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1. Introduction. Halberstam and Roth’s work on gaps between k-free
numbers [2] rests on studying the pairs of integers m, ¢ with

(1.1) N<mlg< N+ H

(and m prime; but the primality is hardly used), for given N and H, with
m, q¢ bounded below by powers of N. A geometrical interpretation of (1.1)
is that (m, q) is an integer point close to the curve y = N/x*. The general
problem of bounding the number of integer points close to a curve y = f(x)
was discussed in (for example) Huxley [3], Filaseta and Trifonov [1], and
Huxley and Sargos [6]. The key idea is to write down an integer determi-
nant corresponding to r solutions of (1.1), which is small by the approxima-
tion property. The determinant is zero on major arcs, regions where f(x)
is approximated by a polynomial of small degree with rational coefficients.
Rational points with a common denominator were studied in [4], using the
duality of points and lines in the projective plane.
The inequality

(1.2) 0<mFqg—nfr<H

is related to the distribution of gaps between k-free numbers studied in [5].
The rational point (m/n,r/q) is close to the curve y = 2'/*. Having four
variables should make matters easier, but the determinants have large order.
A symmetry-breaking variation is to ask for points (m,r/q) close to a curve
y = f(z), with the parameter n absorbed into the function f(z).

THEOREM 1. Let F(x) be a real function three times continuously differ-
entiable on an interval I C [1/2,2], with

(1.3) |FO (z)| < CHIN
fori=1, 2,3,
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202 M. N. Huxley

(1.4) |FO(z)| > N/
fori=1, 2, and
(1.5) 13F" ()% — 2F"(x) F®) ()] > \2/C°.

Let M and Q be large positive integers. Given § with 0 < 6 < 1/2, let S be
the set of rational points of the form (m/n,r/q) with m, n, r and q integers
with (m,n) =1, (r,g)=1,1<m<M,1<n<M m/ninl, 1<qg<Q,

and
F(m> T
n q
Then R, the size of S, satisfies
(1.7)  R=0((COY*M? + CP(AM2Q? (6 M? + C?))Y/3)(CAMQ?)?)
for any € > 0. The implied constant depends on e, but not on C, §, A\, M
or Q.
THEOREM 2. Let f(x) be a real function three times continuously differ-

entiable on an interval I of length M with integer endpoints. Suppose that
on I we have

(1.6)

(1.8) [fD (@) < /M
fori=1, 2, 3,

(1.9) [f@D (@) = A/(CF M)
fori=1,2, and

(1.10) 3" (2)* = 2f'(2) f P (2)| = N*/(CO°M*).

Given § with 0 < § < 1/2, let S be the set of rational points of the form
(m,r/q) with m an integer in I, r and q integers with (r,q) =1, 1 < ¢ < Q,
and

,

f(m)—g

Then R, the size of S, satisfies

(1.12) R =0((COYAM + C?(AMQ?(6M + C))Y/3)(CAMQ?)?)

for any € > 0. The implied constant depends on e, but not on C, §, \, M
or Q.

The expected number of rational points is O(6M?) in Theorem 1, O(5M)
in Theorem 2. Lemmas 1.1 and 1.2 below give a very simple argument which
gets the expected upper bounds O(6§M?) and O(6§ M) for a smaller range of Q
under a weaker hypothesis on the derivatives of the function. Our theorems

extend the range for @), but they give weaker upper bounds, and they require
stronger conditions. For the theorems we consider major and minor arcs.

(1.11) < 6.

