%. Szmyldt

Pour ébabliv le théoréme 6 il suffit donc de démontrer Vexistence
d’un point fixe unique de la transformation

(6.2) (@, y) = LLU],
congidérée dans lespace B des fonctions U(z,y) de classe ¢ dans le
rectangle D et dont la norme est définie par (3.11). Supposons & cet effet
que ‘Uz, y)eE", *U(w, y)eE". Soit
Ww,y) = LI'0), ‘TUle,y) =LV
Ou démontre, de méme que dans le cas du théoréme 1, que
20 (@, )0 (z, )
< [(Ey+Eo) A+ +RL(R42)] T (@, 9)—"U @, y)lI-

La relation L[E*]C B* étant évidente, existence d’un point fixe
de la transformation (6.2) résulte des inégalités (6.1) et (6.3) en vertu
du théoréme de Banach. I.e théoréme 6 se trouve ainsi démontré,

(6.3)
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On the estimation of Cesaro means of orthonormal series

by J. MEDER (Szczecin)

) 1. A sequence of real functions ¢q(®), ¢+(2), ps(x), ... defined in the
interval {0,1) and such that the ¢%(z) are integrable in (0,1) is called
an orthonormal system if

for_ 1 £k,

4 ==

@ [ meinio)ie ={]

b for

Instead of an orthomormal system we shall write an ON-system. If the sys-
tem of functions is ON, then the series

Zm’ Un ()
n=0

with real coefficients a,, @, @5, ... Will be called an orthonormal series.
‘We shall consider only orthonormal series satisfying the condition

o
E a, < oo.
N=0

‘We do not repeat this assumption in the theorems presented here.

In this paper we shall be concerned with the estimation of Cesaro
means of orthonormal series

{2)

3)

n
kZ; AL 1)

o) of(e) = 20—,

e L) )

A; =1, ,
n

I wish to thank Professor Wladystaw Orlicz, Professor Leon Je§mano-
wicz and Magister Julian Musielak for their kind perusal of this paper,
and their valuable remarks.
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2. At the beginning we give a new proof of the theorem known as
the Kaczmarz-Zygmund lemma, which will find application in the course
of our further considerations (see [5] and [6], [13] and [14]).

LEMMA OF KACZMARZ-ZYGMUND. If »> %, then for every ortho-
normal series (2) the series

D, nlof@) — o\ (@)T
=1
is convergent almost everywhere. _
Proof. Formulas (4) and (5) imply

n n—1

Z Az;ﬁk“/c(Pk(m) Z Aw iy lal‘//( )
@) —afafa) =

AZ A5
1 A::. IA'n -1 An-An—lc~ U P (2)
A’ Z = A:Lﬁl - i)+ - z; ,
whence
kA ke WnPr(@)
6 () — o " O onk _ GnPul®)
(6) op (@) —op) (%) = Ar A.—In(ﬂ 7) api) -+ A;; .

This together with the orthonormality of the system {qzn(w)} implies

” 24 R (Ah ) e |

(") — (") = I
f (o) —eial@l Pl = ey 2 ity (TR

Since
Ay~ " [I'(r4+1) for . n-»co
(e. g. see [9], p. 42 (2)), then there exist positive constants O, and D,
such that
" < 4, <D (n=1,2,...).
Therefore we have '

N

(@) —o (@) k*aj ai\
M f[o’ —onLy(@)Tdr < 4, (g nt I—Zr( —cié)_z"z'? | ‘“;F):

w

where A, = max (r’D}/C%, 1/03), whence

1 o f-1

%"1 ) () — (') 2 K 5’1 a’i
2 f’n[an (1) —opla(@)'de < A, Z 2 'n‘”'(n 70)2 Ty +’% ,nﬂr-l)'

n=2 0
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We shall prove that both series on the right side of this inequality
are convergent for » > . We have

2

o0 a o0
D < Q< o
n=2 fn=1
~ Further, since for r > }
N B 2”‘ " ®
S R T 2 W +n; W R
k ]
< kl_er -2 Z 17‘_,
3
P n2hot1 (n—Fk)
1
= Y0 (K1) +1°0 (7;?) =0(1),
we have
o© n-1 o0 oo oo
al 1
2 ) g = 2Pk D) g <A 2y k<
N=2 k= k=1 n=k+1 k=1

A being a constant. This concludes the proof of convergence. Conse-
quently we have

(8) 2 f nlof@)— o) s(a) Pdw < B, Y i < oo,
Nn=20 =1

where B, = A,(A+1). By applying Levy’s theorem (see [7], p. 8 [124])
it follows from (8) that the series

Zn[am —of (@)
Nn=2
is convergent almost everywhere.

