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A generalization of Sturmian sequences:
Combinatorial structure and transcendence
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I. Introduction. Given a sequence w = wowiws ... on a finite alpha-
bet, denote by L,(w) the set of all subwords of w of length n, that is,
L, (w) ={wjwjt1...Wjtn-1 | j > 0}. The complezity function p(n) = p,(n)
is defined as the cardinality of L, (w). A celebrated result of Morse and Hed-
lund states that a sequence is ultimately periodic if and only if p(n) < n for
some n (see [27]). A binary sequence w is called Sturmian if p(n) = n+ 1
for all n > 1. Thus among all non-ultimately periodic sequences, Sturmian
sequences are those having the smallest complexity. Perhaps the most well
known example is the Fibonacci sequence

12112121121121211212112112121121121211212112112121121 ...

defined as the fixed point of the morphism 1+ 12 and 2 — 1.

The study of Sturmian sequences was originated by M. Morse and
G. A. Hedlund in the 1930’s. They showed that Sturmian sequences pro-
vide a symbolic coding of the orbit of a point on a circle with respect to a
rotation by an irrational number « (cf. [26], [27]). Sturmian sequences have
since been extensively studied from many different points of view (cf. [3]-[6],
[10], [11], [17], [23], [24], [29]).

We consider two natural generalizations of Sturmian sequences to alpha-
bets of more than two letters. The condition p(n+1) —p(n) = 1 implies that
each word in L,,(w) is a prefix (suffix) of exactly one word in L,,;1(w) except
for one which is a prefix (suffix) of two words of length n + 1. Thus a se-
quence w on the alphabet Ay = {aq,...,ax} is called Sturmian (on & letters)
if p(n) = n+k — 1. As in the binary case we have p(n+ 1) —p(n) = 1. This
notion of Sturmian was considered by S. Ferenczi and C. Mauduit in [17].
A second generalization of Sturmian, which is the focus of this paper, was
originally introduced by P. Arnoux and G. Rauzy in [3] (see also [30]):
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DEFINITION I.1. Let Ay = {a1,...,ar} with k > 2. A sequence w in the
alphabet Ay is called an Arnouz—Rauzy sequence if it satisfies the following
four conditions:

e w is uniformly recurrent, i.e., each (finite) subword u of w occurs in w
with bounded gaps,

e the complexity function satisfies p(n) = (k — 1)n + 1,

e cach word in L, (w) is a prefix of exactly one word in L, 41 (w) except
for one which is a prefix of k¥ words in L, (w),

e cach word in L, (w) is a suffix of exactly one word in L, 11 (w) except
for one which is a suffix of & words in L;,4+1(w).

In [3] the authors focused on the special case k = 3. We note that if
k = 2 then w is a (binary) Sturmian sequence. Arnoux—Rauzy sequences
have been the topic of a number of recent papers including [2], [7]-[9], [17],
[33], [34].

Given an Arnoux—Rauzy sequence w on the alphabet Ay = {a1,...,axr},
denote by X = X,, the orbit closure of w in AY with respect to the (left)
shift map. We call X an Arnouz—Rauzy subshift on Aj. For each n we can
write L,(X) = L,(w) because uniform recurrence implies that L,(x) =
L, (w) for each = € X. The language of X, denoted L(X), is defined by
L(X) = U,, Ln(X). Thus p(n) is just the cardinality of L,(X). It follows
from Definition I.1 that for each n, there is exactly one word in L, (X)
which is a prefix of more than one word in L,1(X). We call such a word
right special and denote it by r(n). Similarly, there is exactly one word in
L,,(X) which is a suffix of more than one word in L, (X) which we call left
special and denote it by I(n). Thus if w € L, (X) is right special, then the
concatenation wa € L, 1(X) for every a € Ay, and similarly if w € L, (X)
is left special, then aw € L, +1(X) for every a € Ai. A word which is both
left and right special is called bispecial.

We consider the passage from L,,(X) to L,11(X). From the set L, (X)
both I(n — 1) and r(n — 1) are identified. In case [(n — 1) # r(n — 1), the
passage from L,,(X) to L, 4+1(X) is completely determined by L,,(X). In this
case there is exactly one word in L,,(X) containing r(n — 1) as a suffix, and
this word must be r(n). Every other word of length n has a unique extension
by one letter to the right which is determined by its suffix of length n — 1.
The second case is when [(n — 1) = r(n — 1), that is, I{(n — 1) is bispecial. In
this case there are k words of length n containing r(n — 1) as a suffix, and it
is impossible to tell just from within L,,(X) which of these k& words is r(n).
Thus in case I(n — 1) is bispecial, the passage from L, (X) to L,1(X) is
achieved by

(1)  specifying which of the k words {ai1r(n —1),...,arr(n — 1)} is r(n),
or equivalently the initial letter of r(n)
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and

(2)  specifying which letter must follow the remaining k& — 1 words, or
equivalently the terminal letter of I(n).

