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1. Introduction. In 1974, N. Levinson showed that at least 1/3 of the
zeros of the Riemann (-function are on the critical line ([19]). Today it is
known (Conrey, [6]) that at least 40.77% of the zeros of ((s) are on the
critical line and at least 40.1% are on the critical line and are simple. In
[16] and [17], Hilano showed that Levinson’s original result is also valid for
Dirichlet L-series.

This paper is a shortened version of parts of the dissertation [3], the
full details of which may be found at http://www.math.uni-frankfurt.de/
“pbauer/diss.ps. We shall prove a mean value theorem for Dirichlet L-series
and use this for proving some corollaries concerning the distribution of the
zeros of L-series—amongst other results we improve the above mentioned
bounds for Dirichlet L-series.

2. Notation, statement and comparison of results. Throughout
this paper we will use the following notations. Let T be sufficiently large, x
a primitive Dirichlet character and ¢ its modulus. Let

T
L :=log el
27

and A, B be complex constants satisfying A # B, 0 < |A|,|B| < A for an
arbitrary but fixed bound A.

Using these notations our mean value theorem is

THEOREM 1. Let 1/2 < c¢ <1 and 1 < q=o(logT). Let P, and P, be
polynomials with P;(0) = P»(0) = 0. Choose a mollifier

By(s, Pj,x) == X(qu)@lsmpj(l - logn)_

= logy
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Define
c+iT
1 A
= S L<s+ E,x)By(s,Pl,X)
c+1
B _ _
X L(l — 85— £7X>By(1 — 5, Py, X) ds.

Then for every pair (01,02) where 0 < 01 < 0 < 1/2, there is a § =
§(61,62) > 0 with the property that for every 6 € [01,0-] and y = T?,
e

M=4. ZiAlS) (;P{(t) _ APl(t)> <;P2’(t) + BPQ(t)) dt

+ Pi(1)Py(1) + Oa(T°).

The implicit constant in the error term is independent of the parameters 0,
A, B, the character x and its modulus q.

This theorem may be compared to results for ((s) ([8], [6]) or for Dirichlet
series associated with holomorphic cusp forms ([13]).
Some applications of our theorem are as follows. Let

N(T,x):=#{s:L(s,x) =0, where 0 <o <1, 0<t<T},

No(T,x) :=#{s: L(s,x) =0, where c =1/2, 0 <t < T},
Nos(T,x) :==#{s: L(s,x) =0, L'(s,x) #0, where 0 =1/2, 0 <t < T},
and let

N T N S T7
o) =B TS o) =Bt e

denote the proportions of zeros and simple zeros on the critical line. Then
we can show

COROLLARY 1. For any Dirichlet character ¥,
a(yx) > 0.365815 and as(x) > 0.3562609.

There is no need to restrict ourselves to primitive characters here because
L-series to non-primitive characters share the same non-trivial zeros as the
L-series to the corresponding primitive character.

Our bounds are weaker than the above mentioned bounds ([6]) known
for ((s) = L(s,xo) where xq is the (principal) character mod 1: a(xq) >
0.4088 and as(xo) > 0.4013, slightly improved in [2] to a(xg) > 0.4089 and
as(xo) > 0.4021.

We obtain some further results concerning the multiplicity of the zeros
and improve the results known for arbitrary Dirichlet characters ([16]).

The functional equation for L(s, x) with a primitive character y is

H(‘SvX)L(S?X) = 8XH(1 - SvY)L(l - S7Y)
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(s4a)/2 .
(T s+a O ifx(-1)=1,
H(s,x) = <> F< 5 ), where a = { 1 if y(=1) = —1,

1 Kl v
£y = W Z X(V)€<q>-
v=1

Here |, | = 1. Thus, if we choose a complex number E, satisfying Ei =y,
we have E;Q = £y. Set

5(87 X) = EXH(S7 X)L(Sa X)
Then the functional equation can be restated as
f(sa X) = 5(1 - S,X)-

If we define

N(m)(T,X) = H#{s: §(m)(s,x) =0, where0<o <1, 0<t<T},

Ném)(T,X) = #{s: M (s,x) =0, where 0 =1/2, 0 <t < T},

N{(T, x) o= s - €M (s,x) = 0, €7D (s,x) #0,

where 0 =1/2, 0 <t < T},

as well as
N(m)(

T, x)
(m) T . 0,s )
and o™ (x) = 11}11 inf NI (T, x)

