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THE CHARACTERISTIC EQUATION FOR PARTIAL
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

BY
A. PLIS (CRACOW)

Let the solution z(z, y) of the partial differential equation
1) 2 = (2, Y, 2, %),

and the funection f(z,w, 2, q) be of class C*.
DEFINITION 1. A solution w(z) of the ordinary differential equation

(2) w' = _'fq(m’wyz(xrw)azy(a"yw))

will be called a basic one for (1) if the functions y (@) = w(x), 2(x) = z(m, w(m)) ,
q(@) = 2, (z, w(w)) satisfy the sysiem of ordinary differential equations

’

¥y = —flz,Y,2,9),
(3) ¥ =1(z,9,2 0)—af2, 9,2, 49),
g =fy®,Y,2,0) +afe(®, ¥, 2, Q)

DEFINITION 2. We say that Properly P is satisfied for the functions
f, 2 if all solutions of (2) are basic for (1).

In paper [2] (theorem 1) a necessary and sufficient condition (valid
for two or more independent variables) was given for Property P to be
satisfied. That condition is imposed both on the function f and on =.

In this paper we give a sufficient condition for Property P to be
satisfied that is imposed on the function f only (Theorem T).

LemMa. If the function %(m) is continuous for a<a<bh (a<b)
and (k(b)-—k(a))/(b—-a) > m, then there exist two numbers ¢, d,a < e<d < b,
such that

(4) k(e)+m@z—e) < k(z) < k(d)+m(w—d) for e<@ <d.

Analogically if (f(d)—k(a))/(b—a) < m, then there ewist two numbers
¢, @*, a <e¢" < d" <b, such that

k(e*)+m(a—d") = k(@) = k(@) +m@—d) for o <z< ar.
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Proof. We take
¢ =maxz{r: a <2< b, klr) =k(a)+m(@—a)},
d= mjnm{m:-a <z <b, k@) =kBd)+m@—D5b)}.

It is easy to verify inequalities (4). The numbers ¢", @* may be de-
fined in a similar manner.

TeROREM T. Suppose that the function f(w,y,z,q) defined in an
{open) set N is of class O and satisfies in N the following properties:

(5) Ijq(ma Y%, Q)_fq(‘ry ‘l/*, Z$, g)l < L('?/'_f‘/*l‘}‘ IZ‘Z*I)a

where L is a constant, and

*

(6) fq(W,:ll,Z,Q)>fq(w7?/,3,!l*) for q>=q .

Under the assumptions above Property P is satisfied for the function | and
each solution z(x,y) of (1) defined in an open set and of class C.,

Proof. Consider a solution z(z, y) of (1) defined in an open set D
and of class CL Let w(xz) be an arbitrary solution of (2). It is evident
that the functions y(z) =w (), 2(z) = 2(z, w(x)), ¢ = k(x) = 2,(x, w(x))
satisfy the first two equations (3). For the proof of Theorem T we must
show that the last equation (3) is also satisfied. Suppose the contrary.
Then there exists a number s, (s, w(s)) eD, for which the last equation
(8) is not satisfied. Write

g = fy(sy w(s), 2(s), k(s))'l"k(s)'fz(s: w(s), 2(8), k(s))

Hence there exist a positive number R and a sequence s, s, — S,
such that

(7) |(k(sa)—7())/ (sa—5)—g] > B> 0
Let 9:8, <z < ta(f < s <1,) be such an interval that every integral
HY:w = 19 (z) of (2) passing through the point (¢, w(2)), where &, <t < &y,

can be enlarged on 6, (z, b () eD for ¢, <® <t (f, <t <ty and the
inequality ’

m=1,2,..).

(8) Ify(‘”) Y,2(m,9), 2y (2, y))+zy<w7 'y)fz(my ¥, 2(@,9), (2, y))'—gi <R

is satistied on all the integrals H® for 1, <o <ty t, <t <ty

Let us fix a number s, from interval 6. It follows from (7 ) that either
(k(3a)—%(8))/ (5u—35) > g+B, or (l(sp)—K(s))/(sn—$) < g—R.

We congider only the first case because the second one is quite anal-
ogous. From the Lemma it follows that there exists such an interval
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[¢,d] (¢ < d), contained in the interval [s,, s], that
(9) k(x) = k(e)+(9+R)(m—c) for

and k() <k(d)+(g-+R)(z—d) for e <o < d.

