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1. Introduction. Let p > 3 be a prime and m > 1 an integer. We
write Uy, = (Z/p™7Z)* for the group of reduced residue classes modulo p™,
where we drop the dependence on p in the notation for simplicity (we may
think of p as a fixed prime). Then |Uy,| = (p — 1)p™~ L. It will often be
convenient to identify elements of Z/p"™7Z with the corresponding elements
of the least residue system modulo p™.

For given a,b € Z/p™Z we consider a map ¢ : U,, — Z/p"Z of the form

(1) Y(w) =aw™ +b  for w € U,.

It is easy to see that 1 is a permutation of U,, if and only if ged(a,p) =1
and b =0 (mod p). These conditions will be assumed from now on.
If we start from an initial value ug € U,,, then the recurrence relation

(2) Unt1 = Y(uy) formn=0,1,...

generates a sequence ug, 41, - . . of elements of U,,. It is obvious that this se-
quence is purely periodic with least period length 7 < (p—1)p™~!. Detailed
studies of the possible values of 7 can be found in [1] and [4].

If wg,uq,... is a sequence generated by (1) and (2), then it is of inter-
est for the application mentioned below to establish upper bounds for the
exponential sums

N-1
(3) S x(un),
n=0

where x is a nontrivial additive character of Z/p™Z and 1 < N < 7. In
the case m = 1, and with a slight change of formula (1) to arrive at more
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interesting permutations ¢ of Uy, a nontrivial upper bound for the corre-
sponding exponential sums was first proved in [10] (see also [12]). In the
present paper we treat the case m > 2 in which the details of the method
are quite different.

The exponential sums (3) are relevant in the analysis of a well-known
family of pseudorandom numbers. If ug,uq,... is a sequence of elements of
U,, as above, then the numbers uo/p™, u1 /p™, ... in the interval [0, 1) form
a sequence of inversive congruential pseudorandom numbers with modulus
p™. For p > 3 and m > 2, the case we are concerned with here, this
method of pseudorandom number generation was introduced in [4]. In prac-
tice, one works with a large power p™ of a small prime p. For surveys of
results on inversive congruential pseudorandom numbers we refer to [2], [8,
Chapter 8], [9].

It is clear that upper bounds on the exponential sums (3) yield results
on the distribution of the inversive congruential pseudorandom numbers
ug/p™,u1/p™, ... A quantitative version of such a result in the form of a
discrepancy bound will be given in Section 4. This is the first nontrivial
discrepancy bound for parts of the period of inversive congruential pseudo-
random numbers with prime-power modulus. An analogous result for prime
moduli was first established in [10]. Related results on the distribution
in parts of the period for pseudorandom numbers generated by nonlinear
methods can be found in [5], [6], [11], [12].

2. Auxiliary results. If ¢ is the permutation of U,,, m > 1, given by
(1) and r is an arbitrary integer, then let ¢" denote the rth power of ¢ in
the group of permutations of U,,,. We have the explicit formula in Lemma 1
below. Here and in the following, it will often be convenient to write u/v
for an expression uv~! in a multiplicative abelian group.

LEMMA 1. For any integer r > 0 there exist ¢, e, € Z/p™7Z such that

P (w) = (bey —er)w + ac, for all w € U,,.

Crw — e

Moreover, for even r we have ¢, =0 (mod p) and e, Z0 (mod p) and for
odd r we have ¢, #0 (mod p) and e, =0 (mod p).

Proof. For r = 0 we can take ¢cg = 0 and e¢g = 1. The general case
follows by straightforward induction on r and the additional properties of
¢ and e, are obtained along the way. m

If ug,uq, ... is a sequence generated by (1) and (2), then for 1 <k <m
we let 75 be the least period length of the sequence ug,u1,... considered
modulo p* (so that 7 = 7,,).
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LEMMA 2. If ¢, =0 (mod p*) for some r > 1 and 1 < k < m, then
divides .

Proof. Fromec, =0 (mod p*) it follows by Lemma 1 that e, # 0 (mod p)
and hence ¥"(w) = w (mod p*) for all w € U,,,. Then r is a period length
of the sequence ug, u1, ... considered modulo p¥, and so 7, divides 7. m

LEMMA 3. Let p > 3 be a prime, let m be a positive integer, and let f and
g be arbitrary integers. Put ged(f,p™) = p'. Then

2
> " exp <m(fzm+gz>) =0 ifg#0 (modp)
z=0 p

and

”"f o (m( F22+ g2)

pm

> ‘ =p!™ /2 ifg=0 (mod p).
z=0

Proof. This follows from Lemma 6 in [3]. m

For 1 < r < 7 —1 and a nontrivial additive character x of Z/p™Z we
introduce the exponential sum

(4) o= > xW'(w)—w).
wWEUM,
Note that x is determined by an integer h Z 0 (mod p™), in the sense that
2mihv
6 ) = e (227
Put ged(h,p™) = p? with 0 < d < m, so that we can write h = p?hy with
an integer hg # 0 (mod p). By Lemma 1 we have

cr(a+ bw — w?)
o= Z X( Crw — ey )

weUm,

) for all v € Z/p™Z.

