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On the largest prime factor of integers
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1. Introduction. Let Q(x) denote the largest prime factor of

H n.

ar<n§ac—i-oc%+E
We are interested in a lower bound of Q(x). On the Riemann Hypothesis,
one can show that QQ(x) > x holds for sufficiently large .

In 1973, Jutila [11] showed that, for sufficiently large =, Q(z) > x?,
where ¢ = 2 — ¢. Balog [1], [2] improved it to ¢ = 0.772. Balog, Harman
and Pintz [3] obtained ¢ = 0.82. Heath-Brown [7] got ¢ = 1. — . Recently,
Heath-Brown and C. Jia [8] showed ¢ = 1 —¢.

In this paper, we use some ideas coming from [5], [6], and [8]-[10] on the
sieve method and a delicate application of the estimate of Deshouillers and
Iwaniec [4] on the mean value of Dirichlet polynomials and ¢ function. Then
we can prove the following;:

THEOREM. Let € be a sufficiently small positive constant. Then, for suf-
ficiently large x, we have

Q(z) > e

Throughout this paper, we suppose that ¢ is a sufficiently small positive
constant and that B = B(e) is a sufficiently large positive constant. We
choose € such that K = 2(5 + £) is an integer. Suppose that (> z¢(¢))
is sufficiently large,
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Let ¢, ¢; and ¢y denote positive constants which have different values at
different places. m ~ M means that there are positive constants ¢; and co
such that c; M < m < ¢co M.
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We often use M(s) (M standing here for any capital letter except P and
L) to denote a Dirichlet polynomial in the form

M(S): Z a(m)

ms ’
mn~ M

where a(m) is a sequence of complex numbers with a(m) = O(1). We also
use P(s) to denote
1
P(s)= Y -

P<p<2P pS
where p denotes a prime number.
All calculations in this paper can be verified on the PC computer. The
paper containing full details is obtainable from the authors.

2. Some preliminary lemmas

LEMMA 1. Suppose that MN = v and that M(s), N(s) are Dirichlet
polynomials. Let b =1+ 1/logz, Ty = log?Bz. Assume that v/a:% <M<
x3. Then forTh <T <Tpy, we have

2T
S |M (b + it)N (b + it)PX (b +it)| dt < log Bz.
T

This is Lemma 1 of [8].

LEMMA 2. Suppose that MNL = v and that M(s), N(s) are Dirichlet

polynomials,
1
L(s)=> T
I~L
6.5

Letb=1+1/logx, Ty = VL. Assume that M < v%, N < vz . Then for
Ty <T <Tpy, we have

2T

S |M (b + it)N (b + it)L(b + it) PX (b + it)| dt < log™Pz.

T

This can be proved in the same way as in Lemma 2 of [8].

LEMMA 3. Suppose that MNDL = v and that M(s), N(s), D(s) are
Dirichlet polynomials,
1
L(s)=> T

I~L

Letb=1+1/logz, Ty = VL. Assume further that M < v and that N, D
lie in one of the following regions:
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6.5

(i) N<v3, D< N 20%;
(11)1/25 < N «vis, DN
(iii) v < N < 0%, D< N~
(1V)v25 <<N<<UT§ D <« N~
Then for Ty < T < Ty, we have

2T
S |M (b + it)N(b+ it)D(b+ it)L(b+ it PX (b + it)| dt < log™ P
T

)

M Nc.o ma

26
V75
L
V25
j
V25

Proof. If v/z2 <« M < v, it can be dealt with by Lemma 1. We
assume that M < v/z2. Let M(s)PX(s) = H(s). Then H = MPX <« z2.

It suffices to show
1 . 1 . w1 .
M<2+zt> < > < +zt> <2+zt>P <2+zt>‘dt

1
) ( +zt> (2+zt)’dt

1

H (2 + it) ( + it
B

Applying Cauchy’s inequality and the mean value estimate for Dirichlet

polynomials, we obtain

2T
-
T

2T

- |

T

< xélog_ x.

2T 1 2T 1 2 1 2 1
I < ( § H(2+zt) ) ( S ( —l—zt) <2+zt> L<2+zt> dt)
2T 2 2 1
1 1 1 1 2
1 N| =4t |D|=-+1 L=+ .
<<x4(§ <2+zt> (2+zt> <2+zt> dt)
T
If D <« N, an application of Theorem 2 of Deshouillers and Iwaniec [4]
yields
T N L it | D L it i L L it th
7& 5 +1 5 +1 5 +1

< TS(T+T:NiD+T:ND? + NiD?).

Thus, when N, D lie in one of the following regions:
(a) N < v, D < N;

(b) v < N < v%, D < N iv5;

(c) v¥ < N <v%, D < N-2%,
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we have
2T 2 2
1 1 1 5
SN<2+“>D<2+“) L(z”) T
T

If D > N, changing the roles of N and D, we get
2T
1 . 1 . 1
S D<2 +zt>N<2 —|—zt> L<2 +zt>
< Ti(T+T*DiN +T:DN% + DiN%).
Thus, when N, D lie in one of the following regions:

T
() N<vs, N<D <N 205
(e) vE < N < vits, N< D < N 3v%,

2 2

dt

we have
2T 2 2
1 1 1 <
SN<2+“>D<2+“> L<z+“> T
T

Combining the regions (a)—(e), we get the regions in Lemma 3. If N, D
lie in one of these regions, then

1, ¢
I<<SC%T02+8 <<x%10g_Bx.

This completes the proof of Lemma 3.

We define w(u) as the continuous solution of the equations
w(u) = 1/u, 1<u<?2;
(vw(w)) =w(u—-1), 2<u.
In particular, when 2 < u < 3,

w(u) = 1—|—log(u—1).

u

LEMMA 4. For the function w(u), we have the following bounds:
(i) w(u) <1/1.763 if u > 2;

(ii) w(u) < 0.5644 if u > 3;

(iii) w(u) < 0.5617 if u > 4.

See Lemma 5 of [8].

Define
1/u ifl<u<2;
(1) g(u) = (1+log(u—1))/u %f2<u§3;
0.5644 if3<u<4;

0.5617 if 4 <.
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We see that for u > 1,
(2) w(u) < g(u).
LEMMA 5. Let € ={n:t <n <2t} and z <t. Set

P(z) = Hp, S(E,z2) = Z 1.

p<z t<n<2t
(n, P(2))=1

Then for sufficiently large t and z, we have

logt t t
S(E&,z)=w o8 +0 = |-
log z / log =z log”z

See Lemma 6 of [8].

