspired by proofs of Purves’ theorem ([7], [5], [9], [6]).
We would like to point out that Roman Pol showed us another possibility to
prove Lemma 1 by an elegant reduction to a Hurewicz type theorem (cf. [2,
Theorem 21.22]). We guess that his proof is of comparable difficulty with
that using infinite games below.

2. Some needed notions and facts. For standard notions and results
of classical descriptive set theory, we refer the reader to [1], [2], [3], [9], etc.
However let us recall the following crucial notions.

A metric space L is called a Luzin space if there is a continuous (or
equivalently Borel measurable) bijection f : F' — L, where F is a closed
subset of the space NV, It is well known that L is Luzin if and only if it is
a Borel subset of some (or all) Polish spaces in which it is embedded.

A metric space A is called analytic if it is empty or if there is a continuous
surjection of NN onto A. An analytic subspace of a metric space is called an
analytic set.

We introduce some more notation. We use the symbol M <N for the set of
finite sequences (including the empty one) of elements of a set M. Further,
|s| denotes the length of s which is k if s € MP* or zero if s = (). We recall that
s C t denotes that s € M <N is an initial segment of t € M<N. If s € M <N,
k € N and |s| > k, then we sometimes write s|k instead of (si,...,sg).
We use st to denote the concatenation of s and ¢, where s,t € M<N. We
also use N (s) for the set {v € MM : (v1,...,14) = s} if s € M<N, when
speaking about M™Y.
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We write X 2 Y if the metric spaces X and Y are homeomorphic.

We say that a set S C Z can be K, separated from a set T C Z in
a metric space Z if there is a K, subset K of Z such that S C K and
KnNnT=0.

We need

JANKOV-VON NEUMANN SELECTION THEOREM (see e.g. [9, Theorem
5.5.2]). Let A C X XY be an analytic subset of the product of two Polish
spaces, X and Y. Let py (A) be the image of A under the projection py of
XxY toY. Then there is a mapping f : py (A) — X such that (f(y),y) € A
fory € py(A) and the preimage of every open subset of X belongs to the
smallest o-algebra generated by analytic sets in Y. In particular, f has the
Baire property (see [3, Chapter 2, Section 32, I] for the definition).

The key results of Arsenin and Kunugui that we are investigating in this
note are summarized in the following theorem.

ARSENIN-KuUNuGUI THEOREM (cf. [1, Chapter III, 32, Remark (b)]).
Let X and Y be Polish spaces and B C X XY be a Borel set. Then

(a) {y € Y : BY is not K,} is analytic and
(b) {y € Y : BY is not K, or BY is empty} is analytic.

In particular, the projection of B to Y is Borel in'Y if BY is K, for every
yey.

Considering the Borel graph of f and its projection to Y, we may restate
the very last claim as follows. Let f : L — Y be a Borel measurable mapping
of a Luzin space L such that f~1(y) is K, for every y € Y. Then f(L) is a
Borel subset of Y.

3. Proof of Main Theorem. We use the notation Py = {x € {0, 1}V :
x71(1) is finite}, and Py, = {0, 1}V \ Pr.

We are going to use a result of Louveau and Saint-Raymond [4] on infinite
games.

Louveau—Saint-Raymond game LSR(Ey, E1). Let Ey and E; be closed
subsets of {0, 1} x NN whose projections, A and B respectively, along NV
are disjoint analytic subsets of {0, 1}.

Player I plays ¢, € {0,1} and player II plays (a,,3,) € {0,1} x N in
their nth move. The payoff set V(Ey, E1) for player 1II is defined by

V(Eo, E1) = {((en, (an, Bn)))ozy € ({0,1} x ({0,1} x N))
(Vk € N) N(r((e1, -y ex), (@1, B1)s - (@, B1))) N Biey ey 7 03,

where r maps each ((e1,...,ex), ((a1,81),. .., (ak, Bk))), k € N, to a finite
sequence of elements from {0,1} x N, and i maps {0,1}<N to {0,1}. The
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mappings r and ¢ do not depend on the choice of Ey, F; (and thus also on
the choice of A, B). We shall not need the concrete way how r and i are
defined.

