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A magic p-dimensional cube of order n is a p-dimensional matrix
MZ;L = ‘m(ila-‘-vip) 1 Sil,...,ip Sn‘7

containing natural numbers 1, ..., n? such that the sum of the numbers along
every row and every diagonal is the same, i.e. n(n” 4+ 1)/2. (Note. A magic
1-dimensional cube M} of order n is given by an arbitrary permutation of
the natural numbers 1,...,n.)

By a row of M we mean an n-tuple of elements m(iy,...,i,) which
have identical coordinates at p — 1 places. A magic p-dimensional cube M?
contains pn?~! rows. A diagonal of MP? is an n-tuple {m(z,i2,...,4,) :
x=1,...,n,ij =x ori; =7 for all 2 < j < p}. The symbol T denotes the
number n+1—x, and |x| denotes the integer part of . Every p-dimensional
cube has exactly 2P~ great diagonals.

Figure 1 depicts a magic cube M3.
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Fig. 1. Magic cube Mg

A special case, for p = 2, of a magic p-dimensional cube M? is a magic
square. The first references to magic squares can be found in ancient Chinese
and Indian literature. They have been the object of study of many math-
ematicians (e.g. Pierre de Fermat, Leonard Euler), but not only of them
(also e.g. Arabian astrologers, Benjamin Franklin). A very famous magic
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square is in the painting Melancholy (]2, p. 147]) made by Albrecht Diirer in
1514. The construction of a magic square of order 3 appears in the tragedy
Faust by J. W. Géthe. Probably, the first magic cube appeared in a letter
of P. Fermat from 1640.

There is a lot of information and results about magic squares and cubes
in the 1917 book by W. S. Andrews. A revised and enlarged edition [2]
was published in 1960. More up-to-date information and references can be
found in a paper by Allan Adler [1]. Knowledge of magic p-dimensional
cubes can find its use not only in recreational mathematics, but also in
many fields of mathematics and physics (see [1]). Although many papers
have been published concerning magic squares and cubes, relatively little is
known about magic p-dimensional cubes for p > 4. A universal algorithm for
their construction has probably not been published yet. The construction
of an M2 for every n # 2 is in [4]. In [3] there is a construction of “magic
p-dimensional cubes” without the constant sum on diagonals.
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Fig. 2. Magic cube M§

Figure 2 shows the nine layers of an M3. The element m(1,1,1,1) = 46
is in four rows containing the triplets {46,8,69}, {46,62,15}, {46,17,60}
and {46,59, 18}. On the eight diagonals there are the triplets
{m(1,1,1,1) = 46,41,36}, {m(1,1,1,3) = 69,41, 13},
{m(1,1,3,1) = 15,41,67}, {m(1,1,3,3) = 35,41,47},
{m(1,3,1,1) = 60,41,22}, {m(1,3,1,3) = 26,41,56},
(m(1,3,3,1) = 53,41,29},  {m(1,3,3,3) = 64,41, 18}.
(Note. This picture is a magic square of order 9 with some special propri-

eties.) This magic 4-dimensional cube was constructed using the following
formula (from Theorem 1):

1
m(i1,iz,173,11) = [(u —i2t+i3—ig+ % - 1> (mod n)} n3

n+1

+ Kil—z’2+i3+z’4— —1> (mod n)]nz
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1
+ [(il—ig—ig—i4+3n; —1) (mod n)]n

1
+ [<i1+i2+i3+i4—3n;— —1) (modn)] +1.

This paper is concerned with the construction of a magic p-dimensional
cube of order n for every n # 2 (mod 4) and p > 1.

THEOREM 1. A magic p-dimensional cube MP of order n exists for every
odd natural number n and every natural number p.

Proof. We define a magic p-dimensional cube M? = |m(iy,...,1,)| of
odd order n by

p—1
m(iy,... i) = Y mp(is, ... ip)n" + 1,
k=0

m(in, ..., ip) = [Z(—nw*lz‘ﬁ(—nk 3 i +ok} (mod n)
r=1 r=k+1
(note 3°0_,(=1)*~* = 0) and

n—l—l_

Cp = ()" p—k—(k+1) (mod 2)] 1.

The constant C}, is chosen so that

- n+1’n—|—1””7n+1 :n—l for all 0< k <p—1.
2 2 2 2

The proof consists of four steps. First, we prove that each element of M?
is in {1,...,nP}; second, no two elements of M? with different coordinates
are equal; third, the sums of elements in all rows are the same; fourth, the
sums of elements on the diagonals are also the same.

