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1. Introduction. For the coeflicients of a cusp form of integral weight
k for SLa(Z), Perelli [13] showed an analogue of the Siegel-Walfisz prime
number theorem. His result was proved by using Rankin—Selberg L-functions
Lfg¢(s,x) (see the definition below). The aim of this paper is to prove
an analogue of the Siegel-Walfisz theorem for the product of the Fourier
coefficients of two cusp forms. It is obtained through the investigation of
Rankin—Selberg L-functions associated with two cusp forms for SLa(Z).

Let Si(I") be the space of cusp forms of weight k for I' = SLy(Z). Let
f € Sp(I'") and g € S;(I") be normalized Hecke eigenforms. We write their
Fourier series expansions at the cusp as

(1.1) f(z) = Z an e g(z) = Z b, €27z
n=1 n=1
The Rankin—Selberg L-function associated with f and g is defined as
Lygg(s) = H(l - O‘pﬁpp_s)_l(l - O‘pﬁpp_s)_l

P
X (1= a@pBpp™*) "1 (1 = apByp™) 1,

where p runs through all prime numbers, o, and 3, appear in the Euler

products of L(s) and Ly(s) as follows:

oo

Lits) = 3 ot =T[—aw ) 0w )
n=1 P
> by, e = s
Lys) =Y =[-8~ (0~ Bpp ),
n=1 P

in other words o, and 3, are complex numbers satisfying «, + @, = a,
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lap| = p*~1/2 and @ﬁ—ﬁp = by, |8, = p"~1/2. (Here, Z means the complex
conjugate of z.) We also define the twisted Rankin—Selberg L-function as

(12)  Lyag(s,0) = [J(1 = awBox(@)p™*) " (1 — apB,x(p)p~*) "

P

x (1— apﬁpX(p)pis)il(l - apoX(p)pis)ila
where y is a Dirichlet character modulo d > 1. For Re(s) > (k +1)/2, it is
clear that

(1.3) Ligg(s,x) =L(2s—k—1+2, XQ)Lfﬁg(s, X)s
where

Lf79(37 X) = Z anan(n)n_sa
n=1

and L(s, x) is the Dirichlet L-function attached to x.

In Section 2, we consider the zero-free region of Lygg4(s,x). When x is
a non-primitive character modulo d and x* is the primitive character which
induces x, then Lfgq(s,x) can be expressed as follows:

(14)  Liag(s,x) = Lrsg(s,x") [ (1 — auBox®)p™)(1 = cpB,x(p)p ™)
pld
x (1= Bpx(p)p~") (1 — apfpx(p)p~°).

Therefore, it is enough to consider the zero-free region of Rankin—Selberg
L-functions with primitive characters. In the classical argument for the zero-
free regions of Dirichlet L-functions, and also in Perelli’s proof for the case
f = g of Rankin—Selberg L-functions, positivity of some quantities plays an
essential role. Such positivity, however, is not valid for f # g. In this paper
we develop a new approach which is a variant of the classical argument
but without using the positivity, and we will obtain the following theorem.
Hereafter we write s = o + it.

THEOREM 1. Let f € Si(I") and g € Si(I") be normalized Hecke eigen-
forms. There ezists a positive constant ¢ = c(f,g) such that Lygq(s,x) # 0
in the region
k+1 c

2 log(d(|t| +2)’
where x s a primitive Dirichlet character modulo d > 1. However, there is
at most one exceptional zero (< (k +1)/2) which is real and simple in the
case where x is a real non-principal character.