Now we are going to state a special case of [4, Section 1, Theorem 1] that
is proved in Section 2.1 of [4]. We do not use exactly the same formulations
as Louveau and Saint-Raymond.

We say that the strategy o for player II in that game induces a map-
ping 7 : {0,1}N — ({0,1} x N)N if 7(¢) = ((ay, 1), (a2, 52),...) when-
ever (g1, (a1,01),¢€2,(a2,32),...) is a run of the game when I played ¢ =
(€1,€2,...) and II followed the strategy o. This is a continuous (in fact
1-Lipschitz) mapping with respect to the standard product metrics.

LOUVEAU-SAINT-RAYMOND THEOREM ([4, Section 2.1]). Let Ey and
Ey be closed subsets of {0,1} x NN whose projections, A and B respec-
tively, along NN are disjoint analytic subsets of {0,1}N. If A cannot be K,
separated from B in {0,1}N, then player II has a winning strategy o that
induces a mapping 7 : € € {0, 1} — ((an, 8n))22; € ({0,1} x N)N such
that projecting 7(¢) to {0, 1} along the B-coordinates, we get a continuous
mapping 7% : {0, 1} — {0, 1} with 7*(Ps) C A and 7*(P;) C B.

Let 711 denote the set of all mappings induced by all (even not win-
ning) strategies for II as above. The elements 7 of 7y are in one-to-
one correspondence with the mappings 7 € (({0,1} x N)<N){0.1}™" defined
by 7(e1,...,en) = ((@1,b1),...,(an,by)) if 7(e) = ((on,Bn))s>;, where
e € {0,111, a = ()2, € {0,1}N and B = (8,)5, € NN are arbitrary
such that eln = (e1,...,e,), &|n = (a1,...,a,), and B|ln = (b1,...,b,). We
use 711 to denote the set of all such mappings 7.

We consider the topology of uniform convergence on 771 and the topology
induced by the product topology from (({0,1} x N)<M){0:13=" on T Tt is
easy to notice that, due to the compactness of {0, 1}, the above correspon-
dence is even a homeomorphism and so we may and shall identify 771 and
T11. Since 711 is obviously closed in (({0,1} x N)<N){0.1}*" 71 is a Polish
space.

The following lemma is the crucial part of the proof of the Main Theorem
((a)=(b)) and it can be viewed as a “parametrized version” of a Hurewicz
type theorem (cf. [2, Theorem 21.22]).

LEMMA 1. Let G, H C K xYy be disjoint analytic subspaces of the product
of a compact space (K, ) and Yy = {0,1}N. Suppose the set GY cannot be
K, separated from HY in K for every y € Yy. Then there are C' C Yy with
C ={0,1}N, Q = {0,1}Y, a countable dense subset Q¢ of Q, and a homeo-
morphic embedding @ of Q x C into K x C such that ¢((Q\ Q¢) x C)CG,
P(Qr x C)C H, and &(Q x {y}) C K x {y} for everyy € C.
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Proof. We are going to use infinite games to construct the mapping @.
To this end we consider a continuous surjection ¢ : {0,1} — K and the
identity mapping id on Y. Set A = (¢ x id)"1(G) and B = (v x id) " (H).
These sets are disjoint analytic and AY cannot be K, separated from BY in
{0,1}N for every y € Yy by our assumptions on G and H.

We find closed sets Fy and F; in {0, 1} x NN x Y; whose projections
along NN are A and B respectively.

Let Wii(y), y € Yo, stand for the subset of those elements 7 of 7y1 that
are induced by a winning strategy for II in the game LSR(F{, F}).

We are going to apply the uniformization theorem of Jankov and von
Neumann to the set Wir = {(7,y) € Tu x Yy : 7 € Wi (y)}.

