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On inversion of non-linear transformatichs
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S. ROLEWICZ (Warszawa)

1. Let U be a continuous one-to-one transformation of X onto Y,
where both X and Y are F-spaces (that is linear metric spaces, see [1]).
It is a well-known fact that if U is only additive, then U™'is continuous
(see [1], p. 41, Theorem 5). In the general case, however, it may happen
that the inverse transformation U~' is not continuous. This follows from
a simple example: we put X = ¥ =1* and U(z) = ¢(z)®, where

p(z) = 253.,/2, 2= (&,) l?,

=1

7! is not continuous in zero. In fact, U~ (y) = ¢(y)~**y for y # 0, and
thus for y, = (kK1 6%) ') we have y; — 0 and U™ (yu)ll = i/2k/k - oo,

The set of all points of discontinuity of an inverse transformation
U~ may be everywhere dense. This can be proved as follows.
’ If U, is a continuous one-to-one transformation of X, onto ¥,,
where X,, Y, are F-spaces and n =1,2,..., then the formula U(x)
= U,{(#)}, where » = {x,)},z,¢ X,, defines a one-to-one continuous
transformation of the product space X of X,, X,,... with the norm

e
I = 2 P 1t o]

onto the product space ¥ of Y,, ¥,,... with the norm

SEA
Il = Z Tyl

It is easy to see that if every U, is discontinuous at one point at least,
say %, then the set of all points of discontinuity of U~ is dense. In fact,
U~ is discontinuous at all the points y = {y,} where y, = g}, for some n,

1 6';:={0 for n #£k,
1 for n=k.
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and the set of all such points is dense. 8. Mazur put forward the question
whether in general the transformation U~ is of the first Baire clags.
The problem of 8. Mazur is still open.
This paper concerns similar problems where U satisfies different
kinds of continuity conditions.

2. It will be useful in the following to prove that a transformation
U of an F-space X into an F-space ¥ is of the first class of Baire if and
only if it is of the first class of Borel.

A metric space ¥ will be called retractive if for every r > 0 there
exigts a continuous function h.(z,y) on the product space ¥ XY with
the norm |(z, )| = lel-+[yll such that h.(z,y)e¥, o(h(@,y)y) <r
for every x,yeY and h.(x,y) =« whenever g(x,y) <r.

Ag an example of a retractive space we may take an arbitrary F-space
in which the norm |»|| is increasing, 4. e. such that [[fz] is an increasing
funetion of t,.t = 0.

In fact, if we put
{ @ it fo—y| <7,
y+T@—y),

where T is chosen in such a way that |7 (x—y)|| = r, for all ¢ such that
|#—y| > r, then the function k,(z,y) will do.

Lemma 1. For each natural n let the operation U, be a transforma-
tion of the first class of Baire which maps a metric space X into a retractive
space Y. If the sequence U, converges uniformly in X, then the limit tranfor-
mation U s also of the first class of Baire.

Proof. Since U, converges uniformly, it containg a subsequence
U, = W,, such that o(Wu(®), W (2) <1/2",

The transformations W, being of the first class of Baire, there exists
for each » such a sequence of continuous transformations W2 that

he(2,y) =

1i;n WE(®) = Wa(x).
We define by induction the sequences VZ(z):
Viw) = Wi@); Vi) = lym (Wi, (2), Vi@)).

From the properties of k.(z, y) it follows that every V&(s) is conti-
nuous and
o(Vaa (@), Va@) <1/2"

for every #, and for each » and  there exists such a %, that for every & > %,
we have VZ(x) = WE(x).
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Now we are going to show that
mVy(z) = U(z).
n

We take an arbitrary point xeX and a real number &> 0. Since
W, (») tends uniformly to U(x), there exists such an n, that for » > n,

o(Wal@), Ulw)) < /3 and 2! <ef8
On the other hand, for arbitrary = > n, there is such a &, that

Win(s) = Vin(w) and  o(Wir(z), Wa()) < /3.
Then

o(Va (@), U(@) < o(Vala), Vin(@)+o(Vir (@), Wa(®))+o(Wale), U(2))
= ¢/3+¢/34+2" 1 <. ‘
Thus im V%(z) = U(x) and U(x) is of the first class of Baire.

LeMMA 2. If a transformation U maps a metric space X into a sepa-
rable metric arcwise commected space ¥ and the set of its values is isolated,
then U is of the first class of Baire.

Proof. Since Y is separable, it follows that the set of the values
of U is at most countable, and we can form from them a sequence {¥}.
The set F, = {w: U(x) = y,,} is an F, as an inverse image of an open
set. Hence F,, = %}FS, where F% are closed sets and Ff C Frt?.

