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SOME NEW PROPERTIES OF
GENERALIZED BESSEL POLYNOMIALS

Abstract. We obtain some new properties of generalized Bessel polynomi-
als. We mainly investigate bilinear and bilateral generating function relations
for these polynomials. We also derive a result giving certain families of bilat-
eral generating functions for generalized Bessel polynomials and generalized
Lauricella functions. We also discuss some special cases.

1. Introduction. In [H], Krall and Frink initiated a systematic inves-
tigation of Bessel polynomials and developed a theory of generalized Bessel
polynomials

yn(x, α, β) :=
n∑
k=0
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n

k

)(
α+ n+ k − 2

k

)
k!

(
x

β

)k
(1.1)

= 2F0(−n, α+ n− 1;−;−x/β).
Taking α = β = 2 in (1.1), we get an explicit formula for the simple Bessel
polynomials yn(x) given by
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)
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)k
= yn(x, 2, 2)

= 2F0(−n, n+ 1;−;−x/2).
These polynomials have the following generating function relations

(see [SM]):

(1.2)
∞∑
n=0
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exp(t),
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and

(1.3)
∞∑
n=0

yn+m(x, α−m− n, β)
tn

n!

=

(
1− xt

β

)1−α
exp(t)ym

(
x

(
1− xt

β

)−1
, α−m,β

)
.

In the literature, there are a lot of works relating to generalized Bessel
polynomials and their applications (see, for instance, [RAB, BSF, CV, BE,
CS, DSS, H]).

On the other hand, Lauricella functions are generalizations of Gauss hy-
pergeometric functions to several variables. If n is the number of variables,
then four such generalizations, denoted by F (n)

A , F (n)
B , F (n)

C , and F (n)
D , were

investigated by Lauricella [L]. For n = 2, these functions reduce to the
Appell hypergeometric functions F2, F3, F4 and F1, respectively. Recall that
the latter are defined by

F1[a, b, b
′; c;x, y] =

∞∑
m,n=0

(a)m+n(b)m(b
′)n

(c)m+n

xm

m!

yn

n!
,

F2[a, b, b
′; c, c′;x, y] =

∞∑
m,n=0

(a)m+n(b)m(b
′)n

(c)m(c′)n

xm

m!

yn

n!
,

F3[a, a
′, b, b′; c;x, y] =

∞∑
m,n=0

(a)m(a
′)n(b)m(b

′)n
(c)m+n

xm

m!

yn

n!
,

F4[a, b; c, c
′;x, y] =

∞∑
m,n=0

(a)m+n(b)m+n

(c)m(c′)n

xm

m!

yn

n!
,

where, as usual, (λ)ν denotes the Pochhammer symbol given by (for λ, ν ∈ C
and in terms of the Gamma function)

(λ)ν :=
Γ (λ+ ν)

Γ (λ)
=

{
1 (ν = 0; λ ∈ C\{0}),
λ(λ+ 1) . . . (λ+ n− 1) (ν = n ∈ N; λ ∈ C),

with the convention (0)0 := 1.
A further generalization of the familiar Kampé de Fériet hypergeometric

function in two variables, which is called the generalized Lauricella function
(or the Srivastava and Daoust function), was introduced by Srivastava and
Daoust [SD]:

FA:B
(1);...;B(s)

C:D(1);...;D(s)

(
[(a) : θ(1), . . . , θ(s)] : [(b(1)) : φ(1)]; . . . ; [(b(s)) : φ(s)];

z1, . . . , zs
[(c) : ψ(1), . . . , ψ(s)] : [(d(1)) : δ(1)]; . . . ; [(d(s)) : δ(s)];

)
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=

∞∑
m1,...,ms=0

Ω(m1, . . . ,ms)
zm1
1

m1!
. . .

zmss
ms!

,

where

Ω(m1, . . . ,ms) :=

A∏
j=1

(aj)m1θ
(1)
j +···+msθ(s)j

C∏
j=1

(cj)m1ψ
(1)
j +···+msψ(s)

j

B(1)∏
j=1

(b
(1)
j )

m1φ
(1)
j

D(1)∏
j=1

(d
(1)
j )

m1δ
(1)
j

. . .

B(s)∏
j=1

(b
(n)
j )

msφ
(s)
j

D(s)∏
j=1

(d
(n)
j )

msδ
(s)
j

.

