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On transfinite iteration
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1. Let D be a class of sets closed under the union of chains and
f: DD an extensional operator on D, i. e, X 2 X holds for all X e¢D.
Then, the powers f* of f for any ordinal a are defined, as usual, by

FX=fyrx. N

These f* may, but need not be, distinet for all a. Of course, if all /* are
" distinet D cannot be a set, and if D is a set of cardinal b one must have
= f" for all « > when & denotes the first ordinal whose cardinal is
greater than b. Less obvious criteria for the equality of all powers of f
from some ordinal onwards can be based on suitable properties of f.
A property of this kind was described in a recent paper by G. Schwarz [1]
in the following way:
(Sy) If U is a collection of ¥ sets A D, then there ewists a set D of sub-
collections B C U, each consisting of less than ¥ sets, such that
fUd=UFfB.
Aex Beo BeB
For any extensional isotonic (') operator f satisfying (Sy) with some
f which is either denumerable or has an immediate predecessor (in the
natural well-ordering of the cardinals) Schwarz proves the equation

1) X = ﬂL<JEf"X (a2>£)

where ¢ denotes the first ordinal whose cardinal is %.

In the present note, a number of conditions for operators f will be
congidered which are similar to (Sy) and have the same effect on the
powers of f as (Sy). Also, their relations to each other and to (8 wil
be discussed and some statements concerning products of operators will
be deduced from them.

() This means X cf¥ whenever Xc¥.
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2, The conditions for an extensional isotonic operator f to be
studied here are (%):

(Ag) If a chain € of ¥ seis is such that any B C € with |B| < has
an upper bound in , then fJ X = | fX.
Xe XeC
(By) If a chain € of T sets is such that any B C\J X with |E| <% is
XeC

contained in some X €€, then f1 ) X = JfX.
XeG XeC

(Ty) fX=UJE (all EC X with |E|<¥).

Amongst these, (As) comes closest to the formula (1) as is shown
by the proof of the following (%)

ProposrTioN 1. If an extensional isotonic operator | satisfies (A;)

for some regular %, then X = UEf”X for any o« > & where & is the least
7<, .

ordinal of cardinal %

Proof. If the /"X are not all distinet for » < £ one has "X = f’X

for all 7 >y with some y < £ and then |J /X = f'X = f*X. Otherwise,
7<o .

the /"X, n < &, form a chain of f sets a,ndf the mapping n—f"X, 5 < &,
is an order isomorphism. Since ¥ is regular, any set of less than f ordinals
7 < £ has an upper bound less than & and therefore the chain {f"X|n < &}
satisfies the hypothesis of (A;). This leads to fX =7) f'X = "X

<& £
= k<J5 "X, and (1) now follows by induction. ! "~
7

: 3. The relations between the four conditions stated above are listed.
in ()
PROPOSITION 2. For any f, (Ty)=(St)=(As)=(By) and if ¥ is »
= - eqular
also (Ay)=(Sx). e
Proof. (Ty)=(Sy). If A is a collection of f sets and EC |J A a sebt

AeA
of less than f elements, then B determines a B C U consisting of less

than f sets such that E QBL{BB if one chooses for each ¢ ¢ B some B ¢
€
with ¢ ¢ B. Since f is isotonic, one obtains fE C f|_J B C f(J A for this B
- T BeB T A4eX

and (Ty) then leads to 1; LG{[A = g fB %B with certain B C U where |B| < 1.
This is (Sy). o

(*) | 4| denotes the cardinal of the set A.
(%) A cardinal t is regular if the first ordinal & of cardi A
! cardinal £has th
only sets of t ordinals < & have & as supremurm. # e property tht

() Implication is abbreviated by = ition i
¥y and each condition is ded i
to the same extensional isotonic operator 7. regnuded i mpiyng
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(S)=(Ay). I € is a chain as described in (Ay) and @ a collection
of B C U as given by (Sy) for fAU&X, then each {_J B, B «®, is contained
€ BeB

in some X G by the hypothesis concerning € and flJ) X = JfUB
XeCG Bed BeB
CJfX gives (Ay).
X

€C

(Ag)=(By). If € is & chain as described in (By) and B C € with |B|<¥,
then B is bounded above in €; for otherwise, a well-ordered subchain
B*C B of €, cofinal with €, conld be chosen and by taking one element
from each B'—B (B and B’ in B* and B’ immediate suceessor of B)
one would obtain a set B ‘C‘ermX of less than f elements which by its

definition cannot be contained in any X e €. This shows that € also
gatisfies the hypothesis of (A;) and thus (As) implies (By).
(B)=(Ay). If € is'a chain as described in (Ay) and EC |J X with
Xe@

|E| <1, then one can choose for each ¢ ¢ B some X, e € such that e e X,
and this collection of less than f sets X, has an upper bound in € which
contains E. Therefore @ also fulfills the hypothesis of (Br) and hence (Br)
implies (Ajy).

