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On an almost-prime sieve
by

Hieu T. NGo (Ho Chi Minh City)

1. Introduction. Understanding the distribution of primes is an im-
portant topic in analytic number theory. No less interesting are the wider
questions concerning the distribution of numbers with more general multi-
plicative properties, such as positive integers whose number of prime factors
satisfies certain conditions. These questions have a history of more than
a hundred years, dating back at least to Landau’s classic [8] and studied
extensively by Hardy and Ramanujan [4], Sathe [13], Selberg [14], and con-
temporary researchers (see for instance [12], 6], [17]).

The distribution of positive integers with a prescribed number of prime
factors has been studied by a wide variety of analytic methods, most of
which employed a variant of the Selberg—Delange method [14] 1], 2]. To our
best knowledge, the only works which used sieve methods to effectuate good
estimates for this distribution were by Hensley [5] and Graham [3]. In Hens-
ley’s work [5], an iterative method, a combinatorial sieve, and a variant of
Selberg’s sieve were devised to study integers with a prescribed number of
prime factors. However, the scope of Hensley’s results established by these
methods was rather limited, since he did not try to push these ideas to their
limits. For instance, the variant of Selberg’s sieve used in [5] only showed an
upper bound for the number of integers with at most one ‘small’ prime fac-
tor. Hensley [5 p. 258| indicated that his computation “appears to be quite
complex” and perhaps for this reason his method was written down only for
the case of numbers with at most one ‘small’ prime factor.

In this paper, we propose to use another variant of Selberg’s sieve to es-
tablish a more general result for the number of positive integers with a pre-
scribed number of prime factors. Two main technical innovations are present
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in this paper. Firstly, we incorporate Fourier-analytic techniques in order
to study AZ-sieve more effectively. The idea of applying Fourier analysis
to sieve questions was used in the Polymath project [11] to strengthen the
breakthrough results of Zhang [I8] and Maynard [9] on bounded gaps be-
tween primes. An abstract formulation of this method can be found in [16].
Here we provide a new context to which a variant of Selberg’s sieve with
Fourier-analytic approach can be applied. Secondly, we employ a genuine
variation of the Selberg—Delange method to study functions which analyt-
ically resemble complex powers of the Riemann zeta function. The crux of
our method is estimating a certain Dirichlet series and its derivatives. The
analysis of this Dirichlet series, which can be found in Sections [3.2] and [3.3]
is based on the fact that it is analytically close to products of complex pow-
ers of the Riemann zeta function; this resemblance can be considered as the
starting point and a main ‘workhorse’ in this paper and in other works which
use the Selberg-Delange method. These ideas allow us to generalize the main
result of [5].

We now describe the main result of this paper. For every integer n, let
w(n) =3, 1 be the number of prime factors of n. Let A/ denote the set of
integers in the interval [IV,2N]. Throughout this paper, let 0 < ¢y < 1/10
be a fixed constant and let N© < R < N be a parameter to be chosen. Put

wr(n) = max{w(ged(n,d)) : d < R}.
We seek a good estimate for the quantity
TrREN) ={n e N :wr(n) < k}|.

A trivial lower bound for 7g 5 (N) is the number of integers in N with
at most k prime factors, which by a theorem of Landau [§] equals

N (loglog N )+~1
1)).
(k—1)!log N (1+o(1))
One might guess that 7g;(N) is asymptotically close to the number of

integers in A/ with at most k+ 1 prime factors. In fact, Hensley [5, Theorem
5.2] proved that

Nloglog N 9 4 N
<—=——""—+0| R(logR — .
1) < log R + < (log )" + log N
We are not aware of any other work in which the quantity 7g x(N) is studied.
Our main result provides an upper bound for 7 ;(N).

THEOREM 1.1. Let 0 < €9 < 1/10 be a fized constant and k be a non-
negative integer. For every € > 0 and every N < R < N,
N(loglog N)*
(k!)?log R

TrREN) < (1+¢€)

k-1
+0 <R2(log w2k 4 Nlloglog ) ) .

log N
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REMARK 1.2. (i) For k = 1, we recover Hensley’s theorem with a slightly
larger constant in the main term, namely 1+ o(1) instead of 1, and with a
slightly better error term.