According to the definition of the payoff set for II we have

T € Wi(y) < (Vs € {0,1}<) N(r(s,7(5))) N Fyf,, # 0,
for every y € Yy. The last formula gives that
Wi= [ {(ry) € Tux Yo : N(r(s,7(s))) x {y}) N Fis) # 0}

se{0,1}<N

= N U U f{reTu:r(s)=t}

s€{0,1}<¥ ie{0,1} t€({0,1} xN)l|

x{y € Yo : (N(r(s, 1)) x {y}) N Fi # 0}

and so the set Wiy is analytic. By the Louveau—Saint-Raymond theorem
each section WY, (= Wn(y)), v € Yo, is non-empty, and we may use the
Jankov—von Neumann theorem as stated above.

We obtain a mapping 7 : Yy — 7y; with the Baire property such that
T(y) € Wi(y) for every y € Yy. We can find a dense Gs subset T of Yj
such that 7 is continuous on T (see e.g. [3, Chapter 2, Section 32, II]). Now
we find Y; € T with ¥; 2 {0,1}Y. We define a mapping & : {0, 1} x ¥; —
K x Yy by

b(z,y) = (Y(T(Y)" ()], y)-

Let us recall that (7(2))*, z € Yp, is obtained from 7(z) by deleting suitable
(-coordinates. Thus (7(z))* is obtained by a projection of 7(z). According
to the properties of the games LSR(F{, F}'), we have ®(Ps x Y;) C G,
®(P; x Y1) C H. By the definition of @ we have &({0, 1} x {y}) ¢ K x {y}
for every y € Y;. The mapping (z,y) — (7(y))*(x) is continuous since T
is continuous as a mapping to the subspace 711 of the space of continuous
mappings from {0, 1} to ({0, 1} xN)N endowed with the topology of uniform
convergence on {0,1}Y as mentioned before Lemma 1. We conclude that &
is continuous.
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Moreover, & is non-constant on every set V x {y}, where y € Y7 and
V is a non-empty open subset of {0,1}". Using this, the analogue of the
standard Cantor construction, and the continuity of 5, we construct by
induction points x, € P; and open balls V, C {0,1}, U, C Y3, such that
for every s € {0,1}<N we have

(i) xsno = T,

(ii) Vi has its center at xs,
(iil) Viro U Va1 C Vi, Vero N Va1 = 0, diam V;, < 27151,
(iv) Ugng U Usny C U, Ugng NUsny = (), diam U, < 27151,
(v) D(Vang X Ugni) N D(Vany x Ugny) =0, i =0, 1.

We put
=N U % c¢=N U U
n=0se{0,1}» n=0se{0,1}"

and Qf = QN FP;. The conditions (i) and (ii) give that Qs is dense in Q). The
set Q¢ is countable since Qf C Pr. The condition (iii) ((iv), respectively)
gives Q = {0,1} (C = {0,1}N, respectively). Define & = 5\Qxc. The
mapping @ is injective by the condition (v). The other required properties
of @ are clearly satisfied. m

To get the proof of (a)=(b) of the Main Theorem we need a lemma.

LEMMA 2. Let Y be a separable metric space, C CY be a homeomorphic
copy of {0,1} and g, : C — Y be a mapping with the Baire property
without fized points for every n € N. Then there exists D C C' such that

(a) D={0,1}",

(b) gn is continuous on D for every n € N,

(¢) gn(D)ND =0 for every n € N.

Proof. We need the following claim.

CLAIM. Let Y be a metric space, T = {0,1}N, T CY, g: T — Y be a
continuous mapping without fixed points, k € N and Vi,..., Vi be open sets
intersecting T'. Then there exists a set L C (Vi1 U...UVy)NT such that

(a) L={0,1}",
(b) L intersects each V;, j=1,... k,
(c) g(L)N L = 0.