3. Sieve method. Let

N(d) = > 1,

1,0
r<dpi..px <T+T2
P<p;<2P

A={n:2"%y <n <2, nrepeats N(n) times},
As={a:ac A, d|a},
P =[[r SA»n= 3 1

p<z acA
(a, P(z))=1

If we prove that
(3) b = > 1>0
w<pp:..px <zt T
P<p;<2P
27 Kp<p<avw

then we obtain the assertion of the Theorem.
In the following, we set

(4) B={n:v<n<2uv},

Buchstab’s identity yields
(6) P=S(A, (20)5)=S(A0vF)~ Y SUup)= D S(Anp).
w35 <p<viE V38 <p<(20)2

By the discussion in Lemma 8 of [8] with the application of Lemma 1, we
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can get the asymptotic formula

m Y San-y ¥ sEaw+o(ss).

12 1 12 1
v3E <p<(20)7 w3 <p<(20)3

The discussion in Lemma 9 of [8] yields the asymptotic formula

-S(B,v215)+0< X2 )
log“v

(8) S(A,v) =

®

Applying Buchstab’s identity again, we get

9) Y. S(Ap)

1 12

v25 <p<Lv2s

= Z S(Ap,v%) — Z S(Apg: 0)-

L 12 L 12
v 25 <p< 25 V25 <p§y25 v2

By the discussion in Lemma 9 of [8], the first sum on the right side in (9)
has an asymptotic formula.
We therefore need to deal with the sum

2 2 S

v 2a <p§’u 25 v 25 <qg<p
1
v\ 32
a<(3)
Removing the sum with v25 < pg < v2 which has an asymptotic formula,
we have to consider the sums

(10) 0 = Z Z S(quaQ)a

<>
(11) Q2 = > S(Apg, )
6.5 12 13
v25 <p<v25 w25
P p <a<p
()’
Now we define the deficiency of a sum as defined in Section 3 of [9]. If
X X
EZZS(APQ, = 1+O ZS pq> - )

log v

then we call the constant C' the deﬁczency of 2. Of course any constant
greater than C can be used as the deficiency of Y. If a sum has an asymptotic
formula, then its deficiency is 0.
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When we write

X X
ZS(quaQ) > 0= ;ZS(B’pq,(D - ;ZS(BP(p(I)?
p,q p,q

p,q

by Lemma 5 and the prime number theorem, we have

log = v
Y 8B = (14 0N Sw (o)

logq ) pqlogq

dx log > dy
=1 X =y
(1+0() leogx§w<1ogy>ylogzy

=(1+0(e)) X Sﬁgw<1_t_“>d“

logv J ¢ u u?’

dt 1—t— d
P ()

Similarly, we can define the deficiency of the sum in 2n (n > 2) variables.

Hence, the deficiency is

4. The deficiency of (2;. Applying Buchstab’s identity twice, we get

12) 2= > > S(Aga)

L 11 L
v25 <p<v25 v25g<p

v 25
<
="p
1
- E E §, S(Apgr,v2)
1 11 1 1
025 <p<v25 V25 g<p V2B Irlq
%% 2v %
v 25 2v
q< ) T<(pq)
+ E E E E S(Apgrs, 9)
1 11 1 1 1
v25 <p<w2s v2B5g<p v2B5r<qg wv25<s<r
% 2v % 2v %
v = =Y
< » ’r‘<(pq) s< qu)

where p, g, r, s denote prime numbers.

Note that pg < v%, r<q< v'% in the second term in the above for-
mula. By the discussion in Lemma 9 of [8] with the application of Lemma 2,
we see that the first two terms in the above formula have asymptotic for-
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mulas. Therefore we have to deal with the sum

1) A= > > > > S(Apgrs: 9).

1 1 1 1 1
v25 <p<w25 V25 g<p v2BIr<qg v25Is<r
12 1 1
v 25 v )2 v )2
r< 7) s<(
<7p Pq qr

We call the above procedure process I. In the following, we shall discuss
. . . 13 .
the deficiency of A in some cases. Firstly grs > v% is assumed.

I grs > v35. Now we discuss the deficiency of

- Y Y Y Y St

VI SpSuIE vib<qsp (qu)2<r<q Uqr <s<r
v 25
q<7 1 1
P (L)2 (L )2
r< Pa s< par

Let I" > 0. Then the deficiency of I" is

23 . 12

£ min(t, 32 —t) w

SO du S dr
13 t 13 U |13

75 75 3(35—u)

min(r, 1 (1—t—u—r))

N w l—t—u—r—s @
\ 5 >

L _u—r
25
23 min(t, 12 4 u
©dt (* 2 )du dr
V7 vy
# 72 5 (32 —u)
min(r, L (1—t—u—r
" (r: ) 1—t—u—7r—s\ds
13§ur g s 52
25
< 0.021170.

9

13 . 1 13
Next we assume ¢grs < v2. The sum with v < grs < vz can be

12 . 13
removed, so that we can assume grs < vz. As in [9], we use ¢rs < vz —
12 . 12 13 .
qrs < v? to mean that the sum with v? < grs < v= is removed.

II. grs < v%, prs > v25 . The corresponding deficiency is

11 s 1 12 s 12
55 min(t—5z, 55 —t) u min(r, 58 —u—1)

du dr l—t—u—r—s\ds
S | S | v 2’
5 t 1,13 u 1,13 r 13 8 8
25 z(z -1 a(z5 -0 PER
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where we used the fact that

) 12 <r+1 12 <1(1 ; )
mlnr,25ur_2225ur 5 uU—T).

We discuss several cases.
2.6 . . .
1. » < v . The corresponding deficiency is

—

1 12 t

. 2.6
At T du =dr T l1—t—u—7r—s)\ds
J— S —_— S 7 St T’w( s >S2

8 t 1,13 u 1,13
—t) 3(z5 1)

)|

~
PN

13 4
25

)|

5 3(%s
Applying Buchstab’s identity twice, we get

Z Z Z Z S(quma s)

7.8 11 13 1 12 13 1 13
5

v25 <p<wv2s (11 )5 v 25 (viS)E 25
P <g< P P <r<q pr <s<r
2.6
r<v 25
1
= E E E S(qu,rs”l)%i)
v 2 <psv (” )2<q<””’ (” )2<r<q <s<r
p P
2.6
r<v 25
1
- g 5 E 5 S(qursta v 25 )
v 2 <psv (” )2< <Y (” )2<r<q <s<p VSIS
p p p
2.6
r<v 25

\1
oo
-
=
—
o

—
—
o
—
o

—
—
o

|~

v25 <p<v2s (v 5\2 v 25 v2 >§ v25 V325 <t<s
» ) <lg< D ( D <r<q o <s<r
2.6
r<v 25
S(qurstwa w)
1
V25 <w<t

where ¢ and w denote prime numbers.