(ii) In Theorem the error term is smaller than the main term when
. N1/2(loglog N)k/2
R= 0( (log N)* )

An outline of the proof of Theorem|[I.1]is as follows. In Section 2] a certain
generalized M&bius function is defined to set up the Selberg sieve. We then
analyze the main term of the sieve in Section [3] using Fourier analysis to
transform the problem into the study of a certain Dirichlet series, which we
then analyze, in particular near its singular points. In Section [d] we solve an
optimization problem arising from the sieve analysis. Finally, in Section
we gather the estimates obtained to prove Theorem

2. Setting up the sieve. We define the arithmetic function py(n) for
k > 0 by the Dirichlet series identity

- p(n) 1 v L
n=1 e C(S) w(n)<k n

We have (see [5 p. 250])

(2.1) ) = (-0 (<) 7).

In particular, ug(1) =1, and pg(n) # 0 if and only if n =1 or w(n) > k+ 1.
Let F' be a smooth, compactly supported function with supp F' C (—o0, 1]
and F'(0) = 1. Define the sieve weight

(2.2) An(d) = md)F( logd).

log R
ProproOSITION 2.1. If K> 0 and N < R < N, then
—  Ax(d)Ai(d2)

TrE(N) < N Z . o] + O(R?*(log N)?F).
dy,d2 ’

Proof. 1t is apparent from ) that 3, Ae(d) =1 whenever wg(n) <k.

Hence
rraM) < 3 (@)

neN dln
On expanding the right hand side, we find that

o0

TrpN) < NS A’“‘;lhil’;@ ((ZW ))

di,d2=1
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It is clear that |\, (d)| < |px(d)| < w(d)*, whence the error term is

O(R?> max{w(d)®* : 1 < d < R}).
Recall the classical Hardy-Ramanujan inequality [4] which asserts that for
every e > 0, we have w(n) < (14€)=22"_ for all n >, 1. Therefore w(d)?* <

loglogn
(log N)?¥ for every 1 < d < R. Hence the error term is O(R?(log N)?*). u

3. Sieve analysis

3.1. Fourier transform. Let f(z1) be the Fourier transform of F'(x)e”,
namely

o0
(3.1) F(z)e” = | fz1)e ™ day.

—00
Since F'(-) is smooth and compactly supported, f(-) is smooth and rapidly
decaying, that is for any A > 0 one has |f(z1)| < 1/(1+ |z1])? as 1 — oc.

It follows from ) and . ) that
—  Ak(d1) M (d2)

(3.2) L= g _

di da=1 [dla dQ]

o0 o0 . .

1+ 1T 1+ 1T
— A dz1 d
S S @) () O( logR ’ logR ) 16

—00 —O0

where for Re(w;), Re(wz) > 0 we define

(3.3) Zo(wi,wz) = Z [n/;ké;l)/‘;;?ij?

ni,no=1

3.2. The Dirichlet series U and its derivatives. For wi,ws, 21, 22
€ C with Re(w1), Re(ws) > 0 define

e*l e?2 z1t+22
(3'4) U<w1’w2;zl’z2) - H 1- p1+w1 o p1+w2 - p1+w1+w2
p
LS s et
el n17n2} . n?lul n'lZUQ )

)ez1+22

(3.5) V(wy,ws;z21,22) =C(1+ wl)_ez1 ¢(1+4 w2)—622 C(1 4+ wy + we
Set
(3.6) [7(11)1,202; 21, 22) = U(wl, wo; 21, 22) . Vﬁl(wl,wg; 21, ZQ).

We claim that U (w1, ws; 21, 22) extends to a holomorphic function for
wy,we, 21,22 € C with Re(w;), Re(ws), Re(wy + we) > —1/2. In fact, it
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follows from (3.4) that U =[], U, where

e*1 e?2 el +z2

Up = Up(wl’wQ; 1 ZQ) =1- p1+w1 B p1+w2 + p1+w1+w2;

whereas from (3.5 we deduce that V! = IL, V}J_l where

. . e?l o2 g1tz
V=V, (wr, w2521, 22) = 1+ e + Jiws ~ pitwits

o 1 1 1
+ p2+2Re(w1) + p2+2Re(w2) + p2+2Re(w1+w2) ’
Therefore U = I, ﬁp where

~ ~ 1 1 1
Up = Up(wr, w; 21, 22) = 1+O<p2+2Re(w1) +p2+2Re(w2) +p2+2Re(w1+w2)>'

When wy, we, 21,20 € C satisfy Re(wy), Re(ws), Re(wy + wa) > —1/2, we
have

1 1 1
; <p2+2 Re(w1) + p2+2 Re(wsa) + p2+2 Re(w1+w2)> < 09;
hence U (w1, we; 21, z2) extends to a holomorphic function there.
The function Zy(wy,wy) given by (3.3)) is a linear combination of func-
tions of the type

dh
(3.7) Zi gy (Wi, w2) = ———1  U(wi, w2; 21, 22)

dz" dzy 2;8

o0 I Iy
S p(n1)w(n1)" p(ng)w(ng)

ny,nz=1 [nl’nz] ' nzlm n;@

More precisely, by (2.1), (3.3), and (3.7)),
k
(38) Z()(U)l,’UJQ): Z Cll,lzzll,lz(wlan)
I1,l2=0

where ¢, 1, are constants with ¢, = 1/(k!)%. The goal of this section is to
give a good estimate for Zj, ;, (w1, w2) when Re(w:) and Re(ws) are positive
and small.