Proof. We pick a point z; € T'NVj for every j € {1,...,k} in such a
way that {z1,...,2x}N{g(z1),...,9(xk)} = 0. This can be done as follows.
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For j =1,...,k define

k

_ [V if g(V; NT) is infinite, -

= {g(VjﬂT) if g(V; N'T) is finite; P= _Ule-
]:

The set P is clearly finite. Choose 1 € (V1 NT)\ P. Suppose that we have
picked points x1,...,xs, s < k, such that for all j =1,...,s,

S (‘/J N T) \ (P Ug({xl, e ,.’L'j_l}) Ug_l({l'l, ce ,acj_l})).
Observe that we may find

Toy1 € Xep1= Ve NT)\ (PUg({z1, ...,z Ug  {z1,...,2.})).

Indeed, the set X 11 is non-empty since otherwise g(Vs1 NT) is finite and,
as (Vsz1 NT)\ (PUg({z1,...,2zs})) is infinite, there exists jo € {1,...,s}
such that z;, € g(Vs41NT) = Ngy1 C P, a contradiction. Our construction
of x1,...,xx clearly works.

This construction and continuity of g on each V;NT imply that, for every
j=1,...,k, we can find in a sufficiently small neighbourhood of z; a set
Lj = {0,1}" such that L; C V; NT and (U_, L;) N g(U}_, L;) = 0. Put
L= Ule L;. Tt is not difficult to see that L = {0, 1} and has all required
properties. This finishes the proof of the Claim. m

Let Dy C C be a homeomorphic copy of the Cantor set such that all g,,’s
are continuous on Dy (using [3, Chapter 2, Section 32, II]). Let Gy = C.

We inductively construct compact sets D,, C Dy, D, = {0,1}, and
open sets G5 C C, s € {0,1}™ for n € N, such that

(1) GSAO ﬂés/\l = @, ésAo Ués/\l C G, for s € {0, 1}”71,

(i) diam Gs < 27" for s € {0,1}",

(ili) Dp NGy # 0 for s € {0,1}" and Dy, C Dyp—1 NU;eqg,130 Gt and

(iv) gn(Dy) N D,, = 0.

Suppose that we have constructed Dy, ..., D, 1 and G, s € {0,1}<N
|s] < n —1. Choose G, intersecting D,,_; for s € {0,1}" such that (i) and
(ii) are satisfied. Use the Claim for T'= D,,_1, g = g, and {V3,..., Van} =
{Gs:5€{0,1}"} to get L and put D,, = L.

Define D = (2, Dy,. It is not difficult to see that D has all required
properties. m

Proof of Main Theorem. The set f(L) is separable by [9, 4.3.8]. Hence,
replacing Y by the metric completion of f(L), without any loss of generality,
we assume that Y is a Polish space.

Proof of (b)=-(a). We use the Arsenin-Kunugui theorem as restated for
Borel measurable mappings above. If F' C L is closed, then the restriction of
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f to F\ f~1(S) fulfils the assumptions and f(F) = f(F\ f~1(9))U(f(F)NS)
is Borel in the Polish space Y (and so it is a Luzin space).

Proof of (a)=-(b). Let K be a metric compactification of L. We extend
f to a Borel mapping fof K to Y by a constant on K \ L. The graph of
f is a Borel subset of K x Y as L is Borel in K and f : L — Y is Borel
measurable.

Suppose that (b) does not hold, i.e. S ={y €Y : (graph f)¥ is not K}
is uncountable. By (a) of the Arsenin—Kunugui theorem, S is analytic and

~Y

so there is Yy = {0,1} in S. Moreover we may and shall assume that
FUE\ L) Yo = 0.

Let G = (graph f) N (L x Yp) and H = (K x Yp) \ G. Using Lemma 1
we get @, C, @, and Q¢ satisfying the claim of that lemma. Let E =
P((Q\Qf) xC), E\E =&(Qs x C) and Qf = {g, : n € N}. So F\ E is
covered by the graphs of continuous mappings v, : C' — K, n € N, where
Y (y),y) = P(qn,y), y € C. We put g, = fory, :C — Y and use Lemma
2 for them. Thus we find D 2 {0,1} in C such that each fov, : D — Y
is continuous and f o 4, (D) N D = (). As & from Lemma 1 restricted to
(Q\ Qf) x D is a homeomorphism onto the set Ep = (K x D) N E with
the property that ®(x,y) € Ep for every (z,y) € (Q \ Qf) x D, there is
a relatively closed subset U of Ep whose projection N to D is not Borel
in D. (It suffices to choose a closed subset of (Q\ Qf) x D = NN x D

with non-Borel projection N to D and take its image under @.) Finally,

we consider the relatively closed subset F' = p (U )L in L, where py, is the
projection to L. Since U is a subset of the graph of f and of Ep, we see
that f(pr(U)) =N C D.

