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1. Introduction. In this paper we study the problem of solvability of
the inequality
(1.1) € —al <c(€n)H(a)™
in algebraic numbers « of degree < n, where A > 0, £ is a real number
which is not an algebraic number of degree < n, H(«) is the height of a. In
1842 Dirichlet proved that for any real number £ there exist infinitely many
rational numbers p/q such that [ —p/q| < ¢~2. In 1961 E. Wirsing [9] proved
that (1.1) has infinitely many solutions if A = n/24y,,, where lim,, o v, =
2. Moreover, he conjectured that the inequality (1.1) has infinitely many
solutions if A =n+1— e, where € > 0. Further it has been conjectured [5]
that the exponent n+ 1 — ¢ can be replaced even by n+ 1. This problem has
not been solved except in some special cases. In 1965 V. G. Sprindzuk [6]
proved that the Conjecture of Wirsing holds for almost all real numbers. In
1967 H. Davenport and W. Schmidt [3] obtained new results in the theory of
linear forms. These enabled them to prove the Conjecture for n = 2. In 1993
[1] the following improvement of the Theorem of Wirsing was obtained:
A = n/2 4+ ~}, where lim,_,» v, = 3. In 1992-1997 a new method was
introduced, improving the Theorem of Wirsing for n < 10 ([7, 8]).

In this paper we prove the following

THEOREM. For any real number & which is not an algebraic number of
degree < n, there exist infinitely many algebraic numbers o of degree < n
such that

(1.2) € —a| < H(a)™ .
Here and below 3 <n <7, < is the Vinogradov symbol, and A = A(n) is
the positive root of the quadratic equation

(1.3) (Bn—5)X2—2n* +n—-9)X —n-3=0.

The implicit constant in < depends on & and n only.
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2 K. I. Tishchenko

The following table contains the values of A corresponding to Wirsing’s
Theorem, the Theorem above and the Conjecture:

Wirsing, 1961 Theorem Conj.

n
3 3.2807764 3.4364917 4
4 3.8228757 4.1009866
5 4.3507811 4.7677925
6
7

4.8708287 5.4350702
5.3860009 6.1024184

0 3 O Ot

2. Preliminaries. We can confine ourselves to the range 0 < £ < 1/4.
We suppose that there exists a real number 0 < £ < 1/4 which is not an
algebraic number of degree < n, such that

(21)  Ve>03Hy>0Va €A, H(a)> Hy, |€—a]>cH(a)™,

where A,, denotes the set of algel’z)raic numbers of degree < n. Also, we may
assume that Hy > ((2n)!)30mef0n",

By Lemma 1 of [2] we have

[P(9)]
[P

where « is the root of the polynomial P(x) closest to £. In fact, we get

- T HlE-al T E=af

(2.2) € —al<n

P

[P(¢)]

which gives (2.2). Put
cr = 4”2(n!)4"3§_2"5.

By (2.1) and (2.2) we obtain

(2.3) JHy > 0 VQ(x) € Z[z], degQ(z) < n, [Ql > Ho,

Q) L
Q) e

Throughout the paper [L] denotes the height of the polynomial L(z).

3. Auxiliary lemmas

LEMMA 3.1. Let L(x) = cpa™+...+c1z+co be a polynomial with integer
coefficients such that |L(§)| < 1/2. Then there is an index j; € {1,...,n}
such that |c;,| = [LI.
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Proof. Assume that |c;,| < [L] for any j; € {1,...,n}. Then

S |- D+ | =10 -3¢ +1]> 1.
v=1 v=1

L= |> et
v=0

LEMMA 3.2. Let L(x) be a polynomial and ji an index as in Lemma 3.1.
Suppose |c;| <€ LI for everyic{1,...,n}\{j1}. Then [LI <¢="*1|L'(£)|.

Proof. We have
n ‘ n ‘
L1 = ‘Z’jcvgu_l‘ = ‘jlcjlﬁh_l + (ZVCV§”_1 —jlcjlgh_l) ‘
v=1 v=1
Since |jlcj1£j171| :jl m&'jlfl > ’I’menil,

S vee — et < e T (S vet - et
v=1

v=1
n—1
< gnflm Z ngfl’
v=1
and n — 3" €1 > 1, we obtain

(O] 2 ey €7 = | Yo veut ™ — jres. €7
v=1

n—1 n—1
> ngnflm - é-nflm Z I/f”il _ gnflm (TL o Z Vgufl)
v=1 v=1

> m

Notations. In this section L*)(x) denotes the kth derivative of a poly-
nomial L(x). However, in Sections 4-7 we will use QZ(-Z)(:L’) to denote the
polynomial with indices [ and 1.

LEMMA 3.3. For any polynomials F(z) and G(x) the following identity
is valid:

0)
Flil(f) F'(&) F(&)
F )
B REG=| s o Fo)
W.Q G'(&) G
. l
(m)
Gm!@) G'(&) G|/
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where R(F, G) denotes the resultant of F(x) and G(z), & is any real, complex
or p-adic number, deg F(z) =1, deg G(x) =

Proof. Write

l !
:Za,,a:”:aln(m—a,,), G(m):Zbym” :bmH(fn—ﬂy),
v=0 =

F(z)=F(z+¢) = Zau . G2)=Gx+¢) = Zguxy.

