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On a problem of Nathanson
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YoNG-GAO CHEN (Nanjing) and MIN TANG (Wuhu)

1. Introduction. Let N denote the set of all nonnegative integers and
let h be an integer with h > 2. For A C N and n € N, let

rn(A,n) = t{(a1,...,ap) € A" :ay + - +ap =n}.

A set A is called an asymptotic basis of order h if rp(A,n) > 1 for all
sufficiently large integers n. In 1955, Stohr [13] introduced the concept of
minimal asymptotic basis. An asymptotic basis A of order h is minimal if
no proper subset of A is an asymptotic basis of order h. This means that,
for any a € A, the set E, = hA\ h(A\ {a}) is infinite.

In 1956, Hartter [5] showed that for every h > 2, there exists a minimal
asymptotic basis of order h. Nathanson [10] presented an explicit construc-
tion of a minimal asymptotic basis of order 2 by using binary representa-
tions. For every h > 2, Jia and Nathanson [7] gave an explicit construction
of a minimal asymptotic basis of order h. Chen and Chen [I] answered some
problems of Nathanson on minimal asymptotic bases. For related problems
concerning minimal asymptotic bases, see [2]-[4], [6], [8]-[9] and [12].

For any nonempty subset W of N, denote by F*(W) the set of all finite,
nonempty subsets of W. Let A(W) be the set of all numbers of the form
Do feF 2/ where F' € F*(W).

In 1988, Nathanson [II] posed the following problem (see also Jia and
Nathanson [7]).

PROBLEM 1.1. Let N=WyU---UW}y_1 be a partition such that w € W;
implies either w —1 € W; orw+ 1€ W;. Is
A= A(WO) y---u A(thl)
a minimal asymptotic basis of order h?
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In 2011, Chen and Chen [I] obtained the following result.

THEOREM A. Let h > 2 and t be the least integer with t > logh/log 2.
Let N = WyU---UWp_1 be a partition such that each W; is infinite and
contains t consecutive integers fori=1,...,h. Then

A= A(Wo) U+ U A(Wp_)
1s a minimal asymptotic basis of order h.

By Theorem A, the answer to Problem [1.1]is affirmative for 2 < h < 4.
We prove the following result, which shows that the answer to Problem
is negative for h > 4.

THEOREM 1.2. Let h and t be integers with 2 < t < logh/log2. Then
there exists a partition N = Wy U --- U Wy_1 such that each W; is a union
of infinitely many intervals of at least t consecutive integers and

A=AWo)U - UA(Wp-1)
18 mot a minimal asymptotic basis of order h.

REMARK 1.3. For 2 < t < logh/log2, the following stronger result is
proved: there exists a partition N = Wy U --- U Wj_1 such that each set W;
is a union of infinitely many intervals of at least ¢ consecutive integers and
n € hA(Wy) for all sufficiently large integers n.

2. Proof of the theorem. Since t > 2, it follows that h > 2! > 4. For
any subset X of N, let 2% = {27 : 2 € X}. Let {m;}$2, be a sequence of
integers with my > 2" and m; 1 — m; > 2+ (i > 1). For a < b, let [a, b]
denote the set of all integers x with a < x < b. Let

Wo = [0,m1] U U [m; +t+1,miq],
i=1
[ee]

W, = U mit+tmi+t, j=1,...,h-1L
i=j (mod h—1)

It is clear that N =Wy U--- UWj_;. If w € N\ Wy, then, by the definition
of W;, we have w > m; > 2"* and w — t € Wy. Write

A=AWy)U---UAWp_1).
For any positive integer, let its binary expansion be
(2.1) n= >y 2/

fEFn

We will distinguish two cases: h > 2 and h = 2.
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CASE 1: h > 2!, In this case, we will prove that all integers n with
n > h2M2+1) are in hA(Wp). Thus A is not a minimal asymptotic basis of
order h.

Let n > h2M241) Now we split some terms of the sum in into
sums. First, we split all 2/ with f € F, \ Wy into 2! terms 2/~%. Then
all terms are in 20 and each term repeats at most 2t + 1 times in the
summation. We continue to split terms in the summation. For any term 2%
in the summation, if w > 2¢+1 and none of 2~ (1 <1 < 2t+1) appears in
the summation, we split 2 (split one of 2 if there are several such terms)
as follows:

(a) 2@ =2w=l 4 2u=Lif oy — 1 € Wp;
(b) qw _— (21‘, 4 1)2w7t71 N (2t 4 1)2w72t+1 + (2t + 1)2w72t 1 2% 2w72t71
ifw—1 ¢ W().

In case (b), by the definition of Wy and w € Wy, we know that the integers
w—t—1(1<i<t+1)areallin W.