We claim that

) PP\ p(U) = | £(u(D) 1 F).
neN

Indeed, if y = f(z) with z € v,(D)NF, then x ¢ pr,(U). Otherwise y would
be an element of fo~,(D)ND (= 0). The other inclusion can be proved as
follows. Let z = f(z) with x € F'\ p(U). There is a sequence (2, y,) € U
such that x,, — x by the definition of F and, as Ep is compact, we may
suppose that (z,,, y,) tends to (z,y) € Ep forsomey € D. As U is relatively
closed in Ep and x ¢ pr(U), we have (z,y) € Ep \ Ep C E\ E. Hence,
there is an n € N such that v, (y) = z and so z = f(7.(y)) € f((D)NF)
and () is proved.

It follows from (x) that f(F' \ pr(U)) C U,en f o (D) and so
f(F\pL(U))NnD = 0. Therefore f(F)N D = N and, as N is not Borel
in the compact set D, the set f(F') is not Borel in Y and the theorem is
proved. m



A converse of the Arsenin—Kunugui theorem 199

4. Some corollaries and remarks. Let us point out that in the proof
of (b)=-(a) of the Main Theorem we proved that (b) implies that f(F) is a
Luzin space whenever F' is closed in L. Hence using the Main Theorem and
this observation we get the following statement.

COROLLARY 3. Let f: L — Y be a Borel measurable mapping of a Luzin
space L to a metric space Y. Then the following statements are equivalent.

(a) For every closed set F C L the set f(F) is Borel in f(L).
(b) For every closed set F' C L the image f(F') is a Luzin space.

REMARK. Our Corollary 3 (a)=-(b) improves Taimanov’s result [10,
Theorem 3] saying that the image of a Luzin space under a closed continuous
mapping is a Luzin space.

COROLLARY 4. Let f: L — Y be a Borel measurable mapping of a Luzin
space L to a metric space Y. Then exactly one of the following possibilities
holds.

(a) There is an ordinal o < wy such that f(F) is of Borel class less than
« for each closed subset F' of L.

(b) For every ordinal o, 2 < o < wy, there is a closed subset F' of L such
that f(F) is a Borel subset of exact additive class 0. If 3 < a < wy, then
there is a closed set F such that f(F) is of exact multiplicative class TIY .
Also there is a closed subset F' of L such that f(F) is analytic but not Borel.

In particular, if f satisfies (a), or equivalently (b), of the Main Theorem,
then the Borel classes of the sets f(F), with F closed in L, are bounded by
a fized countable ordinal.

Proof. As in the proof of the Main Theorem we may assume that Y
is Polish. We shall show that (a) holds if the set S = {y € Y : f~1(y)
is not K, } is countable and (b) holds if the set S is uncountable.

Let S be countable. Put
G = (graph f) N (L x (Y'\ 9)).

The set G is a Borel subset of L x Y such that GY is K, for every y € Y.
According to Saint-Raymond’s theorem [8] there exist Borel sets G,,, n € N,
such that G = [J.2, G,, and GY is compact whenever y € Y and n € N.
Let F be a closed subset of L. Then

FE) = (U pr((FxY)nG)) U (FEIN ),

n=1

where py is the projection of L x Y onto Y. It is sufficient to show that
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if BC LxY is a Borel set with BY compact for every y € Y, then there
exists an o < wy such that py ((F x Y) N B) is of Borel class less than «
whenever F' C L is closed.

