A theorem concerning homologies in a compact space.
By -
W. T. Puckett, Jr. (Virginia, U.S. A.).

1. Let M be a compact metric space and let M* be any closed
subset of M which contains all the r-th order eyclic elements 1) of M.
This paper proves: If Z™! is a complete (r-+1)-dimensional eycle
in M, then there exists a complete eyele Z*+1 in M such that Zr+~ Z*e1
in M ?). The notions of a complete cycle and its associate coneepts
are used in the sense of Vietoris?) and Alexandroff 4. All rela-
tions of complexes are modulo 2, and oriented complexes play no
part in this paper.

2. An infinite sequence Z'={zi} of r-dimensional cycles ig

called a fundamental sequence ) or complete cyclet) provided that
(1) #h is a d,-cycle with 4, approaching zero, and (i) for every >0
there exists an N. such that 4,j> N, implies #lve). Among the
properties of complete cycles we have oceasion to use are the fol-
lowing:
(2.1) Let ZH={mHy be a complete (r41)-dimensional cyecle in M
such that for some subsequence {zj;‘/“} each z;;‘i'"’ s the sum of two com-
plexes, say A=K 4 Q. Then Z"-—:{z;‘}x‘{1‘{{**“‘}'={Q;"" I 5) s
a complete r-dimensional cycle and Zr~0 in M.

') See G. T. Whyburn, Cyelic elements of higher order, Awmer. Journ. Math.,
vol. 56 (1934), pp. 133-146; also On the structure of continua, Bull, Amer. Math,
Soc., vol. 42 (1936), pp. 57-61.

%) The writer ig greatly indebted to (i, T. Whyburn for his suggestions
and criticism during the preparation of this paper, as well as for his formulation
of the problem as an extension of a result due to S. Eilenberg. See Deua théorémes
sur Uhomologie dans les espaces compacts, Fund. Math., vol. 24 (1985), pp. 161159,

%) L. Vietoris, Uber den héheren Zusammmﬂmwg kompaller  Réwme...,
Math. Ann., vol. 97 (1926), pp. 454-472,

%) P. Alexandroff, Untersuchungen iber Gestalt wid Lage abgeschlossener
Mengen beliebiger Dimension, Ann. of Math., ser. 2, vol. 80 (1928), pp. 101.187,

) If K is a homogeneous n-dimensional complex, then £ denotes the
boundary (mod 2) of the complex K.
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(2.2) If Zr=iz}} and X =z} are complete cycles, while’ Yr={y7}
@8 a sequence of cycles such that L=, +y", then YT is a complete
cyele.

(2.3) If {2} is a sequence of r-dimensional 6,-cycles (6,—0) in M,
then there exists a complete r-dimensional cycle Z"={z;i} contained
) 6
in {zh). ©)

(2.4) Let Z'={z}} be a complete cycle in M and for each integer n let
Zfl—_—-_{zl’li} be a complete cycle suech that Z'~2Z" in M. Then there exists
a complete cycle Z'={27} such that 27 is a cycle of Z¢ and Z'"~Z"
in M.

Select a sequence of positive numbers {,,} such that e,>eni1
and e,—-0. Since Z" is a complete cycle and 77~ Z7, there must
exist a positive integer N, such that 4,j>, implies 2] and
T2, Define 2f=2f, . Likewise there exists an integer N,>N,

-‘1 . . - ! . . . " v‘ 7
such that 7,j>N, implies 2]~z and zlf %, since Z7 and.ég zmi
homologous complete cycles. Define 2y =2y . Generally, since Z
and Z! are homologous complete cycles there exists a positive
integer N, with N,>Nu1>...>N,>N; such that i,j>N, implies
. ] . . 3 ' r g U PV LN Om-
Y and 2 & By Define B =%y then Z7T={z is the com

plete cycle sought.

From the definition of 27 it follows that 272y

2r is an ey-cyele and e, approaches zero because *Of.ChOlCB of en.

Now Z'"=l{el, } is a subsequence of Z', whence Z™ is a complete
m Lo

cycle homologous to Z7. 7) Moreover, from the definition of N,

and the fact en>emr1 it follows that for 4,j>k

whence

() 2 A, and (b) z'rg];zgi.

Whence z}’azgwg;zj,;,j;]:zj’.’ or z}f%z}’ for 4,j>k. But g—0. Thus for
any >0 there exists a k such that 4,j>k implies zf?zf Theyefore
Z'r is a complete cycle. Moreover, it follows from (b) an.d the fact
ék approaches zero that ZT~ Zr, which proves the assertion.