5
Q?




The rational points close to a curve II 203

The major arcs correspond to linear fractional approximations to F'(z). The
condition (1.6) becomes stronger as we increase @, corresponding to higher
terms in the Taylor expansion of F'(z). To extend our results to larger @
we need Padé approximants of higher degree. However Lemma 3.5 depends
on the Padé approximant having only one pole. The equation (1.2) appears
in Swinnerton-Dyer’s method for integer points close to curves ([7], (16),
(3], (5.8)]) with @ near M? in size, corresponding to derivatives of the fifth
order or more.
Using Theorem 1 we can establish the asymptotic formula of [5],

D (siy1— )7 = BN,
i
where the sum is over pairs of consecutive square-free numbers s;, s;1.1 with
Si+1 < N, in a longer range v < 59/16 = 3.6875; the range in [5] was
v < 11/3.
We now give the easy bounds that correspond to Theorems 1 and 2.

LEMMA 1.1 (small Q). Suppose that
CAQ* > 1,
and that (1.3) and (1.4) hold fori = 1. Then the number R of points, defined
as in Theorem 1, satisfies
R < 8C*SM? +4C*)\Q2.
Proof. The rationals r/q lie in an interval of length at most
20/Q? + 2max |F'(x)] < 2C%*\ +25/Q* < 3C3),

so the number of possible rational numbers r/q is
(1.13) <14 3C*°NQ% < 4C%\Q2.

If the same rational r/q occurs for k consecutive fractions of the Farey
sequence F (M), then

2% k-1 | (k — 1)\
g2 = e @Iz g
so that

2025 M*>
[ —
S T
We multiply (1.13) by (1.14) to obtain the result of Lemma 1.1.

(1.14) k +1.

LEMMA 1.2 (small Q). Suppose that
C*N\Q?* > 1
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and that (1.8) and (1.9) hold fori = 1. Then the number R of points, defined
as in Theorem 2, satisfies

R < 6C*M + 3C%\Q2.
Proof. As Lemma 1.1.

We give the proof of Theorem 1 in full. The proof of Theorem 2 is
analogous, and simpler in one or two places.

2. Major and minor arcs. We use the cross-ratio

Tr1 — T3 T4 — T2

(1,225 23, T4) = .
xr3 — T2 X1 — T4

LEMMA 2.1 (cross-ratio invariance). Suppose that F(x) is a real function
three times continuously differentiable on an interval I, on which, for some
positive constants C' and A,

fori=1,2,3, and
|F'(x)| > \/C2.
Let xq, ..., x4 be distinct points in I with |z; — z;| < K, where
(2.1) K <1/(4C%).
Let y; = F(x;). Then

1 )
(2.2) < (W1,y2,93,94)

< <1+ L,
1+F (.%'1,.%2;1'3,.1'4)

where
E =128C""K>.
Proof. The statement of the lemma is invariant under translation, so
we may take z1 = 0. Let o = F’(0), 8 = $F”(0). By Taylor’s theorem
F'(z) —a— 20z = 122 F®)(¢)
for some £ between 0 and x. Hence for |z| < K,
(2.3) |F'(z) — a — 28z < LC*AK?.
Let

0. — yj — ax; — Baf — (y; — ax; — B})
17 T .

(L‘j—l'i

By Cauchy’s mean value theorem

0ij = F'(§) —a —20¢
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for some £ between z; and z;. By (2.3)
% = a+ B(zi +z;) + 0iy,
with
10;;] < $CUAK?.
Also by (2.3), for |z| < K,
loo + 28z < C%\ + %C4AK2 < 202,
We can now compute
Y1~ Y3 Y4 Y2

—@2—a5($1+$2+$3+x4)
Tl — T3 T4 — T2

= |8 (x1 + 23)(x2 + x4) + O2s(a + B(zy + 23))
+ 013(a+ B(xa + 4)) + 0136024

< (CPAK)? +2- LOAK? 202\ + (AC*A2)?

