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1. Introduction. Let ¢ = p® be a power of a prime, and e and f
positive integers such that ef +1 = g. Let I, denote the field of ¢ elements,
[ its multiplicative group and g a fixed generator of . Let Tr: F, — [,
be the usual trace map and set (,, = exp(2mi/m) for any positive integer
m. Put

q—1 ) q—1 f
0 =ged ,e] and R= = ,
i < -1 6(p—1)  ged(p—1,f)
and let C. denote the group of eth powers in Fy. The Gauss periods are
(1) =3 (F (1<j<e)
LEGC&

and satisfy the period polynomial

e

(2) P(z) = | | (@ —nj).

=1

J
G. Myerson [8] showed that ®(z) splits over Q into J factors

1
(3) () = [] 2™ (@),
where
e/d6—1
() o) = [ (o nusws) (1w <0)
k=0

The coefficients a, = a,(w) of the factor

(5) &) () = 2/ + aya°/07! + .4 aeys,
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or equivalently of

(6) FOUX) = XWX =1+ ar X +... 4 ae X7,
are expressed in terms of the symmetric power sums

e/d—1
(7) Sp = Sn(w) = Z (Nw+rs)" (1 >0)

k=0

through Newton’s identities
(8) Sr+a1Sp—1+...+a—151+ra, =0 (1§r§e/5)

If t,,(n) counts the number of n-tuples (z1,...,x,) with x; € C, (1 <i <n)
for which Tr(¢*(z1 + ...+ x,)) =0, then S,,(w) can be computed using

9) Sn(w) = (ptw(n) — f")/ged(p — 1, f).

In the classical case ¢ = p (so 6 = 1), Gauss showed that &(x) is irre-
ducible over Q and determined the polynomial for small values of e and f.
For f = 2, he showed (see [3]) that the coefficients of &(x) = &%) (z) in (5)
are given by

(10) CLU:(—1)[1’/21([(1)_1_”)/2]) (1 <v<e= (p—l)/2)
[v/2]

In 1982 I determined [3] how to compute the beginning coefficients for the
classical case when f > 2 is fixed. (See also [2].) In later work [5] I studied
the last factor #(¥) (x) when f is fixed, and showed that the beginning coef-
ficients of the factor #()(x) can be computed in a fashion similar to those
of the period polynomial in the classical case ¢ = p. Recently [7] I found
similar results for the middle factor $(®/?)(z) when ¢ is even. The goal of
this current paper is to describe analogous results concerning the factors
&) (x), where w = j§/m for m|§, 1 < j < m and ged(j,m) = 1. This
is done in the next section. Later in Sections 3 and 4, I give some explicit
formulas for the factors #(79/™)(z) and certain related counting functions.

2. The factors $U%/™)(z). Throughout the paper f > 1 is fixed with
specified odd reduced residue r modulo f, say with ordsr = b. Also fix
an integer m > 0, together with a specified reduced residue s modulo m
satisfying s = r (mod ged(f,m)), say with ord,, s = ¢. In addition to
considering primes p = r (mod f) and finite fields F, with ¢ = p®, I shall
also require that p = s (mod m) and m |§. All such primes p have common
decomposition fields K in Q(¢f) and k in Q(¢m). (The field K is that
subfield of Q((y) fixed by the action (y — (}; similarly the field k is that
subfield of Q((,,) fixed by the action (,, — (3,.) My goal here is to study
the factors #(79/™)(z) of the period polynomial () in (3) with 1 <j <m
and ged(j,m) = 1. While the relative order of the factors ¢*)(z) in (3)
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depends on the choice of a generator g for Fy, a different choice always
permutes the factors $U%/™)(z) among themselves. In addition, certain
duplication among the factors is predicted by Proposition 5 of [4]; namely,
P(s30/m) (1) = PUS/™) () since pjé/m = sj6/m (mod §). (Here I identify
&) (x) with ) (z) where w =@ (mod §) for 1 <@ < 4.)