LEMMA 3.1.

(a) Let w,z € C with Re(w) > 0, and set V(w,z) = ¢(1 + w)~¢. Put
L = log((1 + w). For every positive integer 1, there is a polynomial
P(X) of degree l such that

l

d
@V(w,z) =V(w,z) - P(e*L).

Moreover, the leading coefficient of P(X) is (—1)L.
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(b) Let wy,ws, 21,22 € C with Re(w;), Re(wz) > 0. Put L1 =log((1 4 w),
Ly =log ((14+w3), and Lz = log ((1+w+w2). For every pair (11,12) of
nonnegative integers, there is a polynomial Q(X,Y, Z) of total weighted
degree 11 + lo, in which deg X =degY =1 and deg Z = 2, such that
d d
2t dz

= V(wy,we; 21, 22) - Q(ezlJrZQLg — "L, e T2 [a — e®2 Ly, ezlJrzng).

Moreover, the coefficient of Z™»(l2) in Q(X,Y, Z) is 1.

V(wr, wo; 21, 22)

REMARK 3.2. In (b), we can write
min(l1,l2)

Q(X,Y,Z) = Z Z" Py~ (X)Rip—(Y)

where P;(X) and R;(Y) are polynomlals of degrees ¢ and j respectively.
Furthermore, Ppax(0,1,—1,)(X) = 1 and Rpax(0,5—1,)(Y) = 1.

Proof of Lemma 3.1. To show (a), we write V(w, z) = exp(—e*L), and
S0

diZV(w,z) =V(w,z) - (—€°L).
Part (a) then follows by induction.

For (b), we rewrite (3.5) as
V (w1, wa; 21, 22) = exp(—e™ L1 — €2 Ly + e” 72 Lg).

Hence
dVv dVv
R . z1t+z2 _ LR X 21422 )
e V. (e L3 —e*'Ly), d22 =V . (e L3 — e* Ly),
d d
V=V (€272 Ly — e® L) (e 72 Ly — €™ Ly) + €172 Lg).
zZ1 Az

Part (b) then follows by induction. m
LEMMA 3.3.

(a) Let w,z € C be such that w = w' + iw” with 0 < w' < 1, and set
V(w,2) =¢(1+w)"¢. Then
dl
i V(w,z) < w1t (—logw’).
2 =0
et wi,wse, 21,22 € e such that w1 = w; + w7 and we = wsy + 1w
b) L C be such th ! 4w and "
with wi, wh, wy + wh € (0,1). Then
d d
dzh @

(max{ log u}, — log w}})s+12

V(w 121, 2
(w1, wo; 21, 22) K4y 1y wiwh(w] + wh)

z1=0
220=0
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Proof. We first show (a). Put L = log((1 + w). By Lemma [3.1](a),

d'v

= crw)te)

z=0

where P(X) is a polynomial of degree I. The hypothesis 0 < w’ < 1 implies
that |C(1 +w)|[*! < w'~! and L < —logw’. This shows (a).

For (b), we proceed similarly. Let L1, Ly and L3 be as in Lemma [3.1|(b).
By that lemma there is a polynomial Q(X,Y, Z) of total weighted degree
l1 + Iy (with deg X = degY =1 and deg Z = 2) such that

d db _ _
T T |y = S w) TG w) T (U wn+w) Q(Ls—La, Ly =Ly, La).

The assumptions w}, wh, w} + w} € (0,1) imply that
IC(1+w)|F < wll_l, IC(1+ws) | < w'2_1, IC(1+wy +wo)|F! < (wh+wh) 7L,
and
Ly < —logw), L < —logwh, L3< —log(w]+ wj).
Part (b) follows. m
LEMMA 3.4. Let wi,we,z1,22 € C be such that wy = wj + w! and

wy = wh + iwh with wi, wh, w| + wh > —1/2+ 6 for some § > 0. For every
pair (1,12) of nonnegative integers, we have

dl1 dlg .
g g s U(’(Ul,wg;zl,zg) = 01171275(1),
dzy dzs? |21=0
1 2 z2=0
Proof. Put w3 = wy + wy and 23 = 21 + 29. For j € {17273} define
Ipj = Ip(wj, zj) = ezf(log(l —ptrwnTl pflfwj).
Let

ezl €Z2

e \ 1 el e*? e*
Jp = 10g<1 - pltwr - pltw: + p1+w3> - <p1+w1 + pltw? o p1+w3)'