Here, the coefficients

θ
(k)
j (j = 1, . . . , A; k = 1, . . . , s), φ

(k)
j (j = 1, . . . , B(k); k = 1, . . . , s),

ψ
(k)
j (j = 1, . . . , C; k = 1, . . . , s), δ

(k)
j (j = 1, . . . , D(k); k = 1, . . . , s),

are real constants and (b
(k)

B(k)) abbreviates the array of B(k) parameters

b
(k)
j (j = 1, . . . , B(k); k = 1, . . . , s)

with similar interpretations for other sets of parameters [SSHM]. For a
bounded non-vanishing multiple sequence {Ω(m1, . . . ,ms)}m1,...,ms∈N0 of real
or complex parameters, define a function Ψn(u1;u2, . . . , us) of s (real or com-
plex) variables u1, u2, . . . , us (see [SSHM]) by

(1.4) Ψn(u1;u2, . . . , us) :=
n∑

m1=0

∞∑
m2,...,ms=0

(−n)m1((b))m1φ

((d))m1δ

×Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)um1
1

m1!
. . .

umss
ms!

,

where, for convenience,

((b))m1φ =

B∏
j=1

(bj)m1φj and ((d))m1δ =
D∏
j=1

(dj)m1δj .

In recent years, many researchers have studied multilinear and multi-
lateral generating functions for different type of polynomials. For example,
in [SL], Liu introduced bilateral generating functions for Lagrange poly-
nomials and Lauricella functions. Similarly, in [CCS] the authors obtained
bilateral generating functions for Chan–Chyan–Srivastava polynomials and
generalized Lauricella functions. In 2012, they derived bilateral generating
functions for Erkuş–Srivastava polynomials and generalized Lauricella func-
tions (see [SSHM]).Very recently, we have obtained bilateral generating func-
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tions for generalized Cesàro polynomials and generalized Lauricella functions
(see [OE]). One can find various generating functions by the method of [N]
and [NE*].

The main object of this paper is to study several properties of generalized
Bessel polynomials. Various families of multilinear and multilateral generat-
ing functions, their miscellaneous properties and also some special cases are
given. In addition, we derive a result giving certain families of bilateral gener-
ating functions for generalized Bessel polynomials and generalized Lauricella
functions.

2. Bilinear, bilateral generating functions and special functions.
In this section, we derive several families of bilinear and bilateral generating
functions for the generalized Bessel polynomials yn(x, α, β) generated by
using a similar method to that considered in [AE]

We begin by stating the following theorem.

Theorem 2.1. For non-identically-vanishing functions Ωµ(y1, . . . , yr )
of r complex variables y1, . . . , yr (r ∈ N), indexed by complex numbers µ, let

Λµ,ψ(y1, . . . , yr; ζ) :=
∞∑
k=0

akΩµ+ψk(y1, . . . , yr)ζ
k (ak 6= 0; µ, ψ ∈ C)

and

Θµ,ψn,p (x, α− n, β; y1, . . . , yr; ξ)

:=

[n/p]∑
k=0

akyn−pk(x, α− n− pk, β)Ωµ+ψk(y1, . . . , yr)
ξk

(n− pk)!
.

Then, for p ∈ N,

(2.1)
∞∑
n=0

Θµ,ψn,p

(
x, α− n, β; y1, . . . , yr;

η

tp

)
tn

=

(
1− xt

β

)1−α
exp(t)Λµ,ψ(y1, . . . , yr; η)

provided that the series on both sides of (2.1) are convergent.

Proof. For convenience, let S denote the left-hand side of (2.1). Then

S =
∞∑
n=0

[n/p]∑
k=0

akyn−pk(x, α− n− pk, β)Ωµ+ψk(y1, . . . , yr)
ηk

(n− pk)!
tn−pk.
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Replacing n by n+ pk, we get

S =

∞∑
n=0

∞∑
k=0

ak yn(x, α− n, β)Ωµ+ψk(y1, . . . , yr)ηk
tn

n!

=
∞∑
n=0

yn(x, α− n, β)
tn

n!

∞∑
k=0

akΩµ+ψk(y1, . . . , yr)η
k

=

(
1− xt

β

)1−α
exp(t)Λµ,ψ(y1, . . . , yr; η),

which completes the proof.