<3CONK? + 1CPN2K* < 4C°N K2,

where we have used (2.1).
We also have

\042 + af(x1 + x2 + 23 + 24)| > |a|2(1 — 2C5K) > |a]2 > /\2/(204),

1
2
SO
Y1~ Y3 Y4 Y2
T1— T3 T4 — X2
and similarly
Y3 — Y2 Y1 — Y4
T3 — X2 X1 — T4

= (a2 + aﬂ(ﬂh + x9 + 23 + x4))K,

= (a® + aB(x1 + 22 + T3 + 74)) 14
with
204 1
Ik — 1], |p—1] < = 4C°N?K? < 8CMK? < 3
by (2.1) again. Since
2
1+t 4t
— =1 <1416t
(F50) ~rratpet

for 0 <t <1/2, we have

<1+ 128C19K?,

=l
RS

which proves (2.2).
LEMMA 2.2 (major/minor dichotomy). Suppose that
(2.4) SM? < C?N\Q?,

205
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and the conditions of Lemma 2.1 hold. Let (x;,r;/q;) be distinct points of S,
with x; = mq/n;. Suppose that

(2.5) K <1/(160CTAM2Q?)'/3.
Then either

rHn Tre T3 T
20 (222202 (o, )
or
(2.7) min |z; — 2] < 2000C° K*AM*Q?,
7]

Proof. We have
|mjn; —min;| < KM?,
The cross-ratio G = (x1,x2;x3,24) is a rational number with numerator
and denominator numerically at most K2M?*. Similarly

26
Q?

T‘j T

q; qi

< C?A\K + = < 2C2)\K,

since (2.4) gives
K >1/M?*>6§/(C?)\Q?).

The cross-ratio H = (r1/q1,72/q2;73/q3,74/q4) is a rational number whose

numerator and denominator are numerically at most 4C*\2K2Q*. If G # H,

then

G

H

More accurately, we have

(2.8)

-1 > .
‘ = ACTNKAMAQY

ri T 0
q*j*a Zyj*yﬂrmj@
with |n;;] < 2. Since
Yj i A
| TPz 5
for some &, we have
ri T

0;;0C>
o o W _3”)<1 3@, —xi>
with 05| < 2. By (2.5),
128C1OK? < 1/(100C* N2 K* M*QY).
If (2.7) is false, then
26C? < 1
AQ?|zj — x| — 100C*K*MAQ*
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Since

1+1¢)3
ElJ—rt; <1+ 25t

for 0 <t <1/2, (2.8) cannot hold, and we deduce G = H, which is (2.6).

We define a major arc J to be a subinterval of I such that there are at
least four points of S with m/n in J, and all points of S with m/n in J have
r/q = G(m/n), for some linear fractional function

Glz) = ax + ﬂ.
yr + 6
Subintervals of I which are not major arcs are called minor arcs.
LEMMA 2.3 (nested intervals). Let J be a subinterval of I of length K.
Suppose that the conditions of Lemma 2.2 hold. Then either J is a major

arc, or the points of S in J lie in at most three subintervals of lengths at
most EK*, where

E = 8006CAM4Q%.
Proof. The negation of the condition (2.7) of Lemma 2.2 can be written
as

(2.9) lzj — x| > K, /4 = EK*/4.

If we cannot choose three points in J such that (2.9) holds for each pair,
then the points of S in J lie in at most two subintervals of length K3 /2, and
the lemma holds. Suppose that we can choose three points Py, P», P3 of S
in J so that (2.9) holds for each pair. If there is another point Py of S in J,
then by Lemma 2.2, either Py lies on the linear fractional curve through P,
P, P53, or for some i =1, 2, or 3,

(210) ‘1’4—1'," <K1/4.

Hence the points of S in J either lie on the linear fractional curve through Py,
Py, Ps3, or they have x in one of three intervals of length K /2 with centres z1,
Tg, or x3. Suppose that both possibilities occur: P, is on the linear fractional
curve through P;, P», Ps, but P; is not. Then x5 is close to x1, =3, or x3;
suppose that x5 is close to 1, so that |x5 — x1| < K7 /4. Since Ps is not on
the linear fractional curve through Py, P3, P, we have (2.10) with i = 2, 3,
or 5, so |zg — x;| < K1/2 for i = 1, 2, or 3. Hence if J is not a major arc,
then all points of S in .J lie in one of three intervals of length K; = EK*,
centres x1, xo, or x3, which proves the lemma.