Consider the set S of functions Lygg(s, x) where x runs through all real
primitive characters modulo d > 2. Then there exists a positive constant c
such that in S there is at most one Lygq4(s, x) which has a zero in the above
region, and this zero is unique, real and simple.

o>
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The exceptional zero in Theorem 1 is called the Siegel zero. Concerning
the Siegel zero for the L-functions for GL(2) or GL(3), there is a work
of Hoffstein—Lockhart [7], with appendix by D. Goldfeld, J. Hoffstein and
D. Lieman. This article shows that, in many cases, L¢g¢(s, x) attached to a
Maass form f does not have the Siegel zero. For certain L-series for GL(3),
Hoffstein-Ramakrishnan [8] show the non-existence of the Siegel zero in
several cases. We cannot apply their result to Lgy(s, x), f # g, because it
is an L-series for GL(4). Though L;g(s,x) is an L-series on GL(3), this
case needs Hypothesis 6.1 in Hoffstein—-Ramakrishnan [8] for the proof of
the non-existence of the Siegel zero. Hence, investigating the Siegel zero for
Ltgq(s,x) is still of interest. Theorem 2 is Siegel’s theorem for Lfgg4(s, x)-
Siegel’s theorem for Lsg (s, x) in Perelli’s paper was proved by using a
result of Perelli-Puglisi [14]. But the proof in [14] is incorrect, as mentioned
in Carletti-Monti Bragadin—Perelli [1]. This mistake was also mentioned by
Golubeva—Fomenko [5], who suggested an alternative way of proving Siegel’s
theorem for Lyg (s, x), but their treatment seems to be a little rough.

The next theorem gives a zero-free region of Siegel’s type on the real axis
for Lgg(s,x). The basic idea of the proof is similar to Golubeva-Fomenko
[5]. We could get a sharp estimate of the twisted coefficient sum, which is
better than that used in [5], but we do not do it in this paper, because we are
able to obtain Siegel’s theorem for Lsg4(s, x) without this sharp estimate.
Our proof includes the case of f = g, hence covers Perelli’s assertion.

THEOREM 2 (An analogue of Siegel’s theorem). Let f and g be as in
Theorem 1 and x a real primitive character modulo d > 2. Then, for any
e > 0, there exists a positive constant c¢(e) = c(e, f, g) such that Lgg(s, x) #
0 in the region

k+1 c(e)
T T T E

Professor A. Perelli informed us that now he has an idea, similar to the
method of proof in this paper, of proving an analogue of Siegel’s theorem
for Lygy(s,x).

In Section 3, taking account of Theorems 1 and 2, we will prove the fol-
lowing Theorem 3, which is an analogue of the Siegel-Walfisz prime number
theorem

Z A(n) = k;(d + O(z exp(—cy/log x)),

n<x
n=a (mod d)

where A(n) is the von Mangoldt function. This is the main theorem in this
paper.

THEOREM 3. Let f € Si(I") and g € S;(I") be normalized Hecke eigen-
forms and assume f # g. Denote by a, and b, the nth Fourier coefficients
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of f and g respectively. Let a, d be positive integers with (a,d) = 1, and M
be a positive number. Then there exists a positive constant ¢ = ¢(M) which
depends on M such that

Z apb, = O(z**+D/2 exp(—cy/log z))

p<z
p=a (mod d)

for d < (logz)M.
The difference as compared with Perelli’s result [13] is that the main

term does not appear in the case of f # g. Perelli’s result implies that if
f =g then

a’A(n) = ’ + O(z* exp(—cy/log z)).
S e = g + Ot exp(eylog )
n=a (mod d)

This difference is caused by the fact that Lsg ¢(s) has a simple pole at s = &,
while L¢gq4(s), f # g, is an entire function.

Throughout this paper, ¢ denotes a positive constant, not necessarily the
same at each occurrence.

The author would like to express her deep gratitude to Professor Yoshio
Tanigawa for his very important advice indicating how to construct an ar-
gument without using the positivity, and his kindness. She is also grateful
to Professor Kohji Matsumoto for valuable suggestions, discussions and en-
couragement, and to Professor A. Perelli for useful information and advice.
She expresses her thanks to Professor A. Ivi¢ and Professor Hirotada Naito
for advice and comments, to Professor Tohru Uzawa and Professor Fumi-
hiro Sato for discussions and valuable opinions, and also to the referee for
valuable comments.

2. On the zeros of Rankin—Selberg L-functions. First, we recall
several known results on Lg4(s,x) which will be used later.

