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Multiple exponential sums with monomials
by

XIAODONG CAO (Beijing) and WENGUANG ZHAI (Jinan)

1. Introduction. In 1989, Fouvry and Iwaniec [4] used the double large
sieve inequality due to Bombieri and Iwaniec [1] to estimate multiple expo-
nential sums with monomials

m§t ... my*
Z Z ©m, ...gomke<TM>,
mq~Mq m~ My - k
where e(f) := e*™ a; € R, ¢,,, € C. This method is often superior to the
classical methods (for comparison, see [5]—[7], [10] for example).

Let A be the A-process of Weyl-van der Corput and D the process of
applying the large sieve inequality. Then the method of Fouvry and Iwaniec
consists in an application of the AD process, which ends with a spacing
problem for the points ¢(m,q) and gives rise to a lot of applications. This
method was sharpened in Liu [8]. Recently, this spacing problem was further
improved in Sargos and Wu [9] by an ingenious new idea.

But sometimes if T is very large, one should use the A2D process (i.e.
two times the A-process followed by the D-process), which naturally involves
the spacing problem for the points t(m, g1, ¢2) := t(m+qe,q1) —t(m—q2,q1)
for m ~ M, ¢ ~ @1 and g2 ~ Q2. Recently, the authors [2] studied the
spacing problem of t(m, g1, q2) with ¢; fixed by the method of Fouvry and
Iwaniec [4], and used the result to study some problems in number theory
(see Cao and Zhai [2], [3]). This idea plays a key role in the two papers.

Our aim is to give better results on the spacing of ¢(m,q1,¢2). In Sec-
tion 2, some preliminary lemmas are given. In Section 3, we use the method
of Fouvry and Iwaniec to study the spacing of t(m, q1, ¢2) for all m, ¢, g,
which can be used to deal with the case of ¢; near to g2 in applications.
In Section 4 we use the new idea of Sargos and Wu [9] and the method in
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Section 3 to study the same spacing problem, which is used in application
for g9 larger than ¢;. The spacing problems for other related points are con-
sidered in Section 5. In Section 6, some estimates for exponential sums with
monomials are given. Applications of these results will be given elsewhere.

Notations. m ~ M means that M <m < 2M; f < g means f < g < f;
||It]| := min,ez |n—t| and 1 (t) := t—[t]—1/2 for real t. We also use ¢ to denote
an arbitrarily small positive constant, &’ to denote an unspecified constant
multiple of €, and €* to denote a fixed suitably small positive number. We
also use the notations

om . ala=1)...(a =m+1)
* m)!

and CY=1.

Throughout the paper, we always set (for a # 0, 1,2, 3)
t(m,q) :=t(m,q; ) = (m +q)* — (m —q)*,
t(m, q1, q2) = t(m, q1, q2; ) = t(m + g2, q1) — t(m — g2, q1)-

2. Some preliminary lemmas. Let 6 > 0, M > 1 and f € C[M,2M].
Define
(2.1) R(f,6) := {m € [M,2M] : || f(m)|| < &},
which denotes the number of integer points in the J-neighbourhood of f(t)
for M < t < 2M. In this section all constants implied by “<”, “O” and
“<” may depend only on « and .

We set h := (n,n,q,q) and H := (N, Q). We write h ~ H for n,n ~ N,
q,q ~ @ and define H := {h : h ~ H}. The following lemma is Theorem 2
of Sargos and Wu [9].

LEMMA 2.1. Let a, B € R withaB #0 andlet M > 1, N >1,Q > 1 and
L :=log(2MNQ). Let H* C H and gn(t) € C*[M,2M] with g, (t) =< uM,
gp(t) < pu fort ~ M, h € H*. Put fn(t) := v(h)t + gn(t) with v(h) :=
neg®/(n“q¢®). Then
(2.2) > R(fn,0) < SM|H*| + [H*| + (SNQH* |~ L)'/

heH*
+ M1/3M|H*‘ + (52N2Q2|H*|2M71)1/3

+ NQ(sM|H*|)Y/2.
LEMMA 2.2. Let a(a —1)(a—2)(—3) #0, o € R and q1,q2 > 0. Then
for |u| <1/(10(q1 + ¢2)),J € N, we have

t(17QIu7q2u; O[) 1/(a=2)
da(a — 1)qigou®

(23)  o(w)=oluq.qp) = (

=1+ ZUJ(QIa @2)u* + 0 (((q1 + g2)u)**?),
j=1
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where
k1
k! Cla—2)—1
(24) oj(q,q2) = :
J (g(;) kQ']{?g' - kj+1! (206%)kl
gh, < 2(k—1) 2(i—k)\ i
< (TI (o>t et o))
1=2 k=1

j

. 2(j—k) 2k .

