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On a system of two diophantine inequalities
with prime numbers

by
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1. Introduction and results. In 1952 Piatetski-Shapiro [7] considered
the following analogue of the Goldbach—Waring problem: Assume that ¢ > 1
is not an integer and let ¢ be a small positive number. Let H(c) denote the
smallest natural number r such that the inequality

(1.1) pi+...+p; —N|<e
is solvable in prime numbers pq,...,p, for sufficiently large N. Then it is
proved in [7] that
H
lim sup (©) <A4.

c—oo Clogc

Piatetski-Shapiro also proved that H(c) <5 for 1 < ¢ < 3/2. In [8] Tolev
first improved this result for ¢ close to one. More precisely, he proved that
if 1 < ¢ < 15/14, then the inequality

(1.2) [pT +p5 +p5 — N| <e(N)
has prime solutions p1, pa, p3 for large IV, where
(N) = N~(1/)(15/14=) 1569 N7

This result was improved by several authors (see [1, 4, 5]).
In [9] Tolev first studied the system of two inequalities with primes

Ip§ + ...+ pE — N1| < e1(Ny),
|p[1i +~-+Pg — No| < e2(N2),

where 1 < d < ¢ < 2 are different numbers and 1 (N;) and €3(V2) tend to
zero as N7 and N, tend to infinity. Tolev proved that if ¢,d, «, 3 are real

(1.3)
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numbers satisfying

(1.4) 1<d<ec<35/34,
(1.5) l<a<f<bl-de

then there exist numbers Nl(o), NQ(O), depending on ¢, d, a, 3, such that for
all real numbers Ny, Ny satisfying N, > Nl(o), Ny > NQ(O) and

(1.6) o < No/N{/° < 3,

the system (1.3) has prime solutions py, ..., ps for

El(Nl) — Nl—(l/c)(35/34—0) 10g12 ]\[17 EQ(NQ) — N2—(1/d)(35/34—d) 10g12 NQ.
In this paper we shall prove

THEOREM. Suppose ¢ and d are real numbers such that
(1.7) 1<d<ec<25/24,

and « and B are real numbers satisfying (1.5). Then for all real numbers
Ny, No satisfying (1.6), the system (1.3) has prime solutions p1,...,ps for

e1(Ny) = Ny OB 10g 0 Ny,
ea(N,) = N;(l/d)(25/24fd) 1og335 N,

A short proof, which follows the argument of Tolev [9], will be given in
Section 2. The main difficulty is to prove the Proposition of Section 2, which
improves Lemma 13 of Tolev [9] and is the key to our result. In Section 3,
some preliminary lemmas are given. A detailed proof of the Proposition is
given in Section 4. The new idea of the proof combines elementary methods
and van der Corput’s classical estimates.

Notations. Throughout, ¢ and d are real numbers satisfying (1.7), «
and [ are real numbers satisfying (1.5), and A denotes a sufficiently small
positive number determined precisely by Lemma 1 of Tolev [9], depend-
ing on ¢,d, «, 3. N1 and Ny are large numbers satisfying (1.6). X = Nll/c,
61(N1) — Nl_(l/c)(25/24_c) log335 Nla 82(N2) — N2—(1/d)(25/24_d) 10g335 NQ,
K, = 51_1 log X, Ko = 52_1 log X, n is a sufficiently small positive number in
terms of ¢ and d, 7 = X3/47¢1 1y = X3/4d=n o(t) = 2™ p(t) = e,
ws(t) = dp(dt), and x(t) is the characteristic function of the interval [—1,1].
We set

B = Z 10gp1...logp5x(
AX<]91 ..... p5 <X

6110gX

“x P+ ..+ pt— Ny
gglog X ’
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S@y)= > (logp)e(zp +yp?),

AX <p<X
D=\ | 8@ ye(-Niz— Noy)ge, (2)¢e, () da dy,

Ql - {(l’,y) ‘ ma'X(’x‘/Tlv ‘y’/’l@) < 1}7
(2 ={(z,y) | max(|z|/71, [yl/m2) = 1, max(|z|/ Ky, |y[/K2) <1},
(25 = {(z,y) | max(|z|/ K1, [y|/K2) > 1}.
2. A short proof of the Theorem. The Theorem follows if we can
show that B tends to infinity as X tends to infinity. By Lemma 3 of Tolev

[9], it is sufficient to show that D tends to infinity as X tends to infinity.
Write

(2.1) D = Dy + D; + Ds,

where

(2:2) D; = || 8z, y)e(=Niz — Nay)pe, (x) pe, (y) da dy.
£2;

By the same arguments as in Section 4 of Tolev [9], we have
(2.3) Dy > e1e9 X° 774,
By Lemma 4 of Tolev [9], we have
(2.4) Ds < 1.
So now the Theorem follows from (2.1)-(2.4) and the estimate
(2.5) Dy < 189X 4(log X) 1.