3. To simplify further formulations we now introduce the following
notation. If the sequence
[Fn() [gn()]
is bounded or convergent to zero for # — co almost everywhere in <0,1>,
then we shall write
fal@) = O(ga(@)) 0  ful@) = o(ga()),

respectively. The signs =, >, etic. mean that the considered equality, con-
vergence, or other relation, is to be assumed almost everywhere in the
interval {0,1>.
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THEOREM 1. We have fdr orthonormal series (2)

(a) of(@) = o(V1ogn) for r 2 1,
(b) (@) = o(Vlog'tm) for O0<r<}

for arbitrary &> 0.
Proof. At first let us consider the case » > }. Assuming a, = 0
in (2) we do not restrict the generality of the proof. Then o{(x) = 0 and

Ae) = 3 o0 —ofo] = 3VELollo)—ollia)] .
foml k=1 k

Applying the inequality of Buniakowski-Schwarz to the right side of this
equality we obtain

109(@) < (Zn Blof(e)— 05?11(‘”)]5)1/2 (2 ;)/ !
k=1

k=1

This inequality implies the existence of a constant ¢ such that

- _]ﬂ__ (279[05:} 2)—of) (@ )]2)1/2

" I/Iog n+3)
The lemma of Kaczmarz-Zygmund implies that the series on the right
side of this inequality is convergent almost everywhere. Hence

o ()|
9 ——_— =0
®) n l/log(n+3) M
for r > .

4. We now proceed to prove that for r > }
of{w) = o(Vlog(n-+3)).

The proof iz conducted for two distinct cases:

(10)

Li<r<l and 2 r>1.

For }<r<
P. 484):
If

1 we apply the following lemamsa by Bosanquet ([3],

= Z-An-y

=0

icm
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then for each nwmber 0 < r <1 and for arbitrary integers 0 <m < n the

following inequality is sanshed

12A;:, 5, < sup |g].

=0 ISugsm

Applying the method used by G. Alexits (see [1]) and G. Sunouchi
(see [9]), we choose a sequence of positive numbers 1,, increasing to
infinity, and such that

1) D @ < oo.
n=1l

For such a sequence the proofs of existence are provided by the theory
of series (e. g. see [4], p. 338, 4).

We write
3 () = - Zﬁn_k%lk%(w); s(") = 2 A k().
Then
(@ nke O AP )l
Al _pagd z)+ a4— 4; —vavlvq]v(a’.)
=3 AZ,;, Y N C) 2 2 "
1 r
- —(r)(mH_ A —v @, 2,9,(7),
[

and Bosanquet’s lemma imp]ies that

)] < e+ 2 43 £, o)

‘We multiply this inequality by 1 /l/log (n-3) and introduce this ﬁaetlon
under the summation sign. Since u < & implies 47 < 4% and
¥ (@) o)

...... sup [3(2)] < S, <k VW Vlog(n—|—3)

A;Mlog 70+3) opsk
we have

o8 ()]

@) _”__#{ SR §A’A—1~]
. sup ——=mmee—e— | 3 .
= "p l/log(%+3) 17»4’1 .A;; = Z'k

Viog(n+3)
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According to (11) the orthonormal series Z‘a,, Aoy (7) satisties the assump-

tions of theorem 1. Thus, (9) yields

"(p
ap— 2O oy,
n l/log (n+3)

Since. the sequence {,} of positive numbers increases to infinity, the
series
> 1
A E*
%m0 %

is absolutely convergent. Thence Kronecker’s theorem ([8], p. 980)

implies
n
1
= Nagaz =o).
An k=0 A
Applying the above two relations to the last inequality we obtain

(12) of)(@) = o(Vlog(n+3))

for d<r 1.
Now suppose that r > 1. We choose such numbers ¢ and p that
p>4%, $<o<1andr=p-+p (see [11], p. 43, 3.13). Then

e ZA “iAof(a),

k=0

ow) = a‘““’) () =

whence
IG(T), ZA 4 ak)(w)
Viog(n+3) A“’”‘ "Viog(k+3)
It is easy to see that the matrix
AR AL
A$L+:D

is a Toeplitz matrix (compare [10]). Thus, the last inequality and (12)
give for » > 1

(13) o

5. Now let us consider the case # = }. Assuming 7 = a > 1 in (6),
according to the equality

-

L A
n—k ’

a —_
n—k =

icm®
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we obtain
w

1
) kAL ().

ol () —
() A 2

o‘;“ll(w) =

On the other hand we have

i (@) — o (@) =

Aa 21 kAn-k a/k?’k(m)

(see [7], p. 187). The last two equalities vield, on changing the index n

into 2%,
2

(14) [0(°)($

o (@) = — ol (@)]+08(®).