Now write R = Rymy where gcd(Ry,m) = 1 and my | m"™ for sufficiently
large n. The factor R; is the largest factor of R which is prime to m. There
are my distinct reduced residues s; modulo M, where M = mm, satisfying
s1 = s (mod m). Select one such s;, say with ordas s1 = ¢1, and let &/
be the subfield of Q((as) fixed by the action (s — (j3;. Fixing j, with
1 <j < m and ged(j,m) = 1, I now consider the factor $U%/™)(z) (relative
to the ordering determined by the chosen generator g for ;) for the finite
fields F, with ¢ = p®, p =r (mod f), p=s; (mod M) and m|J. First note
that SR=1+p+... +p* 1 =0 (mod M), so [ = lem(b, c) must divide a.
(In fact, lem(b, c1) | a.) Since 1+p+...+p*~1 =0 (mod R), one may write

(11) 14851 +...+ s = pmm,y /d,
where ged(p,d) = 1 and d|m with d > 0. Then set

i l

(12) x; = (1+ s} +...—|—sll(i71)) (i>0).

S1 — 1 - S1 — 1
The expression (11) uniquely determines d. Since s} = 1 (mod m), from
(11) one sees that z; = izqy = ipmim/d =0 (mod M) if and only if d|i. In
particular, as M | 0R one finds that ld|a.

Next note that since R; is relatively prime to both e/ and M, one can
express Ryv+(e/d) Mu=1 for integers v and u. Thus g7%/m=gioRv/M+ejums
so the values Tr g?%/™z (x € C,) have the form

Yo = TrgjéRv/M—i-ea

— gj(SRv/M—i-ea +gj§Rvp/M+pea + ... +gj§Rvpa71/M+paflea

_ héR/M(gea + héR(pfl)/Mgpea 4o+ héR(pa_lfl)/Mgp“_lea)

= pORIM (gear | pla=1)/M gpea h(q—l)(1+p)/Mgp26a

+.+ h(qf1)(1+p+---+p“‘2)/Mgp”‘1eoc)

for 0 < o < f, where h = ¢7?. Since hOF/M £ 0, the function tis/m(n) in
(9) also counts the number of times a sum 2o, + ... + 24, equals zero for
0 <a; < f, where

(13) 24 = g°* + g/vlaD/Mgpea o 4 g0 @D tpt+p™ %) /M pear
The following proposition completely determines #(%/™) (z) when d > 1,
and generalizes the result of Proposition 1 of [7].

PROPOSITION 1. If d > 1 then ®U%/™) (z) = (z — f)¢/°.
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Proof. I assert that each z, is 0 in (13) so that ¢;5/,,(n) = f™ for any
n > 0, and hence ®U%/™) (z) = (z — f)¢/° from relations (8) and (9). Since
g?OBv/M has order M(p —1)|p* — 1 and ¢¢ has order f|p! — 1, each trace

. a .
Yo = Tr gjéR'u/M—}-ea — a TrIdel/IFp gj6Rv/M+ea (0 <a< f)

Thus to show each z, in (13) is zero, one may assume without loss of gen-

erality that a = dl. Now choose any 0 < o < f. Note that in terms of r, s1

and z;,

ritlea

Zo= gea 4 tgrea Lt t1+81+...+81172g7”17160¢ 4 txlg'rlea 4 tslazl—‘rlg

o
4 tslwd_l—i-lgr

1—2 -
T1+1l+s1+...+s; grzl lea L+ twd,lgr ex

Ud=1)+1,,

-1 -2 I(d— 1—
L+ tsl xd_1+1+51+...+51 g'I" (d=D+i-1g,

= g1+t 4. T
2 2 2

+ great[1+ 51Tt 4+ tslwd—l] + g'r eatl—l-sl [1 + 5121 4+ tslzd—l]

b g el ST T e g ]
in (13), where t = g?*(@=1/M Now each of the bracketed sums in the last
expression has the form 1 —|—§$1X —|—§23i +... —I—E(dfl)s% with g = t** of order
d. Since d > 1 and gecd(s1, M) = 1 each of those sums is zero, so z, = 0 as
claimed.