N™(T, %)
(m) — liminf =0\ AJ
“00 = N T
another consequence of Theorem 1 is
COROLLARY 2. For any Dirichlet character x, there are lower bounds
oM (x) > 0847212, oD (x) > 0.962736, o3 (x) > 0.990523,
a@W(x) > 0995581, o (x)>0.997573, 'O (x) > 0.998093,
and
oM (x) >0.787784, P (x) > 0.931659, P (x) > 0.966755,
o (x) > 0.979979, P (x) > 0.986488, % (x) > 0.990232.

Better bounds can be obtained for the special case of ((s) ([3]).

The bounds for simple zeros can, of course, be used to derive results
concerning the multiplicity of the zeros. Let a>,,(x) denote the proportion
of zeros of L(s, x) in the critical strip with multiplicity > m, and let aqist (x)
denote the proportion of distinct zeros of L(s, x) in the critical strip. Com-
binatorial arguments as in [13] yield, for m > 0,

20 am(y)

as>mi2(x) <
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and for M >0
M-1
aais(00) = 27 (0l () + Y7 247l ().
m=0
Therefore for example,
a>2(x) < 0.643731, a>3(x) <0.318324, ..., a>s(x) < 0.039072

and
agist (x) > 0.613470.

Similar but weaker bounds are known for Dirichlet series associated with
holomorphic cusp forms ([13]), and, of course, better results may be obtained
by using the better bounds known for ((s).

The reason for the difference between our results and these results about
the Riemann {-function or Dirichlet series associated with holomorphic cusp
forms lies in the length of the mollifier By (s, P;, x) in Theorem 1. Concerning
¢(s), a length of y = TY with § = 4/7 — ¢ could be used in [6] while we are
restricted to # = 1/2 — e. In [13], on the other hand, § had to be bounded
by 1/6.

The method we use to prove our theorem is similar to that used in [§]
or [6]. In the latter article the work of Deshouillers and Iwaniec on averages
of Kloosterman sums ([10], [11]) allowed the choice of the longer mollifier
in the case of the Riemann (-function. Because of characters appearing in
our formulas we have to use other arguments to bound our main error term.
We do this by using large sieve estimates. This idea originally appeared in
the context of ((s) in [7], but here we have to deal with a more complicated
situation. The disadvantage of our method is that we have to work with a
shorter mollifier.

The above corollaries may be proven by a straightforward modification
of the method used e.g. in [6] using our Theorem 1 instead of Theorem 4 in
[6]. It thus remains for us to show Theorem 1.

3. Proof of Theorem 1—the first part. The first steps of the proof
are only outlined because similar calculations were published elsewhere (e.g.
[8], [6]). All the details may be found in [3]. With the notations mentioned
in Section 2, let
c+iT
M:=— | L(s+a,x)By(s, P, x)L(1 — s = 5,X)By(1 — 5, P2, X) ds

1 )
c+1

where & = A/L and § = B/L. Using well known estimates, we can move
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the line of integration to ¢ = ¢’ := 1+ ¢, € > 0 fixed, and obtain
44T
M=~ | L(s+a, )Ll =5 — B, X)By(s, Pr.X) By (1 — s, P2, X) ds
c’+1i
+ O(qT 3y log® ¢T log? y).
Next, we use the functional equation in the form

L(37X) - h($7X)L(1 - 37?)7
where x is a primitive Dirichlet character, and

E)(23717.‘.5(]1/275

cos @ I(s)

h(57X) =

LEMMA 1. Let ¢ > 1/2 be fized, T sufficiently large, r > 0, 3 = B/L
where |B| < A, h(s,x) as above,

12 Tet+1/2 4q n
E(rnT)=T"124+ " __ nd _ ny
(1) b and 700 =3 xme( %)

n=1
If r < (¢T)/(27) then
c+iT

S h(1—s—p08,x)r °ds
c+1

2
= 27TiT(X)qu‘le<—r) +0 <r—1q1/2 +r°"2E, (7”“ T>)
7 q

and if r > (¢T)/(2m) then

et 2w
S h(l—s—p8,x)r *ds = O(r‘cqc_1/2EC<,T)>.
) q
c+1

The implicit constants in the error terms are independent of q, v and B, but
may depend on A.