By (3.6)), we have U = exp(_, Ep) where Ep =l + 10— 1Ip3— Jp.
To prove the lemma, it suffices to show that

v d>

15 lo
> dz" dzy

. OLp(w1,w2;21,Z2) =0y, 1,6(1).
=
20=0

(3.9)
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On the one hand, it is clear that
dh dlz {Ip,17 lo =0,
pl =

dz d 0, lo >0,
dh dl2 Ip2, 11 =0,
a0, >0,
dh dl2

= Ip,37

— 1,3
L 5 pip
dzi' dzs

and when z1 = 29 = 0, we have I, ; = O5(p~1=2%). Therefore

dh d" 1-26
(3.10) (Ipg + Ip2 — Ips) = Os(p™ ™).
ll l2 b, b,
dz{" dz a= 0
On the other hand,
e?1 23 e?1 e?2 e?3
d J (pl+w1 — pitus ) (p1+w1 + pltws p1+w3)
p = e?1 e?2 e?3 ’
le 1 - pl+w1 - p1+uQ _% p1+ug
22 Z3 e”1 e?2 e?3
d J . (pl+w2 - p1+w3 ) (pl+w1 + p1+’w2 - p1+w3)
p e?l e?2 e*3 )
(ZZQ 1 - p144u1 - p1+ﬂﬂ2 _% plﬁwa
el e*3 e*2 e*3
d d . (p1+w1 - p1+w3 ) (p1+w2 - p1+w3 )
dz dZ p— et e %3 2
1 2 (1 p1+w1 p1+w2 +_p1+w3)
e*3 e?l e*2 e*3
p1+4ﬂ3 (p1+4u1 _% p1+ﬂﬂ2 - p14—w3 )

z7 e?2 e?3
1 p1+w1 p1+w2 + p1+w3

It then follows by induction that
d d

= Opps(p™'7%).
dzil dzlg z; 8 1,02, ( )

Combining (3.10) and ( - 3.11)) yields (3.9

We are in a position to prove the main estimate of this section.

(3.11)

PROPOSITION 3.5. Let wi,we, 21,22 € C be such that wy = w} +iwf and
wo = wh + 1wy with wi, w), wi +wy € (0,1). Then
L1+l
max{— log w}, — logw}}
21y (Wi, w2) <Ky 0y ( : )

Proof. By (13.6)) and ( -, we have

v dlz .
R Zl:O(U(wl,wzm,zQ)~V(w1,wz;Z1,zz))-
z9=0

Applying Lemmas m(b and we deduce the proposition. =

wiwy(wy + wj)

le,lz (UJl, ’UJQ)
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3.3. The integral £. In this section we analyze the integral £ given by
(3.2). Define
T T L4z 1+idxg

(3.12) Liygy = S S f($1)f($2)211,12( logR ' logR )dxl dzs,

—00 —00

1+ 14120
(313) Lige= || f(:cl)f(:cz)zh,zz( ek’ Tog R )dxl da».
|z1|<(log N)¢
|z2|<(log N)©

By (53) and &3,

k
L= E : 011712511712'

l1,l2=0
LEMMA 3.6. For every e > 0 and every W > 1,
L1113, = Liy e + O ((log N) ™).

As a consequence,

k
(3.14) L= Z €112 L1y loze + Ocw ((log N)iw)
l1,12=0
Proof. Consider the integral (3.12). By Proposition for every € > 0,
1+dix; 14129 3¢’
log N)>™€.
llh( logR ~ logR > < (log N)
Since f(-) is a smooth and rapidly decaying, the integral (3.12) can
be restricted to the region |z1|,|re| < (logN)¢ up to an error term
Ocw ((log N)™"). =
LEMMA 3.7. If |x| < (log R)/4, then
143
10g§<1 + 10;;;) = loglog N — log(1 +ix) + O(1).

Proof. Recall a classical estimate: if |w| < 1/2, then ¢'/{(1 + w) =
—1/w + O(1) (see for instance [10, Theorem 6.7]). Therefore

1+4ix

1+ iz 1 PER o
log(<1+ >—10g§<1+ >: =1+ w)dw
log R log R § C( )
log R
i ¢ logR , .
logRgl—l—i:v’dx +0(1) og(1 +iz) + O(1)

0
Furthermore, it is plain that logC(l + @) =loglog N + O(1). =

The following lemma plays an important role in extracting the main term
from the right hand side of (3.14)).
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LEMMA 3.8. Let f : R — R be a smooth and rapidly decaying function.