In view of the above proposition, I shall assume d = 1 in (11) throughout
the remainder of the paper (so I = lem(b,c¢) = lem(b,c1) as ¢|eq|l). To
generalize the results known for the middle and last factor [5, 7] here, it is
necessary to find a suitable counting function b; ,,(n) which coincides with
tjs/m(n) for almost all primes p = r (mod f) and p = s; (mod M) with
m|d. To this end, define algebraic integers wj o in Q(Car,(r) by

(14)  wja=Co +C%/IC;Q +C]]é1+51)<;2a +.”+Cﬁ1+51+.“+s"172)c;171a

for 0 < a < f, and let b ,,(n) count the number of times one has

(15) Wja; + oo+ Wja, =0

for 0 < oy < f, 1 < i < n. Ifind that b;,,(n) is the desired counting
function.

PROPOSITION 2. For all primes p = r (mod f) and p = s1 (mod M)
with m |6
bim,j(n) < tjs/m(n)  forn > 0.
Equality holds for any such prime pta, except those lying in a computable
finite set & .

Proof. Since [ = lem(b, c;), one finds that lem(f, M) divides p! — 1, so
the elements ¢¢ and ¢g(?=1/M lie in F, C IFy. In particular, one may identify
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F,: /I, as the residue field extension at p for the extension L = Q((y, ().
By appropriately choosing the generator g, the identification can be made
such that ¢(@=Y/M corresponds to ¢ ﬁl modulo P for some L-prime P lying
above p. With respect to this identification g¢ corresponds to a primitive f-
root of unity, say ¢ }‘ , for some integer p prime to f. So z, in (13) corresponds
to (a/l)wj,ap modulo P, since Riv =1 (mod M). It follows that ¢;s/m,(n)
counts precisely the number of times one has
a

(16) j(wj,al +...+wjq,) =0 (mod P)

for a choice of wj, in (14) where 0 < aq,...,ap, < f. In particular,
bm,j(n) < tj5/m(n) for n > 0. Equality holds for any prime p not divid-
ing a and for which P does not divide any of the non-zero right-hand sums
n (16). If p is the k-prime lying between P and p, then the latter exception
is equivalently expressed by requiring that p & &, ,,, where §;, consists of
all rational primes p = r (mod f) and p = s (mod m) for which p divides
some non-zero norm Ny, /i (Wj a, + ... + Wja, ) for a choice of w; 4 in (14).
This completes the proof of the proposition.

Now let h be the smallest positive integer for which b, ;(h) # 0. Using
(8), (9) and the above proposition, one may obtain the following general-
ization of Theorem 1 of [5]. Since the argument is identical to that used in
obtaining Theorem 1 of [5], I shall omit it here.

THEOREM 1. For all primes pta such that p = r (mod f), p = s1
(mod M) but p & & (n < w), and d = 1 in (11), the coefficient a,, for
dU/™) () in (5) (or FU/™(X) in (6)) satisfies a, = U, (p), where 9, is a
polynomial of degree [v/h)].

Now consider the rational power series
R oo

(17) Cpmj(X) = exp (—f > b (n)X”/n>
n=1

defined in terms of the counting function b, ;(n). The argument in the
proof of Theorem 1 of [2] extends in a straightforward manner to yield

THEOREM 2. For any v > 0 and prime pfa such that p = r (mod f),
p=s (mod M) butp €&, (n<v), and d=1 in (11), we have
Cm,j(X)p

PR = a pm

(mod X1

in Z[[X]).

To illustrate Proposition 1 and Theorems 1 and 2 above, consider the
following examples.
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ExaMPLE 1. Consider the case f =m =4 withr =s=3s0 K =k =Q.
Here l =b=c¢ =2 with R =2, Ry =1 and m; = 2. The possible choices
for s (mod M) with s; = s (mod m) are 3 and 7 (mod 8), each with
¢y = 2, but with d = 2 and 1, respectively, in (11). By Proposition 1,
PO/ () = $B/ () = (x — 4)P=D/2 for the case p =3 (mod 8). For the
other case p = 7 (mod 8), I illustrate Theorems 1 and 2 with ¢ = p*. One
finds wj1 = —w;3 = i(1 — ) and wj o = —wj2 = 1+ ¢ in (14) for this
case, where L = Q((g) in the proof of Proposition 2 and &' = Q(+/2). The
corresponding counting functions by ;(n) satisfy

n 2 . .
b4,1(n) = b473(n) = n/2 if n is even,
0 otherwise,
SO C4,1(X) = C4,3(X) =1- X2 _ 4X4 _ 29X6 _ 265X8 —  in (17) The

first few polynomial expressions for the beginning coefficients of (/4 (z) =
@®(39/4) () from Theorem 1 are found to be