We prove that for each n > 1, the word r(n) is just the mirror image
(or reverse) of the word I(n) (see Proposition I1.5). In particular, the initial
letter of r(n) is equal to the terminal letter of {(n). Thus, if [(n — 1) is
bispecial, the passage from L, (X) to L,+1(X) depends only on (1), i.e., the
initial letter of r(n). We code this information in a sequence Ix = (i,)5%,
as follows: Let {wy,wa, ...} be the set of bispecial subwords ordered so that
1 =wi| < |we| < ...Set iy =wy € A, and for n > 2 let i,, € A so that
inWy—1 is right special. Then the sequence (i, ) completely determines L(X).
We observe that for each a € A, and each n > 1 there exists an m > n
so that al(m) is right special. Otherwise by minimality X would contain a
periodic sequence. This implies that each a € Ay occurs in (i) an infinite
number of times.

The sequence (i,,) defined above coincides with the sequence (i,,) defined
by P. Arnoux and G. Rauzy in [3] for k£ = 2,3 (see Proposition on page 206
for £ = 2 and Proposition on page 208 for k = 3). Let 1x € X denote the
unique accumulation point of the set of all left special words, i.e., each initial
subword of lx is left special. In this paper we give two combinatorial algo-
rithms for constructing the (characteristic) sequence lx from the sequence
(in). (See [3], [16], [23], [24], [32] and [31] for examples of algorithms for
constructing sequences of specified complexity.)

The first method (see Theorem II1.5), which is the central idea of the pa-
per, involves a simple combinatorial algorithm for constructing all bispecial
words. Applied in the binary case, this algorithm provides a new method of
generating characteristic Sturmian sequences.

The second method is an S-adic description of the characteristic se-
quence dual to that given by Arnoux and Rauzy for k € {2,3} in [3]. We
use it to show that Arnoux—Rauzy subshifts arising from fixed points of
primitive morphisms are characterized by the following underlying periodic
structure (1):

THEOREM [.2. An Arnoux—Rauzy subshift X is primitive substitutive
(i.e., X contains the image, under a letter-to-letter morphism, of a fixed
point of a primitive substitution) if and only if the associated sequence (iy,)
is eventually periodic (?).

(}) In the Sturmian case, F. Durand and B. Host [14] have an independent proof of
Theorem 1.2 using dimension groups.

() In the binary case, the connection between Sturmian sequences and continued
fractions implies that the periodicity condition given in Theorem 1.2 is equivalent to the
frequencies of the letters being quadratic irrationals.



170 R. N. Risley and L. Q. Zamboni

The algorithm described in Theorem III.5 imposes a “rigid” combinato-
rial structure on the characteristic sequence lx € X, partially shared by all
sequences in X. We show that the language L(X) contains arbitrarily large
blocks of the type V2T¢.

ProposiTION 1.3. For each k = 2,3,... there is a positive number
e = €(k) such that if w is an Arnouz—Rauzy sequence in Ay, then w be-
gins in an infinite number of blocks of the form UVV V' with V' a prefiz of
V', and min{|V'|/|V|,|V|/|U|} > e.

In case k € {2,3}, the result of Proposition 1.3 was already established
by Ferenczi and Mauduit in [17]. In the binary Sturmian case we can say
more:

PROPOSITION 1.4. Let w be a binary Sturmian sequence. Then w contains
arbitrarily large subwords of the form y(6+v5)/2,

Proposition 1.4 extends a result of F. Mignosi and G. Pirillo [25] on the
Fibonacci sequence to all Sturmian sequences.

Although Mignosi [24] proved that the Fibonacci sequence does not con-
tain any 4th powers, in the proof of Proposition 1.4 we show that unless the
associated sequence (i,) of w admits the periodic sequence 12121212... as
a tail (in which case w is the morphic image of the Fibonacci word), the
sequence w contains arbitrarily large 4th powers.

Combining Proposition 1.3 with a recent combinatorial interpretation of
Ridout’s Theorem due to S. Ferenczi and C. Mauduit in [17], we obtain the
following extension to k& > 4 of Proposition 2 and Proposition 4 in [17]:

THEOREM L.5. If for some base b > 2 the digit expansion of an irrational
number 0 is an Arnouz—Rauzy sequence on k letters, then 6 is a transcen-
dental number.

We wish to thank the referee of the paper for his many useful comments
and suggestions which helped improve both the content and presentation of
the paper.

II. Combinatorial structure of bispecial words. Let w be an
Arnoux—Rauzy sequence on the alphabet Ay = {a1,...,ar} and X = X,
the associated Arnoux—Rauzy subshift. We denote the length of a word w
by |w|. We regard the empty word, denoted by e, as the unique word in
L(X) of length zero.

Given a non-empty word w = wj ...w, with w; € Ay we define the
reverse word Wiey DY Wiey = WpWyp_1 ... wowi. If u and v are non-empty
words in L(X) we write u - uv to mean that for each word w € L(X) with
|w| = |u| + |v| if w begins in u then w = wv. If it is not the case that u b+ uv
then we write =(u F uv). Similarly we write vu 4 u to mean that for each
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word w € L(X) with |w| = |u| + |v| if w ends in u then w = vu. Otherwise
we write = (vu 4 u).