The Rankin-Selberg L-function is defined in (1.3). The functional equa-
tion of Lygg(s,x) was given by Li [9]. He considered the Rankin-Selberg
L-function attached to two cusp forms Fi(7) and Fy(7). Here we apply Li’s
result to

Fi(r) =Y ane®™™,  Fy(r) =Y bux(n)e*™".
n=1 n=1

Then Fy is an element of Si(I"), and Fy is a newform of type (I, x?,d?).
Li’s work shows (see Theorem 2.2 of Li [9]) that the following functional
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equation holds for Rankin—Selberg L-functions. If we put

or\ ~** k—1
Drag(s,X) = <d) F(s—i— 2>
><F<5—i—k;_l—1)Lf®g(s+k—2{_l—l,x>,
then we have

(2.1) Prag(s,X) = Oy Preqe(l —5,X)

where k > [, C, is a constant which depends on x and |Cy| = 1. Without
loss of generality, we may assume that k > [. Other important results are
that the function L¢gg(s+ (k+1)/2—1) is entire when f # g, while it has a
simple pole at s = 1 when f = g. Also, the function Lyg,(s+(k+1)/2—1, x)
is entire for any f and g when y is a primitive character modulo d > 2.

The following facts can be easily verified by using the functional equation
(2.1) and the definition (1.3), where ¥ is a primitive character modulo d > 1.

1. Lygg(s,x) # 0 for Re(s) > (k+1)/2.
2. Lgq(s, x) has a zero of order two at s = —n (n € NU {0}).
3. Lyggy(s, x) has asimple zero at s = l—n—1 (n € NU{0},0 <n <[-2).

The zeros of Lygg(s,x) in Re(s) < (k+1)/2 — 1 are called the trivial
zeros, and those in (k+1)/2—1 < Re(s) < (k+1)/2 are called the non-trivial
zeros.

Next, Perelli’s general result [12] is also applicable to the case of Rankin—
Selberg L-functions. Manin—Panc¢iskin [10] studied the functional equations
for the twisted Rankin—Selberg L-functions when the moduli of Dirichlet
characters are prime powers. However, the argument in 2.2 and 2.3 of their
paper is valid for any modulus d > 1. Hence, 2.3(7) of their paper and the
integral expression of Epstein—Siegel zeta functions (see Siegel [15], p. 53)
show that Rankin-Selberg L-functions satisfy (A3) of Perelli [12]. Therefore,
all conditions of Perelli [12] are satisfied by Rankin—Selberg L-functions.
Theorem 1 of Perelli [12] and its corollary state the following facts. Let

k+1

wu() = {o € €| Lyey (o4 £5 = 1x) =0, Relo) > 0. o) <7},
Then

2 d?
(2.2) Np(T) = =<2T1ogT — 2T + T'log e + O(logdT),

T T
where T' > 2. Tt is also known by Perelli [12] that
(2.3) Np(T+ H) — Np(T) < (H + 1) log dT,

where H < T.
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Proof of Theorem 1. We prove the theorem in the case of f # g because
the proof for f = g was already completed in Perelli [13]. We first assume
d> 2. Let

/ / /
Uigg(o +it,x) = —3§f®g (o, x0) — 4§f®g (o +it,x) — §f®g (o + 2it, x?)
f®g f®g f®g
for ¢ > (k+1)/2, where xo is the principal character modulo d. Considering
this type of auxiliary function is an orthodox method of studying zero-free
regions of L-functions. In fact, functions of this type were considered in the
study of zero-free regions for Dirichlet L-functions and also for Lyg (s, X).
In those cases, the real parts of the corresponding auxiliary functions are
non-negative, which is the key fact to the proof. However, in the present
case, since

Re(Praq(0 +it, X))

Z Z ot + ) (B + By )p” " log p - (34 408 Ory pp + €08 20, )
(p,d)=1m=1

where cosf,,, = Re(x(p™)p~™"), it seems impossible to prove that
Re(Pfgq(o + it, x)) > 0. For this reason, we cannot use the classical posi-
tivity argument in our case. The following method, indicated by Professor
Y. Tanigawa, is effective for our purpose. Using the relation between the

arithmetic and geometric means we have
(a;n 4 azz)(l@m + Em) —mo

> — ; ( m+a )2 —m(o+(k— l)/2)+(ﬁm+ﬁm)2 —m(o—(k— l)/2)}

hence

(2.4) Re(Trgq(o+it, x))

1 k—1 -k
> —2{Re<wf®f<a+ 2+it,x>> —|—Re< g®g< +2+’it,x)>}.