Yi(p) =2, Valp)=-p+6, V3(p)=—2p+20,
Va(p) = $(p* — 21p + 140), I5(p) = p* — 29p + 252,

The prime p = 7 first appears in thei exceptional sets &1, = &3, (n > 0),
when n = 3. Incidentally, one finds that 3 4+ /2 divides 2w1,1 + wi,0 and
2w1 34w 2 in L, while 3—/2 divides wy 3+2w1 o and wy 142wy 2. Specifically,
for p = 7 (where 0 = 4) one may take g = 2 + i to generate Fj, with
gla=D/M — 66 = 2 + 2 = (g (mod (3 + v/2)) and ¢¢ = ¢'? =i (mod (3 +
V2)), 80 24 = wj o (mod (3++/2)) in (13). One computes t1(1) = t3(1) = 0,
t1(2) = t3(2) = 4 and t1(3) = t3(3) = 6 s0 8V () = ) (2) = 23+ 222 —2x—
1 from (8) and (9). As expected, the underscored coefficient ag # U3(7) = 6.

ExXaMPLE 2. Now consider the case f = 3 and m = 5 with » = 2 and
s=4withqg=p? Hare R=R; =3, m; =1,l=b=c=c¢ =2 and
0= (p+1)/3 with p =14 (mod 15). In addition, L = Q({15), K = Q and
k=k =Q(V5), withd=11in (11) and w; o = ¢§ + L3> (1<j<4, 0<
o < 2)in (14). One finds #0/%) (x) = ®(49/5) (z) and &2°/5) () = P39/ (1)
here. The function b, ;(n) is seen to satisfy

by s(n) = {n!/((n/?’)!)3 if 3| n,

0 otherwise,

for 1 < j <4, s0 each Cp, j(X) =1-2X°—9X% —158X° —.. . in (17). The
first few polynomial expressions for the beginning coefficients of &9/ ()
from Theorem 1 are found to be

V1(p) =3, Va2(p) =9, Vs3(p) = —2p+27, V4(p)=—6p+381,
U5(p) = —18p+243, g(p) = 2p° +69p+729, V7(p) = 6p> —207p+2187, ...
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For p = 59 one may choose g = 2+ (5 to generate F,,, so gl4=1)/m = ¢69 =
¢2 modulo (8++/5) in Q(¢s). For an appropriate choice of an L-prime P lying
above (8 4+ +/5) one has g¢ = g'1% = (3 (mod P), 50 24 = wj o (mod P) in
(13). The prime 59 first appears in the exceptional sets &, = &4, (n > 0)
when n = 4, but not in &, = &3, (n > 0) until n = 7. In verifying this,
one finds

Npu(3win +wi2) = Npjp(Bwa +wan) = (8+v5)*((1 - V5)/2)?
and
Npk(2wa,0 + 5wa2) = Npj(2ws o + 5ws 2) = (8 + v5)* (11 + V5)/2)*.
The relevant t;5,,,,(n) = t45(n) are tabulated below:

\n 345 6 7
4 10 90 105
0 0 9 21
0 0 9 21
4

)
1
0
0
0
0 10 90 105

W N =S,
S o oo N
OO

From (8) and (9) one now finds that &*) (z) = #(16)(z) equals
298 4 3257 + 9256 — 912°° — 33225 — 1114253 + 2735252 + 142822% + ...
and ¢®)(z) = (12 (z) equals
2°8 4+ 32°7 4+ 9256 — 9125° — 27325* — 8192°3 + 36202°2 4 106832 + . ..

