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Connection between Schinzel’s conjecture
and divisibility of the class number h+

p

by

Stanislav Jakubec (Bratislava)

Notations

• (2m+ 1)!! = 1 · 3 · 5 · . . . · (2m+ 1),
• h+

p —class number of the field Q(ζp + ζ−1
p ),

• Q2 = (2q−1 − 1)/q,
• Aj = 1 + 1/2 + . . .+ 1/j, A0 = 0,
• Bk, Bk(X)—Bernoulli number and Bernoulli polynomial,
• Ek, Ek(X)—Euler number and Euler polynomial.

Introduction. The aim of this paper is to prove the following

Theorem 1. Let p = 8k(2m + 1)!! − 1 be a prime with the prop-
erty that l = 4k(2m + 1)!! − 1 and 2k(2m + 1)!! − 1 are primes. Then
(h+
p , (2m+ 1)!!) = 1.

It is easy to observe a connection between Theorem 1 and Schinzel’s
conjecture for the linear polynomials 8X(2m + 1)!! − 1, 4X(2m + 1)!! − 1
and 2X(2m + 1)!! − 1. If Schinzel’s conjecture for the linear polynomials
holds, then there are infinitely many prime numbers p which satisfy the
assumptions of Theorem 1.

Schinzel’s conjecture. Let s ≥ 1, let f1(X), . . . , fs(X) be irreducible
polynomials with integral coefficients; assume that the leading coefficient
of fi(X) is positive and that no integer n > 1 divides all the numbers
f1(m)f2(m) . . . fs(m). Then there exists one (and then, as may be proved,
necessarily infinitely many) natural number(s) m such that f1(m), . . . , fs(m)
are all primes.
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The proof of Theorem 1 will be based on Theorem 5 of [2]. Let j be an
integer, 0 < j < 2q, j ≡ 0 (mod 2). Define

Sj =
(q−1)/2∑

i=1

Ai

j−1∑

k=1
k≡1 (mod 2)

2ji 6≡−k (mod q)

1
2ji+ k

−
q−1∑

i=(q+1)/2

Ai

j−1∑

k=1
k≡1 (mod 2)

2ji 6≡−k (mod q)

1
2ji+ k

.

Theorem (5 of [2]). Let q be an odd prime. Let l, p be primes such
that p = 2l + 1, l ≡ 3 (mod 4), p ≡ −1 (mod q), and let the order of the
prime q modulo l be (l − 1)/2. Suppose that for each j such that Sj ≡ 0
(mod q) there exists n, (n, 2q) = 1, n | p + 1, such that Sj∗ 6≡ 0 (mod q),
where j∗ ≡ nj (mod 2q). Then q does not divide h+

p , the class number of
the real cyclotomic field Q(ζp + ζ−1

p ).

Lemma 1. If q > 3, then

Sj ≡ −Q2 −
(q−3)/2∑

k=1

(22k − 1)(22k+1 − 1)
2k · 22k

(
q − 1

2k

)
j2kB2kBq−1−2k (mod q).

P r o o f. Consider the sums
∑(q−1)/2
i=1 (a+i)q−2Ai modulo q, where a ∈ Q,

a 6≡ 0 (mod q) and a is a q-integer.
Define Sn(i) = 1n + 2n + . . .+ (i− 1)n for n ≥ 0. The following formula

will be used:

Sn(i) =
1

n+ 1
(Bn+1(i)−Bn+1).

The binomial theorem applied to (a+ i)q−2 yields

(q−1)/2∑

i=1

(a+ i)q−2Ai ≡ A(q−1)/2

q−2∑
n=0

(
q − 2
n

)
aq−2−nSn

(
q + 1

2

)

−
q−2∑
n=0

(
q − 2
n

)
aq−2−n

(q−1)/2∑

i=1

1
i
Sn(i) (mod q).