LEMMA 2.4 (local structure of S). Let J be a subinterval of I of length K .
Suppose that the conditions of Lemma 2.2 hold, and
min (805 M2, C) 18
128006C7"AM*Q?

(2.11) K< Ky= <
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Let

L3 10g4M log 3/log 4
N log 4 '

Then the points of S in J lie in at most L subintervals of J. Fach subinterval
either contains one point only of S, or it is a major arc.

Proof. Since K < Ky, in Lemma 2.3 we have by (2.11)
(2.12) K,/K = EK? < 8006C°AM*Q*K3 < 1/16.

We can now iterate Lemma 2.3: in each of the three subintervals of length K7,
either all the points of S lie on a linear fractional curve, or they lie within
three subintervals of length Ko = FK{, and so on. At the rth step
(EK3)47'/3

El/3

We continue until K, < 1/M2. If E < 1/(16M?), this occurs for r = 1. If
E >1/(16M?), then by (2.12) we must have K, < 1/M? for

log M
log 4

1 log4M
= 1 1].
' [10g4 Og( log 4 >+ ]

The number of subintervals is at most 3" < L. Since an interval of length
K, < 1/M? contains at most one point of S, we have the lemma.

K, = EK}_ = BV gt =

4" > + 1.

We take

3. Determinants related to Padé approximants. First we need
some mean value results involving determinants. Symbols such as C and §
do not necessarily carry the same meaning as in Theorem 1. I would like
to thank my colleagues V. I. Bourenkov and A. M. Cohen for formulat-

ing Lemma 3.1, and for other valuable suggestions. Suppose that aq,...,a,
are distinct real numbers in ascending order. Let V(ay,...,a,) denote the
Vandermonde determinant
ai b aTr a1
V(ag,.ooy@p) =] coiiiiiiiiiii.
ar~tar? ... a1
LEMMA 3.1 (determinant mean value theorem). Let E(ay,...,a,) and

E'(by,...,b.—1) denote the determinants of function values
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1/=—1 (br—l)

fila1) fa(ar) ... fr—i(ar) 1
E(ay,...0p) = | coviiiiiiiiii,
filar) falar) .. froa(ar) 1
fi(b1)  f3(b1)
E'(by, .o br 1) = e
f{(br—l) fé(br—l)

where f;(x) are continuously differentiable functions. Then

E(ay,...,a;) 1 E'(aq,..

* arfl)

Viar,...,ar) (=1 Viag,...,ar_)

for some aq, ..., q,._1 with

a1 <oy <o <...<0p-1 < Q.

COROLLARY. If f1(x) = g(x), fi(zx) =2""% fori=2,...,7r — 1, then

E(ay,...,a;) 1

= g ()

V(a,...,a,) (r—1)!

for some & in a1 <€ < a,.

Proof. Consider ao,...,a, as fixed, a; as variable. Since

E(az,aq9,...,a,) = V(az,aqg,...

Cauchy’s mean value theorem gives

E(ai,...,a,) 0/0aE(ay,...,a,)

V(ai,...,a.)  9/0a1V(ai,...,a,)

7a7“) = 07

a1 =1

We repeat the process with oy, as,...,a, fixed and as varying to get

E(ay,...,a,)  8%/0a10a2E(ay, ..., a,)

V(ay,...,a,)  0%2/0a10a5V (ay,...,a,)

a1 =01, a2=0a2

After r — 3 further steps of this type, we have replaced E(ay,...,a,) and
V(ay,...,a,) by determinants with all entries zero in the last column except
for the bottom entry, which is one. These determinants are equal to the
minor determinants of their first 7 — 1 rows and columns. In the denominator
we have V(aq,...,a,_1) with the ith column multiplied by r — i for each i.