First step. We consider the case when Y is a primitive complex character.
Then

(2.5) —Re(%@f <0+k2_l+it, X>> > a—(l;il)/2+0(log(d(t’+2)))

in (k+10)/2 <o < (k+1)/2+ 1. This inequality can be derived by the
standard argument described in Perelli [13] and Section 14 of Davenport [2]
(cf. Lemma in the proof of Theorem 2 in Perelli [12]). The same type of
inequality can be obtained for Re(¥ygq(c — (I — k)/2 +it, x)). Using (2.4),
we can show that, in (k+1)/2 <o <(k+1)/2+1,

-3

(2.6) Re(eglo+itx) > =337

+ O(log(d(|t| + 2))).
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Next, we show an upper bound of Re(¥tg4(o +it, x)). We recall that if x
is a primitive character, then Lg4(s+ (k+1)/2—1, x) is an entire function.
By the Lemma in the proof of Theorem 2 in Perelli [12] and the method of
Section 14 of Davenport [2], we get the following facts in (k+1)/2 < o <
(k+0)/2+1:

L/
(27) Re<—m(0‘, XO)) < ClOg dv
Ligg
L 1
(2.8) Re(—m(a + it,x)) < - Z —— + O(log(d([t| + 2))),
Ligg ly— B
y—t|<1
and
L/
(2.9) Re<—Lj:zg(a + 2it, X2)> < clog(d(|t| + 1)),
g

where ¢ = (3 + iy runs through non-trivial zeros of Lg4(c + it, x). We fix
one such zero. We replace the terms —(o — 3)~! on the right-hand side of
(2.8) by 0, for all zeros except this fixed p. Then from (2.7) and (2.9), we get

(210)  Rellya(o+ i7.x)) <~ + Oflog(d(11| +2))

for (k+1)/2 <o < (k+1)/2+ 1. Therefore, using (2.6), we get
3
o—(k+1)/2

for (k+1)/2 < o < (k+1)/2+ 1. Because this inequality is the same as
in Davenport [2], the rest of the proof in this case proceeds along the same
lines as in [2].

(2.11) _aiﬂ + O(log(d(|y] +2))) > —

Second step. We consider the case when x is a primitive real character.
Using (2.4), we get

k—1
—Re<u7f®f <U+ 5 + it X>>

-3 1
Z (k1 1)/2 _Re<a+2it— (k+l)/2> + Ollog(d([tl +2))

in (k+1)/2 <o < (k+1)/2+1. This inequality is obtained by the argument
which shows (2.5). Similarly to (2.6) we get, in (k+1)/2 <o < (k+1)/2+1,

(2.12) Re(Psgq(o +it,x))

3 1
Z o htD))2 _Re<o+2it— (k+l)/2> + Olog(d([t] +2))).
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Because (2.7)—(2.10) are also true in this case, we get, using (2.12),

4 3 1
~5—p T OUoeldhl+2)) > —C—7=75 ~ Re<a 2 — (ki t l)/2>
for (k+1)/2 <o < (k+1)/2+ 1. We can get a zero-free region in the same
way as in the first case, except for the region close to the real axis.

We now consider the zero-free region close to the real axis. We again use
the relation between the arithmetic and geometric means to get

(e + ") (B + B )X (p)p™ ™|
< H(am +am)2p ot (k=h/2) o (gm g gmy2p=mle+i=k)/2)},
Therefore
L/

o) = Y Y (g a8+ Bx" (" logp
feg (p,d)=1m=1

> 1{L/f®f <U—|—kl> + LIg@g <a+lk>}
" 2 Lyey 2 Lggq 2 7

where o > (k +1)/2. We recall that Lsgy(s) has a simple pole at s = k.
Then

Lio; k—1 ~1
Tros <a+ 5 >>J_(k+l)/2+0(1) (k+D)/2<o<(k+1)/2+1).