There are continuous transformations U, such that U,(z) =y,
for we F?, i <1< n (see [2], lemma 8). It is easy to see that if w e FE
and m > max(n,; k), then Uu,(z)= U(z), whence limU,(x) = U(#),
and thus U is of the first clags of Baire. "

LeMMA 3. In order that a transformation U of a metric space X into
a rectractive separable arcwise connected space Y be of the first class of Baire,
it is necessary amd sufficient that U be of the first class of Borel.

Proof. Necessity follows from the well known fact that the limit
of transformation of the a Borel clags is of a1 Borel class (see [4], p. 293).

To prove sufficiency we note that every transformation U of the
first Borel class is a limit of a uniformly convergent sequence of transfor-
mations of the first Borel class and thus for each n the set of values of
U, is isolated (see [2], lemma 4). Accordingly, by lemma 2 we see that
each U, is of the first class Baire and by lemma 1 so is U.

Since the definitions of the class of Baire as well as of Borel are in-
variant under homeomorphisms, it follows that when Y is an arbitrary
space homeomorphic with a certain retractive separable arcwise eonnec-
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ted space, the equivalence of these classes still holds. In particular, since
in every F-space we can introduce an increasing norm (see [3]) it follows that
a transformation U of a metric space X into a separable #-space Y is of
the first class of Baire if and only if it is of the first class of Borel.

3. Now we turn back to the problem of inversion of transformations.
In what follows sequences convergent in the norm topology will be called
n-convergent, weakly convergent sequences of elements will be called
e-convergent, and weakly convergent sequences of functionals will be
called f-convergent.

A transformation U of an F-space X into F-gpace is called r-o-con-
tinuwous if it transforms every z-convergent sequence into a o-convergent
one?). An F-space X will be called locally z-compact if every ball K C X
is 7-compact in itself®).

As examples of locally z-compact spaces we can take the gpaces
conjugate to separable B-spaces with f-convergence (see [1], p. 123, theo-
rem 3) as well as H*-spaces of functions #(¢) on [0, 1] satisfying Hol-
der’s condition with exponent p, where

| (8) —a (¥')]

[t—2'|

|| = sup |a(t)]+ sup
0<i<l I<i<ic<l

and the z-convergence is the ordinary uniform convergence.

ToEOREM. If U is @ one-to-one t-o-continuous transformation of a se-
parable locally t-compact F-space X into an F-space Y im which every
n-convergent sequence ts t-convergent, then the imverse tramsformation U~!
is of the first class of Baire (according to m-convergence).

Proof. We take a number ¢ > 0, and then cover X with a countable
family of bells of radius & Since these bells are v-compact, their images
. are o-compact, whence o-closed, whence closed in the norm topology,
the norm convergence being stronger than o-convergence. It follows
that the range of U~ can be covered by a countable family of sets whose
diameters do not exceed 2¢, and whose inverse images are F,. Thus U™
is of the first class of Borel, and because of the equivalence of the first
class of Baire and that of Borel in separable F-spaces, we find that U~*
is of the first class of Baire.

Cororrawy 1. Tf a one-to-ome v-f-comtinuous iransformation maps
a locally v-compact separable space X into Y, where Y is a conjugate to
a certain separable B-space ¥, then U™ is a limit of a sequence of transforma-
tions (U™), which are f-n-continuous.

*) 7-convergence, g-convergence can be arbitrary I*-convergence.
#) K is T-compact in itself if in every sequence zneJ wo can find a subsequence
7-convergent to z,e XK.

icm
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Proof. We introduce in" ¥ another norm as follows:

O 1
Il = sty imal,

where the sequence 7, is dense in ¥, the convergence induced by this
norm being called ny-convergence. Every f-convergent sequence is n,-con-
vergent, and thus U~' is of the first class of Baire, whence it is a limit
of a sequence (U™'), of n,-n-continuous transformations, which are also
f-n-continuous. -

COROLLARY 2. If U is a one-to-one t-e-continuous transformation of
a locally =-compact separable B-space X into a separable B-space Y, then
the inverse transformation U™ is a limit of a sequence (U™"), of transforma-
tions which are e-n-continuous.

Proof. We take a sequence y which is dense in Y, and we introduce
a new norm in Y

co

1
i = ) 5 Ea ),

n=1

where F, are functionals such that ||F,| = 1 and |F,.(y,)] = 1 (see [1],
p. b1).
Then we proceed as in the preceding proof.
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