) See Vietoris, loc.cit., p. 468; also Alexandroff, Dimensionstheorie,

Math. Ann., vol. 106 (1932), p. 180. )
7) See Alexandroff, Gestalt und Lage, loc. cit., p. 181.
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3. A closed set of points which carries no essential 8) complete
r-dimensional eycle is called a 7.-set or simply a 7., A non-de-
generate subset K of M is an H-set®), or merely an H,, provided
K is not separated by any T,-set in K and K is saturated in M
relative to this property. The H,-sety contained in M are the r-th
order cyclic elements of M. In case M is locally connected, then
its F,-sets are its non-degenerate cyclic ¢lements 19). Liet M denote
any clogsed subset of M which contains all the »-th order cyclie
elements of M, then the principal theorem of this paper is:

(8.1) If Z*' is a complete (v 1)-dimensional cycele in M, then there
exists a complete cycle Z*+' in M" such that Z'" is homologous to
Z+ i M.

In case Z"+'={er+!}is a non-essential complete cyelo the theo-
rem i3 trivial. Hence it iy assumed Z™! iy an essential complete
eycle. Moreover, it may be assumed 2.7 is a dp-cyelo where 6,28, .
The proof depends on the following

Lemma. For e>0 there ewists a complete cycle 25 contained,
n Ve(M") 1) such that Z'' is homologous to Z™+' in M.

Now in ‘order to prove the theorem select a sequence of posi-
tive numbers {¢;} approaching zero. Then by the lemma there exists
a complete cycle Z;:ri in V.,(M") for each ¢ such that Z'r:;“’ ~Zin M,
But by (2.4) there exists a complete cycle Z' = {gr ), where 7t
is contained in Z;;H, such that Z" '~z Now an infinitely small
modification ) (use &) of Z"+ gives the desived Z*+' which ig
carried by M" and is homologous to Z'+! in M.

8) A Z" is essential if it has at least one carrier in which it is not homologous
to zero. )

%) See Whyburn, Oyclic clements of higher order, loc. cit. This paper is
hereafter referred to as WL .

%) See Whyburn, Concerning the structure of a continuous curve, Amer.
Journ. Math., vol. 50 (1928), Pp. 167-194; also C. Kuratowski and G. T. Why-

burn, Sur les dléments cycliques et lours applications, Fund. Math., vol. 16 (1930)
PDp. 305-331.

1) The symbol Ve(M") denotes the set of all points in M at a distance
less than e from M”,

12) See Alexandro_ff, Gestalt und Lage, loc. cit., p. 181,
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Proof of lemma. For each pair of integers w» and i define
(a) M=V, (M), (D) aM"=Vs,(M"), (c) QF' to be the complex
of all simplices of 21! with at least one vertex in (M —Mr), and
(d) A5t' to be the complement of @7} in Z;th. Then (a’) @1 is car-
ried by (M—, M), (b') K3+ is carried by M7, and (¢) o7 =@ H=K"H!
is carried by (JTI—;——,,M"). Thas by (2.1) Z'={z" } is a complete cycle,
and by (¢’) it is carried by the closed set (ﬁ;‘l——an). Now
MZ-(M-—,,M")——- (JE —aM") carries Z7, and Z’ is homologous to
zero in hoth M_j, and (M —,M"), because of (a’), (b’) and (¢').
But (M —,M") is a closed set and ﬂ; is a K,-set8) since it con-

tains M" which carries all the r-th order cyeclic elements of M.
Thus it follows from a known theorem ) that Zr is homologous

to zero in (Jm —aM"). Therefore, there exists a sequence of (r-4-1)-
dimensional complexes {R:+'} contained in (M7 —,Mr) such that

Riftis a dy-complex with 1im §,=0 and Rif'=zr =KrH. Now 2t}

1~

and consequently K+l mli:t have a vertex in ,M" for sufficiently
large i, since any carrier of an essential Z™t! must contain a sub-
continuum which is contained in some F,. 1°) Thus for large 4
gril=Kr14+ Rr+l is a non-vacuous &p-cycle contained in MZ,
where O&p=max (d;,d.) approaches zero as ¢ increases. Whence
from (2.3) it follows that there exists for each n a subsequence
of {#1+1} which is a complete cycle. Consider the cycles of the sub-
sequence so renamed that this complete cycle is Z7+!= {27},
Define 2 7+'=@+14 R+, then {27+1}, the corresponding subse-
quences of Z™' and of ZIt! satisfy the conditions of (2.2).
Whence Z,"+'={2/r*+1} is a complete cycle. Moreover, Z ™+ is con-
tained in (M —,M") by construction. Thus, since (M —,MT) con-
tains no E,-set, it follows %) that Z **! is a non-essential complete
cycle, i.e. Z ™'~0 in any carrier.