= D anar” V" (g = ag ok, aj s real),
k=0

and where SC denotes the following conditions: k; > 0 (i =1,...,J + 1),
k2+2k3+...+JkJ+1 =7, k2+k3+...+k]+1 =K.
In particular

4 1
. QCaC(a_2)_1

(2.5) o =——(5 (@ +a)=Cld +a),
4C2 -1 (C4)?
(2.6) gy = — (0)2)2 (¢} + ¢3)
cl ., .CS
+ %(3(1? +10g7 g3 + 3¢3).

Proof. For u# 0 and |z| < 1/2 we have
(2.7) L+z)=> Cram
m=0

From (2.7) one easily gets

(28) (L qru,gous) = > Co{((q1 + g2))™ — (—(q1 — g2)u)™}
m=0
+ Z Co{—((q1 — @2)w)™ + (=(q1 + ¢2)u)™}

=2 C2™{(q1 + @)™ — (¢ — q2) " JuP™

m=1
It is well known that

|
(2.9) (x1+ ... +x,)" = Z Lm’fl .. xhm,

ki!. .. k!
ki+...+km=n 1 m
k>0, i=1...m
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It follows from (2.9) that
(2. 10) (@1 +a2)"™ = (@1 — g2)*™

2m
= ZCqu” 2 =Y Onait (—a2)?" ”:2ZC% Lg2h—12m=2k+1

Combining (2.8) and (2.10) we obtain
(2.11) o(u) = (1+ Alqr, g2, u) + O((qru + gau)*"+2)) V@2,

where
J+1

CQm m B e g 3
Alg 2w = ) 525 (D cgirta® Vg Jurm2,

m=2 & k=1

Now, using (2.11), (2.7) and the mean-value theorem, we have

J+1

(212) O- =1+ Z C(a 2)- 1 C]1>Q2, ) + O(((ql + Q2)U)2J+2)-
ki=1

Finally, by (2.12), (2.9) and after a simple calculation, we easily deduce

J+1 (12)1 ey

kjyiq!

k1=1 kotks+...+kyp1=Fk1
k;>0,i=2,3,...,J+1
J+1 ( ) ) J+1
{H(szzczk 1 2k 1 2z k) }{Hu2(i1)ki}>
i=2 i=2

+O(((q1 + Q2)U)2J+2),

and from the above expression Lemma 2.2 can be proved at once.

LEMMA 2.3. Let a, f € R, a(a —1)B(af =B —1) #0, r,q > 0 and let
v:=1/(af — B3 —1). Then for |u| <1/(10(r +q)), J € N,

i . t(1, qu, ru; «) K
(2.13) o (u) =" (u,q,7) = (2(a - 1)?2a)5q5ru'3+1>

J
=1+ ) o)+ O(((a + ),

where

4c,  6CF  (a—1)C}
(2.14) of(q,r)z’y(a(a_o‘l) + a; + (@ ﬂ) B)rz

4C, 2C3
+7<Ma—1Y+aﬂ>
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J
(215) J;f (q’ 71) = Z bj’iq2l,r,2(3*z)7
=0

where b; ; = bj; (o, B) is real for all i,j > 0.

Proof. The proof is similar to that of Lemma 2.2, so we omit the details.
We notice that the degree of u in the Taylor expansion of o*(u,q,r) is al-
ways even since o*(—u, q,r) = 0*(u, g, 7). Moreover, we have oc*(u, q,—r) =
o*(u,q,r).

3. Spacing problem for the points t(m,q;,q2) (I). This section is
devoted to investigating the spacing problem for the points t(m, q1, ¢2) with
q1 “near” to g2 by the method of Fouvry and Iwaniec [4]. Throughout this
and the next section all constants implied by “<”, “O” and “<” depend at
most on « and € (or £*); we also use the following notations. Let M > 10,
Ql 21,@221,77>0,5>0&HdA>O.W€S€tT::Ma72Q1Q2
and £ := log(2M@Q1Q2). Therefore for m ~ M, ¢ ~ Q1, g2 ~ Q2 and
Q1+ Q2 < M/3, we have t(m,q1,q2) < T.