Using this inequality and (2.8), we obtain the desired zero-free region for
Lgg(s, x) near the real axis, by the argument described in Section 14 of
Davenport [2].

Third step. We consider the real zero in the case when Y is a real character
modulo d > 2. We prove that the stated zero-free region includes at most
one real zero of L¢ggy(s,x). This can be proved easily in the same way as
in Davenport [2]. We can show that the exceptional zero is unique for all
characters modulo d using the function F'(s) which appears in the proof of
Theorem 2, and the argument is again similar to Davenport [2].

Fourth step. We consider the case d = 1, that is, the zero free-region for
Lg4(s). In this case, we use the inequality (2.14) below, which corresponds
to (2.11) in the case of d > 2. However we stress that (2.14) is not identical
to the one in Davenport [2], hence we need an alternative argument.

In a way similar to (2.12) we get

(2.13)  Re(Wjay(o +it))
3 4 1
o (k+1)/2 _Re<a—|—it— (k+l)/2> _Re<a+2it— (k:+l)/2>
+ O(log(|t| +2))
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in(k+10)/2<o0<(k+1)/2+ 1, where

; Lte L/f® Llf@ .
Urgg(o +it) = =322 (0) — 42 (0 +it) — =2 (0 + 2it).
Lygg Lygg Y
Note that the existence of the poles at s = k of Lyg¢(s) and s =1 of Lyg4(s)
yields the second term on the right-hand side of (2.13). Using the Lemma
in the proof of Theorem 2 of Perelli [12], we get

(2.14) - Ufﬂ + O(log(|v| +2))

S 3 R 4 R 1
—— — —Re — Re .

o—(k+1)/2 o+iy—(k+1)/2 o+ 2iy—(k+1)/2
For {s € C | Im(s) > 1}, we replace the denominators of the second and
third terms by 1. Then we obtain the desired zero-free region in a way similar
to that of Davenport [2].

We see that the required assertion is true for the non-trivial zeros which
are near the real axis, say |y| < ¢, since Lfgq((k+1)/2) # 0. We can prove
the latter by applying the method of Ogg [11] to F'(s) = Lygs(s+k —1) x
Lig (s + (k+1)/2=1)Lygg(s +1 — 1) (cf. the proof of Theorem 4 of [11]).

Lastly we have to consider the non-trivial zero o = 5+ iv, ¢o < |y| < 1.
Let 0 = (k+1)/2+ c1, c1 = co/A (A > 1). Using (2.14), we get

4 + > 3 461 C1 > 1 3 + 4 4 1
e — C e — p— R —
o—p " 7 g A+ A+4d ¢ A2+1 0 4X2+1)7
where log(|y| +2) < co. We take A which is large enough to satisfy 3 +

4/(A\% +1) + 1/(42\? + 1) < 4. Thus we obtain the zero-free region in this
case. m

Siegel’s theorem gives the detailed information on the zero-free region of
Dirichlet’s L-functions on the real axis. We want to show its analogue for
Lts4(s, x). As mentioned in the introduction, Siegel’s theorem for L g ¢ (s, x)
has not been proved completely. Therefore we do not exclude the case
f = g in the following proof. We need the estimates Lfgq(s,x) < d°
and L’f®g(s,x) < df for any € > 0. We can get them by Theorem 2 of
Carletti-Monti Bragadin—Perelli [1] or by Phragmén-Lindel6f’s theorem.

Golubeva-Fomenko [5] stated a certain estimate of > _ a2x(n),
without detailed proof; they deduced from it the necessary estimates for
Ligyr(s,x) and L’g (s, x). We can get an estimate of , _ anbnx(n), bet-
ter than that of Golubeva—Fomenko [5] in the case of f = g, by using Hafner
[6]. We will discuss this matter elsewhere, because such sharp estimates are
not necessary for our present aim.