0
Denote by Ay ., (Ai, Bj) the determinant obtained from (3.1) by replacing
FO (&) /il and GY(£) /5! with A; and B;, 0 <i <1, 0 < j < m, respectively.
For example, according to the definition of resultant we have R(F,G) =
A m(al, b;). We now obtain

R(F,G) = a;"b H a; — ) = apbh, [J (s — € = (85 — &) = A (@i, b))
ij

F(l)(()) G(J)(()) FOE) GU(g)
= Al m - ) - = Al m - ) - . u
’ 7! 4! ’ 7! 4!
LEMMA 3.4. Let F(x),G(x) € Z[x] be nonzero polynomials with deg F(x)
=1<mn, degG(z) =m < n, Im > 2. Suppose that F(z) and G(z) have no
common root. Then at least one of the following estimates is true:

(D) 1<crpmax(|F(€)], |G(E))* max([F], [G1)™+2,
(3.2) (II) 1<crmax(|F(&)|-|F'(&)| |G (&), |G(€)|-|F'(&) ’2)ﬁm 2@,

() 1<crmax(|GE)|[F(© 1G] IF©]- &' (€)P) FIm G2,
where 0 < £ <1 and cg = (2n)!((n + 1)!)?"~2.
Proof. Consider the identity of Lemma 3.3. Since the polynomials
F(z),G(x) € Z[x] have no common root, it follows that
(3.3) |R(F,G)| > 1.
We will obtain an upper bound for the absolute value of the determinant

(3.1). Let us expand it with respect to the last column. Obviously, any
nonzero term contains the factor F'(§) or G(&). We distinguish two cases.

CASE A. Suppose that some nonzero term contains F(£)?, G(£)? or
F(§)G(£). Using the inequality

(3-4) LW < (n+ 1)L

where deg L(z) < n, we estimate other factors. Hence this term has absolute
value at most

((n+1))™ 2 max(|F(€)],|G(€)])? max([F], [Gl)™+-2,



Approzimation to real numbers by algebraic numbers 5

CASE B. Suppose that some nonzero term contains F'(§) or G(§) together
with the other factors F(*)(£)/i! or GU)(£)/5! where 1 <i <1, 1< j < m.
If we expand the determinant (3.1) according to the last three columns,
we see that the term considered contains one of the following expressions:

FF'(&G'(E), GIF'(€)?, GEF'(§)G'(€) or F(§)G'(£)?. Using (3.4) we
conclude that this term has absolute value at most

((n+ Y™ max(|F(E)] - [F'(©)] - |G (&), 1G] - [F' (&) ) [FI 2 [Gl
((n+ D)™ max(GO] - [F(©)] 16 IF(E)] - 6O [P IG1 2,

Finally, when expanding the determinant (3.1), we obtaln (I+m)! terms.
Combining this information with (3.3), we get (3.2)(I)—(III). m

The following two lemmas are well known.

LEMMA 3.5 (see [4], [5]). Let R(x), R1(z), ..., R,(z) be polynomials such
that R(z) = Ri(x)...R,(z), deg R(x) = 1. Then

(3.5) e”'R... R <IRl < (1+1)"'Rl...[R,

LEMMA 3.6. Let F(z) and G(z) be polynomials with integer coefficients
of degree <. Let F(x) be a polynomial irreducible over Z with [Fl > e[al.
Then F(z) and G(z) have no common root.

Proof. Assume that F'(z) and G(z) have a common root. Then there
exists a polynomial F(x) € Z[z], F(x) # 1, dividing both F(z) and G(z).
Since F(z) is irreducible, we have F(z) = F(z). Therefore G(z) = F(z)G(z),

where G(z) € Z[z]. By (3.5) we have [G] > e ![F] @ >e '[F]. m
LEmMA 3.7. Consider the following system of inequalities:

lat1z1 4 ...+ apn| < A,
(3 6) ‘a21w1+---+a2n$n’ §A27

‘anlxl +...+ annxn‘ < An;
where a;; € R, A; € RT, 1 <4,j <n. Suppose that

( ) fOT any 1<5 < n, maXQSiSnﬂaij]) SBj,HliIllSan,l(Bj) >B, >0;
(( g maX1<j<n—1((‘a1]j‘) < lain|, ain # 0;
III maXo<y<n-—1 Al/ < An7
(IV) |A| > cq|ain|Bi - .. Bn—1, where A is the determinant of the system
.6), and cq is some positive constant.
3.6 d ) 41 tant

Then for any solution (Z1,...,T,) € R™ of the system (3.6) the following
estimates hold:
A1B,

lain]

(3.7) |z < B ! max ( ,An> (1<1<n).
Cd
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Proof. Using the Theorem of Cramer, we have
(3.8) z)| = — (1 <1<n),

where 4; is the determinant obtained from A by replacing {th column with
[01A1,...,0,A,]%,10,| <1, 1<v<n.
When expanding A; with respect to the [th column, we get

(3.9) | A < nmax(Ay|Mil,..., A, M,]),

where M, are the minors corresponding to 6, A4, for 1 <v <n.
By (I) we have

(3.10) |Mi| < (n—1)!By...B, B "
Let us show that
(3.11) IM,| < (n—Wain|By ... Buo1 Bt (2<v <n).