This lemma follows from Stirling’s formula using the saddle point method

(cf. e.g. [19], [15], [3]).

LEMMA 2. Let E.(r,T) be defined as in Lemma 1, « = A/L, § = B/L
and n > 0 arbitrary, but fived. Then

S g 2 Yo, (P )

h,k<y n=1m=1

< T2y 0 1og T - log y.

Similar estimates have been proven e.g. in [22], [23] or [19].
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Using the functional equation and Lemmas 2 and 3, we obtain
M = 27TT(Y)€BQ71N+ O(q1+eT1/2+sy1+a)’

where 7(x) is the Gaussian sum, defined in Lemma 1, and

h , P)b(k, Py)
(1) N= 3y 2
D
X(n)x(m) ( nmh
: nZ;m nem? e(_ ak )

nm<(qTk)/(2rh)
and where b(n, P;) := p(n)P;(1 —logn/logy) denotes the nth coefficient of
our mollifier B (s Pj, x).

Next, we need Perron’s formula:

LEMMA 3. Let ) . a(n,m)/(n*m?®) be absolutely convergent for o > 1
and let |a(n,m)| < @(nm) with some function @(N) that is strictly increas-
ing for large N. Let, for some k > 0,

Z ja(n, m) 1 as o — 1T,
n"m" (o— 1)k

Then, for1 <c<2,x>1 and any T > 1, we have

S anm - e | A T
L W) = o S nems s
, c—ix n,m
nm<T
T¢ &(27)7 log 27
d(271) ).
+O<x(c—1)k+ - + P( 7')>

This can be shown analogously to [21], Satz A.3.1.

Let ¢ =1+, n > 0 be fixed, and 7 = (¢Tk)/(2wh). An application of
Lemma 3 yields

§ MK (o
—  noemb gk
TL’I’)’;,ST

c—‘,—z:n

1 h
BTy M (e

n=1m=1

1+n 92A/L1+2A/L 159
+O<T Ty T og T+(27_)2A/L)‘

x
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From this and (1) we deduce that

x(h h Py)b(k, Py)

2
( ) 271'@ Z

h,k<y

ctix oo
75 nmh
where
T 1+n

(3) Fi(x) < x Lyt (gﬁ) + ylogy.

We use Estermann’s method ([12]) to split our last expression for N into a
main term and an error term. Let ((s,z), 0 < < 1, denote the Hurwitz
(-function, and let H = h/(h,k) and K = k/(h, k). For the two innermost
sums in (2), one obtains

(1) p> M (=" = a0y D(s)
where
D(s) = xome(= 2 ) (s a2 ) s 8. 4,

1<v,u<qK

This representation is valid for all o > 0. Because ((s,z) — ((s) is regular
for 0 < x <1 in the whole complex plane, the same is true for

D= Y x(u)x(u)ff(—yfff >

1<v,u<qgK

x <<(s+a,q§(> —C(s+a)> <<<s+ﬂ,q’;() —C(s+ﬁ)>-

Using
1§;qKX(V)e<_ qy'“> - 1§j§qx( )e<—*7q/d{> Oqugzl(le(_r/;(]{)’
éx@)e(—’j) — X)),
and
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we get
L vuH
@quKX(“)C(S +o, 1) 1§§qKX(V)€<_ )

= Kr(x)x(E)X(—H)¢* P L(s + 3, x0),

where xg denotes the principal character modulo ¢. In an analogous manner
we get

> w0 X xe( - ) = Kr0oxER-H)eta)

1<v<gK 1<p<qgK
and thus D*(s) = D(s) — E1(s) — Ea(s) + E3(s), where

Eq(s) = K¢ P (O)X(K)X(—H)L(s + B, x0)¢ (s + @),
Ey(s) = Kq" ™ (x)X(K)X(—H)L(s + a, x0)¢ (s + ),
E3(s) = Ko(q) T O)X(K)X(=H)C(s + a)((s + ).