LEMMA II.1. Suppose w € L(X) is either the empty word or bispecial
and a € Ag. Then aw is right special if and only if wa is left special.

Proof. Because for each n > 1 there is exactly one left special word and
one right special word in L,,(X) it suffices to show that if aw is right special
then wa is left special. We proceed by induction on |w|. If w is the empty
word, then a is right special. There is a unique letter x € Ay such that for
all y € Ay \ {a} we have y - yz. We claim = = a. Otherwise, if z # a, then
x F xz, a contradiction. Thus a is also left special.

Next suppose that |w| > 1. Again there is a unique letter x € Ay, such
that for all y € A\ {a} we have yw F ywz. We claim = = a. Suppose to the
contrary that  # a. Then xw F zwz. If no prefix of xw is right special then
z F zw F zwzx, which would imply that X contains the periodic sequence
TWTWITWITWIW . . ., a contradiction. Let v (possibly the empty word) be the
longest prefix of w such that xv is right special. Since we are assuming that
x # a, it follows that |v| < |w|. Equivalently, we can write zw = zvu where
u is not the empty word. By induction hypothesis, the first letter of u must
be x. Set u = xu’. It follows by maximality of v that zvz F zvxu’. Since
zv and aw are both right special and |v| < |w|, we see that xv is a proper
suffix of aw and hence a suffix of w. Thus zw F zwzr F rwru’ = rwu. But
zw is a suffix of xwu since zw = xvu and zwv is a suffix of w. This implies
that zwu™ is a suffix of zwu™*! for each natural number n. Thus we obtain

zw F zwu F zwuu F rwuue F zwuuuu ..
a contradiction. Hence x = a and wa is left special. m

LEMMA I1.2. Let w € L(X) be bispecial and a € Ay.

(1) Suppose aw is right special and a - aw. Then wa F waw and waw
1s bispecial.

(2) Suppose wa is left special and wa - a. Then waw 4 aw and waw is
bispecial.

Proof. The proof of this lemma relies on the previous lemma. In view
of the completely symmetric nature of Lemma II.1 and of the statements
(1) and (2), we will prove only (1). Assume that aw is right special and
a F aw. Clearly wa F waw. We show that waw is bispecial. Lemma II.1
implies that wa is left special; since wa - waw, waw is also left special. It
remains to show that waw is also right special. For this it will suffice to
show that wa - a since we already know that aw is right special. Suppose to
the contrary that there is a proper suffix v (possibly empty) of w such that
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va is left special. Then by Lemma II.1, av is a right special proper prefix of
aw, contradicting our assumption that a - aw. =

LEMMA IL1.3. Let w € L(X) be either empty or bispecial and a € Ay.

(1) Suppose aw is right special and —(a - aw). Let v (possibly empty)
be the longest proper prefix of w with the property that av is right special.
By Lemma I1.1 we have w = vau for some u € L(X). Then wa - wau and
wau is bispecial.

(2) Suppose wa is left special and —(wa = a). Let v (possibly empty) be
the longest proper suffiz of w with the property that va is left special. By
Lemma I1.1 we have w = uav for some u € L(X). Then uaw - aw and
uaw is bispecial.

Proof. Again by symmetry it suffices to establish (1). We suppose aw is
right special, and v (possibly empty) is the longest proper prefix of w with
the property that av is right special. Since v is either empty or bispecial
it follows by Lemma II.1 that va is left special and hence a prefix of w.
That is, we can write w = vau for some u € L(X). The maximality of
the length of v implies that ava F avau. But since av is right special and
lav| < |w]| it follows that av is a suffix of w and hence ava a suffix of wa.
Thus wa F wau. We now show wau is bispecial. By Lemma II.1 we have
wa is left special and since wa F wau we have wau is also left special. Since
av is a suffix of w it follows that avau is a suffix of wau. But avau = aw,
which is right special. Thus to see that wau is right special it suffices to show
that wa - ava. Suppose that some suffix of wa of the form zava (z € L(X)
possibly empty) were left special. Then zav would be a bispecial suffix of
w of length strictly greater than |v|, and zawva is left special, and hence by
Lemma II.1, azav is right special. It follows from the maximality of the
length of v that wa = zava. =

REMARK II.4. It follows from the previous lemmas that if w € L(X) is
bispecial then there is a shortest bispecial word W properly containing w as
a prefix. Moreover W is of the form waw’ where a € A;, is the unique letter
for which aw is right special and w’ (possibly the empty word) is a suffix of
w. We also remark that W is also the shortest bispecial word containing w
as a suffix and hence W is also of the form v'aw where a is as above and v’
(possibly the empty word) is a prefix of w.

PROPOSITION I1.5. A non-empty word v € L(X) is right special if and
only if vy s left special. In particular if v is bispecial then v = Vpey.