In fact, by (II) the absolute values of a;; from the first line of the minors

M,, 2 <wv <n, are less than or equal to |ai,|. On the other hand, by (I) the

absolute values of any minors m,; of M, which correspond to the elements

ayj are less than or equal to (n — 2)!By ... B, B; '. This gives (3.11).
Using (IIT) and (3.9)—(3.11), we get

(312) |Al‘ < n'31 . Bn_lBl_l maX(Aan, An]a1n|)

By substituting the estimate (IV) and (3.12) into (3.8), we obtain (3.7). =

4. Construction of égo) (z), ...,@gn_l)(x). Fix some h € N, h > H.
We consider the finite set of polynomials P(x) € Z[z] with deg P(z) < n,
[P| < h. Their values at £ are distinct. Hence we can choose a unique (up to
sign) polynomial Py(z) € Z[z], Py(z) # 0, with minimal absolute value at £.

Put

2
cp=nlE™ .

We now increase h until a polynomial Py(z) € Z[z], Pi(z) # 0, of

degree < n with |Py| < h, |Py(¢)| < c;1|§0(§)| appears. If there are several
polynomials of this kind, pick one with minimal absolute value at £. It is

clear that Hy < |P;|. We increase h again until a polynomial Py (z) € Z[x]
of degree < n with Hy < E’ < @ <h, |Py(¢)] < 051\151(5)| appears. By
repeating this process, we obtain a sequence of polynomials R(a:) € Zlx],
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deg P;(z) < n, such that

(i) 1/2> P& > cp|Pa(&)] > ... > P& > ...,
(4.1) G) Ho<|Bl<IBl <...<IBl<..,

(i) VP(z) € Zz], P(z) %0, deg P(z) < n, [P < [Peyal,
|P(&)] >, [Pu(€)].

For any natural ¢ we set
Q) (x) = Pi(x).
Write @50)( ) = a( g 4+ ago)x + a(()o). By Lemma 3.1 there is an index
j1 €{1,...,n} such that ]ag?)| = @50) :

We successively construct nonzero polynomials QVEO) (x),..., Q(" 1)( ) in
Z[z] of degree < n and distinct integers j1, ..., j, from {1,...,n}. We write

@El)( ) = Vo +.. .+ agl)m +a(()l), 0<I<n-—1.The polynomials Qvil)(:n)
and the numbers j;+1 (which we call the indices of the Q;-system) will have
the following properties:

(1) 1QV(6)] < ¢ |Piea(€)]s
(21) |a<’>|<c*1W (i=1,....0),
3) 1o > eV

Jl+1

(if I = 0, we have (1;), (3;) only). Moreover, if for some 0 <[ < n — 1 any
nonzero polynomial Q(z) = a,x™ + ...+ a1z + ag € Z[z] satisfies

Q(E)] < ¢ | Pi1(8)],

|aj, | SCFW (n=1,...,0

(if I = 0, we have |Q(§)| < c;1|]3i,1(§)| only), then Q| > @El) . In other

words, QEZ) () has minimum height among nonzero polynomials in Z[z] with

(17), (2;). We call this the minimality property of égl)(m), 0<I<n-1
The pair (@(0)( ),71) has the desired properties. Suppose 0 < ¢ <

n — 1, and (Q( )( ), J1), - (Qgt) (), jt+1) have been constructed so that
(1), (27),(3;1) with 1 =0,... ,t and the minimality property hold, and ji,. ..

.., jt4+1 are distinct integers in {1,...,n}. By Minkowski’s Theorem on lin-
ear forms there is a nonzero polynomial Q(x) = a,z" +...+a1z2+ag € Z[z]
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having

Q)| < ¢ HPim1(8)],
]aj#\gczjl QEH_U (p=1,...,t+1),

t ot
a1 < (2P TTRVD " =1 -t -)
v=0

where {]{31, ey kn—t—l} = {]., . ,’I’L} \ {jl, . 7jt+1}-
If there are several polynomials of this kind, pick one whose height is

(4.2)

minimal. We denote it by @Etﬂ)(x). By Lemma 3.1, there is an index j in
{1,...,n} such that |a§t+1)| = @Z(Hl) . On the other hand, by the minimal-
ity property of Qvil)(x) we have ’@El)‘ < ’@Etﬂ)‘ for any 0 <[ < t. Hence

\a§i+1)\ < ’@E“_l)‘ < ’@Etﬂ)‘ for w = 1,...,t + 1. Therefore j is distinct

from jq,...,ji41. We set jipo = j. Then (1441), (2¢41), (3t+1), and the min-

imality property hold for @Etﬂ)(x). In Section 5 we will slightly modify the
construction of the polynomials QEO)(.’L‘), e ,Ql(-nfl)(x) (see (5.7) and Re-

mark 5.8). Therefore we use the inequality ]ag-gl] > ¢t @gl) instead of
|a(»l) | = @El) ,0<l<n—-1.

Ji+1

In this way (@50) (), 71)s- -, (@En_l)(x), Jn) can be constructed. Clearly

(4.3) 0] <lgWl <. <lg1].

5. Properties of QVEO) (),..., @g"fl) (). Using Lemma 3.1, the last two
inequalities from (4.2), and (4.3), we deduce

— _ =1 — —1/(n-1)
(5.1) Q"] < /=0 (1B ) TT 1011 (1<i<n-1).
v=0
Applying (4.3) to (5.1) with I =n — 1, we get

—— _ n-2 ~1 _ 1 —n+1
(52 Q" V< qPa@ (TTeY) =gl

v=0

Similarly, (4.3) and (5.1) imply that

n—3 _
63 Q0] < QP71 < pvrmpoyor e (TP
v=0

~ —1-—n/2
Scén_l)/2|Pzel(§)|_l/2@ 0<1<n-2).
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LEMMA 5.1. Let ¢ be any natural number > 1. Suppose that for some
0 <l <n—1 the polynomial le)(:n) satisfies the conditions of Lemma 3.2.
Then

(5.4) W—l < (epe, €771~ A= B, (g)|/A-D),

Proof. By Lemma 3.2 we obtain QVZ(-I) < f‘”“@zml(&)\. On the other
hand, @El) > Hy. Therefore by (2.3) and (1;) we get

1

507 M —nHM “le—nt1| D, ~(0]~
< < g <l

= —A+1 -
Q <cpte e B (¢),

and the result follows. m

hence

Define
5.9 cyp = min P ,
( ) M P(x)€Z[x], P(x)#0 (| (5) ’)
degP(z)<n, [P]<e™ ﬁ
(5.6) Hy = 6&30%}%5%60712 E’ .