The underscored coefficients deviate as expected from the pattern of the
beginning coefficients given by a, = 9,(p). Incidentally, it is convenient to
use the formula from Proposition 4 of [4] here. Further computation shows
that 4 and 76 are both conjugates of (lg + (29 + C5_93, while ng and 72 are
conjugates of (Zy + (39 + (oo’

While Theorems 1 and 2 yield an elegant, formal way to obtain the be-
ginning coefficients of a factor #U%/™)(z), the approach is impractical since
the counting function by, j(n) is difficult to compute in general. However,
there are several special situations where b, ;(n) can be readily determined,
which often lead to explicit formulas for C,, ;(X) and expressions for the
beginning coefficients of ®#U%/™)(z). In describing these situations, it is
convenient to express
ulM

t
where ged(u,t) = 1 and t| M with ¢ > 0. The expression (18) uniquely
determines t. For the sake of brevity, the specific cases I investigate in the
next sections are for t = 1 and t = M. The intermediate cases when ¢ is a
proper divisor of M are less manageable, though they may be handled in a
similar, albeit more tedious, fashion.

(18) T4s14... 45071 =
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3. The case t = 1. I retain the notation of the previous section,
requiring again that d = 1 in (11), but assume now that ¢ = 1 in (18).
I shall assume here that ordy; s1 = ¢; > 1 since t = M in (18) if ¢; = 1.
The results I describe primarily rely on some knowledge about the set

c1—2
{1, ¢, ]1\2'51, cel jl\jsﬁ"'Jrsl }in Q(Car). The first is
THEOREM 3. Let W be the subfield of Q((y) fxed by the action ¢y —
cd(b,c s1H..4si1T .. .
C}g e, Suppose {1, (s, 11\/;“51, ol ]1\; et } is linearly independent
over W with t = 1 in (18). Then by, ;j(n) counts the number of times
Troec,yw (1 + ... +xp) is zero for a choice of f-roots of unity x1,..., 7y,

lying in Q(Cr). (In particular, if ged(b,c1) = 1 then by, ;(n) = Bk (n), the
counting function given for the last factor &) (z) in [5].)

Proof. Put d; = ged(b, c;). Without loss of generality, one may assume
a =1[. Then, in (14),

reitly

c l—c -
wia=CF+C .+ )+ G+ G +..

lfc1+la

)

i (1 csiTt rt re1tig plmcitiy
¢ S I (( AL S S UL S
i(1 st c1— 2¢q1 — 1—
b QT (G e T e )
since ¢ = 1. Further, any sum C;ia + C}Cﬁio‘ + ...+ C;licﬁio‘ which ap-

pears is the trace TrQ(Cf)/W(C}la) since ordy r®* = b/dy = l/c;. By hy-

. . c1—2
pothesis {1,¢3,, ..., f\/(ll+sl+"'+sl )} is linearly independent over W, so

a Sum Wja, + ...+ Wja, is zero if and only if the corresponding sum
TrQ(Cf)/W(C?I + ...+ C?") is zero. This yields the theorem’s assertion
about the count b, ;j(n). When d;y = 1, W = K so the last statement
of the theorem readily follows.

The following corollary is immediate in view of Propositions 4 and 5
of [5].

1 asSITE .
COROLLARY 1. Suppose {1, (pr, Jl\jsl, ce Ajsﬁ to } is linearly in-

dependent over Q((y) with t = 1 in (18). Put X = b/ged(b,c1). Then for
f =10 a prime,

n(e=1)/¢ n! _
bas(m) =4 N G OmgenEa

0 otherwise.
For f =4, by, ;(n) = (2:) if A =2; otherwise if A\ =1,

st~ { () 721

0 otherwise.
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I note that Example 1 of the previous section illustrates the above corol-
lary when f =4 and A = 1.

Consider again the prime P that appeared in the proof of Proposition 2
through which the finite field extension [, /F, is identified as the residue
field extension at p for the extension L = Q((¢, (ar). Recall the identification
was made in such a way that ¢(?~1/M corresponds to ¢ ]\1}1 modulo P, with
k-prime p lying between P and p.

The next result concerns the special case when K = Q or K = Q((y).

COROLLARY 2. Suppose ordyr =1 or ¢(f) with ged(b,c1) =1, pta and
t=11n (18). Then
(19) U™ (g)
_ ] o0 (2) if pis prime to 1+ {%4 + ...+ Cﬁlﬂﬁmﬂiﬁ ),
(x — £)¢/%  otherwise.