We shall prove that for « > 1

2"[ol)@)— o (#)] = o(1).

2% 1
Multiplying both sides of inequality (7) by #? and taking » = « > 1, we
may write
1 A Jl7 1
{ W*[of(x) ~ ol \(x) Pde < 5 \" Kag(n
I ed

. >
0 k=1

ety 4.4,

¥ 202
na

Y
~—" \ Ko +-4,a2,
1:::1
which, on replacing the index » by 2" and on the summation from 1 to
oo, yields

o ~ 11 v
2] 4;)1[0—(“ »—ogz l(w)] dw < A, (t\ " ak—i— y )
n=1 0 =1 4
(see [7], p.161). Thus we have 2"[agﬁ(w)~ng§{_l(w)] = 0(1). This and
(14) imply
ol ) = o(1)+oll@).
Taking in this equality « = | and applying (13) with r = « == § we may

write

( 15) {1/2)

= o(l/w
6. Now we prove that

o3

= o(Vlogn).
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We first investigate the convergence of the series

N [ o)

(16)

,:{ ‘ Viegk  Vlog(k—1)
The inequality ,

[_“E _ ﬂc—_l]z « g Dhea (O o) -ty (B —b0)

by by = biebr_1
yields
E © 12\ {1/2) 2

. yk[g?clf’(w_)" o) J<2 N /c[qsu? 7050_}(@1“ i
an L LYlogh  Vieg(k—1) L 0g 1o

T=3 k=3

=3

; logklog (k—1)
6

Assuming r = % in the inequality (7), we obtain for = >3,
n-—1

L P 29
n ol (z)— i) ()] dw < 2“11/2”2 kag +A1/2a,2“
N logn n’logn & n—rh
[} fe=s
whence 1 w
0 D SN
2 T o) () — o) () TP Y <) Rl .
N fn[on (@) =A@ . Am( Moo ey Ma
le J logn & m'logn & P
i .
1 1 2)
- 2,2 R + a
(\Al/z(gkakn%;lnz(n_k)log% % 2

s8]
© 9 9 2% had - 1 \

cap( Yhh ML Nea ) o 4 M) <oo.
~k 10gkﬂ=k+1 n—k = = n=2h+1 n=3

According to Levy’s theorem ([7], p. 8), the first series on the right side
of inequality (17) is convergent almost everywhere. Since

7 k(Vlog(k—1) —Vlog )’ : 12) (AP da
Z logklog(k—1) bf [of2)(@)]

o 1 1 2
—_ o2 P (A —= V,,,,,______,-,_.;.) dw
g( AT |4 s
© 1 ) o
1 1/2) 1 72 ,,..u..}.w_) ! 2 < oo
= ko(ﬁﬁgﬁ)f lez-le)Tdo < ,Z 0 (klogsk Z KA
k=3 0 o =

©
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the second series ig also convergent almost everywhere. Hence, the series
(16) is convergent almost everywhere.

Now we choose such an integer » that 9" < p < 941, Applying lo-
garithms of base 2 we may write

@) _al@ v e [053/2’@)* o) ] ks
Viogy Vn Myt Viogk VM) Ve

Squaring both sides of the last inequality and applying the inequality
of Buniakowski-Schwarz, we have for 2" « » < 9n+!

.[0(1’2’(90) vé‘f’(””)]z 7[0S 1
Lt — AT k[f et e ] —.
Viogy Vn iy LViogk  Vieg(—1)l =k

Since (16) is convergent almost everywhere, the first factor on the right
side of the last inequality is independent of » and converges to zero almost
everywhere for n - oo, It i easy to observe that the second factor is
bounded. '

Let us denote by e,(x) the expression on the right side of the last
inequality. We may then write )

lime,(x) =0 for weR, B = 1.
N300

On the other hand, (15) yields

1

m—= ol () =0 for weF, |F|=1.
N—->00 I/’I'I,

Hence for xe M = EF and for arbitrary ¢ > 0 there exists such a posi-

tive integer IV, that for all indices n,m > N, 2" < » < 2™+, 9™ < 5 < gm+t,

the inequalities

1 1 1 1
Ve ol (w)— Ve o ()| < & Vioar o) — P oG (@) | < e,
1 1
‘ —_'71'*_.. """"" = 0’,(,}/2) (17)— 7: O’;lm/z)(ﬁ') <e
ogv m
bold. Hence for », »' > 2% we have
1 1
’w S S /RN P S T o) | +
Viogy Viog' Vlog» v i