Proof. We proceed by induction on |v|. It suffices to show that if v is
right special then v, is left special. We saw at the beginning of the proof
of Lemma II.1 that if |[v] = 1 and v is right special, then v = v, is also
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left special. Next suppose that |v| > 1 and v is right special. Let w be the
unique left special word of length |v|. We show that w = v,.,. Let v’ denote
the longest proper suffix of v which is bispecial, and w’ the longest proper
prefix of w which is bispecial. Since v’ is left special, v’ is a prefix of w.
Since w’ is chosen to be the longest bispecial prefix of w we have |w’'| > [v/].
A similar argument shows that |v/| > |w’| and hence v/ = w’. Also by
induction hypothesis we have v/, = w' = w!,,. We write w = w’aw” and
v = v"bv’ where a,b € Ay and |[v"]| = |w”|. Since v/ = w’ and bv’ is right
special it follows from Lemma II.1 that a = b. So we have w = w’aw’ and
v=2v"aw'. If |w”| = 0 then v,e, = wl,,a = w'a =w. So we can assume that
|w”| > 0. Let W be the shortest bispecial word containing w’ as a prefix
and hence containing w’ as a suffix. In view of Remark I1.4 we can write
W = waw"” = v"'aw’ with w"" a suffix of w’ and v"”’ a prefix of w’. The
maximality of w’ implies that w” is a prefix of w”’ and v” is a suffix of v”.
It suffices to show that v/ = w”’. But v"” is a prefix of w’ and so v/ is a
suffix of w!,, = w’. Since |[v/” | = |w"”’| and both are a suffix of w’ it follows
that v/ = w" as required. =

rev

COROLLARY II.6. For each non-empty word v we have v € L(X) if and
only if vy € L(X).

Proof. This follows immediately from the above lemma since for each
word v € L(X) there is a bispecial word which contains v as a subword. m

III1. Constructing the characteristic sequence. Let X be an Arnoux
—Rauzy subshift on Ay = {a1,...,ar}.

DEFINITION III.1. Let {€ = wy, w2, ...} be the set of all bispecial words
in X ordered so that 0 = |w;| < |wa| < ... Let Ix = (i,)3; € AY be the
sequence defined by i, € Ay so that i,w, is right special.

We saw in Section I that the sequence Ix completely determines the
language L(X). Hence two Arnoux—Rauzy subshifts X and Y are equal if
and only if Ix = Iy.

DEerINITION III.2. The characteristic sequence of X, denoted by
lx = l1ly... with [; € Ay, is the unique accumulation point in X of the
set of all left special words in L(X).

Since i,wy, is right special is equivalent to wyi, is left special (Lem-
ma II.1), the sequence (i,) is a subsequence of the sequence lx. In fact,
for each n we have i, = lj,,|+1. Similarly there is a unique sequence
rx = ...r_sr_or_; indexed by the negative integers with the property
that r_,7_n41...7_9r_1 is right special for each n > 1. In view of Propo-
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sition I1.5 the sequences 1 and r are mirror images of one another, that is,
r_n =1, for each n > 1.

We now give two combinatorial algorithms for building the sequence 1x
from the sequence (i,,) (see Theorem III.5 and Proposition II1.7). We begin
with a combinatorial construction used in Theorem IIL.5.

Define a function F': AE — AE as follows: Set
A;C = {al, . .,ak,al,. . ,ak}

and let ¢ denote the morphism ¢ : A}, — Ay defined by ¢(a;) = ¢(a;) = a;
for each 1 < i < k. The morphism ¢ extends to a morphism (also denoted by
¢) from words in A}, to words in A, and from sequences in A}, to sequences
in Ax. With each sequence x = {z,}°°, in AY we associate a sequence
of words {B,}52, in the alphabet A} as follows: By = z; and for n > 1,
B,, is obtained from B,,_; according to the following rule: If Z,, does not
occur in B,,_1 then B, = B,_1Z,¢(B,,_1). Otherwise if Z,, occurs in B,,_1,
then we can write B,,_1 = v'Z,,u/ where v and v’ are words in A}, (possibly
empty) and Z,, does not occur in «'. In this case we set B,, = B, _1Z,¢(u’).
The sequence {B,,}52; of words converges to a unique sequence B in the
alphabet A} . We set F'(x) = ¢(B).

ExaMPLE II1.3. Let x = 1212121212... Then

By =1,

By =121,

Bs = 121121,

By = 12112121121,

Bs = 1211212112112121121,

Bg = 12112121121121211212112112121121, ...

Then
B =12112121121121211212112112121121121211212112112121121 . ...
and
F(x) = 12112121121121211212112112121121121211212112112121121 . ...
is the Fibonacci sequence. In general the periodic sequence
x = 1"2n1"on " | .
gives rise to the fixed point of the morphism

1—1"2, 2+1.
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ExaMPLE II1.4. Let x = 123123123123 ... Then

By =1,

By =121,

B; = 1213121,

B, = 12131211213121,

Bs = 121312112131212131211213121, . ..