(a) For any V,W >0,

| 1f @) - 1 +ia]” - og(1 +iz)|" dz < oo.

— 00

(b) For any Vi, Vo, V3, W > 0,

o0 o0 . .

1 Vill Va
D 1)) - L i)
oo |2 + ixq + ixo|V3

- (log(4 + 2% + 23))V day dag < 0.

Proof. Part (a) is clear on noting that f(x) decays faster than any poly-
nomial of z. For (b), we note that log(4 + 23 + 23) < |log(1 + iz1)]| -
llog(1 + ixzo)| and |2 + iz + iz2|~"® < 1. The conclusion is now an im-
mediate consequence of Fubini’s theorem and part (a). =

LEMMA 3.9. Let wy,we,z1,20 € C be such that wy = w) + ! and
wy = wh + iwl with wi,wh,w] +why > —=1/2 4+ § for some 6 > 0, and
|wy], |we| < 1/2. Then

d =~ d
TMUQULU}Z,O,O) - 05(1)7 TUQU(U)]_,U)Q,O,O) - 05(1)

Proof. The proof is similar to that of Lemma . Put Up(wy,wy) =
U(wi,w2;0,0). By symmetry, we just need to prove that

d ~
mUo(wl,MQ) = 05(1)

Put ws = wy + wy, for j € {1,2,3} define
Ipj = Ip(wj) = log(1 — p~'7"7) ™ — p~17%s,

and let

P 1 1\ 1 1 1
p = 108 o p1+w1 o p1+w2 + p1+w3 o p1+w1 + p1+w2 o p1+w3 :

By (3.6), we have Uy = exp(_, E,,) where E,, =Ip1+1Ipo— I3 — Jp.
It suffices to show that

(3.15) > dilip(wl,wg) = 05(1).
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On the one hand, it is clear that

<1 p1l-wn )p_l‘““ logp = Os(p"""),
I =0
d )
L= = w3>p_1‘w3 logp = Os(p~"7%).
Therefore
d -
(3.16) oy U+ Iz = Ig) = Os(p™" "),
On the other hand,
d 1
—Jpy=1- (p~' 7 —p7 ') log p.
dwl ( 1— pl'&wl - pl‘&w2 + pliwg ) )
It follows that
d -
(3.17) ——J, = 0s(p~"77).

dw1
Combining (3.16]) and (3.17) gives (3.15)). m

The following lemma provides an asymptotic for U (w1, ws;0,0) when wy
and wg are near 1.
LEMMA 3.10. If |z1],|z2| < (log N)¢, then
~ (14121 14129
logR ’ logR

Proof. Put ﬁo(wl, wy) = ﬁ(wl,wg; 0,0). We first note that (70(0, 0) =1,
whence

ﬁ0<1+i$1 1+’il’2> 1

0, 0> =1+ O((logN)“™1).

logR ’ logR
= 1+2x1 1+1ixo ~ (1411, 1+ 421 ~
_U0< logR ’ logR ) UO( log R ’0> +UO< logR ’ 0) U0(0,0)
1+izy 1tizy
log R d log R

[70(11)1, 0) dw’l.

~ 1+ il‘l ’ d
§) dwsg — O( logR’ w2> wy F S dw1

On applying Lemma [3.9] we find that

d ~ (1473 d
U0<Jr m,wg) <1, =
wa=w) log R dwn

Hence the lemma follows. m

wi=w}

Up(w1,0) < 1.

wi=w]

dWQ

We now estimate the derivatives of V (wq, ws; 21, 22) when w;y and wy are
near 1.
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LEMMA 3.11. Suppose that |z1], |z2| < (log N)*.

(a) If (I1,12) is a pair of nonnegative integers, then

dr d vl 14z
2l dzl2 =0 \ logR ~ logR "7
20=0
(loglog N)™in(t2) (1 4 iz ) (1 4 imy)| 2 2L+
. -1 4 1+2.

(b) Ifl is a nonnegative integer, then

dizidizé log R 24111 + 129

d d 1+izy 14z (loglog N)! (1 + izy)(1 + iz2)
) 321,22 | —

21=0 logR * logR
zZ9=

(loglog N)"™" (1 +dw1) (1 + ixs)|
log N |(2 +ixy + ix2)|

Proof. We first prove (a). From Lemma [3.1[(b), we deduce that

dflldil2 V<1+i$1 1+ix2'2:1 Z2>
dz{ 2 [=0" \ log R " log R "™
:V<1+i$1, 1+’L'J}2;070>
logR * logR
_ Q<10g CCHoi) |, e | <<2 + iz +m)>'
C(Toe) C(Tos?) log R

By definition (3.5)), the V' term equals

- [log(4 + af + 23) L.