The base of the proof of Theorem 2 is Davenport [2]. There is a simple
proof of Siegel’s theorem for Dirichlet L-functions (see Goldfeld [4]), but
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we cannot apply that argument to Lygg(s,X), because it has no pole at
s = (k+1)/2 in this case.

Proof of Theorem 2. Let x; (i = 1,2) be primitive real characters modulo
d; > 2 such that yix2 is a non-principal real character modulo d;ds. We
consider the case of f # g. Let F(s) be the meromorphic function defined by

F(s)=Ligs(s +k—1)Ligs(s +k—1,x1)Lrer(s+k—1,x2)

k+1
X Ligs(s+k— 17X1X2)L?®g (s+ T 1)
k+1 k+1
X Lfc®g <s+ S~ 1,X1>Lfc®g <s+ = 17X2>

k+1
X L?‘®g <3 + 5 1’X1X2>L9®9(3 +1=1)Lggg(s+1—1,x1)

X Lg®g(3 + [ — 17X2)Lg®g(3 + l— 17X1X2)7

for ¢ > 1. This definition is inspired by Ogg [11], who used the func-
tion Lf®f(s)L?c®g(s)Lg®g(s) in the proof that Lygy(1) # 0 (Thorem 4
of Ogg [11]). The function F'(s) has a pole of order two at s = 1. Let
A1 = (F(s)(s — 1)?)]s=1 and Ay = (F(s)(s — 1)?)|s=1. We investigate
F(s) — Xa(s — 1)72 — X\i(s — 1)1 as in Davenport [2]. In this procedure
we use the estimates of Lygg(s,x) and L (s, x) mentioned before this
proof. We also use Deligne’s estimate [3] repeatedly. We get

1 (Aol + M)
Fls) 2 2 (0 —1)2
near s = 1. We prove Lsgq((k +1)/2,x2) > 0 by applying the method of
Ogg [11] (cf. the proof of Theorem 4 of [11]) to F'(s) in this case. Then we
get i < Lygg((k+1)/2,x2)(d1d2)?, i = 1,2, for any € > 0. Here, for the
estimate of A, it is essential that the function F(s) includes the square of
Lygg(s+ (k+1)/2 —1,x2) as a factor. Hence we obtain

(d1d2)c(17¢7)+£

1 cLigg((k+1)/2,x2) c(1—0)+e
F(s) 2 5 - - (o —1)2 (drdg) =%

The proof in the case of f # ¢ is now finished.
The proof in the case of f = g is easier, by applying the same method to

F(S) = Lf®f(s + k- 1)Lf®f(8 + k- 1,X1)
X Lf@f(s + k— 1,X2)Lf®f(8 + k— 1,X1X2).

This function was already introduced by Golubeva-Fomenko [5]. =

3. The proof of Theorem 3. The method of proof is similar to the
argument of Davenport [2]. We use the results of Section 2. We investigate
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the behaviour of

Vrglwida)= > A, f®g), (ad=1 (z>2),

n<x
n=a (mod d)
where
m —m m am lo =p™ meN
A f® — (ap +Oép)(ﬁp +ﬁp) gp, Y p, )
0. f®9) {07 yeER, y#p™, meN.

We consider

Vyog(®,x) = Y Aln, f @ g)x(n),

n<z

where x is a Dirichlet character modulo d. Then we get
1 _
wf,g(x; d7 CL) = (p(d) Z X(a)d}f@g(x, X)a
X

where ¢ is the Euler function and the summation runs over all Y modulo d.
Hence, we have to investigate the behaviour of ¢ ;g4(x, x). From the Euler
product of Lygg(s, x) we get

—ZEZ(S’X) = ;A(n, fegx(mmn™ (o> (k+1)/2).