By (4.1)(ii) there exists an index ko € N such that |Py,| < Hy < |Ppys1l.

From now on

(5.7) le)(x) = @;ﬂlo)ﬂ(:c) forany i€ Nand [ =0,...,n— 1.
In particular,
Pi(z) = Py,i(z) for any i € N.
LEMMA 5.2. For any natural ¢ > 1 we have

- ——(n—1)(A-1)/(A-2)
@ [P < 1P ,

n—2
(11) H QZ(V) <Cp_n‘Pifl(§)|_(A_2)/(A_1)‘
v=0

Proof. It follows from (2;) with { = n—1 and (4.3) that the polynomials

@En_l)(x) satisfy the conditions of Lemma 3.2. Substituting (5.2) into (5.4),
we get,

~ — —n—+1\ —1 _
<CZ’PZ'—1(§)’71@ ) < (epe "™ V)VAD B _ (g)|H/(A-1),

hence

(5.8)

o — —n—+1
1By (€)|(A=D/(A=D) < en (e, ety A-D[B] T



10 K. I. Tishchenko

and so, by the definitions of ¢z and ¢,, we obtain

~ — 1 —n+1
P,y (6)|(A-D/(A-1) o @ ,

which gives (5.8)(I).
Similarly, substituting (5.1) with [ = n — 1 into (5.4) and keeping (5.7)
in mind, we deduce

n—2 - _
(cZ!Pi_l(ﬁ)lfl( H W) 1) ' < (cTcpgnfl)*l/(Afl)|Pi_1(£)‘1/(A71)’
v=0
hence

n—2
[T 11 < eplerepen=t) =/ A=D Py (¢)|~ A2/ (A1),

v=0
Using the definitions of ¢z and ¢, we get (5.8)(1I). m
COROLLARY 5.3. For any natural i > 1 we have
(D) [Pa(§)] < [R]-mDAZD/A=2),
(I [P < Bl

Proof. The inequality (5.9)(I) immediately follows from (5.7) and
(5.8)(I). To obtain (5.9)(II) we must use (5.9)(I) and the inequality A <
n+1:

!Pz—1(§)! < 'ﬂif(nfl)(Afl)/(AfQ) < @f(nfl)(n+lfl)/(n+172) _ 'ﬂi*n' -
LEMMA 5.4. For any i € N the polynomials P;(x) are irreducible over 7

and have degree n.

Proof. Assume that Pj(z) = P (z)...P;, (), 1 < v < n, where
PZ‘ (:U),,P

5., (x) are irreducible over Z, have degree < n and integer coef-
ficients. Let the heights of P;, (), ..., P;, (z) be greater than ¢”|Py| and the

heights of the others be at most e" ﬁl . It is obvious that A < n. We now
show that A > 1. In fact, assume that the heights of P; (x),...,P; (z) do

not exceed e”@. Then by (3.5) we get
Bl < (1" 2B [Po] < (o 1) (B
hence |P;| < (n+ 1)1 e’ E’ . On the other hand, (5.6) and (5.7) yield

(5.10) Pl > c]T/[?’O"c}q‘r’”eﬁon2 '?1’

for any ¢ € N. This gives a contradiction.

(5.9)
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We now prove that there exists an index 1 < jg < X such that
—1/2 C(n—1)(A— _
(5.11) |P;,, (6)] < cp / P:jo (n=1)(A=1)/(A=2)+1/30_

Assume the contrary. Then by (5.9)(I), the definition of ¢ps, (3.5), and
(5.10) we have

[Py (- D(A-D/(4-2)
Y A
>R = [T 1P @1 = 3 [T 1P ©)
v=1 v=1

A
- —(n—1)(A—1)/(A—=2)+1/30
2 C’X;/\CRA/Z( H m)
v=1
> C%Cénﬁ(en@)_(”_1)(A—1)/(A—2)+1/3o

_ CnMC;%n/Qefn(nfl)(Af1)/(A72)+n/30 @ 1/30 @ —(n—1)(A-1)/(A-2)

> [P~ (n=D(A-1)/(A=2)
which is impossible.

Since 1 < jg < A, we have P% > e”@. Therefore there exists an
index k € N such that

(5.12) B < P, | < e |Peyal.