Now put

Ωµ+ψk(y1, . . . , yr) := Φ
(α)
µ+ψk(y1, . . . , yr)

in Theorem 2.1, where the multivariable polynomials Φ(α)
µ+ψk(x1, . . . , xr) are

generated by (see [NE])

(2.2) (1−x1t)−αe(x2+···+xr)t =
∞∑
n=0

Φ(α)
n (x1, . . . , xr)t

n (α ∈ C; |t| < |x1|−1).

Thus, we have the following result providing a class of bilateral generating
functions for the multivariable polynomials Φ(α)

µ+ψk(x1, . . . , xr) and general-
ized Bessel polynomials.

Corollary 2.2. If

Λµ,ψ(y1, . . . , yr;w) :=
∞∑
k=0

akΦ
(α)
µ+ψk(y1, . . . , yr)w

k (ak 6= 0; µ, ψ ∈ C)

then

(2.3)
∞∑
n=0

[n/p]∑
k=0

asyn−pk(x, α− n, β)Φ
(α)
µ+ψk(y1, . . . , yr)

wk

tpk
tn

(n− pk)!

=

(
1− xt

β

)1−α
exp(t)Λµ,ψ(y1, . . . , yr;w)

provided that the series on both sides are convergent.

Remark 2.3. Using the generating relation (2.2) for the polynomials
Φ
(α)
n (x1, . . . , xr) and setting ak = 1, µ = 0, ψ = 1 in Corollary 2.2, we find
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that

∞∑
n=0

[n/p]∑
k=0

yn−pk(x, α− n, β)Φ
(α)
k (x1, . . . , xr)w

k tn−pk

(n− pk)!

=

(
1−xt

β

)1−α
exp(t)(1−x1w)−αe(x2+···+xr)w (λ ∈ C; αj ∈ C; |w| < |x1|−1).

Theorem 2.4. For non-identically-vanishing functions Ωµ(y1, . . . , yr ) of
r complex variables y1, . . . , yr (r ∈ N), indexed by complex numbers µ, let

Λµ,p,q(x, α−m,β; y1, . . . , yr; t)

:=

∞∑
k=0

akym+qk(x, α−m,β)Ωµ+pk(y1, . . . , yr)
tk

(kq)!
,

where ak 6= 0 and

θn,p,q(y1, . . . , yr; η) :=

[n/q]∑
k=0

(
n

n− qk

)
akΩµ+pk(y1, . . . , yr)η

k.

Then for p ∈ N,

(2.4)
∞∑
n=0

yn+m(x, α− n−m,β)θn,p,q(y1, . . . , yr; η)
tn

n!

=

(
1− xt

β

)1−α
exp(t)Λµ,p,q

(
x

(
1− xt

β

)−1
, α−m− qk, β; y1, . . . , yr; ηtq

)
provided that the series on both sides are convergent.

Proof. For convenience, let T denote the left-hand side of (2.4). Then

T =
∞∑
n=0

yn+m(x, α− n−m,β)
[n/q]∑
k=0

(
n

n− qk

)
akΩµ+pk(y1, . . . , yr)η

k t
n

n!
.

Replacing n by n+ qk and then using (1.3), we may write

T =

∞∑
n=0

∞∑
k=0

(
n+ qk

n

)
yn+m+qk(x, α− n− qk −m,β)

× akΩµ+pk(y1, . . . , yr)ηk
tn+qk

(n+ qk)!

=
∞∑
k=0

ak

( ∞∑
n=0

yn+m+qk(x, α− n− qk −m,β)
tn

n!

)
×Ωµ+pk(y1, . . . , yr)

(ηtq)k

(qk)!
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=

∞∑
k=0

ak

[(
1− xt

β

)1−α
exp(t)ym+qk

(
x

(
1− xt

β

)−1
, α−m− qk, β

)]
×Ωµ+pk(y1, . . . , yr)

(ηtq)k

(qk)!

=

(
1− xt

β

)1−α
exp(t)

∞∑
k=0

akym+qk

(
x

(
1− xt

β

)−1
, α−m− qk, β

)
×Ωµ+pk(y1, . . . , yr)

(ηtq)k

(qk)!

=

(
1− xt

β

)1−α
exp(t)Λµ,p,q(x(1−

xt

β
)−1, α−m− qk, β; y1, . . . , yr; ηtq),

which completes the proof.

If we set s = r = 1 and Ωµ+pk(y1) = yµ+pk(y, α1, β1) in Theorem
2.4, where the generalized Bessel polynomials yn(x, α, β) are generated by
(see [SM]) (

1− xt

β

)1−α
exp(t) =

∞∑
n=0

yn(x, α− n, β)
tn

n!
,

then we get the following result.