Then
B =121312112131212131211213121312112131212131211213121 ...
and
F(x) =121312112131212131211213121312112131212131211213121.. ..
is the fixed point of the morphism
1—12, 2~—13, 3+~ 1.
In general if x is the periodic sequence
X =ajay ...apatay ...apatay .. .ap ...

then F(x) is the fixed point of the morphism (3)

ay — afag,

as — afas,

az — afay,

n
Ap—1 — al A,

ap — ay.
THEOREM IIL.5. Let X be an Arnouz—Rauzy subshift on Ay. Let 1x € X
denote the characteristic sequence of X and Ix = (i) the sequence in

Definition 11.1. Then each a € Ay occurs in (in) an infinite number of
times and 1x = F(Ix). Conversely, if x = {x,}52, is a sequence in Ay
such that each letter a € Ay occurs infinitely often in x, then F(x) is the
characteristic sequence of an Arnour—Rauzy subshift.

Proof. Let X be an Arnoux—Rauzy subshift and Ix = (i,,) be as in
Definition III.1. We saw in Section I that each a € Ay occurs in (i,) an
infinite number of times. Let {B,}>2; be the sequence of words defined
above. Then Lemmas I1.1-11.3 imply that {¢(B,,)}52, is precisely the set of
all bispecial words. We prove this by induction on n.

(%) Substitutions of this type were investigated by J.-I. Tamura in [32].
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We show that for each n, ¢(B,,) is the shortest bispecial word containing
¢(B,,—1) as a proper prefix. We take By = € the empty word. For n = 1 we
see that ¢(B7) = i1 defined as the unique bispecial word of length one. Next
suppose that {¢(B1),...,¢(Bn—1)} are the n — 1 shortest bispecial words.
Recall that i,, was defined as the unique letter in Ay such that i,¢(B,—1)
is right special. By Lemma I1.1, ¢(B,,—1)iy, is left special.

We consider the two cases in the recursive definition of B, separately.
In case there is no occurrence of zAn in B,,_1, then ¢(B,,_1) satisfies the
hypothesis of Lemma I1.2 with w = ¢(B,—1) and a = i,. It follows from
Lemma I1.2 that ¢(By,—1)in b ¢(Bp-1)ind(Bn—1) and ¢(By—-1)ind(Bn_1) =
¢(By). Thus ¢(B,,) is the shortest bispecial word containing ¢(B,—_1) as a
proper prefix.

In case ?n occurs in B,,_; we write B,,_1 = v’ ?nu’ where ?n does not
occur in . In this case ¢(B,,_1) satisfies the hypothesis of Lemma I1.3 with
w = ¢(Bp-1), a = in, v = ¢(v') and u = ¢(v’). By Lemma I1.3 we have
¢(Bn—1)in + ¢(Bn—1)zn¢(u/) and (b(Bn—l)anb(u/) = ¢(Bn) Thus ¢(Bn) is
the shortest bispecial word containing ¢(B,,—1) as a proper prefix.

Having established that ¢(B,,) is bispecial for each n it follows that
F(Ix) defined to be the limit of {¢(B,)}52, is equal to the characteristic
sequence lx.

The converse follows from our discussion in Section I concerning the
obstruction in building the language L(X) of an Arnoux—Rauzy subshift.
We saw that the obstruction is coded in a sequence (i,) with the property
that each a € Ay, occurs in (i,,) an infinite number of times. m

As an immediate consequence of the above construction we have the
following generalization of a theorem of F. Mignosi [23] which states that
if the sequence of partial quotients in the continued fraction expansion of
the slope of a (binary) Sturmian sequence w is unbounded then w contains
arbitrarily large powers of words:

COROLLARY IIL.6. If the sequence Ix = (i,) contains arbitrarily large
blocks of the form a™ for some a € Ay, then for each N > 1 and M > 1
the language L(X) contains a block of the form VM where V is a word of
length > N.

We now establish the following alternative description of the sequence ly:

PrOPOSITION II1.7. Let X be an Arnoux—Rauzy subshift on Ay and Ix =
(in) the sequence in Definition II1.1. For each a € Ay define the morphism
Ta by To(a) = a and 7,(b) = ab for each b € Ay \{a}. Then for each x € Ay
the characteristic sequence lx is given by

lim 7;, 0...07, (z).
n—oo
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Proposition II1.7 is a “dual” reformulation of the following result due to
Arnoux and Rauzy in [3]:

THEOREM IIL.8 (P. Arnoux and G. Rauzy, [3]). For each n > 1 and for
each x € Ay

Un,z) =0i, 0...00, ()

where for each a € Ay the morphism o, is defined by o,(a) = a and o4(b) =
ba for b e Ay \ {a}.

Although Arnoux and Rauzy only prove Theorem II1.8 for £ = 2 (Propo-
sition on page 206) and k = 3 (Proposition on page 208), they point out (in
Remarque 2 on page 202) that the results in [3] extend to all & > 2.