This proves the lemma.

For the Corollary we have

E’(O{l, ey Oér_l) SR

and we obtain the Corollary by iteration.
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In our second lemma we estimate a particular determinant of this type,
which is proportional to the difference of the cross-ratios (a,b;c,d) and

(f(a), f(); f(e), £(d)).

LEMMA 3.2 (cross-ratio and Schwarzian derivative). Suppose that f(x) is
a real function three times continuously differentiable on an interval I, and
that f"(x) is non-zero on I, with

max |f"(2)| < Bmin |f" ()]
Fora<b<c<dinl, let

b 10 5 1
Bla.bed)=| i) fe) e 1|
(@) F(d) d 1
Then
(3.1) Pl = SO - 2©10(©)

for some € in a < & < d and some C in 1/B?* < C < B2
Proof. We use Lemma 3.1 twice, with

fla) +af(a) al

E'(a,B,7) = | f(B)+Bf'(B) B 1],
JO) +f(v) v 1

1" f/( )""uf//(u

E (’LL,U) ‘ f’(v)—i—vf’ (U

)
e . 2 )

f

f"(v)
) +u—

"(w) f"(v)

= w3

whilst V' (u,v) =u — v.
Again by Cauchy’s mean value theorem
1 (2f'(u) 2f'(v) 2f'(§) ™€)
S - e
for some £ in u < £ < v. Thus
E(a,b,c,d) 1 f"(u)f"(v)
V(a,b,e,d)  6-2  fr(6)?

which gives the result of the lemma.

(Bf"(&)* —2f'(&) ™ (€)),

We note that the condition f”(z) # 0 in Lemma 3.2 is necessary, because
for f(x) = sinz, the determinant E(a,b, c,d) can be zero by periodicity, but

317()% —2f(€) fP)(€) = 3sin? € + 2cos? € > 2.
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On the other hand, Lemma 3.2 holds with C = 1 for f(z) =1, z, 22, 23,
1/x, 1/2?; this can be checked directly.

LEMMA 3.3 (interval of approximation). Let f(z) be a real function three
times continuously differentiable on an interval J of length K, with

(3:2) £ ()| < "

fori=1,2,3, and

(3:3) [f"(x)] > 1/C2,

(3.4) 13£7(€)* = 2f'(€) fP(©)] = 1/C°.

Suppose that f(x) has a Padé approzimation
_ar+

(35) @) = S

with

(3.6) |f (@) = g(x)] <A <1/(27C%)

on I. Then

(3.7) K < 18C%9/3A1/3,

Proof. In Lemma 3.2 we take a and d to be the endpoints of J, and
d—c=c—b=b—a= K/3. Then
K6
>
2 729C'18
We put f(a) = g(a) +¢, f(b) = g(b) + ¢, f(c) = g(c) +n, f(d) = g(d) + 0,
and we expand the determinant. The terms which do not involve ¢, (, 7,
or 6 give the corresponding determinant with f(x) replaced by g(z), which
is easily seen to be zero by direct calculation.
There are four determinants of the type

|E(a,b,c,d)

(b—a)f(b) b1
iﬁg ;Eg i 1 —e|(c—a)f(c) ¢ 1
df(d) f(d) d 1 (d—a)f(d) d 1

T=¢
=e(c—b)(d—=b)(d—)(f'(&) + 3 —a)f"(€))

for some £ in b < £ < d, by the Corollary to Lemma 3.1. Each determinant

has absolute value at most

2AK3 (o, C3K
GRS
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There are six determinants of the type
ae e 00
b ¢ 00
ef(e) f(c) ¢ 1
df(d) f(d) d 1
Each such determinant has absolute value at most A2K?/9. We deduce that
K°® _ 8C?AK? N 4C3AK* N 2A?K?
729C18 — 9 9 3
If the first term on the right of (3.8) dominates, then
(3.9) K < 18C20/3 AY/3,
If the second term on the right of (3.8) dominates, then
K <18V3C*/?VA.