It follows from [17], p. 419, that through each point (&, 5) of D there
passes at least one basic solution w*(z) of (2) defined in a neighbourhood
of & It easily follows that there exist basic solutions of (2), u (%), v(x),
satisfying the conditions

(10) u(e) =w(e), wv(d) = w(d)

respectively and defined in the interval [e, d].
Now we prove that

(11) w(x) = w(w),

e d

v(z) Zw(x) for ‘cgwgd.

Write ¢9(z) = 2,{z, u(x)}. From (3) and (8) follows the inequality
4% (2) < g% (e)+(g+R)(w—c). By (10) ¢"(¢) = k(c). Hence, by (9), we have

(12) e, u(@) < k(z) for ce<Lo<d.
The function z(z, y) being of class ¢* we have

(13)  lz(w, w(x))—z(z, u(2)| < Kjw(z)—u(@)| for c¢<o<d,

where K is a constant.
The function r ) = w(x)—u(z) fulfils the identity

r'(@) = fu(o, u(@), 2{@, (@), 2,[z, u(@))—fz, (@), 22, ©(2)), k().

It follows from (12) and (6) that

(@) < folo, w(@), 2(m, u (@), k(@) — o2, (@), 2(w, w(2)), k().

By (5) and (13) the differential inequality +'(z) < L(1+L)r(2)
(e € ¢ < d) is satisfied if »(z) > 0.

From the theorem on differential inequalities (see for instance [31],
p. 3) by the equality r(c) = 0 it follows that the inequality r(z) <O,
i. e, the first inequality (11), is satisfied for ¢ < # < d. In a similar manner
the second inequality (11) can be proved.

It follows from (10) and (11) that there exists a number ¢, ¢ < e < d,
such that wu(e) = v(e). Along the basic solution y = A(x), where
A(@) = u(x) for ¢ <z < e and A(zx) = v(z) for ¢ < » < d, inequality (8)
being satisfied, we have by (3) the inequality '

h(d)—To(e) = #(d, A(d)) —2(e, (c)) < (g+B) (d—o).

From (9) it follows that k(d)—k(c) = (¢9+R)(d—e). This contradic-
tion completes the proof.
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Remark 1. The example in [2] shows that assumption (6) cannot
be omitted also for f being a polynomial. It may be replaced by the
assumption that fo(w, 9,2, ¢) <fo(®@,y,%,¢") for ¢ >¢".

Remark 2. The assumptions of Theorem T are satisfied in partic-
ular for f = a(x,y,#,)q-+b(w,y, ), where a, b ave of class C™.
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SUR LES DECOMPOSITIONS D'ENSEMBLES CONNEXES

PAR
B. KNASTER, A. LELEK =r JAN MYCIELSKI (WROCLAW)

I Introduction

Nous entendons dans cette communication par décomposition d’un
ensemble de points celle en une somme de ses sous-ensembles non-
-vides et disjoints.

La connexité d'un ensemble est, par définition,
bilité en deux ensernbles fermés dans lui (1). Les
ensembles & la fois connexes et compacts ou — ce qui est la méme
chose dans les espaces compacts — les fermetures d’ensembles con-
nexes. Les ensembles connexes et ouverts s’appellent régions.

L’indécomposabilité en deux enseémbles fermés entrainant celle en
n’importe quel nombre fini # d’ensembles fermés (puisque la somme de
n—1 ensembles de ce genre en est encore un), la question s’impose
si un X connexe peut se décomposer en une suite dénombrable d’ensem-
bles fermés dans lui. Cette question a été résolue d’abord pour les
continus: aucun continu X ne se laisse décomposer ainsi (?), mais il
existe, déja sur le plan, des X connexes et localement compacts, en
particulier des ensembles connexes et fermés (dits aussi continus non-
-bornés) qui sé décomposent en suites dénombrables d’ensembles ‘fermés
dans eux (3); pourtant, au moing I'un d’eux ne peut alors étre conne-
xe (4). 11 existe aussi parmi les F, plans bornés, mais qui ne sont pas
des G4 (done, & plus forte raison, localement compacts), qui se laissent dé-

gon indécomposa-
continus sont. les

(%) Voir [5], p. 303 et [1] p. 244.

(%) Voir [9], p. 300.

(® Voir [2], p.58 et [10], p. 5.

(%) Voir [6]. Ce travail contient aussi un exemple du continu non-borné irré-
ductible entre deux points, décomposable en un seul ensemble fermé non-connexe
ot une infinité dénombrable de continus non-bornés; cf. également [7].
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