Let F(M, Q1,Q2, A) denote the number of sextuplets (m, m, g1, ¢1, g2, G2)
with m,m ~ M, q1,q1 ~ Q1 and g2, g2 ~ Q2, satisfying

(3.1) t(m, q1,q2) — t(m,q1, ¢2)| < AT.
THEOREM 1. Let 1 < Q1 < Qo < M?/37¢. Then
(32) F(M,Q1,Q2, AYM ™ < MQ1Qz + A(MQ1Q2)*
+ MR8 + Q1R
We set
qigo Y 1 e~
A= <~~) ,  Bi=Ao1(q1,q2) — A 01(q1, @),
q142
where 01(¢1,¢g2) is defined by (2.5). The following lemma is an analogue of
Lemma 4 of Fouvry and Iwaniec [4].
LEMMA 3.1. Let D(M,Q1,Q2,A) denote the number of couples (m,q),
qa = (q1,q1,42:G2), with m ~ M; q,q1 ~ Q15 q2,¢2 ~ Q2, satisfying
|Am — Bm™'|| < A. If 1 < Q1 < Qo < M3/*=¢" | then

(3.3) M °D(M,Q1,Qs,A) < MQ:1Qs + AM(Q1Q2)% + Q2Q5°.

Proof. Since D(M,Q1,Q2,A) is non-decreasing in A, we can assume
that (Q1Q2)~! < A < 1. First we estimate the number of couples (m,q)
with |B| < AM by a crude argument. In this case we have ||Am| < 24,
which implies

@-2) =~

== - —|< AML.
q192 m
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By Lemma 1 of Fouvry and Iwaniec [4], the number of quadruples
(m,m,n,n) with m,m ~ M, n,n ~ @Q1Q2 such that

n 1/(a—2) @
n m
is

(35) < MQ@Q1Q2L 4+ (AM M M?*(Q1Q2)* = MQ1Q2L + AM(Q1Q-2)*.
Since Q1Q2 < q1G2,q1G2 < 4Q1Q2, the number of such (m, q) is
(3.6) < M(Q1Q2)"° + AM(Q1Q2)***

by a divisor argument.
By Lemma 3 of Fouvry and Iwaniec [4] (see also the proof of Lemma 2 in
Liu [8]) we find that for S = A~ the number of (m,q) with |B| > AM is

(3.7) < AM(Q1Q2)**° + By + By,

where

(38) Ey = El(Ma Q17Q27A) =A Z Z min(M7 I/HASH>7
1<s<S q1,q1~Q1
q2,32~Q2

< AM™!

(3.9)  Ea:= Ey(M,Q1,Q2,A4)
=AY > mn(ML(BlsMT) T,

1<s<S q1,G1~Q1, q2,G2~Q2
||As||<3s|B|M 2

We estimate FE; first. By a simple splitting argument for the interval
[1, A7), we get for some 1 < S] <A™l =9,

(3.10) By < ALY > min(M, 1/||As]|)
s~S1 q1,41~Q1, q2,2~Q2
lAs]l <Mt

cacy Y min(41/)As])

s~S1 q1,G1~Q1,q2,G2~Q2
|As||>M~1

= ALT, + ALT>.
Applying the same argument as for (3.6), we obtain
(3.11) Ty < M{S1(Q1Q2)"" + (M 157 1) ST (Q1Q2)*}.

To treat Ty, applying the splitting argument to the interval [M~1, 1], we get
for some M~ < § <1,

T2<<§Z > 1<<§ > 1.

s~S1 q1,1~Q1, q2,G2~Q2 s~S1 q1,G1~Q1, q2,G2~Q2
0<||As||<26 6<||As|| <28
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Similarly to the estimate for 7} in (3.11), we also have

(3.12) Ty < 07 L{S1(Q1Q2)" T + (657 1) S2(Q1Q2)* ).
From (3.10)—(3.12) we obtain
(3.13) By < M(Q1Q2) L + (Q1Q2)* ™ L.

To treat F5, we split the range of summation into subsets defined by
S1 <5<2S;and R< |B| <2R, where 1 < S < A ! and AM < R < Q3.
Thus for some S; and R,

(3.14) By <24 3 min(M, (|B|sM~%)~"/%)
s~S1 q1,41~Q1,92,42~Q2
|As||<3s|B|M~2, R<|B|<2R
< LAY > min(M, (RS M%) ~1/2)

s~81 q1,q1~Q1, q2,G2~Q2
||As||<S1RM~2

= L2AT;.
If R < MS;!, similarly to (3.11) we have
(3.15) ATy < A{S1M(Q1Q2)"° + S1(Q1Q2)* T}
If R > MS;!, similarly to (3.12) we also have
(3.16) AT < LARS;M™%)71/2 " > 1

s~S51 q1,1~Q1, 92,32~ Q2
|As||<S1 RM 2

< LARSIM™3)712{81(Q1Q2)** + (RM~)S(Q1Q2)**}.
Combining (3.14)—(3.16) we get

(3.17) Fo < M(Q1Q2)" L + (Q1Q2)* L + (AM)~V2(Q1Q2)* Q2 L.