If the third term on the right of (3.8) dominates, then

K < 9V6C°'VA.

By the upper bound for A in (3.6), we see that (3.9) is the strongest of the
three conditions.

=eC(b—a)(d—c).

(3.8)

LEMMA 3.4 (intersection number). Let f(x) be a real function three times
continuously differentiable that satisfies the conditions (3.2), (3.3) and (3.4)
of Lemma 3.3. Suppose that f(x) has a Padé approzimation g(x) of the
form (3.5). Then there are at most four disjoint subintervals on which the
inequality (3.6) holds.

Proof. If f(x) = g(x) + e for four distinct values = = a, b, ¢, d, then
the determinant E(a,b, c,d) of Lemma 3.2 is zero, and (3.1) of Lemma 3.2
contradicts the assumption (3.4). Hence f(x)—g(x) takes each value at most
three times. The endpoints of intervals on which (3.6) holds are either +oo
or finite values of x at which f(x) — g(z) = +A. There are at most eight
endpoints, so at most four intervals.

LEMMA 3.5 (growth of approximation error). Under the hypotheses of
Lemma 3.3, let e be a point outside J, on the opposite side of J from the
pole of g(x) at x = —0/~, with

(3.10) |f(e) —g(e)| = A" > 203°A.
Let K' be the distance of e from the furthest point of the interval J. Then
AN\Y3 i
) > = —_—
e (2)"

Proof. We write h(z) = f(z) — g(x). The denominator vz + ¢ has
constant sign on J; by changing the signs of a, 3, 7, and J, and the sign
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of x, we can suppose that v > 0 and vz + 9 > 0 on J. Let J be the interval

[c, b], and let
a = max <c,1<b— 5>>
2 ¥

Let J’ be the interval [a, b], a subinterval of J with length at least K/2.

We consider two divided differences. Let d = (2a+b)/3, d' = (a +2b)/3.
We have for some £ ina < & <b

1
6h<3) (&) = hla,d,d', b]

_ h(a) h(d)
T da-d)a—b) " ([@d-a)d-d)d-b)
h(d) h(b)
T @@ -0 b-ab-db-d)
Thus
) 6.3 2 ,6 6 3)_ 17284
@l <oa(z £ B 2ypd 8 5) 184
We have
K@) (6) = O ey 8(ed =B
© =190 - =
SO
6(ad — 2 6(ad — 2
512 ‘ (waf;)p ’W‘§16\f‘3><s>|+161h<3><5>r
<160t S 2934552%,

where we have used the bound (3.7) for K.
Secondly, for some 7,

1
7h(3) (77) = h[aa da d/7 6]

6
) h(a) h(d)
(a—d)(a—d)a—e) (d—a)(d—d)(d—e)
h(d) h(e)

_l’_

(d —a)(d —d)(d —e) (e—a)b—e)e—d)
Now

e—d >K' -2K/3>K'/3, e—d>K —K/3>2K'/3.
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Since |h(e)| = A’, we have

h3) () A 4831 6 6 38 3 6 3
6 |~ KB K K KK K K 2K K K K
A 1264
KB K2K'
Again
6(cd — By)?
B3 () = £ () — XX~ PV)Y”
() = 0) = = 55
SO
6(ad — 87)7| o |6(ad — B7)y? 3 3
(3.13) ’ ato) (7 1 03 > WS )| = 1P ()
64" T56A
>7_ —
= K83 K2K'

6A"  22337TA  2330C*A
= KB K2K' K2K’
by (3.7). Comparing (3.12) and (3.13), we see that
213%5 . 110 A < 647 22337A

K 1 (AN 1 AN
— > (= > (=) |
K—216<A> _36<A>

and (3.14) is the weaker conclusion.