Combining (5.8)(I) with (5.12), then using the inequality [P;, | > Hy >

2 :
cke%9"” we obtain

~ = —(n—1)(A-1)/(A-2)
(5.13) [Be(®)] < [Py < (e (B, 1)t/ (A-2)
_ en(n—l)(A—l)/(A—2)m—1/30m—(n—l)(A—l)/(A—2)+l/30

< C]—%l/2 ﬁpijo —(n=1)(A=1)/(A=2)+1/30_

Since Pijo > e @ and Pijo (z) is irreducible over Z, by Lemma 3.6 the

polynomials P, (z) and P, (z) have no common root. Moreover, deg Py(z) >
2 and deg P;; (z) > 2, since otherwise we get

P P ——(n—1)(A—1)/(A—2)+1/30—1
Al _ PO _[F) |
LAY

and a simple calculation shows that

A—1 29
SO e .
=Di—5 5~ 4
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hence
LTI
IAG )
which contradicts (2.3). The same holds for P,
(3.2) to Py(x) and P;; ().
(a) Substituting (5.11) and (5.13) into (3.2)(I), then using (5.12), we
deduce

(z). Thus, we can apply

~ p 2n—3
1< cnmax(Pu(€)], [Py, () max (1P, [7,])
< CRCEI W—2(n—1)(A—1)/(A—2)+1/15W2n—3

0

_ [P ]-2(n-1(A-1)/(A-2)+2n—44/15

Here we have used the inequalities deg Py (z) < n, deg Py (z)<n—1.1tis
easy to verify that
—2(n—1)%+2n % <0 form=3,...,7,

and we obtain a contradiction.

Since min(@, m) > ﬁo, we can apply (2.3) to the polynomials
Pi(z) and P, ().

(b) Applying (2.3) to (3.2)(II)—(III), then using (5.11)-(5.13) and the
definitions of ¢y and cr, we have

= 2n—4
1 <cRc;2maX(\Pk( I, [P, ( max('?k’, s ) max(’;’, P )

< CRC}—%3/2C;2 w—%n—l)(A—l)/(A—Z)—i—l/lO@214—1-271—4
< W—3(n—1)(A—1)/(A—2)+2A+2n—39/10.

Since

A-1 39
—3(n—1)ﬂ—|—2A—|—2n—E<O formn=3,...,7,

we come to a contradiction again. This completes the proof. m
LEMMA 5.5. For any natural @ > 1 we have
(5.14) ‘Pi—l(f)‘_l < @(2A+n—2)/3 Pz'—l (n—l)/3.

Proof. By Lemma 5.4 the polynomials P;_;(x) and P;(z) are irreducible
over Z and have degree n. Therefore they have no common root. Moreover,
deg P;_1(x) > 2 and deg P;(x) > 2, since otherwise by (5.9)(1I) we get

(O] |Pie .
P/~ IRl < [P
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which contradicts (2.3). The same holds for P;_;(z). Thus, we can apply
(3.2) to Pi_1(x) and P;(z).

(a) Substituting (5.9)(II) into (3.2)(I) and using (4.1)(ii), we obtain

1 < cg max(|Pi-1(8)], [Pi(€)])? max([Pil, [R])*—2
< CR@—2n’ﬂi2n—2 =cp Pz —2’

hence [P;]? < c. This gives a contradiction with (5.10).

Since min([P,_1|, [P,]) > Hy, we can apply (2.3) to the polynomials
P;_1(z) and P;(x).

(b) Applying (2.3) to (3.2)(II), then using (4.1)(i), (4.1)(ii), and the
definitions of ¢y and cgr, we deduce

1< crmax(Proa(©)]- P ()] IPAE)] 1P [Py (©)2) Pl 2B
< CRCEQ ’Pi—l(g)’3 VA R VN L P o L
= crep? [P (©PIRIAT P[4 2
< |P_1 () PB4+ —2[p, L,

(c) Similarly, by (2.3), (3.2)(III), (4.1)(i), (4.1)(ii), and the definitions of
cr and cg, we have

1 < cgmax(|P;(§)] - [P ()] - 1P/()], [Pia ()] - [B{ () P) [Pia "M P2
< CRCEQ\Pi—1(§)|3@2Amn_l@n_2
= crep” [Py (O PIPPAT 2Py
< |P 1 (&) P[BIA+n 2B |1,

It is easy to see that either one of the above two inequalities gives (5.14). m

LEMMA 5.6. For any natural © > 1 we have
n—2
(5.15) H QEV) <C;n|P¢_1<f)’_l/2'ﬂi_l+n/2.
v=0
Proof. From (5.8)(II) we deduce
n—2
(5.16) ] lot
v=0

< oy " Pig ()T AT/(ATD
= ¢, "|Pio1 (&) VAP 2| Py (¢)| 7 AT/ A [ /2,

We now prove that

(5.17) |Py_q(&)|" A3/ CA-D)[p]1-n/2 <,
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If the result were false, we should have
|P_1(8)] < [P~ (n=2)(A-1)/(A=3)
Substituting this into (5.14), we get
1< |szl(§)| @(2A+n—2)/3 Pifl (n—1)/3
< [P~ (=2)(A=1)/(A=3)+(2A4n-2)/3 [P |(n—1)/3
< [P~ (=2(A=1)/(A=3)+(2A+n=2)/3+(n—1)/3
A simple calculation shows that

—-2)(A-1 2A+2n —
_(n A)E?, )—1— +3n 3<O forn=3,...,7,
and we obtain a contradiction. This gives (5.17). Finally, (5.16) and (5.17)
imply (5.15). m

LEMMA 5.7. Let @ be any natural number > 1. Then for any 0 <1 <n-—2
there exist at least two indices {k1,k2} C {1,...,n} such that