By Lemma 14 of Tolev [9] we have

(e ole o)

(2.6) |} ISt @ )lee, (@) e, (y) de dy < X log” X.

—50 —o0
It suffices to prove the following
PROPOSITION. Uniformly for (z,y) € {25, we have
(2.7) S(z,y) < X 1/1216g660 x

3. Some preliminary lemmas. In order to prove the Proposition, we
need the following lemmas. Lemma 1 is Theorem 2.2 of Min [6]. Lemma 2
is Lemma 2.5 of Graham and Kolesnik [2]. Lemma 3 is contained in Lemma
2.8 of Kratzel [3]. Lemma 4 is well known (see Graham and Kolesnik [2], for
example).
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LEMMA 1. Suppose f(x) and g(x) are algebraic functions in [a,b] and

|f"(x)] ~1/R, [f"(x)| < 1/(RU),
lg(x)| < G, ¢ (=)< GUY, UU >1.

Then
S gme(f) = S bu—22 e f(n,) — uny +1/8)
a<n<b a<u<p Lf" (n)]

+O(Glog(B—a+2)+Gb—a+R)(U T +U))
+ O(Gmin(VR,1/{(a)) + Gmin(VR,1/(3))),

where [, (] is the image of [a,b] under the mapping y = f'(x), n, is the
solution of the equation f'(x) = u,

p 41 for o <u < p,
"1 1/2 foru=a€Z oru=peLZ,
and the function (t) is defined as follows:
{t) = 2] if t is not an integer,
| B—a otherwise,
where ||t|| = min,ez{|t — n|}.

LEMMA 2. Suppose z(n) is any complex number and 1 < Q < N. Then

IO S (EF LD SR )

N<n<CN 0<¢<Q N<n<CN-—q
LEMMA 3. Suppose f(x) < P and f'(x) > A for x ~ N. Then

> min < ||f(1n)|y> < (P4+1)(D+ A Hlog(2+A7Y).

n~N

LEMMA 4. Suppose 5 < A < B <2A and f"(x) is continuous on [A, B].

If 0 <ch <|f'(z)] < cory <1/2, then
> e(f(n) < AT
A<n<B
If 0 <c3ho < ’f”($)| < ey, then
ST elf(n) < A2+ 012
A<n<B
Now we prove the following two lemmas, which are important in the

proof of the Proposition. Let
S:S(Maa7ba71772) = Z e(am’“ +bm’Y2)7

M<m<M,;



Diophantine inequalities 35

where M and M; are positive numbers such that 5 < M < My < 2M, a and
b are real numbers such that ab # 0, and 1 and 9 are real numbers such
that 1 < v1,72 < 2,71 # Y2. Let R = |a|M"* + |b|M 2.

LEMMA 5. If RM~! < 1/8, then
S < MR™Y2.
Proof. Suppose R > 100; otherwise Lemma 5 is trivial. Let
f(m) = am™ + bm™2.
Then
f'(m) = yram™ ! 4 qpbm2 71

If ab > 0, then R/M < |f'(m)| < 4R/M < 1/2, hence the assertion
follows from Lemma 4.
Now suppose ab < 0. Let

I={te[MM]||f®)<RZM},
J={te[M,M]||f(t)]>RVM}.
By the definition we see that if m € J, then
R'Y? /M < |f'(m)| <AR/M <1/2;
thus by Lemma 4,
(3.1) > e(f(m)) < MR™V2.

meJ
We only need to estimate |I|. If ¢ € I, then

yat™ = —abt" + O(RY?) = —9bt™ (1 + O(R™/?)),

— —72b -1/2
tn=" = = (1+0(R ,
(L OR™ )

which implies that

— b 1/(v1—2)
(3.2) t = ( 2 ) (1+O(R—1/2))1/('Yl_'72)
Y1ia
VPR VICTESS
-(22)7 Tavomy
1
— b 1/(v1—"2)
= ( o ) + O(MR™12),
1
So
(3.3) 11| <« MR™/2.