(Af)=(Sy) for regular £. If A is a collection of T sets, let 4,, n < §,
be a well-ordering of it, of ordinal type & where £ is the first ordinal of
cardinal ¥ and define the sets X,=|J 4,. These may not all be equal

' < )

from some n onwards. If so, one has X,={J A4 for this %, and since X,
AeU

is the union of less than f sets (S¢) holds trivially. If, however, there

exists, for each 7, some #’ > such that X, D X,, one can select a sub-

sequence of ordinals ' < & such that all sets X, are distinet and supn’ = &

The X, then form a well-ordered chain, again of ordinal type £ since ¥

was regular and by the regularity of f this chain satisfies the hypothesis

of (Ay). In this case, one has fAU‘l[A =fUX,=\UfX, where each X,
€

is the union of less than ¥ sets in %, and this is (Sy).

COROLLARY. If an extensional isotonic operator f satisfies (Ty), (Se)
or (By) for some regular I, then (1) holds.

This follows immediately from propositions 1 and 2.

4. Given an extensional isotonic operator f on the subsets of a fixed
set E (5), one is often interested in those A C E which are closed under f,
that is for which f4 = A. These 4 form what is called a closure system §:
the intersection of any family of sets A, ey again belongs to & since
fA.= A, implies (4, C N fha= N ACfM 4, and thus f) de= (Ao

(%) This condition will be assurmed throughout the present section.
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Now, if /X = X for all y > & with some & then X is exactly the
closure of X with respect to §,.1. e., the smallest ¥ D X such that f¥ =¥
(or: Ye ), for obviously any such ¥ satisties ¥ DX and fXe & since
X = fX = f*X. Therefore, conditions on f which ensure the equality
of all powers of f from some ordinal onwards also give a description of
the closure operator associated with §.

Sometimes, one is led to consider more than one operator simulta-
neously, say two operators f and g, and correspondingly the collection
of sebs closed under both f and g. In this case, one has the

ProposIrioN 3. If two extensional isotonic operators f and g both
satisfy (As) for some ¥, then their product fg also does and if T is regular
the closure of any X relative to the simulianeous closure system § ~®, where
& and G belong to f and g respectively, is (fg)°X with the least ordinal & of
cerdinal .

Proof. The first step is to show that fg (for which (fg)X = g X))
again satisfies (A;). Let € be a chain as given in the hypothesis of (Ay).
Then, (fg)XL_éXz fU(:gX by (Ay) for g. Now, if B’ is a subchain of

€ Xe

the chain g€ = {gX|X ¢ €} consisting of less than f sets, one can choose

& subchain B C € with |B| < f and ¢B = B’. This B will have an upper

bound B in € and ¢B is then an upper bound for B’ in ¢G. It g« itself

occurs among these B’, one obtains foch = fgB QXUJgX or fgluGX
€ € €

=) fgX. I, however, |[g€|=%, (Ay) for f implies f|JgX = fgX.
Xet P po

In all, (Ay) holds for fg. .

The remaining part follows from the inequalities fX CfgX and
X CfgX which imply [((f9)°X) C fg(f0)'X = (g*X C f((fg)*X) and the
same for g, and from the fact that for any ¥ D X such that [Y=9¢g¥Y=Y
one has Y D (fg)'X.

Since the réles of f and g above are symmetrical, the same propo-
sition is true for the product gf. Also, in view of proposition 2, similar
statements hold concerning the conditions (Bs), (Sy) and (Ty).

The preceding can easily be extended to an arbitrary number of
operators: Xf f,, v eI, is a family of extensional isotonic operators, their
product p relative to a fixed well-ordering of I can be defined by the

induction formulae
va’=‘fvnfg/.

(,]zf,z)X=u ([]#)x ana J I

vy Wiy
If (A holds for all f, and is already proved for []4, it follows for
<y

,Q I/by what was just shown. Similarly, if (Ay) holds for all py=[] fr,
k4 > ”Igv/

icm
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o' <, and € is a chain as deseribed in the hypothesis of (A), then
?

T Yx =y =1 Ypx =4, Yrx=QllTix

XeC v<y Xel
and hence (Ay) also holds for [1fs. Thus, one sees by induection that
¥y
p=J1f, satisties (As) and therefore by proposition 1 p(p*X) = p°X

if T ;;Iregular. In virtue of the general relation f,X C pX, v 1, one also

has f,(p°X)=p°X for all f,, and since YD X and f,¥ =Y for all f,
implies ¥ = p°Y D p*X, this leads to the .
CoroLLARY. If the extensional isotonic operators f,, vel, al} satisfy
(Ay) for some T, then any of their products p, based on a well-o-rder.mgtofti,
again satisfies (Ag) and if T is regulor the closure of any X rel.atw: 0 -ﬂe;
closure system M\, B» the collection of sets closed wnder f,, 18 p*X wi

the least ordinal & of cardinal 1.
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