Finally, since D(M, Q1,Q2, A) is non-decreasing in A, we can replace A

on the right-hand side of (3.17) by A+ M_ng/g; this new A and the con-
dition Q; < Qy < M3/*=¢" assure that |B| < AM? holds. This completes
the proof of Lemma 3.1.

Proof of Theorem 1. Inequality (3.1) implies that
‘tl/(a—2)(m’ a1, @) — t1/(@=2) (M, 41, 32)| < AT/ (a=2)
By (2.3) with w = 1/m and J = 1, we deduce that
(3.18) |Am + Bm™" —m| < AM + Q3M 3.

Clearly (3.18) implies ||Am + Bm™!|| < AM + QiM~3, and for given
m,q1,q1,4q2,G2 the number of m is bounded by O(1 + AM). Applying
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Lemma 3.1 with A = AM + Q53M ~3 we get
F(M,Q1,Q2,4) < (1+ AM)
X (M(Q1Q2)"° + AM?(Q1Q2)*** + M2Q7HQ5%)
+(L+ AM)QYQY L.
If AM < 1 we obtain the bound (3.2), otherwise the trivial estimate yields
F(M,Q1,Q2,4) < (1+ AM)M(Q1Q2)* < A(MQ1Q2)*.
Now the proof of Theorem 1 is finished.

4. Spacing problem for the points ¢(m,q1,g2) (II). In this section,
we shall use the new idea developed by Sargos and Wu [9] and the method
in the proof of Theorem 1 to investigate the spacing problem for the points
t(m,q1,qz2) for go “larger” than q;. Before stating our result, we need some
notations. For ¢ ~ Q1, g2 ~ Qa, we have (q1q5 ')/~ € I, where I :=
[c(Q1Q5 MY (=2 (Q,Q5 1)V (@~ and ¢, ¢ are two suitable positive
constants depending on « only. Let I, C I with |I,)| = n(Q1Q5 1)/ (e=2),
We use E(M, Q1,Q2, A, I,)) to denote the number of sextuplets (m, m, g1, g1,
q2,G2) with m,m ~ M, q1,q1 ~ Q1, g2,q2 ~ Q2, such that

|t(m, q1, q2) - t(ﬁ’L, ala 62)| < ATa
(qlqgil)l/(a_2) c IT]) (alz]‘gé*l)l/(a—2) c I77'

THEOREM 2. If Q1 > 1,Q1M® < Qy < M'™% and Q1Qy < M3/?7¢,
then there exists an

2 L /
U:U(Mansz) S [max (Qé,cggl%>,cc—1:|

(4.1)

such that

(42) n_lM_E Z g(M7Q17Q27A7IT],k)
0<k<K

< MQ1Q2 + AM?QIQ3 + (MQIQ3)'* + M2Q1Q3

+(AMQPP QN + (AM*Q3Q2)"* + (Q1PQ5%)Y/°

+ (AMZQIQY) Y + (MT1QIQD'?,
where 1, 1. := [ag, (1 + n)ag], ax == (1 + n)Fec(Q:Q5 M)V (@=2 and K :=
[log(c'/c)/n].

Define
611(12> 1/(a—2)

0192 ’
Q:={q:q,¢1 ~Q1; ¢2,02 ~ Q2},

q = (qhaDQ%aQ)v U(Q) = <
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v1(q) = v(q)o1(q1, q2) — v~ (Q)o1(q1, G2),

where o1(q1,q2) is given by (2.5), and we define ¢; := 1;(m,q) by the
recurrence relation

(4.3) 1= vi(@)m
J
(@) by =Y {o(@osar @)m ™ = 3@, o) (wlam + vs-1) )

for J > 2.
Let &(M,Q1,Q2,6,1,) be the number of couples (m,q) with m ~
M,q ~ Q such that

lo(@)m + s(m, )| <9,
(4.5)

(qqua—l)l/(a—Z) c L77 (’qvlagz—l)l/(a—Z) c In'
LEMMA 4.1. If 1 < Q1 < Q2 <e*M, then for any J > 1,
(46) E(Mv Qla Q27 Aa In) < (1 + AM + M72J71Q3J+2)
x Eo(M,Q1,Qa, AM + M~2771Q37 12 1,).

Proof. Obviously it is sufficient to prove

(4.7) M= v(Q)m+¥s + O0s(AM + M~2771Q37+2).
We observe that
1/(a—2)
t(m, q1, ¢ o _
e ]

The inequality in (4.1) is equivalent to
\tl/("‘_2)(m, a1, @) — 1/ (@=2) (M, 41, 32)| < AT (@=2)
which implies
lv(q@)mo(m™, q1,q2) — mo(m ™, q1, ¢2)| < AM.
Applying Lemma 2.2, we can get for every J > 0,

J
(4.8) ‘U(Q)m + Z{U(Q)Uj(qh g)m” P — oG, @)m P} —m

< AM+M_2J_1Q3J+2.