Now the conclusion follows from (3.1) and (3.3).
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LEMMA 6. If M < R < M2, then
S < RY?+ MR™V/3.
Proof. We have
f'(m) =y (y = Dam™ 2 + ya(y2 — )bm ™2,

If ab > 0, then |f”(m)| ~ RM~2, and by Lemma 4 we get S < R'/? +
MR™1/2,
Now suppose ab < 0. Let Ay = R%/3M 2. Define

Iy = {t € [M,M] | |f"(t)] < Ao},
I ={te[M,M]| 2 Aq < |f"(t)] < 27A¢ < 2R/M?},

log (w75 )

log 2 = Jo.

l<j<

If Iy is not empty, then by the same argument as in Lemma 5 we get
|To| < MR~'/3. Thus Lemma 4 yields

(34) Y e(fm) =Y e(fm)+ D D e(f(m)

M<m<M; mely 1<j<Jo mEl;
K MR™Y3 4 Y {M(27A0)"2 + (27 40)71/%}
1<j<Jo

< MR—1/3 +R1/2.
This completes the proof.

4. Proof of the Proposition. In this section we shall estimate S(x,y)
for (z,y) € f2. Suppose 1 < d < ¢ < 25/24 and fix (z,y) € (2. Let
R = |z|X° + |y| X2 Obviously, X3/4~" « R <« X?/?*10g™3% X. Without
loss of generality, we suppose xy # 0. For the case x = 0 or y = 0, previous
methods yield better results (see [1, 5]).

LEMMA 7. Suppose a(m) are complex numbers such that

> la(m)]* < Mlog** M, A>0.
m~ M

Then for M < min(X?/3, X19/12R=1) MN ~ X, we have

41)  Si= > a(m) Y e(z(mn)® +y(mn)?) < X'/ logt! X,
m~M n~N

Proof. If M <« X'"/'2R~1/2 then by Lemma 6 we get
(4.2) Sp < M(RY? + NR™Y3)1og"? X < X1V/12]0g” X.
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From now on we always suppose M > X'/12R=1/2 Let Q = [X'/6].
By Cauchy’s inequality and Lemma 2 we have

(43) 1SP< Y lam)P Y |3 elalmn)® + yimn)?)

mn~M m~M n~N

2

Q
< X?Q M og X + XQ ' og? X Y |E,|,
q=1

where

Ey= Y. > elam®An,qgc)+ym An, g d)),
m~M N<n<2N—q

An,g;t) = (n+q)" —n".
Now the problem is reduced to showing that

Q
(4.4) > B, < Xlog® X.

g=1
For each fixed 1 < ¢ < Q, let
f(m,n) = amA(n, g; ¢) + ym® A(n, ¢; d).
We first consider several simple cases.

CASE 0: A special case. For constants a,b > 0, let N(a,b) denote the
solution of the inequality

R

c d
(4.5) laz(mn)¢ + by(mn)?| < m,

m~ M, n~ N.

Suppose 0 < o < 1 is a positive constant small enough. Then we can prove
that uniformly for a,b € [0,1/0], we have

(4.6) N(a,b) <, X1¥/12,
If xzy > 0, then N(a,b) = 0; so suppose zy < 0. If (m,n) satisfies the
inequality (4.5), then

R

= —by(mn)?(1+0(Q?log™* X)),

which implies that
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o\ 1/(c—d)
mn=(T2) 0@ g x) e

_ ;l)y e —1/27,..—1
= (1+0(Q log™" X))

I
— <ax> +0(XQ Y?10g7! X).

Thus (4.5) follows from a divisor argument. Why we study this case will be
explained later.

CASE 1: |0f/0m| < 50071, It is obvious that
[zmCA(n, g; ¢)| ~ glz[mnt ~ glz| XN,
lym®A(n, ¢; d)| ~ qlylm?n?™" ~ qly| XN,
thus
|lem®A(n, g; )| + [ym?A(n, ¢;d)| ~ gRN 1.
We use Lemma 5 to estimate the sum over m and get
E, < NM(gRN~1) Y2 « MN3/2¢~Y2R~1/2,

Summing over ¢ we find that (4.4) holds if noticing M > X'/12R=1/2 and
R < X%/,

CASE 2: |0f/0n| < 50071, For fixed m, we estimate the sum over n.
Since

df Jon = cxmCA(n,q;c — 1) + dym®A(n, ¢;d — 1),

Aln,g;e—1) = (¢ — 1)gn°? + O(¢>N3),

A(n,q;d —1) = (d = 1)gn?™? + O(¢*N™?),
we get

df Jon = c(c — Dagm®n®2 4 d(d — 1)ygmn®=2 + O(¢* RN ~3).
If xy > 0, then
c1qRN™2 < |0f/0n| < coqRN~2 < 1/2
for some constants ¢y, co > 0. Thus by Lemma 4 we get
E, < MN?*q~'R™".