The proof of the above corollary follows from that of Theorem 3, once
one observes that the counting functions ¢;s/,(n) and t5(n) are identical

. . s Sc172
here when p is prime to 1 + (J, + ... + (IJ\/(IH et Formula (19)

exactly determines the factor #(9%/™)(z) when f = 2 or f = 4 with r = 3,
since in these cases closed form expressions are known [6] for the last factor
o) ().

I also note that if ged(s — 1,m) = 1 then the condition in (19) can be
checked working solely in k. One need only check if p divides the trace
Tro(ca)/k(Chf), where u satisfies u(s; —1) =1 (mod M). This is a conse-
quence of the following observation.

LEMMA 1. Suppose u is an integer satisfying u(sy —1) = 1 (mod M).
Then

i it+1
14+s1+...+s7+u us .
iy, Y=t fori > 0.

The proof of Lemma 1 involves a straightforward induction argument
which I shall omit here. To illustrate Corollary 2 and the above remark
consider the following example.

EXAMPLE 3. Let f =4 and m = 11 with r = s = 3 and ¢ = p'°. Here
R=2som;=R;=1and s; =s. Also,b=c; =c=2,¢/d =(p—1)/2,
K=Qand ¥ =k=Q(v/—11), and t =1 in (18). Then

W= (C+ GO+ + G + G + )
= (¢ + &)™ Trge,,) a0/ $1f
—ct + G ()



162 S. Gurak

according as j is a quadratic non-residue or residue modulo 11. By Corol-
lary 2 and Proposition 6 of 7], each finite field F 10, where the prime p # 3
satisfies p = 3 (mod 44), has a period polynomial @(z) in (3) with factors

(p—1)/2
. —v—1
UM (@) = S (—1yr (P P-1/2-v for 1 < j < 10.
(m) ( ) v X or >7] >

v=0
For the exceptional prime p = 3, the corresponding period polynomial has
half of its factors ¢%/1)(z) (1 < j < 10) equal to # — 1 and half equal to
r —4.

4. The case t = M. Keeping the notation of the previous sections and
requiring that d = 1 in (11), I now assume ¢ = M in (18), or equivalently
that s; = 1. Then M |b from (11) since [ = b.

I begin with a preliminary observation concerning the factorization of
PUd/™m) ().

PROPOSITION 3. ®U%/™) () has at least m/ged(r — 1, f) identical factors
when s = 1.

Proof. I shall apply Proposition 5 of [4] to the situation here, where

= le’f)é. Since m |p—1 and ged(j,m) = 1, one finds that ¢%/™) (1)

has at least

e _ (p—1)d/ged(p—1, f)
ged(e, (p —1)jd/m) (p—1)6/m

Tgedp—1,7) T gedlr—1])
factors.
For the most part, the results described in this section are seen to depend
on facts concerning ordinary Gauss sums of order m defined modulo an odd
prime £ =1 (mod m). Such sums have the form

—1
(20) Ta(X) = Y x()¢”

for some integer «, where x is a numerical character of order m modulo /.
Of particular interest here is the situation when r is a primitive root of f
(so b= ¢(f)), or equivalently K = Q, where the wj o in (14) are just integer
multiples of the Gauss sums in (20) for some fixed character y. Here and
throughout the remainder of this section I assume m > 1. The following
lemma explicitly gives w; o for the cases f = ¢ and 2¢”, where / is an odd
prime. I note that since p = 1 (mod M) and | = ¢*~1(¢/ — 1), M must
actually divide ¢ — 1 from (11). (Otherwise if | M then r =p =1 (mod /)
is not a primitive root of f.) But then ged(m, R) = 1som; =1 and R; = R.
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LEMMA 2. Suppose K = Q and s =1 with m|{ — 1. For f ={",
v—1 o pv—1
Wi = {f ra(x) i o

0 otherwise.
For f =20",
" 1o (x) if 071« with o even,
Wja = —El’*lT(guH)a/g(x) if 07| o with « odd,
0 otherwise.

Here  is the character induced by setting x(r) = (..

The proof of the lemma involves routine manipulations with Gauss sums
so I omit it here. Since 7,:(x) = (,, 71(X), the non-zero w; , in the lemma
are equal up to multiplication by a root of unity. In fact, one readily sees
that there are (¢ —1)/m occurrences of each possible value ¢* 1% 7 () (0 <
w < m), and also of —¢*71(¥7m(x) (0 <w < m) if f=20".