For each n, the complete cycle Z'+1 is homologous to Z ' in M.
Let Zntt={ert!}, then, since Z:t! is a subsequence of Z™*!, these
two cycles are homologous in any carrier. But Zitl=Z7r+14 7 rt1,
whence Zrt14-Zr+1=Z7"r+1~0, since Z,*!' is non-essential. Thus
18) A closed subset K of M having the property that K.Er= T, implies
By ig contained in K is called a K,-set. See W, p.139.

“) See W' (3.1), p. 140.

186) See W' (1.4), p. 134,
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Z'r+! is homologous to Z"t! in M, and therefore Z 1 is homologous
to Zrtt in M for every u.

Thus to establish the lemma for any >0, one takes s s0 great
that >20, and puts Z7+!'=ZTr+1,

(8.11) Corollary. The (r+1)-dimensional Betti group (mod 2) 16)
of M* is isomorphic with the corresponding group of M.

4. Let one replace M" in the above theorem by o closed sub-
set M* of M such that dimension of (M —M*)<r, then one obtuing
a known result, which is the consequence of a theorem proved by
Eilenberg!). It will be shown that M" ds contained in M*, while
the converse is not true. Thus for the case of complete cycles (mod 2)
M is a more essential kernel of the set M. If M7= the assertion
is trivial. However, it is well to point out that in this case M can
contain no essential Z™1 %) If M contains an %, it suftices to show
that a point p belonging to the minimum M* implies that there
exists a sequence of points {p;} contained in M* such that for each i
the dimension of M" at p; is greater than or equal to (r »{«il), and
that Zp; contains p- Select a sequence of positive numbers {¢) ap-
proaching zero and take g-neighborhoods, Vi(p), of p. Then by
definition of M there exists a point p; contalned in Vi, (p) for each i,
such that p; belongs to some E, which in turn is contained in M.
By a known theorem ®) the dimension of B, at P is greater than
or equal to (r41). Hence the dimension of M" at pi is not less than,
{r--1). '

That M" need not contain M* is shown by the example of
a Space consisting of a 2-sphere and of a tangent square.

The University of Virginia.

16) This group is called the 7-th connectivity group by Vietoris, loc. cit.

. ¥) 8. Eilenberg, Deux théorémes sur Phomologie dans les espaces compacts,
oc. cit. ‘

1) See W (1.7), p. 135.
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Eine Normalititsbedingung fiir Familien von
Potentialfunktionen.

Von
A. Tulajkov (Moskau).

s sel K cine Famille reeller Potentialfunktionen U(P), die
wir uns in einem offenen (eventuell unbeschréinkten) zusammen-
hingenden Gebiet D des n-dimensionalen Euklidischen Raumes
definiert und regulir denken. Man nennt E normal in D, wenn eine
beliebige Folge von Funktionen aus E eine Teilfolge enthilt, welche
auf jedem beschrinkten abgeschlossenen D,CD entweder im iibli-
chen Sinne gleichmiissig konvergiert oder im ganzen D, nach 4-oo
bzw. nach —oo gleichmissig strebt.

Die erste Normalititsbedingung fiir soleche Funktionenfamilien
bei beliebiger Dimensionszahl wurde von Privaloffl) gegeben.
Weitere Bedingungen findet man bei Montel?). Da seine letzte
Abhandlung auch notwendige und hinreichende Bedingungen ent-
hilt, gestattet sich Verfasser folgenden Satz mitzuteilen, obwohl
der Beweis fast trivialerweise aus Montelschen Ausfithrungen folgt:

Satz. Die Famille E in dem Gebiet D (unter den oben ange-
gebenen Bedingungen) ist dann und nur dann mnormal, wenn fir
jedes beschrinkie, zumm'm,mhangmde, abgeschlossene Teilgebiet D,
vom D es eine Zahl M=M(D,)>0 gibt, derart dass jede Funktion
UeE mindestens einen Wert a=a(U) mit |aj<M auf Dy nicht annimmi.

Yy I, Privaloff, Sur les fonctions harmoniques, Rec. Math. Moscou 32

(1925), 464-469.
%) P. Montel, Familles de fonctions harmoniques, Fund. Math. 25 (1935),

388-407.
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