1 1
+| == o~ = o)
v m

1
+ ’—1/—1:: ol () — »;/T—_BE_’-_— o) (z) I < 3e.
m v
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Thus there exists

1
Hm . o)
nse0 Viogn
almost everywhere and (15) implies

1
Hm e Uglz)(.”) = Q.
n—o Vogn

7. Now we shall prove theorem 1 (b). First we prove that for0 < » < } °

and &> 0 the series

(18) -

n=3

[ (ﬂl H) a,(,%i (ac)]2

nlog“"'n

iy convergent almost everywhere.
Taking « = (14r)/2 in the equality
3

1
ko) —old ) = T kA\J kAL i (@)

we obtain
(LL’) 9 i itr

—Lir Titr
Ur(z : )(w)"gn 2 @) = 1r jkAw‘-wzlc ().
(1404, =

It we square both sides of this equality and then divide it by nlog'**n,
the orthonormality of the system {%(m)} enables us to write

e 2 5
St

l+e
= ﬂlog 7

(w)]2 i

--l+r)2

n
- waila, 2,
7+1)2% Al;r) logl.{ " ;;,211 A n—-k

By applying the properties of the symbol A} and the last equality,
we obtain .

a1 :}j-r li'_ 2 00 n
N [ [an 2 )(m)-g,gz )(w)] o< A 2_4__1_“_“ Vg2 - kA1)"
= nlog*on S %2+'10g“'“n & )

o
ﬁ k a,;c
A,
< 2 2log“"'n _J'n—-k—l-l
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A, being a suitable constant. If in the last expression we change the order
of summation, we obtain

Ji! (IH) |

- - 1
be i nlog‘”w o

n=3

1
~dir << A, x
2 % 2 n*(n — k1 1)log™*n

ne=k
o0 o0
1 Y
<34, NV N2 -,
r‘,—_l nlog™en ,‘":J A < 0
This implies by Levy’s theorem the convergence almost everywhere of
the series (18). Applying Kronecker's theorem to this series, we obtain

1+r (1+r

Y[ T @) —op T (m)ri o(1).

19 o
(19) n log‘“n =~

Analogical congiderations show that

(1+J"

- V[ 2] = o();

20
(20) n logl‘“n =

it may be sufficient to remark that

S 1 Sy L
o = _\.J 1479 7 ! (Anik) ay
=g n(A 7) log'+em =
IR SR
= = nlogl“n 2 e < 00
- Using the identity
—l4r = 111 Loy 1gr
o )( = lUL : )(,Jf)— ¥ (M]-}—o}”(m%
we can write
L Ty 2t 147 14 n >
or (3 e e ) (4 L7y
7:'}"0 l‘dl; 2 (;I,.)lz < J/% l(r,\. (@) — op (.‘1’))]2—\—2]; [O'k o (m)]z .

This and formulas (19) and (20) imply

(ke
ol 5

(21) ? (.'zn)-l2 = o(nlog'**n).

=0

Annales Poloniei Mathematicl IV. 13
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Since

s ZAn kSE@),

Te=0

(see [11], p. 42), we have

—-1+r+-—1-{ r+1 n —-1+r —1+r 71_1 tl +r et T et ':'].,t':)
@) =80 =DA% 8" (@ ,\OA v Ae® ot ().
k=0 -

Applying the inequality of Buniakowski-Schwarz and (21) to the last
equality, we obtain

__1+r -1

n" rz n 12
1s;<w>l<[k;0(A s ) (452 )Z:l \]

I

g apgcE :
= of Spactr sz Sl = of e St ]
=0 E

= o(YAlogTm) O (/AF) = o(n Viog'Fn).

Hence of)(2) = o(Vlog'**n) for 0 < r < }, which concludes the proof.
Remark. Theorem 1(b) still holds if in place of log'*n we write
logn(loglogn)...(loglog...logn)(loglog...logn)'**, p an integer > 2.
» P41
TEROREM 2. Let us assume that for a certain 0 <& <1

(22) D ailogttn < o0

=1

and let f(x) be the function with an integrable square given by the theorem
of Riesz-Fischer having the empansion 3 a,pu(®). Then
N=0 .
1
Vieg—n

on(x) being the first Cesiro means of the ewpansion of the function f(w).