If R.(z) denotes the closed rectangle with vertices at ¢ &+ ix and 1/2 £ ix
and if I'.(x) denotes the path along the upper, left and lower part of R.(x),
using (2) and (4) we obtain

hPlbk?,PQ 75(E1 + E9 — E3)(s
6) M= Z x(h )b(k, P,) (s(qK)25+O‘+§)( )

X
X

ds

hk<y R.(x)
+F1(l‘) - FQ(ZE),
where Fj(x) has been defined above, and where

x(h h Py)b(k, Py) 75 D(s)
2m Z s(gK)—2s—a=8 ds.

2 1‘
h,k<y Ie(x)

Because A # B (which is equivalent to o # [3), the residues at 1 — a and
1 — (3 of the integral in (5) are given by

l—«
K= e=Bg=1r(\x(—H)x(K)L(1 — a + 3, x0) T
1-8
K (0R(H)X(K)L(L 0 = fx0) =
Hence
oB—A
M:Tl— L(l—a+B,XO)S(_a;/B7XO)

+—T&i/3L(1—%cx—-ﬂ,X0)9@—5>avX0)

+0(¢2(Fr(@)| + | Fa(@)]) + g T2y,
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where

b(h, P,)b(k, P hik .
Sl foxo) = 3 WOk Z)XO((h k))w,k)” +,
hk<y ’

4. Proof of Theorem 1—the main term. In order to get the main
term of the assertion of Theorem 1, we have to examine the sum S(«, 3, xo)-

Let
F(d,s,x) = H <1 - X]EZ:)> - Zu(e)Xe(f).

pld eld
As defined above, b(n, P) = p(n)P(1 — logn/logy), with a polynomial P
satisfying P(0) = 0. The Mobius inversion formula gives

F(d,1+a+3,x0)xo(d
S(avﬂ7X0) = Z ( d O) 0( )
d<y
b(hd, Py)xo(h) b(kd, Py)xo(k)
h<y/d k<y/d
Defining
log nd
Grld )= 3 A <1 B 15)
n<y/d &Y
(n,d)=1
we get
(6) St xo) = 3 D@1 40+ 8 x0)
d<y

X GPl (d7 I+ Q, XO)GPQ (da 1+ ﬁvXO)-

To obtain an asymptotic expression for this, we apply the following lemmas
which may be proven along the same lines as the corresponding results of

[22], [19], or [5]:

LEMMA 4. Let Gp(d,z,x0), &, Xo be as above. If d < y and P is a
polynomial satisfying P(0) = 0, we have
GP(d7 1 + «, XO)

I+a ] d 1 d
_ 4 F(d,1 +a,X0)_1 (aP( o8y/ > +log1yP’< ogy/ >>
v(q) logy logy

—0
+ O(Fl(d, 1 -6, x0)(loglog y)* <q10g2 Y+ (g) log™! y))

where Fi(d, s,x) = [1,4(1 + x(p)p™)-
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LEMMA 5. Let f(p) =1+ 0(p™), ¢ > 0 and f(d) =L, 4 f()- If Xo

denotes the principal character modulo ¢ > 1, we have, for v > 0,

2
d u _ _ v v
P )10 Z_Pf‘@E](D'L(ZXo) L (v 1) g y 40, (log” y)
d<y

where

Py =T] (1 L) - in)p))

. Xo(p) —

1s absolutely convergent. In the special case

1— xo(p)p~ ="
1—xo(p)p~ )1 — xo(p)p~=7)’

flp) = XO(p)(

we have

Pr-L(2,x0) ' =1+0(L7Y) ifa,f< L

LEMMA 6. Let § > 0,8 >0 and 046" < ¢ < 1. Further let Fy(d, s, x) =
[1,1a(t + x(p)/p*) as above. Then for r =1,2,..., we have

2 .
p* (d) i e _ [ Ocr(logy) ifd =0,
dz<: d1_6 Fl(d,l—(S,XO) _{Oc,r(y5/5) ’Lf5>0
Y

Using Lemma 4 and our last representation (6) of S(a, (3, x0), we get
terms of the form

p(d) logd 13( vy
D e (1~ 120) = S astos ™y D g L.

v>0 d<y

&

d<y

By Lemma 5, this equals # logygé P(t)dt + Op(1). Using Lemma 6 to
bound the error terms, we get

q1+a+5 0

©(q)

S(a, By xo) = S) <AP1 f+ ;pl( )) <BP2( )+ ;pz( )> dt

1 _
7((]) (loglog y)7 log 2 y) .