Hence, defining y(x) = 0 when x ¢ N, we find
Yo, 109 (T, X) = Yreq (2, x) — 3A(x, f © g)x(2),

where
1 h+ic0 L/f® 25
g
=5 - — 2).
Yo.@g (@, X) = 5 hi@( Lsog («%x)) S s (h>(k+1)/2)

Temporarily we assume that y is a primitive character. Let T" > 0 and
h = (k+1)/2+ 1/logz. We argue analogously to Sections 17 and 19 of
Davenport [2], using (2.3), the Lemma in the proof of Theorem 2 in Perelli
[12] and Theorem 1. We get

/ a’:g x/Bl

(31)  Yraglr,x) = — — -
99 IN|<T 0 B1

+0 (az(k+l)/23/4 log x +

(k4D /2

(log xd)2> ,

where e < T < z, 3 is Siegel’s zero of Lgg4(s,x) and the dash means that
we exclude two non-trivial zeros 61 and k+ 1 — 1 — (3, from the summation.
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We now consider the case where y is a non-primitive character. If the
primitive character x* induces x, then

. * gD/ 2
[reg(®,X") — Yrag(®,x)| = ’ > A, feg)xt(n)| < —— (logzd)
n<x
(n,d_)>1

by using Deligne’s estimate [3]. Hence, the formula (3.1) is still valid.
Applying the same argument to ¢rg,.(z) = >, o, Aln, f ® g), we get

Viog(r) = O(@x*+HD2T =1 log 2)? + 2 k+1D/2 exp(—clog x /log T') (log T)?).

This estimate yields the estimate of ¢ ;g 4(x, X0), Where xq is the principal
character. Hence, under the condition d < (logx), we obtain

Y g(wid, a) = O@* /2 exp(—cy/log z))

by choosing T' = exp(cy/log x) and using Theorems 1 and 2. Theorem 3 now
follows immediately. m

References

[1] E.Carletti, G. Monti Bragadin and A. Perelli, On general L-functions, Acta
Arith. 66 (1994), 147-179.
[2] H. Davenport, Multiplicative Number Theory, 2nd ed., Springer, 1980.
[3] P. Deligne, La conjecture de Weil I, Inst. Hautes Etudes Sci. Publ. Math. 43
(1974), 273-307.
[4] D. N. Goldfeld, A simple proof of Siegel’s theorem, Proc. Nat. Acad. Sci. U.S.A.
71 (1974), 1055.
[5] E.P. Golubeva and O. M. Fomenko, Values of Dirichlet series associated with
modular forms at the points s = 1/2,1, J. Soviet Math. 36 (1987), 79-93.
[6] J.L.Hafner, On the representation of the summatory functions of a class of arith-
metical functions, in: Lecture Notes in Math. 899, Springer, 1981, 148-165.
[7] J. Hoffstein and P. Lockhart, Coefficients of Maass forms and the Siegel zero,
Ann. of Math. 140 (1994), 161-181.
[8] J. Hoffstein and D. Ramakrishnan, Siegel zeros and cusp forms, Internat.
Math. Res. Notices (1995), 279-308.
[9] W. Li, L-series of Rankin type and their functional equations, Math. Ann. 244
(1979), 135-166.
[10) Ju.I Manin and A. A. Panc¢iskin, Convolutions of Hecke series and their values
at lattice points, Math. USSR-Sb. 33 (1977), 539-571.
[11] A.P. Ogg, On a convolution of L-series, Invent. Math. 7 (1969), 297-312.
2] A. Perelli, General L-functions, Ann. Mat. Pura Appl. 130 (1982), 287-306.
3] —, On the prime number theorem for the coefficients of certain modular forms, in:
Banach Center Publ. 17, PWN-Polish Sci. Publ., Warszawa, 1985, 405-410.
[14] A. Perelli and G. Puglisi, Real zeros of general L-functions, Rend. Accad. Naz.
Lincei (8) 70 (1982), 67-74.



Siegel-Walfisz theorem

227

[15] C. L. Siegel, Advanced Analytic Number Theory, Tata Inst. Fund. Res., Bombay,

1980.

Graduate School of Mathematics
Nagoya University

Chikusa-ku, Nagoya, 464-8602

Japan

E-mail: m96046i@Qmath.nagoya-u.ac.jp

Received on 17.8.1998
and in revised form on 8.7.1999

(3447)