Since

Sn

(
q + 1

2

)
≡ 1
n+ 1

(
Bn+1

(
1
2

)
−Bn+1

)
≡ 1
n+ 1

(2−n − 2)Bn+1 (mod q)

for 0 < n ≤ q − 2, it follows that
q−2∑
n=0

(
q − 2
n

)
aq−2−nSn

(
q + 1

2

)

≡ −1
a

+
q−2∑
n=0

(
q − 2
n

)
aq−2−n 1

n+ 1
(2−n − 2)Bn+1 (mod q).
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Note that (2q−1 − 1)Bq−1 is a q-integer; in fact (2q−1 − 1)Bq−1 ≡ −Q2

(mod q).
From the congruence

(
q − 2
n

)
≡ −

(
q − 1
n+ 1

)
(n+ 1) ≡ (−1)n(n+ 1) (mod q),

we get

q−2∑
n=0

(
q − 2
n

)
aq−2−nSn

(
q + 1

2

)
≡ − 1

a
−
q−1∑

k=1

(
q − 1
k

)
a−k(21−k − 2)Bk

≡ − 1
a
− 2

q−1∑

k=1

(
q − 1
k

)(
1
2a

)k
Bk

+ 2
q−1∑

k=1

(
q − 1
k

)(
1
a

)k
Bk (mod q).

Using the formula ((50.5.33) of [1])
n∑

k=0

(−n)k
k!

akBk(X) =
n∑

k=0

(−1)k
(
n

k

)
akBk(X) = (−a)nBn

(
X − 1

a

)
,

we altogether get

A(q−1)/2

q−2∑
n=0

(
q − 2
n

)
aq−2−nSn

(
q + 1

2

)

≡ A(q−1)/2

(
2Bq−1(a)− 2Bq−1(2a)− 2Q2 − 1

a

)
(mod q).

Using the same procedure we get the following congruences modulo q:

q−2∑
n=0

(
q − 2
n

)
aq−2−n

(q−1)/2∑

i=1

1
i
Sn(i)

≡ 1
a

(q−1)/2∑

i=1

i− 1
i

+
q−2∑
n=1

(−1)n(n+ 1)
1

an+1

(q−1)/2∑

i=1

1
i
· 1
n+ 1

(Bn+1(i)−Bn+1)

≡ 1
a

(
q − 1

2
−A(q−1)/2

)
+
q−1∑

k=2

(−1)k+1 1
ak

(q−1)/2∑

i=1

1
i
(Bk(i)−Bk)



164 S. Jakubec

≡ 1
a

(
q − 1

2
−A(q−1)/2

)
− 1
a

(q−1)/2∑

i=1

1
i
(B1(i)−B1)

−
q−1∑

k=0

(−1)k
(
q − 1
k

)(−1
a

)k (q−1)/2∑

i=1

1
i
(Bk(i)−Bk).

By switching the order of summation in the sum

q−1∑

k=0

(−1)k
(
q − 1
k

)(−1
a

)k (q−1)/2∑

i=1

1
i
(Bk(i)−Bk),

using the above quoted formula (50.5.33) of [1] we get

q−2∑
n=0

(
q − 2
n

)
aq−2−n

(q−1)/2∑

i=1

1
i
Sn(i)

≡ −1
a
A(q−1)/2 −

(q−1)/2∑

i=1

1
i
(Bq−1(i+ a)−Bq−1(a)) (mod q).

Altogether we get

(q−1)/2∑

i=1

(a+ i)q−2Ai ≡ 2A(q−1)/2(Bq−1(a)−Bq−1(2a)−Q2)(1)

+
(q−1)/2∑

i=1

1
i
(Bq−1(i+ a)−Bq−1(a)) (mod q).

The congruence (1) is thus proved for a 6≡ 0 (mod q). We now prove it
for a ≡ 0 (mod q). That is, for a ≡ 0 (mod q) we claim that

(q−1)/2∑

i=1

1
i
Ai ≡ −2A(q−1)/2Q2 +

(q−1)/2∑

i=1

1
i
(Bq−1(i)−Bq−1) (mod q).

Because
∑(q−1)/2
i=1 1/i2 ≡ 0 (mod q), we have

(q−1)/2∑

i=1

1
i
Ai ≡

(q−1)/2∑

i=1

1
i
Ai−1 ≡ 1

q − 1

(q−1)/2∑

i=1

1
i
(Bq−1(i)−Bq−1) (mod q).