K3 - K’3 B KQK/ :
Hence either
K’ 1 /A3
.14 I —
@14 e (3)

or

4. Major arcs. A major arc is an interval J on which there are at least
four points of S, and all points of S on J have r/q = G(m/n) for some linear

fractional function G(z).

LEMMA 4.1 (divisibility). The equation of a non-constant major arc J

can be written as

(4.1) Gla) = 920

cr+d’

where a, b, ¢, d are integers with highest common factor (a,b,c,d) = 1. If

(m;/n;,ri/q;) is a point of S on J, then the highest common factor

e; = (am; + bn;, em; + dn;)
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is a factor of |ad — be|, and if two points of S on J have e; = e; = e, then
e|(min; —mjn;), so

N

- W.

uz m;

n; n;
Proof. If (m;/n;, mi/qi), i = 1,...,4, are four distinct points of S on J,
then
miq1 MiT1 Ni1q1 Niri
(4'2) mMa2q2 MaT2 TM2g2 N2T?2
m3qgs MmM3Tr3 N3q3 1474
Maqq M4T4 1444 T4T4
Let A, —B, C', —D be the cofactors of the first row. Then A, B, C, D are
integers with

(43) Am;q; — Bm;r; + Cn;q; — Dnr; = 0.
If A, B, C, D are all zero, then we consider cofactors of the first row in the
determinant

maqz N2q2 N2T2
B = |ms3q3 n3qs nars
Maqq 14qq N4Ty
Since m3/n3 # my/ny, the cofactor of nary is non-zero. There is a relation
of the form (4.3), but with B = 0, D # 0. Having found a relation with A,
B, C, D not all zero, we obtain the integers a, b, ¢, d by dividing A, B, C,
D by the highest common factor (A4, B,C, D).
For (m/n, r/q) on the minor arc .J, we define

(4.4) e = (am + bn,cm + dn),
so that
am+bn=-er, cm+dn=eq,
e(aq —cr) = (ad — be)n,  e(dr — bq) = (ad — be)m.
Since (m,n) = 1, we have e|(ad — bc). If m;/n;, m;/n; correspond to the
same e in (4.4), then
e|a(m;n; —mjn;),

and similarly with a replaced by b, ¢, or by d. Since the highest common
factor (a,b, c,d) is unity, we deduce that e|(m;n; —m;n;). Hence
e e

> —,
nin; M

which completes the proof of the lemma.
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LEMMA 4.2 (orders of magnitude). Under the hypotheses of Lemma 1.1,
and in the notation (4.1), on a major arc,

(4.5) lad — be| < T = 18(2C%\ + 1) M°Q°,
where C is the constant in Theorem 1. If ad — bc = 0, then e = 1. If

ad — bc # 0, then there are at most T values for e, where
(4.6) 7 = maxd(t) = O((CAMQ?*)%)

for any € > 0, with implied constant depending on €.

Proof. As in Lemma 1.1, the rational numbers r/q lie in some interval
k<r/q<k+ K, where k and K are integers with

K <20%)\+ 1.

If we replace y by y — k in (4.1), then a and b change to integer values a/,
b with a’d — b'c = ad — be. Since d’, V', ¢, d are factors of cofactors in the
determinant (4.2), we have

d'|, || < 3K2M3Q®, |V, |d| < 3K M@,

which gives (4.5). In the constant case e = (¢,r) = 1. In the non-constant
case e is a factor of a positive integer |ad —bc| < T', and we use the standard
estimate for the divisor function.

In order to use Lemma 3.5, we define a proper major arc to be an inter-
val J on the z-line on which

|F(2) — G(z)| < 0/Q,

where G(x) has the linear fractional form (4.1), and all points of S on J
have r/q = G(m/n). By Lemma 3.4, a major arc decomposes into at most
four proper major arcs.

LEMMA 4.3 (spacing of major arcs). Suppose that all points of S have
(4.7) M/2<m < M.