In the second sum above, let m = pq, n = r, d = st. Note that st < s? <
r? < iy, By the discussion in Lemma 9 of [8] with the application of
Lemma 3, we can get an asymptotic formula. We deal with the first sum in
the same way.

The corresponding deficiency of the third sum is

By B g mmeE) g g
788 t 1 1§ u 1 1.§ r IBS S
55 z(zm-b) 3(z 1) a5 —t—T

¢ (1—t—u—r—5—y—z>dz
[ 3
J z z
25
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1) ptw > v25. The deficiency is

il iz _ min(u,@ r
2§dt 25S 7’[,[, 820 ﬁ S @
t U r S
I R (C SN TE 2
¢ dy ! l—t—u—r—s—y—2z\dz
< T )%
1y s z z
3(35—-1) 55—t~y
< 0.000108.

We now discuss the remaining cases which are similar to case 1), and

write the deficiencies in brackets.

2) ptw < v, psw_ > v (0. 000006) 3) psw < v, prw > v
(0.000010). 4) prw < v2«>, prt > v (0.000033). 5) prt < vz, pgt > v
(0.000013). 6) pgt < v (0.000012).

Therefore the total deficiency in 1. is 0.000182.

2. v% <7 <virs. The corresponding deficiency is

e

9.4 H 1 . 26
55 gt min(t— 3¢, 25 —t) du min(u, 15 ) dr
389 t I?S 6 U 11’5 2.6 r
75 max(3(32—1), 32) max((32-1), 32
min(r, ﬁfufr)
l—t—u—r—s\ ds
X X w 5
13 $ §
55 —t—r
_2 13
1) s <r~3v7. The corresponding deficiency is
9.4 12 : 26
2= t min(u
25 » 175
dt du d
15725 max(2 25 , 20 —3t) max( 22‘5 , %—Bt)
2
o3
l1—t—u—r—s)\ds
X S w 5
s S
LBt

25

We use the discussion in 1. Let m = pg, n = r, d = st. Note that st < s? <
4 2
r~3v7. We have to deal with a sum whose deficiency is

9.4 12 B 26 13 2

% g 25t du min(u, 175) dr 3" s
582 ¢ 2.6 S 6 6 13 S §
175 max(%¢, 38 —3t) max(%¢, 38 —3t) 55 —t—T

§ y’7§ <1—t—u—r—s— —z)dz
—\w
1 y 3 z 227
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We discuss the following cases.

27

i) ptw > vz (0. 000029). i) ptw < v, psw > vz (0.000006).
i) psw < VI, prw > 1)25 (0.000175). iv) prw < v, prt > v (0.000041).

v) prt < v, pgt > v (0.000015). vi) pgt < v (0.000013).
Hence, the total deficiency in 1) is 0.000279.
2) s> r~3v7. The corresponding deficiency is

92‘54 min(t— 25,25 —t) d min(u,%)

dr

max(%( 3 1), 2

55 max(3 (35 —1), 55

i
I
ol

min(r, 32 —u—r)

" w l1—t—u—r—s @
| ;

max(33 —t—r, 13— 2r)

(14) ¥= > > > > S(Apgrs:5)-

Hcp<o¥t (uB ) B4 oB
SPEUE(LE)E geB (U)o <s<r
p V35 p P
19 2.6 26 13 12
2.6 025 v 25 <r<vi7 w75 s V2
25 2
v <q< P r3 qr

We shall employ Buchstab’s identity in the following way:

(15) S(Apgrs, 8) = S<qurs, <QU> %)

pqrs
+ Z S(qurskra k)v

s<cman(s, (5225 )

providing pgrs? < v.

The first term on the right side of (15) counts prime numbers and the
second term counts almost-prime numbers. If pgrs® > 2v, then the second

term is 0.
An application of the decomposition in (15) yields

16 =) > >

Y 811
vITe <psv (” )2<q<pl (v )2 <r<q
p v325 P
12 2.8 26
2.6 v25 v 25 <r<wvl7s
V 25 <g<
p
20 \?
g S<qur57(
15 pqrs
v25
pr <s<r
L <s<?
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5 p<o P 0B\ 3 #\1
v <p<v (v )2<q< pl (v )2<r<q
p v325 p
12 2.8 26
2.6 V25 V25 <r<virs
v 25 <g<
p
E g S(Apgrsk, k)
%*3 2v %
v25 <k ( )
r <s<r sSk< pars
13 12
v75 v 25
P S
r3 r
1
2v )§
S<(pq1"
=21+ 2.

We call the above procedure process II. We call Xy the prime term and
X9 the almost-prime term.

i) The deficiency of the prime term is

% di min(tf%, %ft) du min(u, %) dr
I R A
% max(%(%ft),% max(%(%ft),%
min(r, 32 —u—r)
d
: )
max(%—t—r, ;—g’—%r) 5 w=r 5
< 0.019316.

ii) The deficiency of the almost-prime term is

At min(t—3=, 2 —t) min(u, &%) min(r, 32 —u—r, $(1—t—u—r))
39 ¢ 1013 2.6 1013 26y | 13 132 §
175 max(3(35-1), 35 max(3(35—1), 55 max(gg —t—r, 73 —37)

T(1—t—u—r—3s)

l—t—u—r—-—s—k\dk
X S w - =

S

a) kps > v35. The corresponding deficiency is

24 min(t—g=, 42 —t) min(u, 2%, 52 +L—u)

S d u dr
t

s max(3(z2-t), 3 max(3(33-t), 32
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min(r, +(1—t—u—r))

ds

S
max( —t—r, %i % ,%—t—&—u—i—r)

T (1—t—u—r—s)

<l—t—u—r—s—k>dk
x S w =

k k2’
max(s, 32 —t—s)

where we used the fact that 3(1 —t—u—7) < 32 —u—r-
o) kqrs > 1)25 (0.003549). B) kqrs < vz (0.001012).

b) kps < vz (0.000156).
Thus the total deficiency in 2) is 0.024033 and that in 2. is 0.024312.
3.7 >v1s. The corresponding deficiency is

175 @
S t
5
25

12

min(t— 3=, 32 —1) du u

dr

max(%( —t), 2 170 max(%( —t), 2 175

min(r, 32 —u—r)

" w l1—t—u—r—s @
S s §2°

he deficiency of the prime term is 0.017964.
he deficiency of the almost-prime term is

H H

175 215 ’ Z t) u
X dt du dr
5

25 max(%( —t), & 175 max( (ég t), 175

min(r, 32 —u—r, (1—t—u—r))
S

. S
S

%(1—t—u—7‘—s)

l1—t—u—r—s—k\dk

S

a) kps > vz (0.000960). b) kps < wvz. There are two subcases:
@) kqrs > vz (0.003065); 3) kqrs < v (0.000757).
Therefore the total deficiency in 3. is 0.022746 and that in II is 0.047240.