Now suppose 2y < 0, 0 < § = o(¢gRN~2) is a parameter to be deter-
mined. Define
I={te[N,2N —q] | |0f/0t| < 4},
J={t€[N,2N —q] | |0f/ot| > d}.
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If n € I, then we have
c(c — Dagm®n®?2 = —d(d — 1)ygmn?=2 + O(6 + > RN 3)
= —d(d — 1)ygm™n?2(1 + O(6N*(¢R) ™" +¢N 1)),

which gives

—d(d — 1)ym? 1/(c—d)
— < le —T)om® ) (1+O(SN%(qR) ™! + gN~1))L/(e=d)
_ _1 md 1/(c—d) 3
:<cc—1$?inc> (1+O0@N @R +aN™)
:(cc—lxmc) g+ IN TR,
Thus
(4.7) II| < ¢+ 0N3¢q'R™!

By Lemma 4 we get
(4.8) > e(f(m,n)) < 671
neJ,|8f/0n|<500—1
Thus we get

(4.9) > e(f(m,n)) < q+ N*?(qR)™/2,
n~N, |8f /On|<500—1

by choosing & = (¢qR)Y/2N—3/2,
Combining the above, we get
(4.10) > e(f(m,n)) < Mg+ MN3?(qR)™"/* + MN?(qR)™"

(m,n)

|8 f/On|<500 !
Summing over g we find

(4.11) Z > e(f(m,n))

(m.n)

|8f/0n|<50071
< MQ? + MN32QYV2R=Y2  MN?R '1ogQ < X log X,
if we recall X'V/12R-1/2 « M <« X?/3.
CASE 3: For some i and j, 2 <i+j < 3,

‘ ot f qRlog X

) dmioni | = QMINITT
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Let ¢(v,0) =1, ¢(v,n) =v(y—1)...(y —=n+1) for n # 0. Then
8i+jf
om'ond

= C(Ca i)C(C, j)me—iA(T% Qa Cc— .7)
+ e(d,i)e(d, j)ym* " A(n, ¢;d — 7).

Since ¢(c,1)c(c, 7) and ¢(d,i)c(d, j) always have the same sign, we may sup-
pose zy < 0; otherwise there is no (m,n) satisfying (x).
If (m,n) satisfies (x), then

C(C’ i)C(C, j)me—iA(n, q;C— J)

= —ed,i)e(d, Jym® T Aln, i d — ) + O( alilog X )

QMIN+!

= —e(d,i)e(d, )ym"~" A(n, ¢:d — j) (1 o <IO§2X>>’

which implies that

-(Feesst) ()

- (i) (o)

_ <—c<d,i>c<d,j>yA<n,q;d —j))”c—d’ . O<Mng)

C(Ca i)C(C,j)l’A(TL,q;C—j) Q
Thus
> elrlmm) < S
(m,n), (*)
and
(4.12) Z Z e(f(m,n)) < Xlog X.

a (m.n), (%)

Now we turn to the most difficult part. We suppose that none of the
conditions from Cases 0 to 3 holds. Without loss of generality, we suppose
0f/on > 0. For any fixed 0 < j < (log 10Q)/log2, let I; denote the subin-
terval of [N,2N — ¢ in which

27gR
QN3

0% f
on?

2+gR
i QNS .

We suppose I; = [A}, Bj], say; A; and B; may depend on m, but this does
not affect our final result.
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By Lemma 1 we get

(413) S e(fmn) =eis) S ) i g ),

nel; v1(m)<v<va(m) V ’G(m7v)|
where
fn(mv g(mu U)) = U7
s(m,v) = f(m,g(m,v)) —vg(m,v),
G(m, U) = fnn(ma g(m, ’U)),
QN2 ) Q1/2N3/2 1
R(m,q,j) =log X + Vg + min 22U 2RI oy ()]
‘ Q2 N3/2 1
*mm<WM¢ﬂwﬁ’mxmm>
qR qR
QN2 <<v1(m) ( )<<W
Since
qRN™2 > 1,
vi(m) = °f ———(m, B;) > qRQ'M'N~?
! ondm ’

0%f
ondom

vy(m) =

by Lemma 3 we get

(4.14) > YD R(m,q.j)

1<¢<Q j>0 m

QMN? ¢R QY2N?®/? qR QMN?
< Z Z(MlogX—i— 2qu +W.72j/2q1/2R1/2+W. R
1<¢<Q j>0

(m, A;) > qRQ'M'N~2,

< MQ%log? X + QMN?R 'log X + Q?R'/?N~1/2
< Xlog? X.