For the choice of J = 0, one has m = v(q)m+O(AM + M ~1Q3). Taking
J =1 in (4.8) and replacing m by v(q)m + O(AM + M~1Q3), we get the
first approximation

(4.9) m = v(q)m + 1 + O(AM + M~3Q3),
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namely, (4.7) holds for J = 1. Now we suppose that (4.7) is true for J — 1.
Thus we can replace m~2 %1 by {v(q)m +1;_1+O(AM + M ~27+1Q27)}2i-1
n (4.8); we then easily deduce that (4.7) is also true for J. This finishes the
proof of Lemma 4.1.

Now we divide the set Q into two sets Q1 and Q. All q satisfying

(4.10) v} (a)g; — 37| > 2% (@) — @, a€Q,
form the set Qq. All other q form Q5.

LEMMA 4.2. Let 1 < Q1 < Qo <&*M. Then fort ~ M and q € Q1, we
have

o )
L) (o)

a1~ 1/(a—2
o= (257
(71972171
Proof. Since

bi(ta) = CLOA@E —32) + (P(@)d — 7)) 2,

by (4.10) we get

(411) - 1|Q3M_i_1 (7’:0)1)2)7

where

1/(a=2)
<q1q > g2 — G| M™?

- 2 ~2 1
it q) = v (@)@ — G5 1M1 =< Qs A

= Q3lw(a) — 1M

Now, (4.11) is true for J = 1. Suppose that it holds for J — 1. We write

(4.12) mj{ﬂ%w_ 0.5 )

J m? (v(@)m + 1 y-1)%

=1
J

4 Z oi(q1,q2)

o Q)m +y_1)%

J=1

Using (2.4), the induction hypothesis and Q1 < Q2 < £*M, it is easy to see
that the last term in (4.12) is

2
< (ol - 1030 )(52) < =7 lla) - 1Q3M

Similarly by (2.4) we get again
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J SO
0 Q1>CJ2 Uj(Qth)
(4.13) ; m2i (w(q)m + )%
:C{ql+q%— 6124‘622 }
m? (v(@)m +1y-1)?

2(5—1) 2i J ~2(j—1)~24

zoawa %) (lico it s ")
+z{ it )

(v(@)m + y-1)%
_ oW @)e; — @) + (V(a)gt — a7’)
(v(a@)m +vy-1)?

(2u(q)m + vy_1)(@ + ¢3) 225
(v(@)m + 1)

J 2(1 i) ¢ (}’12(j_i)(’j’22i
’ JZZZGH{ m2 (v(@)m + 1) }
Via (4.10) we have

(4.14) (W} (@) — @) + (v*(@)at — 7)) = Q3lw(a) —1].
By the induction hypothesis we have

(115)  (2o(am + by (e} + ) L

« M3llata) - 11030

+C

< eQ3|w(a) — 1|-

Now we prove

J 2(J i) g2 ~2(j—i)~2; 4
4 q3 w(q) —1]Q5
4.16 § p P .
( ) =2 z:o% { m2 (v(@)m +y-1)% }<< M

For any 1 < j < J, by the induction hypothesis we have

(U(q)m)Qj ~ (w(@m + 1/%171)27
_ (wl@m+¢y-1)* — (v(@)m)*
(v(q)m)i (v(Q)m + 1)

v(q)m+y_1
<L jM™Y | ¥ du < M ME
v(g)m
L -1
<<jM—4]M2]—1|w( ) |7 < | (q) ’

M?2i
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For 1 <1 < j, we have

@' —g' =i | wldu
32
<iQT v (a)gt — ¢ < iQT v (a)gs — 45|
<iQ7?Q3|w(q) — 1| < iQ3'|w(q) — 1|

and

v*(q)q3

@)y —gt =i | u'ldu
iz

<iQ3 P (@)gs — @5 | < iQ5 |w(a) — 1.
So for 0 < ¢ < j, we have
Uzi(q)qf(j—i)qgi _ af(j—i)a;i
=v¥(@)g;V ed - (v(@)ar)?V VG
+ (U(q)ql)z(j—i)%zi _ 512(j_i)522i
= (v(@)q)*V " (0¥ (a)gy —@5")
+ 67221‘((1}((])(11)2(]‘4) _ 6712(3'—1'))
< (@Y7QF + QF)w(a) - 1|
< Q7 lw(q) — 1.

