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THE COMPLETENESS OF THE HOMEOMORPHISMS GROUP
OF A COMPLETE SPACE
BY
A HBULANICKI (WROCEAW)

Let X Dbe any completely regular space. Tt admits a uniform strue-
ture |V} defined by all neighbourhoods V, of the set A = {(@, @) e X}
in the product topology in Xx X [2].

A filter {U,} of a space which admits a uniform structure (7.} is
called a Cauchky filter if, for each o and some ., U, xU,CV,.TIf
every Cauchy filter of the space converges, then this space will be called
complete "(in the uniform structure {V}).

Given any topological group H, one can define a uniform structure
{"3.} by saying that (z,y)e B it 2B,y ~yB, and B, are neighbour-
hoods of the unity in H. A topological group is called complete in the
sense of Raikov if it is complete in the structure {*B*} [3].

Let H be the homeomorphisms group of X. It is known bhat the
family of sets B, = {h:(w, h(z))eV, for all e V} makes H a topological
group, where B, is the system of neighbourhoods of the identity trans-
formation of H [4].

The aim of this note is the proof of the following

THEOREMY). If the space X ds complete (in the mawimal uniform
Structure of all neighbourhoods V, in XX X) and the homeomorphisms
group H of X is topologized by the system of neighbourhoods of the unity
B, then H is complete in the sense of Raikov.

The proof iy based on the following two lemmas:

Lmmma 1. Let (U,) be a Oauchy filier in H; then, for each o there is
@ v such that &, fe U, implies (h(2), f(x)) eV, for all zeX.

Proof. Since {U,} is a Cauchy filtier, %, fe U, implies, for each a
and some 7, f¢B,h or (z, f(h™ (@)« V, for all weX, thus (h(®), f (@) e V.

*) The completeness of the homeomorphisms group in the g-topology of a lo-

cally compact space was proved by R. Areuns [1]. His proof is based on the local com-
pactness of the space and cannot be transferred to our case.
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LeMmA 2. Let U,, be the set (h(@):heU,). If {U.,} is a Cauchy fil-
ter in H, then U,z is a Cauchy filter in X relative to the structure {V}
Movreover, for each a, there emists such T that Uﬁx U, CV, for every a.

Indeed, we have U,,xU,,={{f(») (m)):if, heT,}. Thus it re-
maing t0 apply Lemma 1.

Proof of the theorem. Let {U.} be a Cauchy filber in H (relative
to the uniform structure {*;}). By Lemma 2, {U.} ist a Cauchy filter
in X. By the completeness of X, {U, .| converges, say, to y. We are
going to prove that for the function g:4—y

1° for each a there exists such a v that
(1) feU, implies (f(z), g(®))eV, for every weX,

2° g(x) is & homeomorphism of the space X.

Proof. 1° Let any V, be given. There exists such a ¥V, that v,cv,.
By Lemma 2 for some v and for each #eX we have U, sXU,TV,.
Consequently U,,xU..CV,CV,.

Sinee f(x}, g(#)eU, s, our assertion follows.

92° The continuity of ¢ is reached by the following simple reasoning:

For each a we take A such that?)

(2) Voo Vyo V,C V.

For each A and some u
(3) (2,y)eV, implies (), f(y) <V,
and by 1° there exists such a v that
(4)  f<U, implies ((2), g(@))e ¥y and (/1) 9@))< Vi

Hence, by (2), (3) and (4), (z,y)eV, implies (g(2), ¢(¥))e V..

If {U,} is a Cauchy filter relative to the uniform structure {3}
so is also {U;"). Consequently {U;7) converges, say, to y'. The function
g1 — v, like the function g, is continuous, 4. ., for each « and some »

(8) (x,y)<V, implies (¢'(®), 9" (¥))<V,.
By lemma 2 for each V, there exists such a U thait
{6) er

We take any V, and we chooge V, from (5) and U, from (6). For
V, we take U, from (1). If fe U, ~ U, , then, by (6),

implies (17 (2), g'(®)) eV, for every weX.

%) By V4oV, we mean the class of all pairs (¢, 2) for which there is an clement
yex sueh that (x,y) eV, and (y,2)eVp.
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) (@, 9'((F(@) e,

and, by (1), (f(z), g(«))«V,; consequently, by (5)

(8) 9/ (F(@)), ¢ (9(2)) V...

In view of the

From (7) and (8) we have (, ¢'((g()) eV, 0 V,.
)) =&, or ¢ =g, which completes the proof.

free choice of V,, (¢'(z
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