Since each split increases the number of terms by at least 1, the splitting
procedure must terminate in finitely many steps. In the final summation,
all terms are in 20 and each term repeats at most 2¢ + 1 times. If 2%
(w > 2t + 1) appears, then at least one of 2¥~% (1 < i < 2t + 1) appears.
Let the final summation be

S
n = E QWi
=1

with 0 < wp < -+ < ws. Let wg = 0. Thus
OSwiH—wi§wi+1—(wi+1—2t—1):2t+l, 1=0,1,...,s—1.

Since
S

Ws
h2h(2t+1) S n = ZQ’LU]' S (2t 4 1) Z 2’11) — (2t + 1)(QTU5+1 _ 1) < h2’ws+17

j=1 w=0
it follows that ws > h(2t + 1). On the other hand,
s—1
Wg = Z(’wi_H — wi) < S(Qt + 1).
=0

Hence s > h. Noting that 2 +1 < h and s > h, we can split the final sum-
mation into A nonempty sums such that all terms in each sum are distinct.

So n € hA(Wy).

CASE 2: h = 2. Tt is clear that 4 € A(Wj). Now we prove that Ey =
hA\ h(A\ {4}) is a finite set. Thus A is not a minimal asymptotic basis of
order h.
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Let n > my. We will show that n € h(A\{4}), that is, n ¢ E,. Consider
the following subcases:

SUBCASE 2.1: F,, N W, # {2}.

SUBCASE 2.1.1: F, N Wy # 0 and |F,, \ Wy| > h — 1. Then F, \ Wy has
a partition
Fn\WoleU”'ULh,h
where L; # 0 (1 < i < h —1) and for every L; there exists a W, (j > 1)
with L; € Wj. Let Lo = F;,, N Wy and

ai=>» 2, 0<i<h-1
leL;
Then
a; € A\{4}, 0<i<h—-1, and n=ag+ - +ap_1.
Hence n € h(A\ {4}).
SUBCASE 2.1.2: F, "Wy # (@ and 1 < |F,, \ Wy| < h —2. Let
Fo\Wo ={fo,..., fi-1}
with fo > ---> fi_1. Then fo > mi +1 > 2" Let
fi=fo—@G—-1+41), [1<i<h-2,
and fr_1 = frn_a. Set
a= Y 2, a¢=2F 1<i<h-1
fEF,NWy
Since
fi>fr> > fro=foa > —(h—2—-1+1) > 2" —(h—2) > 2,
it follows that
a; € A\{4}, 0<i<h—-1, and n=ap+ -+ ap_1.
Hence n € h(A\ {4}).
SUBCASE 2.1.3: F,, "Wy # () and F,, \ Wy = 0. That is, F,, C Wy. Let
F,={g90,---,9k-1}
with gg > -+ > gx_1. Since
n>mg>2M > 142422 4. 4 2R3

we have gg > h + 4.
If Kk =1, then F,, = {go}. Let

a; =29""1  0<i<h-2,
and aj,—1 = ap—o. Since
ag>a1 > "> 0p—2 = Ap—1 = 290—h+1 - 4,
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it follows that
a; € A\{4}, 0<i<h—-1, and n=ap+ -+ ap_1.
Hence n € h(A\ {4}).
If k> 2 and 29" + ... + 291 £ 4, then we take
ag =29t 4 - 4291 g, =297 1 << h—2,
and ap_1 = ap_o. Since
ap > > Ap_n = Gp_1 = 990—h+2 > 4,
it follows that
a; € A\{4}, 0<i<h-1, and n=ap+ - +ap_1.
Hence n € h(A\ {4}).
If k> 2 and 29t + ... 4 29%-1 =4 then we take ag = a1 = 2,
a; =297 92 < i< h—2,
and ap_1 = ap_o. Since
Qg > > ap_g = ap_q = 29073 > 4,
it follows that
a; € A\{4}, 0<i<h—-1, and n=ap+---+ap1.
Hence n € h(A\ {4}).

SUBCASE 2.1.4: F,, N1 Wy = (0. If |F,,| > h, then as in Subcase 2.1.1 we
have n € h(A\ {4}). If |F,| < h — 1, then as in Subcase 2.1.2 we have
n e h(A\ {4}).

SUBCASE 2.2: F,, N Wy = {2}. As n > mg, we have F, \ Wy # 0. If

f € F\ Wy, then f >m; > 2"* and f —t € Wy (see the arguments before
Case 1). Let

CL0:22+ Z 2f_t, ay = -+ =0ap—-1 = Z 2f_t.
fer\{2} feF\{2}
Then

a; € AWy)\ {4}, 0<i<h-1, and n=ap+- - +ap_1

as h = 2. Hence n € h(A(Wy) \ {4}).
This completes the proof of Theorem [I.2]
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