IIL. prs < v%, pgs > v35. The corresponding deficiency is

-
j=}

min(¢, 12 —t) u—5= min(r, 32 —t—r)

N R e

13
= —t) 55 —t—u 55 —t—u

>

-
IS

4
o
NI
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l.g< he 5. Applying process I again and writing m = prs, n = ¢ and
d=t, we have to deal with a sum whose deficiency is

L

12 gt min(42—¢, 2% du u— 5z dr min(r, 32 —t—r) ds
486 7 1 § ; 13 S 7 13 S ?
175 2(z5 -0 25 —t—u 25 —t—u
< dy ¢ l—t—-u—r—s—y—z\dz
S g <
i i
25 25

1) pqw > v (0.000334). 2) pqw < v, pgt > vz (0.000006). 3) pgt <
v2s (0.000013).
Hence, the total deficiency in 1. is 0.000353.
2. VT < q < v
1) s < q_%v%. Applying process I again and writing m = prs, n = ¢
and d = t, we have to deal with a sum whose deficiency is

58 s 12 5.2 1
i dt min(55 —t, 32) du u825 dr
5.2 t 1 U r
52 max(f( ft), 175, 25 —4t) 55 —t—u
min(r, 5 ——t T, @—%u) s
25 ds ¢ dy
S Yy
13 i
35 —t—u 25
min(y, %(17t7u7'rfsfy)) 1 b < A\ ds
‘ g w< ) :
z z
1
25

where we used the fact that s < %—t rand s < &5 —fu = t+u+r+3s =
(t+r+s)+(u+2s)<l=s< (l—t—u—r—s)

i) pqw > v : a) pstw > v (0. 000324) b) pstw < vz prtw > v
(0.000108); ¢) priw < v, prsw > vz (0.000010); d) prsw < v, prst >
vz (0.000006); e) prst < vz (0.000363). i) pqw < v, pgt>wv25 (0.000300).
iii) pgt < v2, pgtw > v (0.000322). iv) pgtw < v (0.000006).

Hence, the total deficiency in 1) is 0.001439.

2) s>q~ iv% (0.002038).

Thus the total deficiency in 2. is 0.003477.

3.0% <q(<v%).

1) s < q*%%. Applying process I again and writing m = prs, n = q
and d = t, we have to deal with a sum whose deficiency is
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; 12
min(t, 52 —t) d u— 3¢ dr

[ER

5 5.2 13
55 55 g5 t—u
min(r, 32 —t—r, 32 —2u) s
ds ¢ dy
~ S Sy
$ Yy
13 1
g5 —t—u 35
min(y, & (1—t—u—r—s—y))
l—t—u—r—s—y—=z\dz
. g w dz
z z
L
55

i) pgw > vz (0.001662). i) pqw < v, pgt > vz (0.000020).
iil) pgt < v, pgtw > v (0.000019). iv) pgtw < v (0).

Therefore the total deficiency in 1) is 0.001701.

2) s> q 2.

i) The deficiency of the prime term is 0.009678.

ii) The deficiency of the almost-prime term is

% ’ min(t, %—t) du 2u—t—% dr min(r, 32 55 —t—r) ds
5&2 t 532 u ISS r SS s
55 o5 25 322
1t u—r—
><2( U l—t—u—r—-—s—k\dk
w or
} ; =3
S
where we used the fact that min(’r %—g —t— r) < % + %(;—g —t — 7") <

s1—t—u—r).
a) kps > vz (0.000006). b) kps < 03, kpr > v (0.000653). ¢) kpr <

v ;) kqrs > vz (0.002882); 3) kqrs < vz (0.001823).
Hence, the total deficiency in 2) is 0.015042 and that in 3. is 0.016743.

Therefore the total deficiency in III is 0.020573.
IV. pgs < v%, pqr > v25. The corresponding deficiency is

T T
R B
75 3(35—1) -
124y
" » l1—t—u—1r—s5)\ds
w —.
§ s 52
35

1.r < vts. Applying process I again and writing m = pgs, n = r and

d = t, we have to deal with a sum whose deficiency is
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- min(t, £ —t) min(u, 25) 12 4 .

25 25 » 175 25

§ dt ° U S Sidr 7 S ds
32.5 t max (% (13 —¢), 85 _¢) 13 _ 4 " L 5
175 2\ 25 » 175 25 25

S
d l—t—u—r—s—y—z\dz
| g w( v )2.
)y 3 z z
25

1) prtw > v (0.000164). 2) prtw < v, prsw > vz (0.000008).
3) prsw < v, prst > v (0.000009). 4) prst < v, prstw > v
(0.000519). 5) prstw < v (0.000269).

Hence, the total deficiency in 1. is 0.000969.

2. pies <7 < v

1) s < rTives. Applying process I again and writing m = pgs, n =r
and d = t, we have to deal with a sum whose deficiency is

51 : 11 : 5.2
1§5 dt min(t, 3z —t) du min(u, %2 dr
13 ¢ max(1(32—t), 2%) max (12 —t—u, 25) r
75 PAH ) 175 25 1 175
min(42 —t—u, $2—3r) s
ds ¢ dy
. X Sy
i s 31Y
25 25
min(y, 2 (1—t—u—r—s—y))
. l—t—u—r—s—y—z\dz
X S w R
z z
1
25

prsw > v (0.000052).

12

i) prtw > v= (0.000387). ii) priw < v,
iil) prsw < VB, prst > v (0.000009). iv) prst < v2, prstw > v
(0.000293). v) prstw < v (0.000015).

Hence, the total deficiency in 1) is 0.000756.

2) s >r~3v% (0.000006).

Thus the total deficiency in 2. is 0.000762.

3.r>v% (0.000108).

Therefore the total deficiency in IV is 0.001839.