Now define a counting function b,, (i) by setting b,,(0) = 1, and for i > 0,
let by, (i) count the number of times a sum of ¢ mth roots of unity equals
zero. One finds the following formulas for the counting function b, j(n) in
terms of the values b, (i).

PROPOSITION 4. Suppose K = Q and s =1 with m|{ — 1. For f ={",

bm.5() = Ezj (7)o <£‘ml)<e Crp

For f =20",
f: (’:) o (i) (e_ml)z(g(ev 0+ 1) if moodd,
m,j(n = Z:On 7
2”; <7Z> by (7) <£_m1> (v =0+ 1)"""  if m even.

Proof. In view of the remark prior to stating this proposition and the
fact that 71(x) # O here, the number of times a sum wjqo, + ... + Wja,
equals zero for which 7 of the values w;, are non-zero and the remaining
n — i values are zero equals

n\ [({—1Y" ,
— ) by ()& — L+ 1)" i f =20
() (50) e —exny it g
If f = 2¢¥, then this number is
n\ (0—1Y" , — .
( ) () bom (1)(2(6” — €4 1))"™"  when m is odd,
m

7
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and

(T.L) (2“ - 1)>ibm(i)(2(£” ~041))"  when m is even.

(3 m

In each case, this yields the desired expressions for by, ;(n).

Now let By, (X) = exp(—Y_ .~ bp(n)X™/n), which is the “integral”
power series introduced by Gupta and Zagier in [2]. The formulas for the
b j(n) in the above proposition yield explicit expressions for the corre-

sponding power series (17) in terms of the series By, (X).

PROPOSITION 5. Suppose K = Q and s =1 with m|{ — 1. For f ={",

Crmj(X) = (1= (¢ = £+ 1)X) By, <1 —(iez ?fﬁ)X)

For f =2,

Cn.j(X)
) ((1 Y 1)X)Bgm(1 _(5(;1_))54"1))())1/2 if m odd,
! ((1 —a(r 0+ 1)X)Bm<1 _2;@; i)fi”z)X))l/Q if m cven.

Proof. I consider only the case f = ¢” here, since the argument when
f = 20" is similar. For f = ¢”, one obtains

from Proposition 4. Thus, from (17), —InC,, J( ) equals
S
—( E - 1 /m

S (o

n=1 =0
(Gt S S5 ()

(- ) B0 (1= )

N S el X (- _
_1<1 (e_l)/mX>+Bm(X/(1 X(¢ = £+1)/(£—1))),

since R/f =1 here. Replacing X by %X yields the desired formula.
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For d|p — 1, let fq(x) denote the minimal polynomial for the ordinary
cyclotomic period (7 + ...+ C;d, where z generates (F;‘,)(p_l)/d. Proposi-
tions 4 and 5 suggest that the factor $U%/™)(z) is related to the ordinary
period polynomial f,,(x) (or fom,(z) when f = 2¢¥ with m odd). Indeed
this is seen to be the case.

THEOREM 4. Suppose K = Q and s = 1 with m|€—1 and f = ¢ or
20v. Ifp| g then PUd/™) (z) = (xz — £)¢/9 else

PUs/m)
_ p—1 m
(5 1) fm<£_m1(X—(€”—£+1))> iff=

:

(r-1)/2 m
) <E_m1> ’ fgm(g_ml(X — (" — 0+ 1))) if f=20", m odd,
20— 1)\ D72 . ) m/2
( - ) fm<2(€_1)(X—2(£ —£+1)))
L of f=20", m even.

Proof. First note that the element g%/™ has order mR(p — 1) dividing
p® — 1 since p = 1 (mod m), m|¢ — 1|b and R = ¢” here. Thus each
of the traces Trg/%/™mz = 0 for z € C, if p| ¢, s0 tjsm(n) = f* (n >
0) and hence ®9/™(z) = (x — f)¢/? in that case. So suppose p{%. In
view of Proposition 3, it is enough to show in this case that 7;s/,, is a
conjugate of (¥ — ¢+ 1) + %(Cg +...+ (;m) if f = /¢ or a conjugate of
20V =0+ 1)+ ELE+ .+ GG+ () i f =207, where 2
has order m modulo p — 1.