Let gcd(c,,p™) = p* with k& > 0, then Lemma 2 shows that & < m. Thus,
we can write ¢, = p*c with an integer ¢ # 0 (mod p). Then

2mip?**  cho(a + bw — w?)
© o= 3 ew (M )

It is trivial that
(7) or = |Upn|=p—-1p™ ' ifd+k>m.
For d + k < m we obtain the following bound.
LEMMA 4. With the notation above we have
loy| < opmHatR)/2 i d 4 k< m.
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Proof. In (6) we put w = sp™ 4" F 4+t with 0 < s < p¢** and t € Uy, _gq_.
Then

2michg  a + bt — 2
(8) o, = ptt* exp < : .
' teug:dk pm—d—k kat 6

If £ = 0, then t — ct — e, is a permutation of U,,,_4 by Lemma 1, hence
carrying out this substitution in the sum above yields

2mich
Z exp < ;Tnic_do ((a+bc te, —c 22 vt — 02v)> '

VEU —q

d

low| =p

The last exponential sum is always bounded by 2p(™m~%9/2 namely by a
result in [13, p. 97] for d < m — 2 and by the Weil bound for Kloosterman
sums (see [7, Theorem 5.45]) for d = m — 1. Therefore the result of the
lemma follows for k£ = 0.

Next we consider the case k > m —d — k. Then from (8) we get

2michg  t? — bt
d+k 0
=it 3 e (00|
tEUM —d—k T

Furthermore,

Z < 27TiCh0 t2 — bt

XP\ “m—d—k

teu'm,—d—k p 67'

m—d—Fk _ m—d—k—1__

P Z ! < 2michy 2% — bz) P Z ! ( 2michy  pz% — bz
= exp “dk - exp B :

z=0 pm Er z=0 pm Er

Now Lemma 3 applied to the last two sums shows that the first sum has
absolute value p("~4=%)/2 and the second sum has absolute value at most
p(m=4=k)/2 "and so the lemma is again established.

Finally, we consider the case 1 < k < m —d — k. In (8) we put t =
2pm =2k Ly 0 < 2 < pF,u € Up—g—a2k. Then

—d— 2michg  a + bu — u?
p o = Z exp <pm—d—k '

k
cCu — €
UEUm —d—2k p "

k_
p —1 27['ich0 (b _ 2u)pm—d—2kz _ me—2d—4k22
X Z exp pm—d—k ’ pkcu — e
T
Z . ( 2michg  a + bu — u?
- P\ Cm—d—k T ok
WEUm—_d—2k p picu — ey

pt-1 . —d—2k 2
2mich m 2u—>b
XZeXp<mZO'p <+ (2u )Z).
=0 D Er
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By Lemma 3, each inner sum is 0 since m —d—2k >0and 2u—b=2u #0
(mod p) for all u € Up,—g—2r. Thus, we have 0. = 0. =

3. The bound for exponential sums. For a sequence ug,uq, ... gen-
erated by (1) and (2) with least period length 7 and for integers h and N
with 1 < N < 7 we consider the exponential sum

= 2mihu
Sn(h) = Z exp( e ")

n=0

THEOREM 1. Let p > 3 be a prime, let m > 2 be an integer, and let h be
an integer with ged(h,p™) = p?,0 < d < m. Then

49

1/2

[Sn(R)] <

Proof. With the notation in (5) we can write
N—-1
Sw(h) = 3 x(un).
n=0
Note that u, = ¥"(up) for all integers n > 0, and we use this identity to
define u,, for all negative integers n. It is easy to see that for any integer k
we have

N-—

9) ‘SN Z X(tnin ’ < 20k].
For an integer K > 1 put

R(K):{{kez —(K-1)/2<k<(K-1)/2} if K is odd,

{keZ: K/2—|—1§l{:§K/2} if K is even.
Then
> k| < K24,
kER(K)

If we use (9) for all k£ € R(K), then we get
(10) K|Sn(h)| < W + K?/2
with

W:‘Nz_:l Z Xun—i-k‘ Z‘ Un+k)‘

n=0 EeR(K) n=0 EkeR(K)

I X ()]

—_

D

n=0 keR(K)
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By the Cauchy—Schwarz inequality we obtain

w2<N Y > @)

n=0 keR(K)

SN Y| Y @)

welly, keR(K)

SNOY | Y @) - )

EIER(K) wEUm,

SKNpm 42N S| @t (w) - vh(w))].
k,lizl(K) WEUm,

‘2

:

Recalling that v is a permutation of U,,, we can now write

D x@Fw) =) = Y x@ (@ (w)) — ¢ (w))