2
25

12
2

V. pgr < vz

10

25 dt
)

13

100

, pqrs > v2. The corresponding deficiency is

min(t, 2 —t min(u, 22 —t—u
25 d 25

d ‘ 1—t—u—r—s\ds
e

S
(32-1)

Wl
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1. s < virs 5. Applying process I again and writing m = pgr, n = s and
d=t, we have to deal with a sum whose deficiency is

b mm(t —t) min(u, %ftfu)

S . S -
u r

13 _

25

t) 1(E-t—w)

~|%

mln(y, s(1—t—u—r—s—y))

. S175 dSde § w(l—t—u—r—s— —Z)dz
35 25

z 227

1) prtw > v (0.000700). 2) priw < vz, pgtw > vz (0.000849).
3) pgtw < v=, pgsw > v (0. 000515) 4) pgsw < v, pqst >y
i) pgrw > v= (0. 000017) i) pgrw < v (0.000374). 5) pgst < V3, pgrt >
03 : i) grstw > v2 (0.000065); i) grstw < v, prstw > 1125 (0. 000148);
iii) prstw < vz (0.000910). 6) pgrt < v : i) pgstw > vz (0.000193);
i) pgstw < v=, pgrtw > v (0.000008); iii) pgrtw < vz (0.000006).

Thus the total deficiency in 1. is 0.003785.

2.5 > v (0.000027).

Therefore the total deficiency in V is 0.003812.

VL. pgrs < v35. The corresponding deficiency is

% dt min(¢, ——t) du min(u, %—t—u) dr
S t S u S T
1 1 1
25 25 25

min(r, 55 ) l—t—u—r—s\ds
% S w( s )52
35

Applying process I again, we have to deal with a sum whose deficiency is

%dt min(t, 3% —t) min(u, 32 —t—u) ,
e
25 25 25
Ji2 g —
Xmm(T% ur)dssdyy l-t-—u—r—s—y—z\dz
— \w
Vo z
35 35 35
Whereweusedthefactthatsgmin(r %—t U— r)< LA ( —t—u— r):

s -t-—u)<il-t—-u-r)=>y<i (17t7u77"757y).

1. prstw > v (0.000453). 2. prstw < v, pgstw > v (0. 000324)
3. pgstw < U%, pgriw > v3s (0.000303). 4. pgrtw < 1)25 pgrsw > v3s
(0.000153). 5. pgrsw < vz, pgrst > vz (0.000046).
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6. pgrst < v%, pqrstw > v Applying process 1 once more, we have
the deficiency

8 ; 10
7 mln(t7 7= —t) min(u, 53 —t—u)
13 ¢ 1013 u T r
150 s(z— 1(3# )
IIllIl(T —71& u—r) min(s, —715 u—r—=s) y P
s dy dz { da
1,13 § 1013 Y 15 4@
s(52—t—u—r) s(55—t—u—7r—s) 55 —t—u—r—5—y 5%

y Ciw<1—t—u—r—s—y—z—oz—ﬂ) dgs

3 g

min (¢

ot

) 35 t)d min(u,%g—t—U)d
R A

s(3-1) 13 -t-w)

[
t

IN
S
-3
(=)
w
‘;L/? m‘m

=
o

5

min(r, 3t —t—u—r) min(s, 12 —t—u—r—s)
ds dy
S I R
1,13 § 1013 Yy
(3 —t—u-—r) 5(58 —t—u—r—s)
Y

g S (2510g(252) 954 )dz

13 z
55 —t—u—r—s—y

< 0.000359,
where we used the fact that 5 < %

(1-t—u—r—s—y—z—a) and Lemma 4.
7. pgrstw < = Applying process I twice, we have the deficiency

== min(t, & —t) min(u, 5= —t—u)
5 1t 25 d 25 d
oseir {5 = &
t U r
L L L
25 5 25
) min(r, ;58 t—u—r) @ min(s, %—St u—r—=s) @
1 § 1 Y
25 25
min(y, ——t—u—r—s—y)
1\ d
X { (25 log(252) — 25 + ) =
3 z z
25
< 0.000495,

where we used the fact that 5 < (1 t—u—

r—s—y—z—a) and Lemma 4.
Therefore the total deﬁmency in VI is 0.002133. Summing up the above

estimates, we conclude that the total deficiency of (2; is 0.096767
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5. The deficiency of (2;. Now we consider the sum

2 = Z Z S(Apg: q)-

o

v 25 <pLv2s y25 <q<p
1

q<(%) :
The corresponding deﬁciency is

min ,% —
df (t, 3(1-1)) 1—t—u dj
t S v u u?’

] g‘w

6.5 13
25 35t

=
ot

We discuss several cases.
The corresponding deficiency is

Iq<v25
12 L0
Sodt ¥ 1—t—u\du
G
10.4 t 13 u u2
13 _4

Let m =p, n = q and d = r. Applying process I with Lemma 3, we have to

deal with a sum whose deficiency is

2 E u r

Todt Y du ¢ dr l—t—u—r—s)\ds
ST =
10.4 t 13 u 1 r 1 s S
25 55—t 25 25

1. ps > V5.
1) s < q_%r_%v%g. Applying process I again and writing m = p, n =q

and d = rst, we have to deal with a sum whose deficiency is

12 ;2.6 19.5 : 6.5
2§ di min( 25§6t u min(u, QtS 55>) dr min(r, 5(§42) ds
78 t 134 u 134 r S S
175 25 25 25
s min(y, 3 (1—t—u—r—s—y))
dy : l—t—u—r—s—y—2z\dz
X S — S w 2
DY 3 2 z
25 25

i) pw > v (0. 000508) i) pw < vz (0).

2) s >q ir-zvs (0.007963).

Thus the total deficiency in 1. is 0.008471.

2. ps < v, pr > v (0.000996). 3. pr < v, prs > vz (0.000831).

4. prs < vz (0).
Therefore the total deficiency in I is 0.010298.
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IL v% < ¢ <vs. The corresponding deficiency is
12 26
Todt 1o 1—t—u)\du
— w| ——m | —-.
I T G
=% max(33 —t, 28)

Let m =p, n = q and d = r. Applying process I with Lemma 3, we have to
deal with a sum whose deficiency is

1

1N}

52"

26 min(r, L (1—t—u—
dt e du ¢ dr (r, 31 ~t=u=r) l1—t—u—7r—s\ds
T T | w .
w4y 1
25 25

S

max( 55 13 ¢, %

(=}
IS

[

75

1. ps > V3.
1) s < ¢ 3r—2v7. Let m = p, n = ¢ and d = rst. Applying process I
with Lemma 3, we have to deal with a sum the deficiency of which is

52

éSS i min(lz%’git_l%lo) u min(u,2t§—u_75 dr
33.8 ¢ 26 u 157, r
75 5 35
i BIRE g5 ¢ gy
S T
%_t 35
minl 3t e) l—t—u—r—s—y—=z)\dz
X S g dz
1 z z
35
< 0.000486.

2) s> q 3r~ 207 (0.071032).

Hence, the total deficiency in 1. is 0.071518.