Proof of Proposition II1.7. For each positive integer n let w,; denote
the nth bispecial word (see Definition III.1). Following [3], for = € Ay, the
word Uy, ;) is obtained by concatenating the labels of the edges along the
simple closed directed path in the Rauzy graph I, | beginning and ending
at wy41 whose first directed edge is labeled z. It is readily verified that for
each n > 1 and x € Ag,

Tiy ©...om (x) = (04, 0...00; (T))revs
and hence by Theorem III.8,
Tiy © ... 0T, (%) = (Upn,z) )rev-

Set pu(n,z) = min{|U, )|, [wny1]}. Since Up, ) is a loop based at the
nth bispecial word w,, 11 it follows that for each 1 < k < p(n,x) the kth
letter of (Ugy,z))rev is the kth letter of wy,y1. In other words (Ug, z))rev
and wyy; have a common prefix of length u(n,z). Since p(n,x) — oo as
n — oo the sequence of compositions {7;, o...o7; (x)}2°, converges to the
accumulation point of the sequence {w,}>° ; which is 1y as required. m

CoroLLARY IIL.9 (%). Each letter a € Ay occurs in (i,) with bounded
gaps if and only if X is linearly recurrent in the sense of [15] or [13].

Proof. By Proposition III.7, each a € Ay occurs in (i,) with bounded
gaps if and only if X is a primitive S-adic subshift (see §2.5 in [13]). The
result now follows from Proposition 5 in [13]. m

IV. Primitive substitutive subshifts. In this section we use Propo-
sition II1.7 to prove Theorem 1.2.

DEFINITION IV.1. A sequence w in a finite alphabet A is called primitive
substitutive if it is the image (under a letter-to-letter morphism) of a fixed

(*) Compare with Proposition 9 in [13].
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point of a primitive substitution. A minimal symbolic space X is said to be
primitive substitutive if it contains a primitive substitutive sequence.

Recall that a morphism 7 on a finite alphabet A is called primitive if
there is a positive integer N such that for all a,b € A the composition 7V (a)
contains an occurrence of b (see [28]). We will need the following useful
characterization of primitive substitutive sequences due to F. Durand (°):

THEOREM IV.2 (F. Durand, [12]). A sequence w is primitive substitutive
if and only if it has a finite number of derived sequences.

Proof of Theorem I.2. In case (i) is eventually periodic, then by Propo-
sition II1.7 there exist words v and w in Ay such that for each x € Ay,

Ix =71p0TpoTyoTyo...(x).

Ifu=wy...u, with u; € A, then 7, denotes the composition 7, o...o7,, .
Since each letter in Ay must occur in (i,,) an infinite number of times, the
word w contains each letter in A, and hence 7, is a primitive morphism.
Thus lx is the image (under the morphism 7,) of the fixed point of the
primitive morphism 7,,. Using Proposition 3.1 in [12] we conclude that lx
is primitive substitutive.

Conversely, suppose X is primitive substitutive. We use the following
lemma proved in [19]:

LeEMMA IV.3 (C. Holton and L. Q. Zamboni, [19]). Let Y be a primitive
substitutive subshift. Then any point y € Y having more than one backward
extension is primitive substitutive.

The above lemma implies that 1x is a primitive substitutive sequence.
By Proposition II1.7,

w=Ilx = lim 7, o...07, ().
n—oo
For each m > 1 set
w(im)= lim 7 om, ., o...om . (x).
n—oo

Then for each m > 1,

w(m+1) = nh_}rrgo Timnsr © Timas © -+ 0 Tipn ()
is (up to a bijection between Ay and {1,...,k}) a derived sequence of w. In
fact w(m + 1) is (up to a bijection) the derived sequence of

w(m) = nlLH;O Tipy © iy © - 0T ()

(5) A slightly more general characterization of primitive substitutive sequences to-
gether with a characterization of primitive substitutive subshifts is given in [18].
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with respect to the initial letter of w(m) (cf. [12] and [18]). More precisely,
if a € Ay, denotes the initial letter of w(m), then a is the unique bispecial
word of length 1 in L(w(m)) and therefore the return words to a are given
by {a} U{ab|be Ax\{a}} (cf. [12] or [18] for a precise definition of return
words). The sequence w(m + 1) is obtained from w(m) by coding the return
words to a as follows (%): the return word a is coded by the letter a while for
each b € Ay \ {a}, the return word ab is coded by the letter b. Since w has
only finitely many induced sequences, the sequence (i,,) must be eventually
periodic. m

V. Powers of words. In this section we prove Propositions 1.3 and 1.4.
We assume X is an Arnoux—Rauzy subshift on Ay.

PRrROPOSITION V.1. Let X be an Arnouz—Rauzy subshift on Ay. There
exists a positive number ey = €o(k) and an infinite number of bispecial words

of the form UVVV' with

o V' a prefix of V,
o min{[V'|/[V[,[V|/|U[} = €.

COROLLARY V.2. The characteristic sequence lx begins in an infinite
number of words of the form WWw where w is a prefix of W.