1. Because 0 < my(i1,...,4p) < n—1forall 0 <k < p—1 we get
1 <m(iy,...,i,) < nP for every element of MP.

2. Suppose that m(iy, ..., 7,) = m(iy,...,ip). The definition of M, gives

p—1 p—1
> omp(iy, . ipn® + 1= my(iy,. .. 00" 4 1.
k=0 k=0

Hence
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Because the differences in brackets are less than n we get p equations
my(ih, ... i,) = my(i, ... i) forall0 <k<p-—1.
By rearranging them according to the definition of M2 we get
(Eo) (1) + i + iz + ...+, 4+ Cp) (mod n)
= (i1 +i2 +i3+...+1ip + Cy) (mod n),

(Eq) (i} =iy — i3 — ... — i, + C1) (mod n)

= (iy —ig —i3 — ... —1ip + C1) (mod n),
(E2) (1) —iy +i3 — ...+, + C2) (mod n)

= (iy —ig2 +i3 — ... +1ip + C2) (mod n),
(E3) (i) =iy +i3 — ... — i, + C3) (mod n)

= (iy —ig +i3 — ... —ip + C3) (mod n),

(Ep—1) (i3 —iy+ ...+ (=1)P Yy + Cp_1) (mod n)

=(iy —dg+ ...+ (=1)P"Yi, + Cp_1) (mod n).

By adding (Eg) and (E;) we get either 2if = 2i; or 2i{ = 2i; +n or
2i} = 2i; — n. Because ij < n and n is odd we get i} = i;. Replace i} by
i1 in (E1), (Eg2),...,(Ep—1). From the relations rearranged in this way, by
adding (E;) and (E3) we get i, = ip. Continuing in this manner, we get

iy = g, @) = gy il, = ip.
3. For every k =0,1,...,p—1 the set {my(i1,...,5j-1,%5,0j41,...,0p):
ij=1,...,n}is equal to {0,1,...,n — 1} and therefore
u —1
ka(il,...,ip) = n(n2) forall1 <j<p.
ij=1
This implies that every row sum is
n n p—1
> om(in,.oip) =Y [mulin,. .., ip)n" + 1]
i;=1 i;=1k=0
p—1 1
n(n—1) nPtl —n _n(n?+1)
= 5 n"+n= 5 +n= 5 .
k=0
4. From the definition of M? it follows that for every p-tuple (i1,...,1,),

mi (i1, -y ip) + mp(in, ... 1) =n—1;
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hence
p—1
m(iy,...,ip) + m(iy,....0p) =Y (n—1)nF+2=n" + 1.
k=0

There are (n — 1)/2 pairs of elements on each diagonal whose sum is n? + 1,
and in the center of MP? there is the element

n+1 n+1 n+1) nf+1

5 Ty g =5

Each diagonal sum is

n—1 n’+1 nn?+1)
P4 = .
(n? +1) + 5 5

This completes the proof. m

THEOREM 2. A magic p-dimensional cube MP of order n exists for every
natural number n =0 (mod 4) and for every natural number p.

We define a magic p-dimensional cube M? = |m(iy,...,1i,)| of order

n =0 (mod 4) by

P .

206, — 1) |\ .

Z (ix. — 1)nf~t 41 1fz<zj {]nJ) is odd,
m(iy, ... i) = " =1

Z( ir —1)nF~1 +1 in the opposite case.

k=1

The assertion of Theorem 2 follows from the following three facts:

1. No two elements with different coordinates are equal because
Z?:l(ij + |2(i; — 1)/n]) is odd if and only if Z;L:l(ij + [2(2; — 1)/n))
is odd.

2. The row sums are equal because for every odd coordinate i;,

m(il, e 7ij—17ij7ij+17 N ,ip) + m(il, . ,ij_l,ij + 1,ij+1, e ,ip)

=nP —n'"t4+1 or nP4+n/7l41.
In every row there are n/4 pairs of elements with sum n? — n/~! 4+ 1 and
the same number of pairs with sum n? 4+ n/=! 4 1.

3. The diagonal sums are the same because for every p-tuple (i1,...,1p),
m(il,.. . ,ip) +m(il,. . .,gp) = TLp + 1.
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