2. ps < v%, pr > V35

1) s < q_%r_lv%. Let m = ps, n = q and d = rt. Applying process |
with Lemma 3, we have to deal with a sum whose deficiency is

11 .26 3, 4 . 234
55 gt min( 15, 2t—55) du min(u, £2 —3u) dr
GSS t 13S 25y U BS r
175 max(g5 —t, 55 25—t
min(42 —¢, 28 —2u—r) min(s, 3 (1—t—u—r—s)) dy

S R
25 25
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min(y, £ (1—t—u—r—s—
" (v 3 (1=t v l—t—u—r—s—y—=z\dz
§ ! z 22
25
< 0.000290.
2) s >q 3r o,

i) The deficiency of the prime term is 0.005291.
ii) The deficiency of the almost-prime term is
1

11 26 w
25 175
X dt du dr
; S |
% max(%ft, %(tf%)) max(%ft,tf%uf%)
12
L2y
25
7 ds
X PR
S

max(zl—57 %—%u—r)

L(l—t—u—r—s)

2 l1—t—u—r—s—k\ dk

S

a) kp > vz (0.001783). b) kp < v=, kps > v= (0.001370). ¢) kps < v=
(0.000068).
Thus the total deﬁmency in 2. is 0.008802.

3. pr < v25 prs > 35,
1) s<q™ 3u7s. Let m = pr, n = q and d = st. Applying process I with
Lemma 3, we have to deal with a sum whose deficiency is

11 26 12 : 13 _ 2
3= = £t min(r, 22 —2u)
25 175 25 175 3
X dt du dr ds
ro S b5
65 137, 2.6 13
= max(5z —t, Sz 3 %—t) 55 —t—T
S Yy
dy l—t—u—r—s—y—=z\dz
Ay dz
1 Yy 1 z z
25 25

13

i) ptw > vz (0.000088). ii) ptw < v, psw > vz (0.000006).

iii) psw < v2, prw > v (0.000011). iv) prw < v (0).
2) s > q 3v7s (0.000571).
Therefore the total deficiency in 3. is 0.000676 and that in II is 0.080996.

L v < g < v . Now we consider the deficiency of the sum

Y= Z Z S(Apq: q)-

75 <wv 2 ¥ 5.2
<P= <q<v'5

26

v175 <q

to
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We write
(17) Z == Wl —|— WQ,
where
U = Z Z S(quv Q)a
7.8 115 13 s
v 25 <p<v 25 v;s <q<v P
26 2535
v 175 <q v T
pf
Uy = S(Apg: ) + Z S(Apg: q)-
v%<p<v% vgégs 5.2 v%<p<v% U%<q<v%
= T—<q<v 25 =
p2
The deficiency of ¥; is
121745 52.2 12 52.2
Sodt % 1—t—u)\du Sodt ¥ 1—t—u)\du
18 — —_— | =+ — — | —=<0.157504.
( ) 8.7 t 9.55S t g< u ) UQ 1185 t QSG g< u > UQ N
25 35 T3 35 175

Next we shall discuss the deficiency of ¥;. Applying Buchstab’s identity
twice, we have

19) = > ST S(Apg )

Bopo oB_ g
v 25 <p<lwv 25 v 25 <q<v?
p
9.55
26 v 25
v 175 <q< T
pf
1
— g S(.qu,r"UQS)
Bt B 52 ok
v <pv Up <q<v®? v 25 <r<q
9.55
26 v 25
v 175 <q T
p2
+ E E E S(Apgrs, 5)-
7.8 < 11.5 13 50 L L
v 25 <p<wv 25 v25< <v3F v25 <r<q wv25 <s<7“l
p ( 2v )2
9.55 s<\—
26 v 25 qr
v 175 <q T
pf

The first sum has an asymptotic formula. For the second sum

Z Z Z S(quraUQ%)a

7.8 < 11.5 13 5o 1
25 25 2 25
v <p<v v <q<v®E v25 <r<q
p
9.55
26 v 25
v 175 <g<



Largest prime factor

39
if pr < v%, then we have an asymptotic formula. If r < q_%v%, then

writing m = p, n = ¢ and d = r, we also have an asymptotic formula.
13 3 6.5 .
Hence, we assume that pr > v25, r > ¢~ 12v2s and have to deal with the

> > > S(Apgr,v%).

A

7.8 11.5 13
v 25 <p<v 25

13

v?2 52 25
<q<wv 25 <r<
p 4 P a

26 o530 &2
vﬁ<q<v T v <r

Now we use the discussion in [6]. Applying Buchstab’s identity to the
p-summation in A, we have

A= 7,82 > S S(Angr,v)

5 cn<ov et 5 5.2 #
v <niv Ln <g<v2B  ——<r<q
(n, P(v25))=1 9.55 6.5
26 v 25 v 25
vI75 <q< T - <r
n?2 q4
Z Z a
E S(Azuqrav25)v
v SRSy 20 UZV <q<v 2% ~, <r<4q
v25 <z<v 26 9.55 6.5
(Va P(Z))il v175 <q v 25 v 2; <r
(zv)2 q4
where n, v denote integers and z denotes a prime number.
We write

2. 2 Do S v®)

11.5 13

13
25 <vp 25 25 5.2 5
v <nsvu R g g
(n, P(v25))=1 9.55 6.5
26 v 25 v 25
v175 <g< T 3 r
nz qz
7.8 115 1
=#{ngrle A: v <n<

5.2
25
?

1, U%/n<q<v
VT <q<v%/n%,v%/n<r<q,v%/q% <r, (I, P(v;?)) =1}

Note that v < nr = ql < v and that r < q< v By the discussion
in Lemma 9 of [8] with the application of Lemma 2, we can get an asymptotic

formula. The idea of transferring the application of the sieve method from
the l-summation to the n-summation comes from [6]

Now we shall deal with the deficiencies of the following two sums:

200 = Y 3 ST S(Auvgr,v),

7.8 < 11.5 13 5o 13
v 25 <zr<v 25 V2 B 25
1 P <g<wv 25 v <r<q
025 <z<v 9.55 6.5
— 26 25 2
(U,P(Z))—l v 175 <q v v
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21) L= > Z Z Z S(Apgrs: 5)-

s<7“

m‘?‘
L

[
©
X
o
cn
N
/'\ cn"“
\_/

By Lemma 5, the deficiency of I7 is

g R D b
dt — \w
788 13S U § ( z ) 22
25 max(33 —t, 75 25
u
dr
x S 25w(25(1 —t —u — 1)) —
max(32 -1, &2~ 3u) "
and that of I3 is
léTsd min( 2579é55 %) du u dr
I B e
% max( t,%) 2—15

min(r, L (1—t—u—r
y (r:2( ) 1l—t—u—r—s\ds
w —.
§ s 52
25

|. Firstly we consider the deficiency of Iy in some

We refer to [6] and [10

cases.