It is sufficient to prove

(q−1)/2∑

i=1

1
i
Ai−1 ≡ −A(q−1)/2Q2 ≡ 1

2
A2

(q−1)/2 (mod q).
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This follows from the relation

A2
(q−1)/2 = 12 +

(
1
2

)2

+ . . .+
(

1
q−1

2

)2

+ 2
(

1 · 1
2

+ 1 · 1
3

+ . . .+
1
q−3

2

· 1
q−1

2

)
.

Now put

S∗ =
(q−1)/2∑

i=1

(i+ a)q−2Ai −
q−1∑

i=(q+1)/2

(i+ a)q−2Ai.

For the numbers A0, A1, . . . , Aq−1 we have

A(q−1)/2+k ≡ A(q−1)/2−k (mod q) for k = 1, 2, . . . , (q − 1)/2,

and so

−
q−1∑

i=(q+1)/2

(i+ a)q−2Ai

≡ −
(
q − 1

2
+ 1 + a

)q−2

A(q−1)/2−1

−
(
q − 1

2
+ 2 + a

)q−2

A(q−1)/2−2 − . . .−
(
q − 1

2
+
q − 3

2
+ a

)q−2

A1

≡
(
q − 3

2
+ 1− a

)q−2

A(q−3)/2

+
(
q − 5

2
+ 1− a

)q−2

A(q−5)/2 + . . .+ (1 + 1− a)q−2A1

≡
(q−1)/2∑

i=1

(i+ 1− a)q−2Ai −
(

1
2
− a
)q−2

A(q−1)/2 (mod q).

By congruence (1) we have

S∗ ≡ 2A(q−1)/2(Bq−1(a)−Bq−1(2a)−Q2)

+
(q−1)/2∑

i=1

1
i
(Bq−1(a+ i)−Bq−1(a))

+ 2A(q−1)/2(Bq−1(1− a)−Bq−1(2− 2a)−Q2)

+
(q−1)/2∑

i=1

1
i
(Bq−1(1− a+ i)−Bq−1(1− a))

−
(

1
2
− a
)q−2

A(q−1)/2 (mod q).
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Since Bq−1(X) = Bq−1(1 − X), we have Bq−1(2 − 2a) = Bq−1(2a − 1),
Bq−1(1 − a + i) = Bq−1(a − i) and Bq−1(1 − a) = Bq−1(a). Moreover, the
formula

Bq−1(X) = Bq−1(−X)− (q − 1)Xq−2

gives

Bq−1(2a− 1) = Bq−1(1− 2a) + 2(q − 1)B1(2a− 1)q−2

= Bq−1(2a)− (q − 1)(2a− 1)q−2.

So we obtain

S∗ ≡ 4A(q−1)/2(Bq−1(a)−Bq−1(2a)−Q2)(2)

+
(q−1)/2∑

i=1

1
i
(Bq−1(a+ i) +Bq−1(a− i)− 2Bq−1(a)) (mod q).

Now using the congruence (2) let us start to compute the sums Sj defined
in the introduction. We write

Sj ≡
(q−1)/2∑

i=1

Ai

j−1∑

k=1
k≡1 (mod 2)

(2ji+ k)q−2 −
q−1∑

i=(q+1)/2

Ai

j−1∑

k=1
k≡1 (mod 2)

(2ji+ k)q−2

≡ (2j)q−2
( (q−1)/2∑

i=1

Ai

j−1∑

k=1
k≡1 (mod 2)

(
i+

k

2j

)q−2

−
q−1∑

i=(q+1)/2

Ai

j−1∑

k=1
k≡1 (mod 2)

(
i+

k

2j

)q−2)
(mod q).

We now reverse the order of summations. For the inner summation
(over i) we use (2) with a = k/(2j). For the summation over k, the fol-
lowing formulas will be used. According to (50.7.2) of [1],

(3)
n−1∑

k=0

Bm

(
X +

k

n

)
= n1−mBm(nX),

and by (50.7.4) of [1],

(4)
2n−1∑

k=0

(−1)k+1Bm

(
X +

k

2n

)
= 2−mn1−mmEm−1(2nX).