Proof. Proposition V.1 implies that 1x begins in an infinite number
of bispecial blocks of the form UVVV’ where V' is a prefix of V. Writing
V = V'V" we obtain

UVVV' = (UVVV )y = (VLV ) VLVI NV Usey. m

rev - rev rev ' rev rev

Proof of Proposition V.1. We begin with a series of lemmas. Let Ix =
(in) € AY be the sequence defined in Definition III.1.

LEMMA V.3. Let {wy,ws,...} be the set of bispecial words in L(X)
ordered so that 0 = |wi| < |wz| < ... For each n > 1 we can write
Wpt1 = WyinUy for some suffix v, of wy. Moreover |v,| — o0 as n — oo.

Proof. This follows immediately from the definition of the function F'
defined in the previous section, the proof of Theorem III.5, and the fact that
for each letter a € Ay, i, = a for infinitely many n. In fact, if i, # @n41,
then |v,| < |vp41|. =

LEMMA V.4. There exist a € A and a word W (possibly empty) of
length < k — 1 such that the block aWa occurs an infinite number of times

() In [12] and [18] return words are coded by the “derived alphabet” {1,...,k} in
order of first appearance.
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Proof. In fact for each block B of length £+ 1 in (i,,), there is a letter
in A, which occurs twice in B. =

LEMMA V.5. Let a € Ay be as in Lemma V.4. There exist K1 > 0 and
an infinite number of words of the form wauau € L(X) with w, wau, and
wauau each bispecial and |u| < Kj|w|.

Proof. Let ¢« and W be as in Lemma V.4. In view of Lemma V.3
(applied |W/| times), for each occurrence of aWa in (i,) (say aWa =
Inlntl - .in+‘W|in+‘W|+1) we can write wy w41 = Wpaty, and Wy w42
= wpau,au, for some word wu,,. Moreover, since |W| < k— 1, it follows from
the proof of Theorem IIL.5 that

[un| < Jwa| + (2]wn| +2) + (4lwn] +4) + ...+ (25w, | + 2571,

Because for each n < j < n+ |W/|, we have |wj;1| < 2|w;| + 1. Hence there
is a constant K7 > 0 (depending only on k) so that |u,| < Ki|w,|. =

We now return to the proof of Proposition V.1. By Lemma V.5 there
exists Ky > 0 and an infinite number of words of the form wauau € L(X)
with w, wau, and wauau each bispecial and |u| < K;|w|. We consider two
cases:

CASE 1: |w| < |u|. In this case w is a suffix of u and we can write u = vw
for some word v. This gives the decomposition wauau = (wav)(wav)w. In
this case we take V = wav, V' = w and U = ¢ (the empty word). Then

!
VI el _ el el 1

V| Jwav|  Jul+1 T 2ul T 2K;°

CASE 2: |w| > |u|. We consider two subcases: In case |w| > 3(|u| + 1),
let K5 > 3 be the largest positive integer such that |w| > Ka(|u| +1). We
write Ko = 3r+ s for some integer r > 1 and s € {0, 1,2}. Since w is a suffix
of wau, the defining condition of K5 implies that w = w'(au)"(aw)" (au)"
for some word w’ with |w’| < 3(Ju| + 1). In this case we take U = w’ and
V =V’ = (au)". Then

VI _ law] _ el +1)
O~ ]

> 52

1
3

w3

It remains to consider the case in which |u| < |w| < 3(|u| + 1). Since
u is a suffix of w we can write w = zu for some word z. This gives the
decomposition wauau = z(ua)(ua)u. In this case we take U = 2z, V = ua,
and V' = u. Then

VI ua| S lu| +1

1
= > > =
Ul 2| |wl 3
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and
/
VI el 1
V] lu| +1 — 2
To complete the proof of Proposition V.1 we have only to take ¢y as the
minimum of the two numbers {1/(2K7),1/3}. =

Proof of Proposition 1.3. We begin with a definition:

—_

DEFINITION V.6. Given two occurrences of a subword w in a sequence
T,say r = uw... = uvw ... the word v is called the offset between these
two occurrences of w.

LEMMA V.7. Let uw and w be subwords of lx with uw bispecial. Then
the offset between any two consecutive occurrences of w in lx has length at
most |u| + |w| + 1.

Proof. Let {w1,wa, ...} be the set of all bispecial words in L(X') ordered
as in Lemma V.3. Fix N so that wy = uw. By Theorem IIL.5 for eachn > N
either wy, 11 = wpinwy, (case 1) or wy, 11 = Wyiyv, for some suffix i,v,, of w,
(case 2). In case 2 we can write w,, = wji,v, for some j < n. We divide case
2 into two subcases: |w;| < |w| (case 2a) and |w;| > |w| (case 2b). We first
observe that in all cases w is a suffix of w,, since we are assuming n > N.
If n = N then the offset between any two consecutive occurrences of w in
wy, = wy = uw has length at most |u| < |u|+|w|+ 1. In case 2b we see that
w is a suffix of both w,, and w; and hence the length of the offset between
any two occurrences of w does not increase in passing from w,, to wy41. On
the other hand, in case 1 or case 2a the length of the offset between the last
occurrence of w in w, (viewed as an occurrence of w in w,11 by regarding
wy, as a prefix of w,41) and the next occurrence of w in wy,41 is at most
|u| 4+ |w| + 1. Thus for all n > N, the offset between any two consecutive
occurrences of w in w,, has length at most |u| 4+ |w| + 1 as required. m

COROLLARY V.8. Let uw and w be as in Lemma V.7. Then each sequence
x € X begins in a block of the form u'w where |u'| < |u|+ |w| + 1.