Let v1 = minwv(m), vo = maxwvy(m). Then

(4.15) Z Z bve(s(m,v) Z

M<m<2M vy (m)<v<va(m) ’G(m’ U)| v1 <v<vg

|va

mel,
where I, is a subinterval of [M,2M].

Now the problem is reduced to estimating the sum over m. We first
prove that |G(m,v)|~/? is monotonic. Let g = g(m,v). Differentiating the
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equation f,(m,g(m,v)) = v over m we get

(4.16) G (m, v) = —m.
Thus

frn

We only need to consider fnm fnn — fannfrnm, since fr, always has the same
sign. Here we remark that we actually consider subintervals of [M, 2M] such
that f,, is always positive or negative. This is so for other derivatives.

We now compute the corresponding derivatives. We have

fam = Ezm T A(g, g e — 1) + d*ym? T A(g, ¢;d — 1)
2
2. c—1 _c—2 207 d—1 _d—2 R
=c(c—Daxgm® g +d*(d — 1ygm® g +O<MN3>'
Since |frm| > (gRlog X)/(QMN?), we have

2
(2. c—1 _c—2 2 _ d—1_d—2 Q
fom = (c“(c—=1)zgm* g =+ d*(d — 1)ygm“ g )<1+O<N10gX>>'

Similarly,

fan = (c(c — 1)(c — 2)zqmq°~® + d(d — 1)(d — 2)ygm“g*~?)
Q2
<(1+0 (i)
Fanm = ((c = 1)(c — 2)zqm*~'g°% + d*(d — 1)(d — 2)ygm? ' g*~?)
Q2
8 (1 +O<NlogX>>’

2
fann = (D(e)zqm®g*~" + D(d)ygm“g"~") (1 o <N fng ) )

where D(y) =~(y = 1)(v = 2)(v = 3).
For simplicity, we write s = xm®¢¢, t = ym?g®. Then we get

2
_ =1 6042 2 Q
=m g "(As —f—2Bst-|—C't)(1-|—O(NlogX)>7

where

A=c3(c—2)2(c—2) <0,
B=c(c—1)d(d—1)(3cd — * —d* —c—d) <0,
C=d*d-2)?2d-2)<0.
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We only need to show that
(4.19) As® +2Bst + Ct* # 0.
If zy > 0, (4.19) is obvious. Now suppose zy < 0. It is easy to show that
B? — AC = *(c — 1)%d*(d — 1)*(c — d)?*(2c 4+ 2d + 1 + ¢* + d* — 4cd) > 0.
Thus there exist constants a1, as, b1, bs such that
As® + 2Bst + Ct* = (a15 + bit)(azs + bat).

Since A < 0,B < 0,C < 0, it can be easily seen that a1b; > 0,a2b2 > 0.
Now we recall that s and ¢ do not satisfy the condition of Case 0. Taking
o = L min(la1|, az], [b1]71, [b2| 1) in Case 0, we obtain

la1s + bit| > |ags + bat| >

_ R _ R
Q/2log X’ Q'/2log X

Thus
2

As® +2Bst + Ct?| > ————.
| | Qlog® X
This is the reason why we consider Case 0.

By the above discussion we know that |G(m,v)| is monotonic in m. So
is |G(m,v)|~1/2.

Now we compute Sy, (m,v). We have
(420) Sm(mv U) = fm(ma g) + fn(ma g)gm —VGm = fm(ma g)a

Smm (M V) = frnm (M, @) + fn (M, §)gm = (Frum frn — 72nn)/fnn
Similar to G,,, we have
2¢° Q°
2 2 2
mmJnn =—-———(4 B Cit 1 O s
f f mn m2n4( 1S + 13t+ 1 )< + <N10gX

where A1 = 3(c — 1)%, By = c¢(c — 1)d(d — 1)(c + d), C1 = d*(d — 1)?,
B? —4A,C; > 0. Now if zy > 0, we immediately get

‘fmmfnn - gm\ >

if zy < 0, then similar to G,,, we have
2

A1s% + Byst+ Cit?| > ———
= ! 1t QlogQX

which implies
q2 RZ
QM?2N4log® X

|fmmfnn - Sﬂm| >

Combining the above, we get
qR

4.21 Smm| > —————.
(4.21) S QM?2N log* X
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On the other hand, we trivially have

R R N R
R R N g

Now let

Iv,l = {m el,

M2N log® X < [smm| < QM?2N log® X
0 <1l <log(Qlog X)/log?2.