C(Her™) o L 0 tim)( t i)
C(Ter)C(igr)  logN |2+ iz + iy

whereas Remark [3.2) and Lemma [3.7] imply that the @ term is
< (loglog N)™"052) - (log(4 + af +3))1 2.
Part (a) follows.
For (b), we proceed similarly. Lemma [3.1(b) yields

dd? Ltz 1+ia
ST s 9 321, %
dzt dzéz 228 logR ’ log R b2
_ v 1412 1+’L'1‘2‘00
N logR " logR '’
o ot imn i . .
'Q<log€h(2+i§égx2) logc( +i§;}rzm) logg‘<2+m1+m2>>
T , T , 7).
C( longl) C( 105%) IOgR
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On the one hand, by definition (3.5 the V' term equals

2+izy+i . .
C( +i§g1EHQ) (1 +iz1)(1 +dx2)

C(ﬁg?)dﬁg%) N logR - (2+ixy + ix2)

On the other hand, Remark[3.2]and Lemma[3.7]imply that the @ term equals

log ¢ 24121 + ixo !
& log R

(1 + O((log N)g_l))

. O(log (M k™) Ogé(i“ié’f;?”) 'log <(2+z’ﬂ:1+iw2>‘l_1>
1+i ’ 1+i
C( logw}?) C( logmﬂg) logR

= (loglog N)! + O((loglog N)tlog(4 + 22 + x%))gl_l).
By multiplying the V' term and the @ term, we deduce (b). =

We can now estimate Z;, ;, (w1, w2) for wy and wy near 1.

PROPOSITION 3.12. Suppose that |x1|, |x2] < (log N)€.

(a) If (I,12) is a pair of nonnegative integers, then

1+12x1 1411z
le,lz < >

logR ’ logR
(log log N)min(lhl?) |(1 + iz1) (1 + iz2)] 2 2\l
. . 1 4 1 2.
pUEE log N (2 + iz + i2)| (log(4+z7+73))

(b) If 1 is a nonnegative integer, then

<1 +iry 14+ m) (loglog N)! (1 +dz1)(1 + ixo)
1l -

logR ~ logR log R 2 + iz + ixo
(loglog N)"™" (1 + iz1)(1 + ixa)| 9, 2\3l-1
! log N [(2 4 iz1 + iz2)] [log( 1+ 2)]

Proof. 1t follows from (3.6) and (3.7)) that

7 1+2x1 14129
W\ og R logR

dh d» o L+in 1+ iz v Ltz 1+ia
= —— 121,29 | - 21,22 |-
dzb dzk j;g logR ' logR V"7 logR ' logR V"7

Part (a) follows from Lemmas|3.4{and [3.11{(a). Part (b) follows from Lemmas
B4} B.10 and BI1(b). =

COROLLARY 3.13. For every € > 0,
(log 10g N)min(ll,lz)

log N ’

Proof. This is an immediate consequence of (3.13]), Lemma and

Proposition [3.12] =

Ll 1yse e




354 H. T. Ngo

We now derive an asymptotic for the integral L.

PROPOSITION 3.14. We have

_ (loglog )" 7 (1 + i) (1 + o)
= W _5}0 _SOO f(l'l)f($2) (2 iz, + 11_2) dxy das
(loglog N)*—1
+ O(logN)'

Proof. Combining (|3.14]) and the first statement in the cases [1 +1s < 2k,
recalling that ¢y = 1/(k!)?, we deduce that

1 (loglog N)*—1
3.18 L=———Liie+ O ———"——).
( ) (k')2 k,k; + ( lOgN
Now consider
14221 14529
e = Z )
Liwe= f%ﬁw)m<MR,mR>mﬂm

|z1|<(log N)*
|z2|<(log N)¢

It follows from Proposition (b) and Lemma [3.§] that
(loglog N)* “ (1 +iz1)(1 4 dxg)

L ke = f(x1) f(x2) . . dzy dzo
10g R |z1]|<(log N)€ (2 T ”:2)
|z2|<(log N)©
(loglog N )*—1
* Oe( log N '
Since f(z) is smooth and rapidly decaying, we have
(loglog N)k T T (14 ix1) (1 + izo)
319) Lipe=—7" - : dzid
( ) k,k; log R L iof(fﬁl)f(ﬂﬁz) (2 + iz1 + iT2) 1 Ax2
(loglog N )*—1
* OG( log N '