Let J be a proper major arc, of length K, containing R(J) points of S.
Suppose that f(x) = F(x)/\ satisfies the conditions of Lemma 3.3, with
) 1

. = — < —.
(4.8) A Q2 — 27C3
Then either
(4.9) R(J) <,

or there is an interval J' of length K' containing J (the interval J' may
extend outside I) such that all points of S in J' lie in J, and

(4.10) R(J) = O(CS§YAK' M?7).
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Proof. There are at most 7 different values of the common factor e. If
some value of e occurs twice, let A(e) be the set of points of S on J with
this value of e, let J(e), of length K(e), be the shortest subinterval of J
that contains A(e). Let m/n be the endpoint of J(e) furthest from the pole
x = —d/c. Then

and
am+bn=-er, cm+dn=eq.
Now let (m’/n’, 7'/q") be a point of S with r'/q’" # G(m'/n’), and with

m’/n’ on the opposite side of the minor arc J to the pole at x = —d/c. Let
/
m
K' = max|— — z|.
zed | n/

Then by (4.7),

em' +dn’  n'(m//n' +d/c) < 2K’
em+dn  n(m/n+d/c) ~ K(e)’

&)
2eK'Q
/ d /<
cm +dn < K(e) ,
" am' +bn/ - 1 - K(e)
¢ cm/ +dn'| = (em/ +dn')q T 2eK'Q?%

We deduce that if

(4.11) K' <

7 m’ am’ + bn’
n' cm’ 4+ dn’

We apply Lemma 3.5 with

then
K) & < K(e)
T 2eK'Q? Q% T 4eK'Q?’

A’ > ﬂ_
4e K'\Q?
If
(4.12) A < 20354,
then
K’ 1
(4.13)

> .
K(e) = 283%4¢
We note that (4.13) also holds when (4.11) is false.
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If (4.12) is false, then Lemma 3.5 is valid, and
K1 (NP 1 K@)\
K(e) — 4208\ A © 4208 \46e K’ ’

K’ S 1
K(e) = (253773C?46e)1 /4
The number of points in A(e) is

< K(e)M?>

SO

2
1< 2K (e)M
e e
< 2M? K’ max(28356, (293373 C%45e)1/4).

(4.14)

Hence R(J), the number of points of S in J, is bounded by the sum over e
of the maximum of one and the expression in (4.14). There are at most 7
values for e by Lemma 4.2, so one of the estimates (4.9) or (4.10) holds.

Proof of Theorem 1. We can suppose that § < 1/C?%, or the result is
trivial. By (1.6), the hypothesis (4.8) of Lemma 4.3 holds. We make the tem-
porary assumption that all points (m/n, r/q) of S satisfy (4.7) of Lemma 4.3.
By Lemma 2.4, the points of S lie in O(L/Kj) intervals, each containing
either an isolated point or a major arc. Hence minor arcs and proper major
arcs with at most 7 points of S contribute

o) -of o)

points to R. This is the second term in (1.7).

Other minor arcs can be embedded in intervals in which the density of
points of S is O(C®§'/47) by the case (4.10) of Lemma 4.3. At most two such
intervals overlap at each point (eight intervals if we count proper major arcs
separately), and at most two such intervals extend outside I. By Lemma 3.3,
the intervals that extend outside I correspond to at most eight proper major

arcs of length
205\ 1/3
0 C*Y§ 7
Q2
which contribute

(4.15) 0<(§Z§f) 1/3M2>

points to S. The total length of all the other intervals is O(1), and they
contribute

(4.16) O(C%sY/* M?7)
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points to S. Since § < 1/C?*, the term (4.16) absorbs (4.15); it is the first
term in (1.7).

We complete the proof of Theorem 1 by summing ranges M; < m <
M;_1, where M;_1 < 2M;, and My = M. The largest range ¢ = 1 dominates,
and the sum over ¢ affects only the constant in (1.7).
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