] > e QP w=1,2).
Proof. By Lemma 3.1 for any 0 < [ < n — 1 there exists an index
k1 € {1,...,n} such that ]a,(cll)] = W
Fix some 0 < | < n — 2 and suppose that ]a,(cl)] < gl QZ(-I) for all
ke {1,...,n}\ {k1}. Then the polynomial Qfl)(x) satisfies the conditions

of Lemma 3.2. Therefore we can apply Lemma 5.1 to le)(x). Substituting
(5.3) into (5.4) and keeping (5.7) in mind, we obtain

(CI(Jnfl)/2’lDi_1(§)’fl/2 'ﬂilfn/Q)fl < (cTcpgnfl)fl/(Afl) ‘Pi_l(é-)‘l/(Afl).
This inequality can be written as
‘Pi,1(§)|(A_3)/(2(A_1)) 'ﬂi—l—l—n/Z < (cTcpﬁn_l)_1/(’4_1)0](0"_1)/2,
and so, by the definitions of ¢z and ¢,, we get
|P¢71(€)’(A_3)/(2(A_1)) @—1—&—71/2 < 1’
which contradicts (5.17). m

REMARK 5.8. We now can slightly modify the construction of the poly-

nomials QEO) (x),..., an_l)(x). By Lemma 5.7 there are at least two indices
{k1,k2} C {1,...,n} such that

e > e R (v=1,2).
We may suppose that k1 € {1,...,n—1} and set j; = k1. We now construct
(le)(:c),jg), ce (an_l)(x),jn) with this (possibly new) value of j;. Again
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there are at least two indices {k1,k2} C {1,...,n} with
o) > ¢V (v =1,2).

Since \a§1)| < ¢! QZ(»O) < 5"‘1w, these indices are distinct from jj.
So, we can pick j2 € {1,...,n — 1} \ {j1}, etc. In this way we can arrange
Jiy--+yJn—1 so that {j1,...,jn-1} = {1,...,n — 1}. Below, we assume this
is true.

6. Three statements. The following results are of great importance
for this paper.

STATEMENT 6.1. Let i be any natural number > 1. Write
H,l(x) = bn.an +...+ bla; + b().

Then the polynomials P;_1(x), QEO)(x),...,QEn_Q)(x) are linearly inde-
pendent and also

(n 2) (n 2) (n—2)
]1 e Jn 1 Qz (é‘) n—2
(61) ‘A|: (0) ........... (0) ........ (0) >€n ’P271(§)‘ H Qz(l/) :
aj, ceeag) Q; (&) bty
bjy o b Piaa(§)
where ji,...,jn_1 are the indices of the Q;-system.

Proof. From this moment on, we will take into account the notation
(5.7) when using the formulas from Section 4. By (2;) with 1 <[ <n —2
and (4.3) we have

0] <tV < el (1< p<,

hence
(n 2) (_n—2) 1)' 2
Jl U In—1 (IJ) n — ! (l/)
................... > H jal”) | IT el
1 (6) (0 &
]1 T jn*l
Applying (3;) with 1 =0,...,n—2to [[_ ]a(l’) |, we obtain

Jv+1

G2) || s e 1>2HQW USRI y )
p v=0
— (g - 22 )H@W

On the other hand, by (4.1)(ii) and (4.3) the absolute values of other
minors from the first n — 1 columns of the determinant A are less than or
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equal to (n —1)! HZ;S ng) . Hence by (1;) with 1 =0,...,n—2, (6.2) and
the definition of ¢,, we get

\A!><£(” e LLC \H@W
(n 1) (Z\Q(”) >|)HOW
> (5(“—”2 e LRIG] 121 Q]
DD p e T o)
P v=0
P (€) H Q"]

This gives (6.1). Finally, since |A| > 0, the polynomials P;_;(z), QEO) (x),...
.,an_m (z) are linearly independent. m
STATEMENT 6.2. Let ¢ and T be natural numbers such that
(6.3) P_l<elPl, 1<r<i-—1,i>1,
where
chn =4(nl)? e
Let also L(z) be a nonzero polynomial satisfying

(6.4) IL(&)| < |Pi_y (O3[R~ +n/2[p | =t
(6.5) L/ ()] < |Pior (€)1~ A2 [P (=D (1=A/2) [p ] —n+2,
(6.6) (L] < e L/ (¢).
Then

LI _ (. c-1yn-va[f]-4
o D) < (e

Proof. By (6.4), (6.3), (5.9)(II), and (5.14) we get
(6.8)  [L(O] < [Pima()[VIRI /2P
< e 1|PZ L(&)|V2[B] -2 [P
e Pima (2T Py (67 [Pima (€)1
~ @—1+n/2m—n+1
< 7Py (€) |/ Frea—o2 [ @A+n—2)aa /3[p (n=1)ar/3
% @—nag@—l—&-n/Qm—n—‘rl
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—1 1/2 - 2A —2 3— —1 2
:CZ ’Pz—1(§>’ /2+a1 QQ@( +n—2)ai/3—naz—14+n/
x [P (n—l)a1/3—n+1’

where a; and «s are any nonnegative constants. Put

n-2A-1)
n—1 ’

g G _n2)_(f —U_ <‘§ - 1> (A—1).

It is easy to verify that for n = 3, ..., 7 the constants o1 and as are positive.
By (6.9) we have

(6.9) o

g =

n—1

(6.10) %—l—al—ag = <§—1>(A—1), ar—n+1=(n-2)(A-1),

and

2A +n —2 1+n
O — o — i
3 ne 2

n?A% +3nA% — Tn?A +TnA — 8A% + 12A + 2n? — 8n — 2
2(n—1)
2((3n—5)A2—(2n*+n—9)A—n—3)+(n—1)(n—2)(A-2)(A-1)
2(n—1) ’

hence by (1.3) we obtain
2A+n—2 n

(6.11) — 3 . —na2—1+§

(n—1)(n —2)(A—2)(A —1) A
_ S 1) :(n2)<21>(A1).