Combining (3.18]) and (3.19)), we conclude the proof. =

4. Optimization. The goal of this section is to establish the following
optimization result.

PROPOSITION 4.1. For every € > 0, there is a smooth, compactly sup-
ported function F': R — R which satisfies the following conditions:
(i) supp F' C [—¢,1];
(ii) F(0) =1;
(ifi) §o°(F'(2))?dz < 1 +e.
REMARK 4.2. (i) Consider a smooth, compactly supported function f :
R — R with supp f C (—o0, 1] and f(0) = 1. Then Sg_oo f'(x)dx =1, and so
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by the Cauchy—Schwarz inequality we have S+°O f'(z)?dx > 1. Thus Propo-
sition @prowdes an essentially optimal solution for the problem of mini-
mizing | 2dx subject to the Condltlons that f : R — R is smooth,
with compact support in (—o0, 1], and f(0) =

(ii) This optimization proposition was stated in [I5] without proof. In
this section we will give both the constructions and the necessary estimates.

We introduce some notations. For an interval I, write y; for the charac-
teristic function of I, namely xr(z) = 1if 2 € [ and xs(x) =0if z ¢ [. If
6 > 0, put v_g = X|_s,0]/9. For ¢ > 0, let C' denote the space of functions
f : R — C which are ¢ times differentiable with f(9 continuous. Let C'*
denote the space of infinitely differentiable functions f : R — C.

We need some preliminary lemmas.

LEMMA 4.3. Let pg : R — C be a continuous function. If & > 0 and
p1 = po * v_g, then py € C' and

1
Pi(z) = 5(po(w +6) = po())-
Proof. This lemma is standard; see for instance [7, Section 1.3, p. 19]. =

LEMMA 4.4. Let f : R — C be a continuous, compactly supported func-

tion, let § > 0 and suppose that ¢5 is a smooth function with supp ¢s5 C
(=0,9) and ¢5 > 0, {5 ps = 1. Then for every x € R,

[f (@) = f* ¢s(x)] < sup [f(x) = flz—7)|.

Ir|<6

Proof. By definition,

0
£() = £ e ds(@)] = | § (@) = Fla = 1)s(r) dr]

4
< sup |f(z) = fl@—r)| | |os(r)] dr.

|r|<é s
The lemma follows on noting that S slos(r)[dr=1. =

Proof of Proposition . Let € > 0. Let 1/2 > 01 > 92 >3 > >0
be (small) positive parameters to be determined. We proceed in four steps.
First, we construct a compactly supported function fy € C° with fo(0) =1
and S fi(z)? dz =~ 1. Second, we construct a compactly supported function
fi € CY with f1(0) = 1 and {;° f{(z)?dz ~ 1. Next, we mollify fi to
obtain a smooth, compactly supported function Fs with F35(0) ~ 1 and
Sgo Fl{(z)>dx ~ 1. Finally, we rescale Fj to obtain a smooth, compactly
supported function F with F(0) =1 and {° F'(z)? dz ~ 1.
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STEP 1. We construct a function fo € C° satisfying fo(0) = 1 and
§o” fo(x)*dz ~ 1 as follows. Define

o) = (1= 755 Joa-s@) + (14 5 Jxi-sofa)

Heuristically, fo(x) & x(o,1)(z)(1 — z). By construction, we have

+o0
(41) fO € 007 supp fO C [7527 1- 61}3 fO(O) = 15 S f6($)2d$
0
STEP 2. We transform (via convolution) fo to an f; € C* with f1(0) ~ 1
and S+°° fi(z)?dx ~ 1. More precisely, we will construct a compactly sup-
ported function f; € C! which satisfies the following conditions:

1
1=

(4.2) fieCh, supp fi C [~62 — d3,1 — d1],
(4.3) | f1(0) — 1] < 63/62,
+oo
(4.4) ] | fi(e)?da - 1] < 1+ 6.
0
Define
f1 = fo*v_s,.

By (4.1), it is plain that supp fi C [~d2 — 03,1 — d1].
Applying Lemma we deduce that f; € C! and we can compute its
derivative. We have

_%(1_1_%1) if1—6;—d3<a<1-4d,
15 if0<z<1-061— 03,
%(6& x,&f) if —d3<z<0.