1. rv > v2. The corresponding deficiency is

115 9.55 _t t+u— L3

285 258 : du S 5 <t2>dz

8.9 14 U 1 Z2

25 max (g5 —t, £5 25

u
dr
X S 25w(25(1 —t —u — 1)) —.
T
max(%—gftJrz, %f%u)

We use Buchstab’s identity

S<Azuqra KU%) = S(Azuna T) + Z S(Azyqr87 S)

to produce two sums

/11 = ZZZZ S(-Azuqrvr)
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A= > >0 2 S(ugss).

1.5 9.55 _ t t+U7E
® w2 du 2 t—z\dz
S o Vv ;
8.9 14 1 z z
25 max (55 t7175) 25
u

1—t—u—r\dr

X w —

r T

max( ;g —t+z, 62—57%11)

Applying process II to the v-summation, we have to consider the prime
term and the almost-prime term. For convenience, we call them the z-prime
term and the z-almost-prime term respectively.

i) The deficiency of the z-prime term is

I
©
S
=

IEI
D (g, 2 u 1 z(t — 2)
¢ l—t—u—r\dr
x | g<> — < 0.002064.
D es s r r
max(5z —t+z, T2 —5u)

ii) The deficiency of the z-almost-prime term. Now v is replaced by ef3,
where z < e < 3, (8, P(e)) = 1, e is a prime number and 3 is an integer.
The corresponding deficiency is

1.5 9.55 t 13
t t+u—1i3
25 25 2 5
S du S dZ
8.9 14 26 u 1 z
25 max(55—t, 775) 25

Xi(tiz) t—z—e)\ de v 1—t—u—7)\dr
S v e €2 S v r r2’

max(%ftJrz, %f%u)

a) gre > vz (0.000029). b) gre < v, grze > vz (0.000229). c)
qrze < v a) rg > v (0.000006); B) rG < v, rzB > v (0.000644);
v) 128 < v (0.000463).

Therefore the total deficiency of A; is 0.003435.
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2) The deficiency of A is

11.5 9.55 t 13
25 25 2 5
du t—z\ dz
S dt S - S w —
8.9 14 ¢ 26 u 1 z z
55 max(g5—t 773 35
. 1
u min(r, 5 (1—t—u—7))
dr l1—t—u—7r—s)\ds
X S — X w <2
13 6.5 3 r 1 s S
max(zz —t+2z, T2 —3u) 55
13

i) sy > v (0.000102). i) sv < v, szv > 0= (0.001319).
iii) szrv < v#5. The corresponding deficiency is

11 9.55 t 13

25 55 T2 du ttu—s55 =2\ ds
S dt S — X w —
8.9 14 t 26 u 1 z z
55 max(55—t 175 35

u min(%(l—t—u—r)7 %—t)

" S % S w(l—t—z—r—s);ﬂ;

max(33 —t+z, $2—3u)

1

25

a) The deficiency of the z-prime term is 0.001807.
b) The deficiency of the z-almost-prime term is

%(t—z)

-
—

9.55 _ t tpy—18
5

25 25 2
du dz t—z—e)\ de
yao VN S el )&
U z e e
8.9 P 14 26 1
55 max(55—t 175 35 z

w min(%(l—t—u—r), %—t)

9 S % 5 w<1—t—1{:—r—s>(j§.

max(é—é—t—l—z, %—;—%u)

25

@) r3 > vz (0.000006). 8) 18 < v, rzB > v (0.000471). v) rz8 <
v, rszf > vs (0.000396). 8) rszf < v, gszf > vz (0.000006).
\) gszf < vz (0.000611).

Therefore the total deficiency of A5 is 0.004718 and that in 1. is 0.008153.

2.rv < v%, qu > v25. The corresponding deficiency is

73.7 9.55 _t 13
175 25 2 du ttu—35 t— 2\ dz
I | w( ) dz
8.9 max (32 —t, 3% max(z=,t—Su—32) o z
25 25 L 175 PERR 25
12
. dr
X S 25w(25(1 —t —u — 7)) —.
T
max(%—t, %—%u)

Note that z < q*%v%. Let m = rv, n = q and d = 2. Then we have an
asymptotic formula. Hence, the deficiency is 0.
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3. The corresponding deficiency is

3. qu < v
B b g
W ( ) E
max (33 13 _¢ 2 175 —2—2
u
dr
X S 25w(25(1 —t —u — 7)) —.
max(%—t, 62'5?—%10 "

1) grz > vz
i) The deficiency of A; is

5.2 9.55 t

11.5 t
25 min( 55, 55> —3 2
5 du S t—z\ dz
g 5
22

dt
7.8 26 6.5 t U 13 z
25 max(33—t, £, 57— %) 35 —2u
" ¢ l—t—u—r\dr
S g r r2
max(;—g—t, L;’—%u, %—u—z)
< 0.004218.
ii) The deficiency of Aj is
BE min(3, %) TN
it ( ) dz
7.8 26 6.5 t SS 22
55 max(R—t 75, 57— 1) 752
i —t—u—
" K drmm(rg( e l—t—u—r—s)\ds
— w —.
S r S s 52
max(33 —t, §2 -3y, 8 —u—2) =
a) szv > v= (0.000236).
12
b) szv < v*.

) qrs > v (0.000146). 3) grs < v=: (1) gsv > vz (0.000006)

B) qsv < vz (0.007355).
Therefore the total deficiency in 1) is 0.011961.
2) qrz < v, Ifv < U%, writing m = ¢rz and n = v, we have an asymp-
The corresponding deficiency is

. 6
totic formula. Hence, we assume v > v725 .