Combining the above estimates we get, for any 0 < i < 7,

9(id) o (i
ql(J Z)q%z - h (4 Z)(]221
m?J (v(a)m +py_1)%
9(imi) or B q) s
B ql(a 1)(]%1 G (4 Z)q22z
 m2 m2J

+’qu(j_i)’qVQi< 1 N 1 )
! > \(wl@m)¥  (v(@)m+y_1)%
=m0 (g — 720V

+ 512(1'—2‘)5221'( 1 _ 1 )
(v(@m)*  (v(@)m +¢y-1)%
< MHQY [w(q) 1.
Hence (4.16) follows upon summing over j > 2,0 < i < j.
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Combining (4.12)-(4.16) we conclude that the first relation of (4.11)
(namely, ¢ = 0) holds for J. The other two can be shown similarly.

The following lemma is a key to the proof of Theorem 2. To prove the
lemma, we shall use Lemma 2.1 and the idea in the proof of Theorem 1.

LEMMA 4.3. If Q1Q2 < e*M3/? and 1 < Q1 < Qg <e*M, then there is

an
Q? 3L ) d }
= Mv 9 c N y T 1
such that
(417) 7'M > &(M,Q1,Q2,6,1, k)

0<k<K
< MQ1Q2 + 6MQIQ35 + (MQIQ)Y* + M2Q1Q3
+ (OMPQIPQ3N)'® + (IMPQ1Q2)'* + (Q1° Q") /°
+ (OMQIQ)V* + (M1 QIQ5)Y2.

Proof. We put fq(t) := v(q)t + ¥;(t,q) and use S, to denote the

quantity to be estimated in Lemma 4.3. Let Eél)(M, Q1,Q2,0,1, ;) denote
the number of couples (m,q) with m ~ M, q € Q; such that (4.5) holds,

and 552)(M, Q1,Q2,6,1, ;) be the number of couples (m,q) with m ~ M,
q € Q2 such that (4.5) holds. Clearly we have

(418) 80(M7Q17Q2767 In,k)
= g(gl)(Mv Q1> QQv 5’ Imk) + 552)(M, Ql, QQ, (5, Imk)-
We estimate 7! ZogkgK Sél)(M, Q1,Q2,6,1, 1) first. Define

HY = {a € Qu:lwl@-1[<n}, ) :={a€Qu:m/2<|w(a)-1 <m}
with 7, := /2! (0 <1< L := [log(nQ1Q2/L)/log2]). Noticing that the last

two conditions of (4.5) imply |w(q) — 1| < 1, we can write

(419) 77_1 Z Sél) (M7 Q17Q2757 In,k)

0<k<K

<! Z R(fq,d) +n~" Z Z R(fq:6)-

(1 <I<L 1
qEHm)L+1 0<i< quih;

For q € H;I)L 41, we have R(fq,9) < M trivially, which implies that the
first term on the right-hand side of (4.19) is

(4.20) <N M{Q1Q2L + 1p+1(Q1Q3)} < MQ1Q2Ln™!

in view of Lemma 3.2 in [9)].
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When q € H;ll) (0 <1< L), Lemma 4.2 shows that the function fq(t)

satisfies the condition of Lemma 2.1 with p = m;Q3/M3. Hence the second
term on the right-hand side of (4.19) is

421) <7t ST {eMH) + QDAY+ )
0<I<L

T OMPQuIH Iy, )
0<I<L

7t Y (MM P )
0<I<L

07t Y QuQa(oMIH )2,
0<I<L

When 0 < < L, Lemma 3.2 of [9] implies that
\H | < Q1Q2L + m(Q1Q2)* < m(Q1Q2)?,

so we replace \’H( )\ by the estimate 7;(Q1Q2)? in (4.21). Combining (4.19)
and (4.20), a Slmple calculation shows that

422) 77t Y &V (M, Q1,Q2.0.1,)
0<k<K
< MQi QL™ +IMQIQ3 + Q1Q3 + Q1Qy *n'/?
+ (OMPQIQ2) 2L~ + (2 MP QI Q) P2
+ (BMQIQ3)" 2y~ /2.
Now we estimate ™' > < 852)(M, Q1,Q2,6,1, ;) by the technique
in the proof of Theorem 1. Let £ (M, Q1,Q2,d) be the number of couples

(m,q) with m ~ M, q € Q2 such that the first condition of (4.5) holds. We
can obtain

> &7 (M, Q1 Q2 0,L,0) < E5 (M, Q1. Q2,9).

0<k<K
From the first condition of (4.5), we get
0¥ (@)as — 5’| < 2P*(@)gi — ar’l-

So applying similar arguments to those for the estimate (4.11) in Lemma 4.2
for i = 0, we get

(4.23) lv(@)m +vi(q)m ™| < 6 + Q?Q3M 3.
Let B(M,Q1,Q2,9) denote the number of couples (m,q) with m ~ M,



Multiple exponential sums 209

q € Q5 such that
(4.24) lo(@)m + vi(@)m ™| < § + M~'QY* + QQIM 3.