Let us denote by
∑′ a summation over odd values of k. In view of the

congruence (2) it is necessary to compute

j−1∑′

k=1

(
Bq−1

(
k

2j
+ i

)
+Bq−1

(
k

2j
− i
))

.
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By the identity Bq−1(X) = Bq−1(1−X) we have

j−1∑′

k=1

(
Bq−1

(
k

2j
+ i

)
+Bq−1

(
k

2j
− i
))

=
2j−1∑′

k=1

Bq−1

(
k

2j
+ i

)
.

Using (3) and (4), we altogether obtain
j−1∑′

k=1

(
Bq−1

(
k

2j
+ i

)
+Bq−1

(
k

2j
− i
))

=
1
2

((2j)1−(q−1)Bq−1(2ji) + (q − 1)2−(q−1)j1−(q−1)Eq−2(2ji)).

Using the identity

Eq−2(2ji) =
2

q − 1
(Bq−1(2ji)− 2q−1Bq−1(ji)),

we get

(5)
j−1∑′

k=1

(
Bq−1

(
k

2j
+ i

)
+Bq−1

(
k

2j
− i
))

= j2−q(22−qBq−1(2ji)−Bq−1(ji)).

Consider now the sums
j−1∑′

k=1

Bq−1

(
k

2j

)
,

j−1∑′

k=1

Bq−1

(
k

j

)
.

The identity (5) for i = 0 implies
j−1∑′

k=1

Bq−1

(
k

2j

)
=

1
2
j2−q(22−q − 1)Bq−1,

and using (3) and (4) we obtain, since j is even,
j−1∑

k=0

Bq−1

(
k

j

)
= j1−(q−1)Bq−1,

j−1∑

k=0

(−1)k+1Bq−1

(
k

j

)
= 2−(q−1)

(
j

2

)1−(q−1)

(q − 1)Eq−2(0).

By summing the last two identities using the previous formula for a relation
between Euler and Bernoulli polynomials we have

j−1∑′

k=1

Bq−1

(
k

j

)
= (1− 2q−1)21−q

(
j

2

)2−q
Bq−1 +

1
2
j2−qBq−1.
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Using the formula for S∗ we get

Sj ≡ 2q−1A(q−1)/2((22−q − 1)Bq−1 − (1− 2q−1)Bq−1 −Bq−1 −Q2)

+ 2q−2
(q−1)/2∑

i=1

1
i
((22−qBq−1(2ij)−Bq−1(ij))− (22−q − 1)Bq−1) (mod q).

This shows that if q > 3 then

Sj ≡
(q−1)/2∑

i=1

1
i

(
B∗q−1(2ji)− 1

2
B∗q−1(ji)

)
(mod q),

where B∗q−1(X) = Bq−1(X)−Bq−1.
For c ∈ Z, we have

(q−1)/2∑

k=1

1
k
B∗q−1(kc) ≡

(q−1)/2∑

k=1

kq−2(Bq−1(kc)−Bq−1)

=
(q−1)/2∑

k=1

kq−2Bq−1(kc)−Bq−1

(q−1)/2∑

k=1

kq−2.

Using the formula (50.7.14) of [1]:
n∑

k=1

krBm(kX) =
m∑

k=0

(−m)k
(r + k + 1)k!

(−X)kBm−k(Br+k+1(n+ 1)−Br+k+1),

we have
(q−1)/2∑

k=1

kq−2Bq−1(kc)

=
q−1∑

k=0

(
q − 1
k

)
(−1)k

q − 1 + k
(−c)kBq−1−k

(
Bq−1+k

(
q + 1

2

)
−Bq−1+k

)
.

For the term with k = 0 on the right-hand side, note that

1
q − 1

(
Bq−1

(
q + 1

2

)
−Bq−1

)
=

(q−1)/2∑

k=1

kq−2.