Observe that, if {F;}22, is a decreasing sequence of closed subsets of L
such that ()72, F; = F, then

o (VB x )N B) = (e (B xY) N By

Jj=1

since BY’s are compact (cf. e.g. [1, II, 19, Theorem]).

Fix a countable open basis B of L. Consider a countable family F of all
closed sets of the form L\ (Uy U...UU,,), where m € N and U; € B for
every ¢ = 1,...,m. Since F is countable there exists a § < wy such that for
every F' € F, py ((F xY)NB) is of Borel class less than 3. We see that each
closed subset of L can be written as an intersection of a decreasing sequence
of sets from F. Thus we conclude that py ((F x Y) N B) is of Borel class
less than o« = 8 4+ 1 whenever F' is closed in L.

Now let S be uncountable. Let K be a metric compactification of L,
E C KxY, D, Ep be sets from the proof of (a)=(b) of the Main Theorem.

For every ordinal 2 < o < wy there is a relatively closed subset H C Ep
whose projection N to D is of exact class X0 (II?, respectively). Put

F = (H)L Using () from the proof of (a)=(b) of the Main Theorem,
we deduce that f(F) is a Borel set of exact class X0 if o > 2 (and IO if
a > 3, respectively) since f(F') is the union of the set N C D and the set
f(F\ pL(H)), which is K, and disjoint from the compact set D. m

REMARK. In analogy to our Main Theorem and Corollary 3, we may
reformulate the results of Luzin and Purves as follows.

LuzIN-PURVES THEOREM. Let f: L — Y be Borel measurable, L be a
Luzin space, and Y be a metric space. Then the following statements are
equivalent.

(1) For every G set B C L, the set f(B) is Borel in f(L).
(2) For every Borel set B C L, the image f(B) is a Luzin space.
(3) The set {y € Y : f~1(y) is not countable} is at most countable.

We shall show how the proof can be obtained from the following lemma
that is an analogue of Lemma 1 above.

LEMMA. Let G C L XY be analytic and {y € Y : GY is uncountable}
be uncountable, where L is a Luzin space and Y is a metric space. Then



A converse of the Arsenin—Kunugui theorem 201

there is a homeomorphism ® of {0,1} x C onto E C G, where C C Y is
a homeomorphic copy of {0,1}Y such that ®(-,y) is a homeomorphism of
{0, 1} onto EY x {y} for everyy € C.

Proof. A particular case of this lemma with L = Y = {0,1}" is
Mauldin’s theorem stated in [6, Section 4.1]. We may reduce the general
case to that particular one as follows. Since the uncountable set {y € Y :
GY is uncountable} is analytic ([3, Chapter 3, Section 39, VII, Theorem 3]),
it contains a homeomorphic copy of the Cantor set, and so we may suppose
that Y = {0,1}". There is a one-to-one continuous mapping ¢ of a Gs
subset H of {0,1}" onto L. We get @ as the composition of the mapping
that takes (x,y) € H x Y to (¢(x),y) € L x Y with the mapping obtained
by Mauldin’s theorem applied to the set {(z,y) € H x {0, 1} : (p(z),y) €G}
C {0,1}N x {0, 1} that is analytic as a continuous preimage of the analytic
set G. m

Proof of Luzin—Purves theorem. As in the proof of the Main Theorem we
may assume that Y is Polish. The implication (2)=-(1) is obvious, (3)=(2)
follows immediately from the Luzin theorem mentioned in the introduction.
Thus we need to prove (1)=-(3) only. Suppose (3) does not hold and let G
be the graph of f. Let @, C, and E be as in the lemma above. As FE is
compact, the projection of E into L is a homeomorphism. We choose a G
subset F' of {0,1} x C whose projection P to C is not Borel. Then the
projection B of the set @(F') to L is Gs in L and its image under f equals
P.u

The authors are indebted to Gabriel Debs, Jean Saint-Raymond, Ro-
man Pol, Ondrej Kalenda, and Ludék Zajicek for discussions that led to
improvements of our results and their presentation.
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