Finally, (6.8), (6.10), and (6.11) imply that
(6.12) L] < et [Py (§)A/2 DA
x [B;](n=2(A/2=1)(A-1) [p ] (n=2)(A-1)

n the other hand, 1if we raise both sides o .0) to the power —A4 41 an
On the other hand, if ise both sid f (6.5 h A+1and
apply (6.3), we get
‘L/(g)’fAJrl > |Pi_1<f)’(A/2fl)(Afl)@(n72)(A/271)(A71)@(n72)(A71)
> c;(n—2)(A—1)‘Pi_1<£)’(A/271)(A71)
x [P (n=2)(A/2=1)(A=1) [p ] (n=2)(A-1)

Combining this with (6.12), we find that |L(£)| < cglnfl)A |L'(€)|7AFL. We
now divide both sides of this inequality by |L’'(£)| and apply (6.6):
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L n— — n— —(n— —
| /(§)| <C§1 1)A’L/(£)| A<c§l 1)A£ ( 1)Am A’
L' (€)]

which gives (6.7). m

STATEMENT 6.3. Let ¢ and T be as in Statement 6.2. Let also A1, ..., A,
be positive numbers such that

(6.13) H > nl|P_1(€)] ]:[ W
v=1 v=0

(6.14) Ay < |P—1(9)] H W@wﬂ,
v=0

(6.15) E’ <A, <...<A, Scénf3)/2|Pi_ ( )| 1/2@ 1+n/2@7n+2_

Then there exists a nonzero polynomial L(x) = c,x™ + ... + c1x + ¢o with
integer coefficients which satisfies

(6.16) IL(E)] < As,
(6.17) lek, | < Avpr (1<v<n-1),
(6.18) [L] < & A,

where {k1,...,kn—1} ={1,...,n—1}.
Proof. First we note that by (5.9)(II), (6.3), and (4.1)(ii) we obtain
Bl <[Py 2RI ],

o (6.15) is correct.
Consider the following system of inequalities:

n—2

> QM (), + Pi—l(f)mn—l‘ < Ay,
v=0

n—2

(6.19) Z a(y)wy + bk, Tn— 1‘ < A,

v=0

n_2 ................................
Z aﬁ;’) 1:L'l, + bk7L,1xn—1‘ < An
v=0

We now prove that

Q) ... Q") P
a® . a"? by n2
(6.20) |A]=|| ki C<alPoa @) T L.
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In fact, it follows from (1;) with [ = 0,...,n — 2 that the entries of the first
line of the determinant A are at most |P;,_1({)| in absolute value. On the
other hand, (4.1)(ii) and (4.3) imply that any minor of the other n — 1 lines

has absolute value at most (n — 1)![['_ Q(V This gives (6.20).

Thanks to (6.13), (6.20), and Mlnkowsk1 s Theorem on linear forms there
exists a nonzero integer solution (Zo,...,Tn,—1) € Z" of (6.19). Using Re-
mark 5.8, we have {k1,...,kn—1} = {j1,.-.,Jn-1}, where j1,...,jn—1 are
the indices of the @Q;-system. Therefore we can apply (6.1) to the determi-
nant A. It follows from (1;) with [ =0,...,n —2, (4.1)(ii), (4.3), (6.1), and
(6.15) that the system (6.19) satisfies the conditions of Lemma 3.7. By this
lemma and the definition of ¢, we have

~ AylP;_y Ap
|Z,| < ¢, max

= ] (VZO,...,n—Q)’
(6:21) LGIEE W>
Ay A, >
1Pia (O [Pi4] )

|Zp—1| < ¢p max (
Put

n—2
(6.22)  L(z) = > Q) (@), + Py (2)Tno1 = caz" + ...+ c12 + co.

The polynomials QEO) (),..., Q§n72) (z) and P;_;(z) have integer coeffi-
cients and by Statement 6.1 are linearly independent. On the other hand,
the solution (Zg,...,T,—1) is nonzero and integer. Hence the polynomial
L(x) is nonzero and has integer coefficients as well.

From (6.19) and (6.22) we deduce (6.16) and (6.17). Let us prove (6.18).
We first obtain an upper bound for |L(§)| and |L'(§)|.
Applying (6.14) to (6.16) and using (5.15), we find that

(6.23) L] < [P (2[RI 2 [P 7
Using (6.22), (2.3), (6.21), (1;) with [ =0,...,n—2, (4.1)(ii), and (4.3),

we get,

(6.24) |L/(¢ |<Z\Q<”>’ | Tl + [Py (©)] - [Fna |
v=0

AP _4] A
< e (500 G (AT )
n Z \Pi71(§)|w W

1P (O] Pl (A, 2 )
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n—2
< c;lcp\Pi71(§)|<Z Q,(-V) A=l [P, A_1>

AP
X max <“1’,An>

[Pi—1(§)
< eyl s Q0 P max (1T )

By (6.14), (5.15), and (6.3) we have

(6.25) A1m| < pH'QT’W‘"“ Py

|}% 1

< ’Pi—l( )‘ 1/2@ 1+n/2'ﬂ —n+1 P,
Sch’Pi—l( )’ 1/2ﬁ 1+n/2@—n+2.