Since P1(0) = P»(0) = 0 the formula §(P{P; + P1P})(t)dt = Pi(1)Ps(1)
holds, and we obtain

S(_O‘757X0) - S(_/Baaax0)
_q B-A qlogq . 5. -
=0 L -P1(1)P2(1)+O< 0 L2 log [,>.
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Collecting our results, we obtain the following formula for the mean value
in question:

7 M= T(e:j;l - GS)(—APl ) + éP{(t)) (sz(t) + ;Pg(t)> dt

+P1<1>P2<1>)

+O(TL M og g - log” £+ ¢/2TeTt2Heylte o 712 (|7 (2)] + | Fa(@)])).

5. Proof of Theorem 1—the error term. It remains to bound the
error terms. Fi(x) has been bounded in (3). We shall see that it will be
convenient to choose x = T" with some large absolute constant n. This will
yield F1(T") ~ ylogy = TY - §log T if T — oo. The choice of = depends
on Fo, and the estimation of this error term is the most critical step in the
proof of Theorem 1.

Using the notation of Section 3, we easily see that, with the path I 4, (z)
defined before equation (5),

S

)

©  A@- | R Gy (D)L

Iiyy(z) k<y

where

h<y n=1m=1

S J
S e -3)

=1 ak

Here, the coefficients are given by

a(j) = Z b(h, Py)x(hnm)

nemp

)

where the summation is over all n, m, h satisfying h < y and nmh = j.
Put J = j/(j,qk), Q = qk/(j,qk), and let meodq denote a sum over all
characters modulo ¢. Using the Mobius inversion formula and

(1) =5 T o,

¢/ ¢l o=,
we obtain

(42 5O 5 o)

dl(4.qk) eld
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This implies

1 _
9) H(s, k) = dzlq; Folghd) wm%:qk/dw(—l)T(i/J)A(& d, ),

where A(s,d, 1) denotes the Dirichlet series

j=1
wir &= do‘ns+0‘ — dﬁmSJrﬁ
(m dl) 1
Y (h)x(hds)b(hds, P1)
X < Z hs
h<y/ds3
(m,d1d2)=1

= L(s + a,¥x)L(s + 3,1x)

x(did2)F(di,s+ B,1¢x) b(hda, Py)x(hds3)y(h)
X Z a 18 Z hs .
dsdy
didodz=d h<y/ds
(h,d1d2)=1

The infinite series is convergent for o > 1, therefore, by analytic continua-
tion, the last expression is valid for ¢ < 1 as well.
Let 7, = 1*...x1 denote the nth divisor function. Because of F'(d, s, x) <

To(d) and 7, (d) 7 (d) < Thm(d),
(10) A(s,d, ) < 76(d)|L(s + a,Px)L(s + B,¥x)¥(s,9)|

where (s, 1)) = >, ., ¥(h)c(h)h™* represents a Dirichlet series with coef-
ficients c(h) < 1.

First we bound F3(z) on the horizontal parts of Ii,(x). Using
L(o+iz, x) < x1/6g1/2 log3 gz for x > 2, 0 > 1/2 and all characters x mod ¢
([18]) and ¥ (o + iz, ) < 35, h77 < y* =7 logy for o > 0, we find that
for any € > 0,

Ao + iz, d, ) < 16(d)[g, gk/d]" o2/ 3oy = log y.

Here, and in the sequel, [n,m]| denotes the least common multiple of n and
m. Hence

d .
H(o + iz, k) < o/3T5yt- ”logyz dff((k:)/d)[q’qk/d]HE Z |7 ()]
d|qk 1 mod gk/d

< 23 (gk)3 2 e (q)mr (K)y 7 log y,

by (9) and the estimate for Gaussian sums |7(¥)| < \/qk/d (cf. e.g. [9], §9).
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So, because of (8) the contribution of the horizontal parts s = o + iz of
FHn(ac) to the error term Fy(x) is

xX(k)b(k, Py) qT\° do
3 MRy (41 0
1/2 k<y
< ¥ (g)at P ey logy

2 o2 4 22)1/2
1/2 k<y

< q5/2+n+87_7(q)x—2/3+eT1+ny3—n+a lqu y =: .7-'21(1:).