Then by partial summation and Lemma 4 we get

(4.23) ZZZ z |Gm’

YTy

qg=1j>0v=v1 [>0

2lqR 9l+1 qR }

meZL,l \/]va

=14>0v=0v; [>0

><<M< 2lgR >1/2+<QM2Nlog2X>1/2>
QM?2Nlog® X 2lgR

Q v2 1/2 1/2 2 1/2
QN3 (qR)'/?2  M(QN log® X)/
<323 (%) (S e
q=1 vV=v1

ZZ <QN3) ((q]@;ﬂ +M<Qg]1;)gjjq1/2>

q= 1J>0

L)

< Q°PRN'log® X + MQ*log” X
< Xlog? X,

if we recall the condition M < min(z%/3, z'%/*2R~1). This completes the
proof of Lemma, 7.

LEMMA 8. Suppose a., and b, are complex numbers such that

3 Janl? < Mlog? M, Y b < Nlog®* N, A>0,B>0.
mn~M n~N

Then for X'/ < N < min(X3/2R~1, RX~1/3), we have

(4.24) Sy = Z Z mbne(x(mn)° + y(mn)?) < X112 10gATB+1

m~M n~N
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Proof. Take Q = [X'/%1log™" X] = o(N). Then by Cauchy’s inequality
and Lemma 2 again we get

X21pg?4t2B x
(4.25) |SH|2 < gQ
Q
Xlog2A X
F G D0 babural| X elrmom))]
g=1 n mn~ M

where f(m,n) is defined as in the proof of Lemma 7.
By Lemma 6 we get

(4.26) Z e(f(m,n)) < ¢"?RYEN"12 4 MNY3¢ /3R,
mn~ M

Notice that for fixed ¢, we have

(4.27) D bnbnigl <Y 1bnl> + > bnigl” < Nlog?” N.

n
The conclusion follows from the above three estimates.
Now we prove our Proposition. Let
D =min(X?/3 X¥/12R~Y) E=min(X*?R™Y, RX"Y%), F=XY°
Then it is easy to check that under our assumptions we have
DE>X, X/D>(2X)V8 F?2<E.

Using Heath-Brown’s identity (kK = 13) we know that S(z,y) can be written
as O(log?® X) exponential sums of the form

T= Z . Z ar(ny) ... age(nag)e(x(n ... n26)° 4+ y(ny .. .n2)%),
ni~Np nae~Nag
where
N;<n; <2N; (i=1,...,26), X < Nj...Ny < X,
N; < (2X)Y13 (i =14,...,26),
ai(ni) =logni, ai(n;))=13GE=2,...,13),
a;(n;) = p(n;) (i =14,...,26).
Some n; may only take value 1. It suffices to show that for each T" we have
(4.28) T < X11/1210g%0 X
We consider three cases.

CASE 1: There is an N; such that N; > X/D. Since X/D > X1/13,
it follows that 1 < j < 13. Without loss of generality, suppose j = 1. Let

M= NNz ... N2, Gm = Yy i(nag) - pi(ne) <K das(m), o= ny.
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Then T is a sum of type I. By partial summation, Lemma 7 and a divisor
argument we get
T < X"/ 10g% X.
CASE 2: There is an N; such that F' < N; < X/D < E. In this case
we take n = nj, m = [],,;n;. Then T forms a sum of type II and (4.28)
follows from Lemma 8.

CASE 3: N; < F (j=1,...,26). Without loss of generality, we suppose
Ny >...> Nog. Let 1 <[ <26 be an integer such that

Ny...N;_1 <F, Ni...N; > F.
It is easy to check that 3 <[ < 23. We have

F<N;...Ny=(N;...Ni_1)N; < F? < E.
Let n =mn1...n7, m =ni41...N26, Gy = Hézl a;(n;), by, = H?ng a;(n;).
Then T forms a sum of type IT and (4.28) follows from Lemma 8.
Now the Proposition follows from the above three cases.
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