It is easily seen that &(M,Q1,Q2,9) < B(M,Q1,Q2,6). Now, using the
same argument as in Lemma 3.1 and noticing B = v1(q) < @3, one obtains

(4.25) M B(M,Q1,Q2,6) < MQ1Q2 + M (Q1Q2)*
+ Q1 Q3+ M2(Q1Q2)".
Combining (4.18), (4.22) and (4.25), we get
(4.26) M85, < MQ:Qon™ " +5MQIQ3n ™" + Q1Q3
+Q% 3/3771/3 +Q§/3Q§?7_1 + (5M3Q§’Q2)1/277_1
+ (52M3Q?Q3)1/3n_2/3 + (5MQ‘11Q‘21)1/277_1/2
+ M72(Q1Q2)*n .

Now applying Lemma 2.4 of [9] to optimize the parameter n € [max(Q?%/Q3,
3L/(Q1Q2)),c /c — 1], one has

(4.27) M8, < MQ:1Q> + sMQIQ3 + Q1Q3
+(MQIQNY* + M~2(Q1Q2)* + (IM*Q1PQ3")"/®
+(B°MPQIPQE) YT + (6MQ1°Q;*)'?
+ (OMQIQ2)"? + (M Q1)
+ (OMQIQ)? + (Q2QD)'* + Q1° Q3
+(Q°Q3M)YC + (OMQIQ)! + (M1 QI @8)"
= T1+T2+...+T15.
It is easy to check that
T3, T2, Tiz < Tha,  Tix < (ToT3)Y2,
1/3,2/3 4/5741/5 8/91/9
To < VPP, <P, T <TPT
and this completes the proof of Lemma 4.3.

Proof of Theorem 2. Now Theorem 2 is a simple consequence of Lem-
mas 4.1 and 4.3.

5. Spacing problem for the points t(m+qs, 1) —t%(m—qa2,q1). The
transformation formula (B-process) is important in the theory of exponential
sums. When estimating an exponential sum of the type

Z Z ambne(Amen?),
m~M n~N

sometimes we have to use a B-process (over the variable n) between two
A-processes (over m). In this case we have to consider the spacing problem
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for the points

(5.1) tg(m, q1,q2) == tg(m, q1, q2; @)
=t (m+ g2, q1) — t°(m — @2, 1),

where o and [ are real numbers such that
ﬁ(aﬁ - ﬁ - 1)’[1,(04,6)’0(04,5) # 07
—2)(a—3 —1
(@-2a-3) -1
6 «
—1 -1 -2 200—1
o) = (o )+ CZVO=DO=2) 20 1)

Let M > 10, Q1 > 1, Q2 > 1, n > 0, and A > 0. We set T :=
Maﬂ_ﬁ_lQ?Qg and £ := log(2MQ1Q2). Hence for m ~ M, ¢ ~ Q1,
g2 ~ Q2, and Q1 + Q2 < M/3 we have tg(m,q1,q2) < T.

Let B1(M,Q1, A,n) denote the number of quadruples (m, m, ¢1, g1) with
mum ~ M7 Ql < qlval < (1 +n)Qla and q2 ﬁXEd, q2 € [Q272Q2]) such that

U(Oé, ﬁ) -

‘t,@(m7q17q2) - tﬁ<maal7q2)’ < AT.

THEOREM 3. If Q2 > 1,Q1 > Ci(e, )Q2, Q1 < M'~¢, where Cy(av, §)
is a computable constant depending on a and 3 only, then there exists an

n=n(M,Q1) € [1/v/Q1,1] such that
(52) 77" D Bi(M, Qi A n) < {MQ1+AMQy)* +(MQY)V/*} L1,

0<k<K
where Q1 == (1 +n)*Q1 and K := [(log2) /7).
Let B2 (M, Q2, A,n) denote the number of quadruples (m, m, ¢z, q2) with
m,m~ M, Q2 < q2,G2 < (1 +1)Q2, and ¢; fixed, ¢1 € [Q1,2Q1], such that
lta(m, q1,92) — tg(m, q1,q2)| < AT.

THEOREM 4. If Q1 > 1, Q2 > Co(a, 8)Q1, Q2 < M2, where Co(a, 3)
1s a computable constant depending on o and (B only, then there exists an

n=n(M,Qs3) € [1/\/Q2,1] such that
(53) 07" Y Ba(M, Qo Am) < {MQ2+ A(MQ2)* +(MQ5)"/*}L*,

0<k<K

where Q2 = (1 +n)*Qa and K := [(log2)/n).