Corollary 2.5. If

Λµ,p,q(x,α−m,β;y,α1,β1; t) :=
∞∑
k=0

akym+qk(x,α−m,β)yµ+pk(y,α1,β1)
tk

(qk)!

(m ∈ N0),

where ak 6= 0 for k 6= 0, and

θn,p,q(y, α1, β1; η) :=

[n/q]∑
k=0

(
n

n− qk

)
akyµ+pk(y, α1, β1)η

k,

where n, p ∈ N, then

(2.5)
∞∑
n=0

ym+n(x, α− n−m,β)θn,p,q(y, α1, β1; η)
tn

n!

=

(
1− xt

β

)1−α
exp(t)Λµ,p,q

(
x

(
1− xt

β

)−1
, α−m− qk, β; y, α1, β1; ηt

q

)
provided that the series on both sides are convergent.

Furthermore, for every suitable choice of the coefficients ak (k ∈ N0), if
the functions Ωµ+ψk(y1, . . . , yr), r ∈ N, are expressed as appropriate prod-
ucts of simpler functions, the assertions of Theorems 2.1 and 2.4 can be
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applied to derive various families of multilinear and multilateral generating
functions for the family of generalized Bessel polynomials given explicitly
by (1.1).

3. Generalized Lauricella functions. In this section, we derive vari-
ous families of bilateral generating functions for generalized Bessel polyno-
mials and generalized Lauricella functions.

Theorem 3.1. The following bilateral generating function holds true:

∞∑
n=0

yn(x, α− n, β)Ψn(u1;u2, . . . , us)
tn

n!

=

(
1− xt

β

)1−α
exp(t)

∞∑
m1,p,m2,...,ms=0

((b))(m1+p)φ(α− 1)m1

((d))(m1+p)δ

×Ω
(
f(m1 + p,m2, . . . ,ms),m2, . . . ,ms

)(−u1t)m1

m1!

(
u1xt
xt−β

)p
p!

um2
2

m2!
. . .

umss
ms!

,

where Ψn(u1;u2, . . . , us) is given by (1.4).

Proof. By using (1.3), we observe that

∞∑
n=0

yn(x, α− n, β)Ψn(u1;u2, . . . , us)
tn

n!

=
∞∑
n=0

yn(x, α− n, β)
n∑

m1=0

∞∑
m2,...,ms=0

(−n)m1((b))m1φ

((d))m1δ

×Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)um1
1

m1!
. . .

umss
ms!

tn

n!

=

∞∑
m1,...,ms=0

( ∞∑
n=0

yn+m1(x, α− n−m1, β)
tn

n!

)
((b))m1φ

((d))m1δ

×Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)(−u1t)m1

m1!

um2
2

m2!
. . .

umss
ms!

=
∞∑

m1,...,ms=0

((b))m1φ

((d))m1δ
Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)
×
(
1− xt

β

)1−α
exp(t)ym1

(
x

(
1− xt

β

)−1
, α−m1, β

)
× (−u1t)m1

m1!

um2
2

m2!
. . .

umss
ms!
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=

(
1− xt

β

)1−α
exp(t)

∞∑
m1,...,ms=0

ym1

(
x

(
1− xt

β

)−1
, α−m1, β

)
×

((b))m1φ

((d))m1δ
Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)(−u1t)m1

m1!

um2
2

m2!
. . .

umss
ms!

=

(
1− xt

β

)1−α
exp(t)

∞∑
m1,...,ms=0

2F0

[
−m1, α− 1;−;−

x(1− xt
β )
−1

β

]
×

((b))m1φ

((d))m1δ
Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)(−u1t)m1

m1!

um2
2

m2!
. . .

umss
ms!

=

(
1− xt

β

)1−α
exp(t)

∞∑
m1,...,ms=0

((b))m1φ

((d))m1δ
Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)
×

m1∑
p=0

(−m1)p(α− 1)p
p!

(
−
x
(
1− xt

β

)−1
β

)p (−u1t)m1

m1!

um2
2

m2!
. . .

umss
ms!

=

(
1− xt

β

)1−α
exp(t)

∞∑
m1,p,m2,...,ms=0

((b))(m1+p)φ(α− 1)p

((d))(m1+p)δ

×Ω
(
f(m1 + p,m2, . . . ,ms),m2, . . . ,ms

)(−u1t)m1

m1!