Proof. In this proof we apply logarithms of base 2. First we shall
prove that

(23) Vi~ [ou(@)—f(@)] >0 for - oo,
Taking in the known formula

(24) 52 (@) 22(1”43}1) 0 (@)

oule) = 1 w>+o(

) for n - oo,
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the index 2" in place of n, and indicating by s,(z) the n-th partial sum of
the series (1), we. obtain the equality

9n

(25) (o) = @)= 57 N hepata).
k=0

Subtracting f(x) from both sides of this equality, squaring it, integra-
ting from 0 to 1, and using

f;fz(o:)dw = Zaﬁ and f[f %) — 8, () |2dw = Z a0,
0 ez E=n-1
we obtain
1 0 1 on
J [0'2”(50) —f (@) Pdw = 2 a12c+ W 2 k'zazlzc‘
fe=2M oy k=1
Hence
LS 1 l-—s
S ftarparao < See S S0 S,
=32 0 N=2 Jo=2M-1 N=2 k=1 |

where 2, stands for the former and X, for the latter of the last two series.
‘We shall prove that the series X, and X, converge. At first we inves-
tigate the series

o0 o0
272,,” where 7, = 2 ajlog—k.
n=1

k=271

Applying Abel’s transformation we may write

o0 (=]
Al .
Zrﬂn = ‘Z (rzn—r2n+1)n—l—hmnr2n.
n—00

N==1 f=1

Since

Ny = M 2 aplog™k < 2 ailog*~*k,
fmgP1 k=2M41
(22) implies
limnr, = 0.

n—>00

o0 =+
27‘275 = Z ('rzn—’rgn-fl)"'
n=1

=1

Thus we have
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On the other hand

k N a1 .
" \! 1-s & ailog® “k
(Fyn— Ty no= P aklog k== 10,;-;7‘;_
n=1 =l p= 2“»1 =l pogny
00 an-1 %)
\ | Y, s Y Y
< 2 2 azplog® "k < 2 ailop* Tk < oo.
=1 gy ] =2
Thus
o
2
P 92” < e

N=1

To prove the convergence of the series X it suffices to observe that

o
. ot,n]og1 ‘L
2 > nt T
._.J ]0;1 ke

n= 2 Joe=9M)q

Now we prove the convergence of the series 2,. Liet ug observe that

m m
o= 35 S = 51 S Z v
n=2 Nee=

fe=gM=14

zn m m an
< v 2 ai <Z S ailog k.
7 42 _J 4” k108
n=2 f=om—liy n=2 p =7 JoemgPem 141
Since the sequence {p/4”} decreases, we have
n 2n
Wl 4
2 2 B 2 2 ~
S < yz 7 E Kallog *k < ‘_\_4 katlog=k.
n=2 P=n k=gn—lp R LR
Since n < 3log(2"'+1) and since for u =2 we have
o0
" odx n—1 1 ln
4.‘L‘ =

411 110{3,&4 IR !
- n—1
it follows that

2n
Sm <4EZ}; 2 K ajlog™k < 1"2 !
n=2

2 ailog' "k
k=gn=1ly 2 gl
on
<12 y 2 alog' “k = 122 adlog' k<
promss WY

©

cm

Cesdro weans

Hence, the sequence {s',,,} is bounded. However, it is increasing, whence
there exists

)
lim g, = v-»ﬂ——ZI‘ ag < oc;
N0

)

[l >
thus

¥
e .
= a} \ o + lim s, < co.

nwz M—»00

This proves the convergence almost everywhere of the series
~

\T, 1. 2

Dt o) —fla) P

He=2
which implies (23).

2
8. Now we prove that the series

26) Y '%{Viog"*k[oy(2) —(2)]—Viog*(h— 1) [0y (@) — ] (#)]
AT

ig convergent almost everywhere. To simplify the notation we write

D,(@) = Vlog'~*n[o,(w)—f ()]

This and formula (2

A

for n=2,3,...