32 min(3, %50 -5)  min(t-%2, 52 -%
U t—z)\ dz
at @ e dz
7.8 12 z z
55 max( —t, 2 170 t+u—35z
min(u, 32 —u—2z) d

r
X 25w(25(1 —t —u—r))—.

r

max( t, 85— 3u)
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26
i) r < v1i7s. The corresponding deficiency is
11.5 min(5—'2, M_i) min(t_ﬁik’)’ %_2)
25 2 25 2 du 25 25 4 t — dz
it o () ®
65 26 u 12 z z
175 175 ttu—35
min(32 —u—z, %) dr
X S 25w(25(1 —t —u—r)) —
r
max(33 —t, §2 - 2u)
2.6 26 _3 6.5 "
Note that 0% < r. If z < r=3v7 (r < 2z~ 10, writing m = qu, n = r
3 6.5
14p725

and d = z, we have an asymptotic formula. Hence, we assume r > z~
The deficiency is

deo P mn0-$2%-1)
a | 2 g( )
7is I 36 o o
175 175 175
min(%—u—z, %) d
T
X S 25g(25(1 —t —u — 1)) —
max($ 4, 5, 52 32) '
< 0.000754.
ii) VT <7 (< v%). The corresponding deficiency is
s in(52, 955 _t 465
25 min( 3, %557 — 3 du min(t—$2, 5 —u) t— 2\ dz
R PR B Gy b
72—5 max( 55 i3 —157 175 t—&—u—%
mln(u,;—g u—2z) d
r
X S 25w(25(1 —t —u — 1)) —.
r

_3 65 _4 26 .
If z<r 3v3 (r <z 307), writing m = qu, n = r and d = z, we have an
. 4 26 . .
asymptotic formula. Hence, we assume r > 2z~ 3v7 . The deficiency is

1% win(3, %2 -4 du min(t—$2, 75 —u) t— 2\ dz
)« Y
7.8 13 2 z z
25 max ) 155 ttu—g5
max(max (52 —t, 2&, 28 —22), min(u, 32 —u—z)) d
p
X 25g(25(1 —t —u—1r))—
r
max(33 —t, 25, 25 _22)
< 0.001733.

Thus the deficiency in 2) is 0.002487 and that in 3. is 0.014448. Therefore
the deficiency of I is 0.022601.
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Next we consider the deficiency of I%.
1. ps > v35. The deficiency is

11 9.55 14 : 1

5% mln(——f 2t— 5% min(u, t—u—3g)

9 t 13 26 u 13 r
55 max(zz —t, 755 55—t

min(r, 1 (1—t—u—r))

l1—t—u—r—s)\ds
x y ; 2

13
1By
< 0.013694.
12 13

2. ps < w2, pr > wv2. The corresponding deficiency is
11 5.2 9.55 t
25 mln( 25 7 25 _5) U
X" T du dr
7.8 t 13 26 U 13 r
25 max (35—, 775 25—t

min(% (1—t—u—r), $32—t)

y w l1—t—u—r—s @
§ s 52’
35

1) grs > v (0.000236).

2) qrs < v,

i) The deficiency of the prime term is 0.036198.
ii) The deficiency of the almost-prime term is

1 955_1)

min( %2 20 s %52

min(42 —¢, 22 —u—r, 1 (1—t—u—r))

m‘»-A
o

U ' 25
X . X " S - S :
s b 13 26 u r 1 §
25 max(55 —t, 175) 5

§(l—t—u—r—s)

l—t—u—r—s—k\ dk

S

a) kp > v (0.002569). b) kp < v, kps > vis: a) kqrs > v
(0.000774); B) kqrs<vz (0.004275). ¢) kps<v=: a) kqrs>v2 (0.000402);
B) kqrs < vz (0.003268).

Therefore the total deficiency in 2. is 0.047722.

3. pr < v%, prs > v25. The corresponding deficiency is

<1—t—u—r—s>ds
w| ——————— | 5.
S S

-
-

9.55 t)
25 2
du

min( —5252 s

2t min(r, 1 (1—t—u—r))

e

|
i

'\]L,a
|
2 |

oo

5
=]
o
»
~

,_.
c.o
<-..

3

o

=

—

m‘»—A
|
-
=

8l
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. Let m = pr, n = q and d = st. Applying process I with

1) s <q S0
Lemma 3, we have to deal with a sum whose deficiency is
L min(32, 258 1 12y
2§5 d S 25 2 d 5S d?"
7.8 t 13 26 1,13 19.5 3
55 max(55 —t, 755) max(5 (55 —t), 55> —t+gu)
min(r, &5 —34)
8 ds ¢ dyy l—-t—u—r—s—y—z\dz
S I I =
s Y z z
o Tk

i) prw > vz (0.000643). i) prw < vz (0).
Hence, the total deficiency in 1) is 0.000643.

2) s> g 8us.

i) The deficiency of the prime term is 0.021656.
ii) The deficiency of the almost-prime term is

11 5.2 9.55 _t
25 min(%e, %22 —73)
X" dt 7 du S dr
7.8 t 13 26 1,013 r
25 max( g5 —t, 775 s(z5—t
max(max(—ft r, %,,u) min(r, 3(1 t—u—r)))
X —_
S

max(33 —t—r, &3 —3u)

T(1—t—u—r—s)
l1—-t—u—r—s—=k %
R . iy

S

a) kp > vz (0.000349). b) kp < v, kps > vE: a) kqrs > v
(0.001240); 3) kqrs < vz (0.004339). c) kps < v= (0.000786).
Therefore the total deficiency in 2) is 0.028370 and that in 3. is 0.029013.

4. prs < v35. The corresponding deficiency is

10 5.2 9.55 t 11 . 12

35 min( %, %522 — % 55—t min(r, 58 —t—7)

Xd S du S dr S l1—t—u—7r—s\ds
— — — w —.

7.8 t 3 26 u 1 r 1 s 82

55 max (53 —t, 155) 35 35

Let m = prs, n = q and d = t. Note that ¢ < s < min(r, v /pr) <
(v2 /p)z < v% ¢~ 4. Applying process I with Lemma 3, we have to deal

with a sum whose deficiency is
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2 dt min(32, 235 — %) du B dr min(r, 32 —t—r) ds s dy
0 R I R
7.8 i i 1
25 max(% —t, & 170 25 25 25
min(y, §(l—t—u—r—s—y)) 1 fw—r— s A\ de
X w .
z 22
1
25

1) prsw > v (0.000373). 2) prsw < vz (0.000063).

Thus the total deficiency in 4. is 0.000436. Hence, the deficiency of I3
is 0.090865. The deficiency of ¥; is 0.113466 and that of W, is 0.157504.
Therefore the total deficiency in III is 0.270970.

IV. ¢ > v% The deficiency is

min(¢, %(l—t))

S dt S g<1_t> Zﬁ < 0.529493.

u

‘m

4. 5.2

max (55 13 _¢, %2

Therefore the deficiency of (25 is 0.891757.

6. Proof of the Theorem. The above discussion yields

¢Z§'<S(B,U%)— > SBup) - Y. S(Bpap))

v 1 12 12 1
v25 <p<w25 v25 <p<(20)2
X X
—0.096767 - —0.891757 -
log v log v
X 1 X
” S(B, (2v)2) — 0.9885 Tog v
X X
=1 : —0. 24 .
(1+0(E) - oo~ 0988524 =

>0.011475 - .
log v

Thus (3) holds and so the proof of the Theorem is complete.

Acknowledgements. We would like to thank the referee for his helpful
comments and news on the recent progress in this problem. In an unpub-
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