= > x@(w) - w),
WEUm,
and so
K—1
(11) W? < KNp™+2KN Y o],

r=1

where o, is as in (4) and we assume K < 7. From Lemma 2, equation (7),
and Lemma 4 we derive

K-—1 m—d—1 K-—1
(12) Z |Ur| < 2p(m+d)/2 Z pk/2Nk + (p - 1)pm—1 Z 1
r=1 k=0 r=1
Tm—d|T
m—d—1 K
< 2pmFED/2 N (M, — M) + (p— Dp™ T ——,
k=0 Tm—d

where Nj, resp. My, is the number of 7,1 <r < K — 1, with ged(c,, p™) =

p¥, resp. ¢, =0 (mod p*). For 1 < k < m and each r counted by M, we

have 73 |7 by Lemma 2. By using either [4, Lemma 6] or noting that every
value modulo p* gives rise to p™ % distinct values modulo p™, we see that

(13) r<pmkr  forl<k<m.

Therefore

M, < K/1, < Kpm_k/T for 1 <k <m.
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It follows that
m—d—1
> PP (M — Myya)
k=0
m—d—1

— MO + Z <pk/2 _ p(kfl)/2)Mk . p(mfdfl)/2Mm_d
k=1

1 " k/2 1 Kp™ - —k/2
k=1

k=1
1\ Kp™
<(1+— )2
< +p1/2) T

Together with (12) and (13) this yields

m -1 p"
Z‘UT"<2( 1/2> CKp (m+d)/2 | ; ,TKpd
2 p=INDP" . mta)/2
= <2+p1/2 + p3/2 )TKpm

< 3.54ZﬁKp(m+d)/ 2,
T
Substituting this bound in (11), we obtain
W? < KNp™ + 7.087— KQNp<m+d>/ 2,

We put
K = [p™/?].
Then
wW? < 808 K2N (m+d)/2,

We remark that if 7 < K, then the bound in Theorem 1 is trivial because

16

49 1/2
NL/2(mtd)/4
< 16< > p

1/2
rsN<>|<N<T<pm/2<49( >pm/4
m/2

So we can assume K < 7, and similarly we can assume

N2 s 4£pm/4
— 16
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because otherwise

19 (pm\'?
|SN(h)‘ < N < 16<7_> N1/2p(m+d)/4‘

Then
K <pm/2 + 1 < ﬁNl/me/ll
- — 147 '

From (10) we conclude

W K Y2 32
< 0 ] P /2, (m+d)/4 | 2% arl/2,m/4
[Sn(h) < 2=+ 5 < V8 O8< - ) N1/2p + NP

32 m\ 1/2
< (VBO8+ 2 ) (B} Npimast
147 T

and this yields the desired result. m

4. The discrepancy bound. Let ug/p™, uy/p™,...,un—1/p"™ be inver-
sive congruential pseudorandom numbers with modulus p™ and 1 < N < 7.
The discrepancy Dy of these numbers is defined by
A(J,N)

—Jr‘,

Dy = ~

JC[0,1)

where the supremum is extended over all subintervals J of [0,1), A(J, N) is
the number of points w, /p™ in J for 0 <n < N —1, and |J| is the length
of J.

THEOREM 2. Let p > 3 be a prime and m > 2 an integer. Then the dis-
crepancy Dy of inversive congruential pseudorandom numbers with modulus
p™ satisfies

m

1/2
Dy < (p) N~12pm/4(1.8log N +15.1) for1 < N <.
T

Proof. By the Erdés—Turan inequality in the form given in [14, p. 214],
for any integer H > 1 we have

1 2 /1 1
14 Dy < — 4+ = R h
(14) N_H+1+N};<7rh+H+1>‘SN( I,

where Sy (h) is as in Theorem 1. We apply this bound with

37\ /2 _

We can assume H > 1 since otherwise the discrepancy bound in the theorem
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is trivial. By Theorem 1 we obtain

H 4 49 [ pm 1/2 ) /m—l ) H 4
ZISv(h)| <« = £— Nl 2, m/4 d/4 -
> qisw(h) o) v >y
p?lh
49 1/2 m—1
< 1<p > N1/2pm/4(1 +log H) p73d/4
d=0

Similarly we get
H

11/ p™ 1z 1/2 4
Sl <y ()
h=1

Using (14) and the special form of H, we conclude

m

1/2
Dy < (p) N71/2pm/4
37

m

1/2 1 1
—|—11<p> N1/2pm/4<logN—|——|—1>,
T 2 s

and after simple calculations we derive the desired result. m

Theorem 2 yields a nontrivial discrepancy bound in the case where N is
at least of the order of magnitude p™/2log? 7. We note that, in principle,
the method in this paper works also for the case p = 2 which is convenient
for practical implementations of pseudorandom number generators, but that
some modifications have to be made in the details. It is also of interest to
extend our results to inversive congruential pseudorandom numbers with an
arbitrary composite modulus.
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