3) yield after simple transformations

o)~ s () = ./1ogl~ek2( i) et~

k-1

Vot (h—1) Z (1_,,;_) w5i(@)+1(@) 4 (Viog=*(k—1)).
Hence
k-1 R
©27)  Dylr)— By (1) = — > aupy(w) A (Vog"(k—1))+
Fe:l)
S Viog'*(k—1)
+ §1a¢¢i(w)4 (”———k*-—”) +
l/lcvgl “7.;

T @)+ () A(Yiogh ™ (k—1)).
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However, it is easy o see that

. 1 Viog™* (k—1) Viog%

A(Vog*(k—1)) = O(WT:,—:)- A( ) - 0( ,,,,,,,, )
( : ) kVlog ™k ’ k

If we square both sides of equality (27) and multiply it by %, the integra-

tion from 0 to 1 and summation from % = 4 to ~o together with the lagt

equalities yield

0 1 0 k=1
1

_ 20, ot 2

M [ #10u0)— trsfo)fite = Y0 (klog“‘“k) > a4
k=4 0 BT (2]

o f—1
10 'k S § log'~ g
k=4 4=l To=t

£ 20 (mﬁ) i+ 20 (%‘1@%7@') g .
This and condition (3) imply
[ logh="
(28) ka[d)k(m)——d’k_l(m)]”dm -0+ 20(93 -9)2@%»%.
. . =2 T=a

We now prove that the series on the right side of the last equality
is convergent. In the first place we observe-that

ZlOgl *‘kz fat = 2 2a? Z Og7::k<21,“a Iog"“zj ‘1%? da.

1=4 =4

However, for 7 >4,

oOlogac logi 1 2logi
[ e (G5 4 ) <P

2% 442 I

1

whence

Hence and from (22) follows the convergence of the geries under consi-
deration. This, together with formula (28) and the definition of Dy ()
implies the convergence almost everywhere of the series (26).

i
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9. Let » indicate an integer satisfying inequalities 2" < » < 2%*%.
With the above definition of @,(x) we may write

() — By() = 2 VE[Pu(0) — B a(0)]
=M1 ‘/
Squaring both sides of this equahty and applying the inequality of Bu-
niakowski-Schwarz to the right side, we obtain

P : hd l
20)~Cu@)t < D) HOo) -Gl Y -

k=2M41 Jo=2T+1
Sinee 2" < v < 2**!, we have

o1 of41
12.0)=Fulo)* < D) BLOo)— e s(ol} D
k=2M41 E=2m+1

From the definition of the function @,(x) it follows that the series

D) [ By(®) -~ B _s(2) 2
k=3

ig identical with the series (25), and thus is convergent almost everywhere.
Hence

o1
D) klO@)— By (@)} = 0(1) for  n > ex.
Te=2"T41 .
Since
an41
Y @k =0@) for =n->oo,
fe=2"+41 .
we have
(29) |@,(3) = Py (@)} < £n(®),!

where &,(x) - 0.for n - co.
Considerations analogical to those contained in the proof of theorem
1{a) allow us to conclude from (29) that

lim @,(z) = 0.
N—o0
This and the definition of the function @.(») imply

2) = f{o)+o (

) for # - oo,

1
Viog

which concludes the proof.
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A note on some properties of the functions
®(n), o(n) and 0(n)

by A. Scminzer (Warszawa) and Y. Wane (Peking)

§ 1. Introduction. A. Schinzel has proved in [4] that for every se-
quence a of h positive numbers a,, @, ..., a, and & > 0 there exist natu-
ral numbers n and »' such that

p(n+i) ‘

—_—

p{n+i—1) |

B ‘T(”’f@_‘_ _‘ S X
o Fi—1) a¢:<e (t=1,2,...,h)(®).

< &,

Professor Hua Loo-Keng has pointed out that by Brun’s method
we can prove the existence of positive constants ¢ = ¢(a, &) and X,
= Xy(a@, ¢) sueh that the number of numbers = satisfying the first
of these inequalities in the interval 1 {n < X is greater than

cX[log"*'X  for X > X,.

In the present paper we give the proof of this theorem, of an analo-
gous theorem on the function o(n) and of a theorem on the function
0(n)(?) which is weaker but gives a positive solution of the problem put
forward in paper [2] of A. Schinzel and comprises the theorem from pa-
per [3] of A. Schinzel.

The question whether a theorem analogous to the theorems on funec-
tions ¢ and o is true for the function 6 remains open. i

§2. An auxiliary theorem. Let -
Ay =0y o Qofor - Qory Ai=du- Quy (1<i<Dh)

be positive integers, where ¢y, gz, ..., qs are all the prime numberf; in
the interval 0 < < 10(h+1) and gy (0 << A, 1 < j <) are prn.nes
greater than 10(h--1) such that 4,, 4., ..., 4, > 1 are relatively prime
in pairs.

(*) @(n) denotes Lho Tuler function, o(n) — the sum of divisors of number n.
(%) 6(n) denotes the number of divisors of n.
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