Substituting (6.15) and (6.25) into (6.24), then using (5.3) and the defi-
nitions of c¢r, ¢, and ¢;, we obtain

(6.26) |L'(&)] < neg' epen| P (§/21QF P A B~ n/2 [P ] ~nt2
< nC;FleChCé"_l)(A_l)/z’Pifl(f)\lp|Pz‘71(f)|_(A_1)/2

x [P|(—n/2(A-D[p|-1+n/2[p | —n+2
< Py (9| AR [P A [P ] 2,

Now we can complete the proof of (6.18). Assume that [L] > ¢ +14,,.
Hence by (6.15) and (6.17) we have |cg,| < Ayp1 < A, < YL, v =
1,...,n — 1. Therefore L(x) satisfies the conditions of Lemma 3.2. Thus
[L] < &7+ L/(€)]. Hence by (6.23) and (6.26) the polynomial L(z) satisfies
the conditions of Statement 6.2. It follows that

O, cnyonagg-a
G

Since [L] > EnLA, > E’ and c¢p > (chf_l)("_l)A, we obtain a contra-
diction with (2.3). Hence [L] < 6714, »

COROLLARY 6.4. For any natural i > 2 we have
n—2 n—2
(6.27) Pra @I T 1T < mtepipa@I TT l@fl,
v=0 v=0

where P;_1(x) is the polynomial from (4.1) with |P;_1| < enlPl, 1 <7<
7 — 1.
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Proof. Suppose that
n—2 n—2
(6.28) 1P (O ] 1% = mr e pa (@) TT 108
v=0 v=0
for some natural 7 > 2. Put

n—2

(629) A1 = min (¢ |Pr-1 ()], Pioa(©)] [T QIR+,
v=0

(6.30) A, = cﬂ@’ (2< v <n).

We now prove that Aq,..., A, satisfy the conditions of Statement 6.3.
In fact, if Ay = ¢, '|Pr_1(£)|, then by (6.28)-(6.30) we get

n n—2 n—2
14 =@ ] W] = grmieipoiol TT 10
v=0 v=0

v=1

n—2
—nl[Py()] TT o1,
v=0

Similarly, if A1 = ¢2|P_1 (&) [T'Zg 1Q I[P+, then by (6.30), (4.3),
and the definition of ¢,

n n—2 n—2 n—2
T4 =l @ TT VI TT oW > mipa) TT I,
v=1 v=0 v=0 v=0
By (6.29) we have

n—2
Ay < 1P TT Il BT =,
v=0

Finally, by (6.30) and (5.3) we obtain

(631) An — C;l Qg_n—2) < c;n—B)/2‘PT71(§)|—1/2@1—71/2
- _1p [P (9712
_ (=32 p 12| Pra (O 77
Cp ’ 1—1(5)’ |P'_1<£)’_1/2
—14n/2
1—14n/2 [P ] —n+2
x @ ®71+n/2 @ )
Since 7 < i — 1, from (6.31), (4.1)(i), and (4.1)(ii) we deduce
A, < C:E)n73)/2|Pi_1(£)’71/2@fl+n/2@7n+27
hence by (6.30) and (4.3) we get

Pl < A2 <0< Ay < IR (€))7 2B B,
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Thus, Ay, ..., A, satisfy the conditions of Statement 6.3. Hence there exists
a nonzero polynomial L(z) = ¢,z™ + ...+ c1x + ¢ with integer coefficients
which satisfies

IL(¢)| < Ay < ¢, ' |[Pra(9)]
lcj, | < c;lm (v=1,...,n—1),

I < g—n-‘rlAn _ §—n+1C;1’Q§n—2)‘ < ’an—2)‘ <

where ji, ..., jn—1 are the indices of the @) -system. We obtain a contradic-
tion with the minimality property of Q(Tn_l)(a:). This contradiction proves

Corollary 6.4. m

7. Proof of the Theorem. We consider a sequence of natural numbers
1 =mq < mg < ...such that

P | <max(ep [P,y [Popial) < [Py 41l

We have

hence
—1 —1 —1
Pmk+1+1 <, Pmk—1+1 )

for any natural £ > 1. If we multiply these inequalities together for all
1 < k <, we obtain

(7.1) Pl t <o PR,

where [ is even. It follows from Corollary 6.4 that for any k € N,
Py (€)] H Q%] < nteptpm (0 TT QL
v=0
If we multiply these inequalities together for all 1 < k <[, we obtain
|P1<§>ﬁf @l < <n!cg>l\Pml+l<f>|ﬁ Qi
V=0 v=0
for any I € N. Hence
(7.2) P& < (n1e)! [ Pony (O] H Q-

Let [ be even. We substitute (5.15) into (7.2) and apply first (5.9)(1I), then
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(7.1) and the definition of ¢p:
‘P1(§)| < (n!cZ)l|sz+1 (5)’1/2 Pml+1+1 ~l4n/2 < (n'cZ)l sz+1+1 -1

l
_ _ 1
< (n!cg)lchl/2 e (n!cZ)lchl/2 = <2> .

Letting | — oo we come to a contradiction with the boundedness of |P; (§)].
Thus, the assumption

IHy > 0VQ() € Zz], degQ(z) <n, Q] > Hy,

Q) L
GRS

cannot be true. So neither can (2.1). Hence for any real number 0 < £ < 1/4
which is not an algebraic number of degree < n, we have

Je>0VHy >03a €A, H(a) > Hy, |&—a|<cH(a)™4,
and this completes the proof of the Theorem.
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