(
u1xt
xt−β

)p
p!

um2
2

m2!
. . .

umss
ms!

,

which gives the result.

By appropriately choosing Ω in Theorem 3.1, we can obtain several inter-
esting results which give bilateral generating functions for generalized Bessel
polynomials and generalized Lauricella functions.

I. Taking

Ω(f(m1, . . . ,ms),m2, . . . ,ms)

=

A∏
j=1

(aj)m1θ
(1)
j +···+msθ(s)j

E∏
j=1

(cj)m1ψ
(1)
j +···+msψ(s)

j

B(2)∏
j=1

(b
(2)
j )

m2φ
(2)
j

D(2)∏
j=1

(d
(2)
j )

m2δ
(2)
j

. . .

B(s)∏
j=1

(b
(s)
j )

msφ
(s)
j

D(s)∏
j=1

(d
(s)
j )

msδ
(s)
j

in Theorem 3.1, we obtain the next result.

Corollary 3.2. The following bilateral generating function holds true:

∞∑
n=0

yn(x, α− n, β)FA:B+1;B(2);...;B(s)

E:D;D(2);...;D(s)

(
[(a) : θ(1), . . . , θ(s)] : [−n : 1], [(b) : φ];

[(c) : ψ(1), . . . , ψ(s)] : [(d) : δ];

[(b(2)) : φ(2)]; . . . ; [(b(s)) : φ(s)];

u1, u2, . . . , us
[(d(2)) : δ(2)]; . . . ; [(d(s)) : δ(s)];

)
tn

n!
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=

(
1− xt

β

)1−α
exp(t)FA+B:0;1;B(2);...;B(s)

E+D:0;0;D(2);...;D(s)

(
[(e) : ϕ(1), . . . , ϕ(s+1)] :−, [α− 1 : 1];

[(f) : ξ(1), . . . , ξ(s+1)] : −,−;

[(b(2)) : φ(2)]; . . . ; [(b(s)) : φ(s)];

−u1t,
u1xt
xt−β , u2, . . . , us

[(d(2)) : δ(2)]; . . . ; [(d(s)) : δ(s)];

)
,

where the coefficients ej , fj , ϕ
(s)
j and ξ(s)j are given by

ej =

{
aj (1 ≤ j ≤ A),
bj−A (A < j ≤ A+B),

fj =

{
cj (1 ≤ j ≤ E),

dj−E (E < j ≤ E +D),

ϕ
(r)
j =


θ
(1)
j (1 ≤ j ≤ A; 1 ≤ r ≤ 2),

θ
(r−1)
j (1 ≤ j ≤ A; 2 < r ≤ s+ 1),

φj−A (A < j ≤ A+B; 1 ≤ r ≤ 2),

0 (A < j ≤ A+B; 2 < r ≤ s+ 1),

ξ
(r)
j =


ψ
(1)
j (1 ≤ j ≤ E; 1 ≤ r ≤ 2),

ψ
(r−1)
j (1 ≤ j ≤ E; 2 < r ≤ s+ 1),

δj−E (E < j ≤ E +D; 1 ≤ r ≤ 2),

0 (E < j ≤ E +D; 2 < r ≤ s+ 1).

II. Upon setting

Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)
=

(a)m1+···+ms(b2)m2 . . . (bs)ms
(c1)m1 . . . (cs)ms

and
φ = δ = 0 (that is, φ1 = · · · = φB = δ1 = · · · = δD = 0)

in Theorem 3.1, we obtain the following result.

Corollary 3.3. The following bilateral generating function holds true:
∞∑
n=0

yn(x, α− n, β)F (s)
A [a,−n, b2, . . . , bs; c1, . . . , cs;u1, . . . , us]

tn

n!

=

(
1− xt

β

)1−α
exp(t)F 1:0;1;1;...;1

1:0;0;1;...;1

(
[(a) : 1, . . . , 1] : −; [α− 1 : 1];

[(c1) : ψ
(1), . . . , ψ(s+1)] : −; −;

[b2 : 1]; . . . ; [bs : 1];

−u1t,
u1xt
xt−β , u2, . . . , us

[c2 : 1]; . . . ; [cs : 1];

)
,
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where F (s)
A is a Lauricella function of s and the coefficients ψ(η) are given by

ψ(η) =

{
1 (1 ≤ η ≤ 2),

0 (2 < η ≤ s+ 1).