Proposition 1.3 now follows by combining Proposition V.1 and Corol-
lary V.8. =

Proof of Proposition I.4. We can suppose that w is a Sturmian sequence
on the alphabet {1, 2}. Let X = X, be the associated subshift and Ix = (i)
as in Definition III.1. We will prove that unless Ix contains a periodic tail
of the form 12121212..., the sequence w contains arbitrarily large subwords
of the form V*. Let {w,} be the set of all bispecial words in L(X) ordered
so that 0 = |wi| < |wz| < ... Recall that i,w, is right special for each
n > 1. We consider three cases. First suppose that (i,) contains infinitely
many occurrences of either 111 or 222. Without loss of generality we can
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suppose 111 occurs an infinite number of times in (i,,). For all n sufficiently
large, if ipy; = 1 for 0 < j < 2 then we can write w, = u,lv, and
Wnt3 = Wy lvy 1o, 1v, = uw, 1o, 1o, 1v, 1o, for some uy,, v, € L(X).

In the second case we suppose that (i,) contains finitely many occur-
rences of both 111 and 222 but infinitely many occurrences of either 11
or 22. Without loss of generality we can assume that 11 occurs an infinite
number of times in (7, ). Thus one of 121121, 1211221, 1221121, or 12211221
must occur an infinite number of times in (i,). Since each of these words
begin in 12 we can write w, = univnéuglvn where ], and v,, are each a
suffix of u,, and where the 1 and 2 correspond to the prefix 12 in each of the
above words. If this occurrence of 12 in (i,) is followed by 1121 or 11221
then it is easily verified using the algorithm in Theorem IIL.5 that w5
contains the subword (1v,,2u/,1v,,)*. On the other hand if this occurrence of
12 in (i,) is followed by 21121 or 211221 then w,,4+¢ contains the subword
(1v,2u!, 1v, 20!, 1v, ).

In the final case we can suppose that (i,,) has finitely many occurrences
of both 11 and 22. Then (i,,) is ultimately equal to the periodic sequence
1212121212... In this case w is the morphic image of the Fibonacci word;
the result now follows by a theorem of Mignosi and Pirillo in [25] which
states that the Fibonacci word contains arbitrarily large subwords of the
form V(5+V5)/2, This completes the proof of Proposition 1.4. m

VI. A connection with transcendental numbers. It is generally
believed that the digit expansion of an algebraic irrational number « is
very random (7) and cannot be generated by a simple algorithm. For in-
stance the Champernowne number z = .1234567891011121314 ..., obtained
by concatenating the decimal expansions of the consecutive integers, was
shown to be transcendental by K. Mahler in [22]. J. Loxton and A. van der
Poorten [20] stated that the digits in the k-ary expansion of an algebraic
irrational could not be generated by a finite automaton, i.e., a deterministic
machine having a finite number of allowable states.

In [17] Ferenczi and Mauduit derive the following combinatorial transla-
tion of a well known theorem of Ridout [21]:

THEOREM VI.1 (S. Ferenczi and C. Mauduit, [17]). Let 6 be an irra-
tional number such that its k-ary expansion begins, for every integer n € N,
in 0.U,V,V,,V,!, where U, is a possibly empty word and where V,, is a
non-empty word admitting V! as a prefiz. If |V,| tends to infinity,
limsup |U,|/|V,| < 00, and liminf |V!|/|V,,| > 0, then 0 is a transcendental
number.

(7) It is conjectured that an algebraic irrational number is normal in each base b > 1.
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Theorem 1.5 follows immediately from Theorem VI.1 and Proposition I.3.
Theorem 1.5 yields a class of transcendental numbers of complexity p(n) =
(k—1)n+1 for every integer k > 2. In the special case k € {2, 3}, this result
was proved by Ferenczi and Mauduit (see Propositions 2 and 4 in [17]) also
by way of Theorem VI.1. Theorem VI.1 was also used by J.-P. Allouche and
L. Q. Zamboni in [1] to show that a real number whose base b digit expansion
is a fixed point of a binary morphism (either of constant length > 2 or
primitive) is either rational (if and only if the sequence is eventually periodic)
or transcendental. Together with the theorem of Loxton and van der Poorten
in [20] mentioned above, these are all results establishing the existence of
transcendental numbers of complexity p(n) with kn < p(n) < k'n for any
given k and some k’.
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