REMARK. Since the proofs of Theorems 3 and 4 are very similar to that
of Theorem 3 in Sargos and Wu [9], we omit them.

When @1 =< @2, we give the following theorem, which is an analogue of
Theorem 1.
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THEOREM 5. If Q1 >1, Q2 > 1, Q1 € Q2 < Q1 < M?/3, then
(5.4) Bi(M,Q1, A1) < {MQy + AMQ1)* + M2Q8}£*.

6. Estimation for exponential sums with monomials. In this sec-
tion we give two estimates of the general three-dimensional exponential sum

Sp(M, My, M) : Z Z Z )b(my, ma)e(Am®mfm]).
mn~ M M1NM1 m2~M2

This sum was studied by Fouvry and Iwaniec ([4], Theorem 3) and by Liu
([8], Theorem 3), and then sharpened by Sargos and Wu ([9], Theorem 7).
Throughout this section we use the notation £ := log 2M M7 M>.

THEOREM 6. Suppose that o, 3,7, A, M, My, Ms € R, a(av — 1)(ax — 2) %
(a=3)v(y—1) #0, A # 0, M,My,My > 1. Let |a(m)| < 1,|b(m1,m2)|
<1, F=|AIM®M{M], F > M. Then

(6.1) Sp(M, My, Ms)M—¢

< (FMPMIMDYE 1+ (MEMT MDY 4 (FAMA3 Mo 54/
- (FTMB2L00 \100Y1/108 | (3 ) r37 a6 ) 746)1/49
F3 A MO NS4 L/58 | (29 250 294 )294)1/336
725 230 ) [266 | [266)1/304 | ( [o25 ) 262 | 204  1294Y1/336
FLpf181 188 ) 188)1/200 | (17334 ) r344 ) 1344)1/368

+ o+ o+ +

+
(
(
(
(F—4 0190 )18 p7188Y1/200 4 (5 a6 0f8)L/6
(M)

Proof. We only give a sketch of proof; the details are similar to Theo-
rem 7 of Sargos and Wu [9].

If FF < M?, Theorem 6 follows from Theorem 3 of Fouvry and Iwaniec [4].
Now we suppose F > M?2. By Cauchy’s inequality and Lemma 2.1 of Sargos
and Wu [9], for some 10 < @1 < M3 we get

IS712L7 < (MM M)?*Q7 + MM, M@yt Y

Y clma)e(At(m, g )mim])

(]1"\'621< mn~ M 7)7,1!‘\11\417 maon~ Mo

for some 1 < Q7 < Q1, where |c(m,q1)| < 1.
Take Q2 = Q12. By Cauchy’s inequality and Lemma 2.1 of Sargos and
Wu [9] again, we get

S0 <« (MM MQ))2Q5 Y + MM Mo QiQ5 5y

with
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with
El = Z Z c(m,ql,qg)e(At(m, Q17QQ)mfmg)
q1~Q7, q2~Q5 mi~M;
m~M ma~Ms

for some 1 < Q5 < Q2, where |c(m, g1, q2)| < 1.

Now we use the D-process to Y. For the spacing of mf mg, we use
Lemma 1 of Fouvry and Iwaniec [4]. For the spacing of t(m, g1, ¢2), we use
Theorems 1 and 2. If Q5 > Q7M*® or Q7 > Q5M*, we use Theorem 2; if
QiM—= < Q35 < QjM¢e, we use Theorem 1. Finally, using Lemma 2.4 of [9]
to choose a best Q1 finishes the proof of Theorem 6.

When one of the coefficients is smooth, combining with B-process we
may often obtain a better estimate.
Let

Srr(M, My, M) := Z Z Z a(my)b(ma)e(Am*mPmY).

m~M m1~M1 mzNMQ

THEOREM 7. Let M,My,My > 1,A > 0, afB/(a—1) ¢ {0,1,2,...},
a(my) < 1 and b(ms) < 1. Then
(6.2) Spr(M, My, My)M™¢
< (F2M3M17M27)1/8 + (F4M17M27)1/8 + (F18M15M154M254)1/58
i (F35M26M1100M2100>1/108 + (F31M24M192M292)1/98
i (F10M6M127M227)1/29 4 (F111M86M1294M2294)1/336
i (F103M74M1266M2266)1/304 4 (F119M74M1294M2294)1/336
+ (F8OM19M1188M2188)1/200 n (F149M34M1344M2344)1/368
+ (F43M5M?4M294)1/100 + (F2MMfM26)1/6
+ (F*M T MEM3)YE + FTV2MNH.
Proof. Using the B-process to m and then using Theorem 6, we get the

assertion.
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