Remark 3.4. In Corollary 3.3, taking s = 2, we obtain bilateral gener-
ating function for generalized Bessel polynomials and Appell functions.

III. If we put

Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)
=

(a
(1)
1 )m2 . . .(a

(s−1)
1 )ms(a

(1)
2 )m2 . . .(a

(s−1)
2 )ms

(c)m1+ . . .+ms
and B = 1, b1 = b, φ1 = 1 and δ = 0 in Theorem 3.1, we obtain the next
result.

Corollary 3.5. The following bilateral generating function holds true:
∞∑
n=0

yn(x, α−n, β)F (s)
B

[
−n, a(1)1 , . . . , a

(s−1)
1 , b, a

(1)
2 , . . . , a

(s−1)
2 ; c;u1, . . . , us

] tn
n!

=

(
1− xt

β

)1−α
exp(t)F 1:0;1;2;...;2

1:0;0;0;...;0

(
[(b) : θ(1), . . . , θ(s+1)] : −; [α− 1 : 1];

[(c) : 1, . . . , 1] : −; −;

[a(1) : 1]; . . . ; [a(s−1) : 1];

−u1t,
u1xt
xt−β , u2, . . . , us

−; . . . ; −;

)
,

where F (s)
B is a Lauricella function of s and the coefficients θ(η) are given by

θ(η) =

{
1 (1 ≤ η ≤ 2),

0 (2 < η ≤ s+ 1).

Remark 3.6. In Corollary 3.5, putting s = 2, we obtain bilateral gener-
ating function for generalized Bessel polynomials and Appell functions.

IV. By letting

Ω
(
f(m1, . . . ,ms),m2, . . . ,ms

)
=

(a)m1+···+ms(b2)m2 . . . (bs)ms
(c)m1+···+ms

and φ = δ = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.7. The following bilateral generating function holds true:
∞∑
n=0

yn(x, α− n, β)F (s)
D [a,−n, b2, . . . , bs; c;u1, u2, . . . , us]

tn

n!

=

(
1− xt

β

)1−α
exp(t)F

(s+1)
D

[
a, α−1, b2, . . . , bs; c;−u1t,

u1xt

xt− β
, u2, . . . , us

]
,

where F (s)
D is a Lauricella function of s.
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Remark 3.8. In Corollary 3.7, taking s = 2, we get a bilateral generating
function for generalized Bessel polynomials and Appell functions.

4. Miscellaneous properties. In this section we give some properties
of the generalized Bessel polynomials yn(x, α, β).

Theorem 4.1. The generalized Bessel polynomials yn(x, α, β) have the
following integral representation:

yn(x, α− n, β) =
1

Γ (α− 1)

∞�

0

e−uuα−2
(
1 +

x

β
u

)n
du

when Re(α− 1) > 0.

Proof. If we use the identity

a−v =
1

Γ (v)

∞�

0

e−attv−1 dt (Re(v) > 0)

on the left-hand side of (1.2), we have
∞∑
n=0

yn(x, α− n, β)
tn

n!
=

(
1− xt

β

)1−α
exp(t)

=

(
1

Γ (α− 1)

∞�

0

e
−(1−xt

β
)u
uα−1−1 du

)
exp(t)

=
1

Γ (α− 1)

∞�

0

e−uuα−2e
t+xt

β
u
du

=
1

Γ (α− 1)

∞�

0

e−uuα−2e
(1+ x

β
u)t
du

=
1

Γ (α− 1)

∞�

0

e−uuα−2
∞∑
n=0

(
1 + x

βu
)n

n!
tn du.

From the coefficients of tn on both sides, one gets the desired result.

We now discuss some miscellaneous recurrence relations for generalized
Bessel polynomials. By differentiating both sides of (1.2) with respect to x
and using

∞∑
n=0

∞∑
k=0

A(k, n) =
∞∑
n=0

n∑
k=0

A(k, n− k),

we arrive at the following (differential) recurrence relation for generalized
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Bessel polynomials:

y′n(x, α−n, β) =
n−1∑
m=0

(−n)m(1− α)(−x)m

βm+1
yn−m−1(x, α−n+m+1, β), n ≥ 1.

Moreover, by differentiating each side of (1.2) with respect to t, we have
another recurrence relation for these polynomials:

yn+1(x, α− n− 1, β) = yn(x, α− n, β)

+

n∑
m=0

(−1)m(−n)m
(α− 1)xm+1

βm+1
yn−m(x, α− n+m,β).
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