Thus we have
(q−1)/2∑

k=1

1
k
B∗q−1(kc)

≡
q−1∑

k=1

(
q − 1
k

)
1

q − 1 + k
ckBq−1−k

(
Bq−1+k

(
q + 1

2

)
−Bq−1+k

)
(mod q).
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For k = q − 1 we have

1
2(q − 1)

cq−1B0

(
B2(q−1)

(
q + 1

2

)
−B2(q−1)

)
≡

(q−1)/2∑

k=1

1
k
≡ −2Q2 (mod q),

hence
(q−1)/2∑

k=1

1
k
B∗q−1(kc) ≡ − 2Q2 +

q−2∑

k=1

(
q − 1
k

)
1

q − 1 + k

× ckBq−1−k

(
Bq−1+k

(
q + 1

2

)
−Bq−1+k

)
(mod q).

Clearly

Bq−1+k

(
q + 1

2

)
≡ Bq−1+k

(
1
2

)
(mod q),

Bq−1+k

(
1
2

)
= (22−q−k − 1)Bq−1+k.

By Kummer’s congruence Bq−1+k ≡ (q − 1 + k)Bk/k (mod q). Hence

(6)
(q−1)/2∑

k=1

1
k
B∗q−1(kc)

≡ −2Q2 +
(q−3)/2∑

k=1

(
q − 1

2k

)
1
2k
c2k
(

2
22k − 2

)
Bq−1−2kB2k (mod q).

Define

F (X) =
(q−3)/2∑

k=1

(
q − 1

2k

)
X2k

2k
B2kBq−1−2k.

By (6) we have

(q−1)/2∑

k=1

1
k
B∗q−1(kc) ≡ −2Q2 + 2F

(
c

2

)
− 2F (c) (mod q).

Hence if q > 3, then

Sj ≡
(q−1)/2∑

i=1

1
i

(
B∗q−1(2ji)− 1

2
B∗q−1(ji)

)

≡ − 2Q2 + 2F
(

2j
2

)
− 2F (2j)− 1

2

(
−2Q2 + 2F

(
j

2

)
− 2F (j)

)

≡ −Q2 + 3F (j)− 2F (2j)− F
(
j

2

)
(mod q),
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hence

Sj ≡ −Q2 −
(q−3)/2∑

k=1

(22k − 1)(22k+1 − 1)
2k · 22k

(
q − 1

2k

)
j2kB2kBq−1−2k (mod q).

Lemma 1 is proved.

Proof of Theorem 1. If q = 3 then from [3] it follows that (h+
p , 3) = 1.

Let q be a prime, 3 < q ≤ 2m+ 1. By the quadratic reciprocity law we have(
q

l

)
=
(−1
q

)(
l

q

)
=
(−1
q

)(
4k(2m+ 1)!!− 1

q

)
=
(−1
q

)(−1
q

)
= 1.

The number (l − 1)/2 = 2k(2m + 1)!! − 1 is prime, and so the order of
q modulo l is (l − 1)/2. Let j be such that Sj ≡ 0 (mod q). Now we use
Theorem 5 of [2]. The number p+1 has divisors n = 1, 3, . . . , q−2. For some
n we have Snj 6≡ 0 (mod q). To prove this, note that Sj is a polynomial in
j of degree at most q− 3. Suppose that Sj has roots j, 3j, . . . , (q− 2)j; then
−j,−3j, . . . ,−(q − 2)j are also roots of Sj . Thus the number of roots of Sj
is q − 1, which is a contradiction.

To complete the proof it is necessary to prove that Sj is non-zero mod-
ulo q. For this we shall use the bound for the first factor h−q from [4] and
[5],

h−q < 2q
(
q

24

)(q−1)/4

.

Let ii(q) be the index of irregularity and d be the order (mod q) of 2. If
Sj is a zero polynomial modulo q, then

(22k − 1)(22k+1 − 1)
2k · 22k

(
q − 1

2k

)
B2kBq−1−2k ≡ 0 (mod q)

for k = 1, 2, . . . , (q − 3)/2, and then

ii(q) >
1
2

(
q − 3

2
− 2

q − 1
d

)
>

1
2

(
q − 3

2
− 2

q − 1
log2 q

)
.

This yields

q
1
2 ( q−3

2 −2 q−1
log2 q

) < 2q
(
q

24

)(q−1)/4

,

and so

1 < 4q3
(

2
3

)(q−1)/2

,

which is not true for q > 67. For primes q, 3 < q ≤ 67, the polynomial Sj is
non-zero modulo q. Theorem 1 is proved.
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