If we choose © = T™ with a large absolute constant n, this part of the error
term will become sufficiently small.

Next we bound Fa(x) on the vertical part of I y,(x), where o = 1/2
and [t| < x. If x is a character mod ¢, let x* denote the primitive character
modulo the conductor of x satisfying x(n) = xo(n)x*(n) for all n, where xo
denotes the principal character mod ¢ (cf. e.g. [1], §8.9).

Using this notation and some well known estimates (e.g. [4]), we have

L(s,¥x) < [g,kF|L(s, (¥x)*)| for 0 > 0, € > 0 and any characters ¢ mod &
and x mod gq.

Applying this result, (9), and (10), we obtain

Z x(k /~c P2 H(s, k)

k<y
k1€
1/2 aZkl EZ ds)|:q’qd:|

k<y d|qk

XY L(s oy (9x) ) L(s + B, (vx) ) (s, 9)]

¢ mod gk/d

and thus the contribution of the vertical part of I 4, (z) to Fa(x) is

UHMZ X(k)b(k, P,) H(s, k) T Sﬁ

kl s ’ 27 s
1/2—iz k<y

eqpl/2 1+e 76(d) % )
< ¢°T Zk Z de [Qa d
k<y d|qk
z . . dt
x0TI e 0L+ B 0 s D)

Y mod gk/d —
== .7:22(.18).



50 P. J. Bauer

Using Holder’s inequality, we can split the innermost sum into three factors:

dt
1/2 + it|

xT

Yo VLG (0x))L(s + B, (X)) (s, )]
Y mod gk/d —

. g dt 1/4
(X Viaprerin@ol )
Y modgk/d —x

x

' at 1/4
X ( > S |L(1/2 4 B +it, (X)) |1/2+1ﬂ>
Y modgk/d —x

x

><< > S\W(l/2+it,¢)\2dt>l/2.

Smedkd 11/2 + it|

In order to deal with these terms, we make use of the following two lemmas
from the theory of the large sieve.
LEMMA 7. If x > 2 and |1/2 — 0| < (logqz)~!, then

x

* dt
> V1B 01 7 < (@ log - log ga).

x modq —x

This consequence of a mean value theorem of Montgomery ([20], Thm.
10.1) may be obtained by partial summation. In the same manner, but using
a result of Gallagher ([14], Thm. 2), we get

LEMMA 8. Let x denote a character mod q, and let
Stx) =Y anx(n)yn™"
n<y

with some arbitrary complex coefficients a,. For x > 2,

T

dt
> S 15(t, X)’2m <Y (qlogz + n)lan|*.
n<y

x mod g —x
Applying Lemma 7 and using o, 3 < £ and z = T" with some suffi-
ciently large absolute constant n (e.g. n = 10), we obtain
dt
4
T K
| 11/2 + it|

x

Y. VIZa2+atit ()

Y modgk/d —x

[q, qk/d] log® (x[q, qk/d]).

Analogously, applying Lemma 8 instead of Lemma 7, we obtain

xT

mlogx + v)|e(v)|?
> XIWUH#,@FL«Z( log z + v)|c(v))|

|1/2 +it| v

Y modm —x

< mlogx-logy + v,
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where we have used the representation ¥(s,v¢) = > . ¥(v)e(v)r—*. Col-
lecting our results, the error resulting from the vertical part of I, () is

Fao(w) < T2 k71 " 76(d) (‘1;) )

k<y d|gk

2 1/2
x (qk)"/? 1og® *(xqk) <y + % log x - log y)

< q1+€T1/2+6y1+5.

If we use . =T", Fi(x) ~ ylogy and Fa1 = o(1) as T' — oo, the error term
in (7) becomes

< qTL M ogq-log” L+ ¢t/2Femt/2Heyl+e,

Since y = T? with # < 6 < 1/2 this completes the proof of Theorem 1.
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