(45)  file) =

In particular,
(4.6) [fi(z)] < 1/03 (|| < d3).
We now prove (4.3)). By Lemma and the definition of fy, we have
f1(0) = 1[ = [f1(0) = fo(0 )I < sup |fo(0) — fo(r)| < d3/0o.

|r|<d3
This shows (4.3)).
We next prove (4.4)). It follows from (4.5)) that
+oo
1—6—9 0
o2 1—03 3
dz = .
| i = T g
Hence (4.4]) follows.

STEP 3. In this smoothing step, we make use of a smooth, compactly
supported function ¢5 with supp ¢s C (—0,0) and ¢5 > 0, {5 = 1. We
mollify f to a smooth, compactly supported function Fs with F5(0) ~ 1 and
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SS' > Fi(z)*dz ~ 1. More precisely, we will construct a smooth, compactly
supported function Fjs which satisfies the following conditions:

(4.7) Fse€C™, suppF5 C[—6— 02— 03,1 — (01 —0)],
(4.8) F5(0) — 1| < 83/82 + 6/6,
+oo
(4.9) ‘ | Fi@)?de - 1‘ < 81+ 05+ 8/62.
0
Define
Fs = f1* ¢s.

It is clear that supp F5 C [—0 — 62 — d3,1 — (61 — §)] and F5 € C.
We now show . We apply Lemma and , noting 0 < § < J3,
to infer that
£1(0) = F5(0)] < sup [f1(0) = fu(r)| <0 sup |fi(r)| < 6/ds.
|r|<é Ir|<d,7#0
Combining this estimate and , we deduce .
We next show by estimating

+oo +oo
E = S Fi(z)*dx — S fi(z)? dz
0 0
1-61+46 1-61+6
= S Fi(z)?dx — S fi(z)? de.
0 0

It is evident that

(4.10)  [F3(2)* = fi(2)?] < 2fi(2)(F3(z) — fi(2))] + (F3(x) — fi(x))*.
Since F5 = f1 x ¢5 and fi € C', we have F} = f] x ¢5. By applying Lemma
4.4 we infer that

(4.11) |F5(2) = fi(z)] < sup |fi(x) — fi(z —1)].

|r|<d
We partition the integral range of F as follows:
0,1 =61 +0]=1[0,0]U[6,1 =01 —d3 —O]U[l —d; —I3 — 6,1 — 01 + 9]
On I = {0 <z < 4}, we have, by and ,
Fi(x) — fi(2)] < 1/,
Hence, by ,

(412) | §E? = (2| < ISR = DI+ [ (5 = 1)? < 8/93,
I I I

Onl={6 <x<1-6—083—0}, by and ([4.5)) we have Fj(z) = fi(x).

Hence

(4.13) V(F)? =2

I Ip)
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Onl3={1-01—03—d<x<1-08 +I} we have, by (4.11) and (4.5),
|F5(z) — fi(z)] < 1/03.
Hence, by ‘ )

@14y [ §E? - 0| < VIAE = )l + [ (F = 1)? < 6/83.
I3 I3 I3
We gather the estimates (4.12)—(4.14]) to deduce that
+oo +o0

V@2 - | <o
0 0

This bound, together with (4.4]), yields (4.9)).

STEP 4. In this rescaling step, we first recall that e > 0 is given and
0 <0 <3 <y <8 < 1/2 are to be determined. We will make these
parameters sufficiently small compared to each other, for instance set d3 =
62,0 = 63 = S and then make d1, 52 sufficiently small compared to € > 0. An
easy rescaling of Fjy, using 7, yields a smooth function F': R — R
such that supp F' C [—¢,1], F(0) = 1, and |Sar°° F'(r)?>dz — 1| < e. This
completes the proof of the proposition. =

5. Proof of the main theorem. We now deduce an estimate for
TRkWN).

COROLLARY 5.1. If k>0 and N < R < N, then
N(loglog N)k T T (1 +dx1)(1 + ix2)
(K)2log R _Soo _SOO Je@)f @) g i)

N (loglog N )+—1
log N ’

Proof. This is a consequence of Propositions 2.1 and 3.14] =
Proof of Theorem[1.1 By [16, Lemma 3.5|, we deduce that

T T (1 4 iz1) (1 + izy)
R RLREE sy

—00 —00

Therefore, by Corollary [5.1]

N(loglog N)*
< Voo )
mriN) < (k)2log R

TrE(N) <

d.’El de

+0 (Rz(log N)%* 4

dzydzy = S (F'(z))* da.
0

S F'(z)? dx
0

k—1
+ O<R2(log vy 4 Nlloslog V) >

log N
By Proposition [4.1] for every € > 0 we have

N(loglog N)*k
TrE(N) < (1—4—6)%

k—1
+ O<R2(log w2k 4 V(loglog N) > .

log N
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