For this purpose, I employ the formula from Proposition 4 of [4] to
compute 7;s/,, here, based on certain counts concerning the non-zero values
among the traces Trg¥*7%/™ (1 < y < R). In particular, let N count the
number of non-zero values among Tr g®¥+7%/™ (1 < y < R) and n; count
the number of times Tr g®*+%/™ for 1 <y < R lies in the coset G*(F};)*/°
(1 <t <e/d), where G = gla=1/(P=1) Then

e/d
(21) Njsym =0(p — (R = N)Je+ Y nity,
t=1
where ¢, = ft + I?HEN +.. .—|—CEHP717€/& is an ordinary cyclotomic period

of order e/0. To determine the counts N and n; for the situation at hand,
first write Rv+ (e/d)mu = 1 for integers u and v as in the remark preceding
(13), recalling that m; = 1 and Ry = R here. Then 6/m = eu+(6R/m)v , so
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that gevtio/m — gev'+idRv/m where ¢/ = y + ju. Without loss of generality
one may use the traces Tr g/®Fv/m+ey’ (1 < ¢/ < R) instead to find N and
N¢. Now Tr]Fq/]Fpe—1 g]5Rv/m+ey — %G]v/m TrFq/Fpe_l gey = 0 if gl/—l,fy/7

since gI0ftv/m — Giv/™ lies in F -1 and g° is a primitive f-root of unity. In
particular, the proof of the theorem when pf{ ¢ is reduced to the case v =1
where a = b = ¢ — 1. For this case one has traces

1,7/

Trs /s, GIvImgey’ — quv/mgey’  qive/mgepy’ 4 qive"TH/mger' ™ty

or

(22) Giv/migey 4 GEavgery' 4 G v ger Y]

for 1 <y < £since p =1 (modm). Taking g° as ¢} and GP=1/m —
gla=1/m as ¢B modulo P in the residue field of L = Q(¢y, Gm) for some
L-prime P lying above p as in the proof of Proposition 2, one identifies the
bracketed expression in (22) as the Gauss sum

1

(23) ¢ g Ry gy (R

If f = ¢, the sum (23) is just 7, (x?) in (20), with x determined by the
condition x(p) = ¢EV. A routine calculation now shows that the trace values
in (22) consist of one zero and (¢ — 1)/m repetitions of each of the non-zero
values GIV/mr, (x7), GUv=(=D)/mr (vi), . GUv=m=DE=-1)/my (i) in
this case, so

p—1)/m (m—=1)(p—1)/m

+o+ Q9

)

in (21) where A = G’*/™1,(x?) in F,. The conclusion of the theorem now
follows when f = ¢ (and more generally when f = ¢¥).

For f = 2(, the sum (23) equals 7,/ ,2(x’) in (20) if 3 is even, and
—Tu(y+0),2(X?) if y is odd. A routine calculation shows that the trace values
in (22) consist of one zero and (¢ — 1)/m repetitions from each of the cosets
:l:GjU/mTM(Xj), ig(jv—(p—l))/mm(xj), o ig(jv—(m—l)(p—l))/mm(Xj) of
F,/(£1). (Note that when m is even, each coset listed actually appears
twice since GP~1/2 = —1.) Since e/6 = (p —1)/2, ¥ = ft + C;Gt in (21)
in this case, so

/-1 —(
Njs/m = 1+ T(Cﬁ +¢¢

/-1 . —(p—1)/m N —(p=1)/m
nj5/m:2+T(CpA+CpA+CIi\G ’ +¢,0¢ ’
—(m-Dp-1/m G=(m=1)(p-1)/m
L QO s
from (21) where A = G7%/™7,(x?) in F,. The conclusion of the theorem

now holds when f = 2¢ (and more generally when f = 2¢”), regardless of
the parity of m.
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The above result generalizes Corollary 1 of [7] where the case m = 2 is

considered. There the middle factor ¢(%/?)(z) is determined explicitly since
fa(x) is given by (10).

(7l
(8]
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