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Values at non-positive integers of generalized Euler—Zagier
multiple zeta-functions

by

Driss EssoUABRI (Lyon) and Konst MaTsumoTo (Nagoya)

1. Introduction and the statement of the main result. Let v =
(Y1s---ym) € C* and b = (by,...,b,) € C" be such that R(v;) > 0 and
R(bj) > —R(p) forall j=1,...,n.

The generalized Euler—Zagier multiple zeta-function is defined formally
for n-tuples of complex variables s = (s1,...,s,) by

1
1 Cn S,’Y,b = - )
(1) (s b) mZ TG+ 75,7

ma,...,Mn>0

Ifby=0,bj=j5—1forall j=2,...,nand v; =1forall j =1,...,n, then
Cn(s;7;b) coincides with the classical Euler—Zagier multiple zeta-function

(see [19] and [10])
1

1<mi<---<mp
The generalized Euler—Zagier multiple zeta-function (,(s;~;b) converges ab-
solutely in the domain
(2)
Dy :={s=(s1,...,50) € C" | R(sj+-+s,) >n+l—jforall j=1,...,n}
(see [12]), and has a meromorphic continuation to C", whose poles are located
in the union of the hyperplanes

si+tsp=Mn+1-37)—k (1<j<n, k..., k€ Np),

where Ny denotes the set of all non-negative integers. Moreover, it is known
that for n > 2, almost all n-tuples of non-positive integers lie on the singular
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locus above and are points of discontinuity (see [I], [4], [5], [11], [I3]). The
evaluation of (limit) values of multiple zeta-functions at those points was
first considered by S. Akiyama, S. Egami and Y. Tanigawa [I], and then
studied further in [2], [16], [17], [11], [I5], and [14].

In [11], Y. Komori proved that for N = (Ny,...,N,) € Nj and 0 =
(01,...,0,) € C" such that 6; +---+ 6, #0 for all j =1,...,n, the limit
(3) ¢n(=N;y;b) := lim G (~N + 60 v; b)
exists, and expressed it in terms of N, 8 and generalized multiple Bernoulli
numbers defined implicitly as coefficients of some multiple series.

Our main result (i.e. Theorem gives a closed explicit formula for

Cg(—N;'y; b) in terms of N, @ and the classical Bernoulli numbers By
(k € Ny) defined by

T >k
(4) et —1 :kZ:OBkk!'

Before giving our result let us introduce a few notations:

e For x = (x1,...,x,) € C", we write |x| =z + - + xp.
e For x = (z1,...,2,) € C" and k = (k1,..., k) € N, we write

_ - k; X\ _ (i )
I (-1
=1 =1
e For N = (Ny,...,N,) € N and o = (a1, ..., a,) € Njj, we define

(5) K(N,a)::{je{l,...,n}‘(n+1—j)+ZN¢:Zai},
i=j i=j
(6) L(N,a):={j€{l,...,n} | a; > N; +1}.
e For N=(Ny,...,N,) € Nj and I C {1,...,n}, we define
(7) JI,N):={aeNj | K(N,a) =TI and |[L(N, )| = |I|}.
REMARK. J(I,N) is a finite set and J(I,N) C {0,...,|N|+ n}" (see
Lemma [2] for a proof).

e For a = (a1,...,a,) € Nj and b = (by,...,b,) € C" we define the
polynomials (in b) ¢, (b; o, k) (where k = (kl, .. kn) € NG, k| < |a) as
the coefficients of the polynomial H;L:1( Xi+bj), that is,

®
ﬁ(iXﬁ—bj)aj: 3 b k)XE= S (b k)XP - Xk,

Jj=1 =1 keN{ keNy
k| <|ex| Ik|<|ex|

With these notations our main result is the following:
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THEOREM 1. Let v = (71,...,7m) € C" and b = (by,...,b,) € C" be
such that R(v;) > 0 and R(bj) > —R(n) for all j = 1,...,n. Let 6 =
(01,...,6,) € C" be such that 0 + ---+ 6, # 0 for all j = 1,...,n. Then,
for any N = (Ny,...,N,) € Ny, the limit

Gh(~=N;7;b) = lim (o (=N +t6;7: b)
exists, and is explicitly given by

(9)  G(=N;v;b) =
en(b;a, k)(_1)n*\1\+zjeL(N,a)(aj*Nj) (Nj)

> or oy e
IC{l,...n} acJ(I,N) keNp I o)+ 1—G+3 N> )
k<la| jeL(N,x) T"7) i=j i=j

IN|—|a|+n+ki—1 okt H'eL(N, )Hj =
X (71 +nth jl;[Z”ij )(Hjej(]9j+'é'+9n)><j1;[13kj).

An essential idea in our proof of Theorem(I]is to prove these formulas first
for a small convenient class of multiple zeta-functions and then use the ana-
lyticity of the values on the parameters defining the multiple zeta-functions
to deduce the formulas in the general case. We also prove an extension of a
lemma of “Raabe type” due to E. Friedman and A. Pereira [8, Lemma 2.4]
and use it in the proof.

In a forthcoming work [6] we will study a more general form of mul-
tiple zeta-functions, whose denominators are given by (not necessarily linear)
polynomials.

2. Some useful lemmas

LEMMA 1. Let v = (7y1,...,7) € C" be such that R(~y;) > 0 for any
j=1,...,n. Fors=(s1,...,s,) € Dy (see (2)) define

(10) Yo (s;vy) = S ﬁ (ZJ: 'yia:i) - dxy, . ..dz1.

(L,00)x(0,00)n 1 j=1 i=1

Then, for s = (81,...,8n) € Dy, Yu(s;7) is absolutely convergent and
—81——Sn+n
T
Ya(s;vy) = - .
(&) () [l (sj+ -+ sn+j—n—1)
In particular, Yy (s;7) has a meromorphic continuation to C" and its polar
locus is the set

n
U{s:(sl,...,sn)E(C”\sj+---+sn:n+1—j}.
j=1
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Proof. Just integrate first with respect to x,, then with respect to x,_;
etc. m

LEMMA 2. Let N = (Ny,...,N,) € Nj and I C {1,...,n}. The set
J(I,N) defined by is finite and contained in {0, ..., |N| 4+ n}™.

Proof. Denote by ji,...,J, the elements of I, where ¢ = [I|. We can
assume that j; <--- < jq.

Let a = (aq,...,ap) € J(I,N). It follows that for any k =2,...,¢,
Jr—1 n n
D= > =) o
J=jk—1 J=jk—1 J=jk
n
=(n+1—-jr1)+ Z Nj—(n+1—ji)— > N;
J=dk—1 J=3k
Jk—1 Jk—1
= (Jk — Jr—1) + ZN>1+ZN]7
J=ik—1 J=jk—1

hence [jr—1,7k) N L( «) # () for all k =2,...,q. Moreover, the inequality

n
J=Jaq J=Jq J=Jaq
implies also that [jg,n] N L(N,a) # 0. Since |L(N,a)| = ¢, the above
observation implies that min L(N a) > ji1. We deduce that for j € L(N, o),

n n
;<> aj=m+1-j)+ > N;<|N|+n
J=j1 J=i1
If j ¢ L(N, a), obviously aj < Nj +1 < |N| 4 n. This ends the proof. m

The following lemma is crucial for our proof of Theorem

LEMMA 3. Let N = (Ny,...,N,) € N, a = (aq,...,00) € N and
0 = (01,...,0,) € C" be such that 0;+---+ 0, #0 forallj=1,...,n. Set

§:=3min{(1+16;)"", 16,4+ 6,7 | =1,...,n} €(0,1/2).
Let Us :={t € C | |t| < d}. Fort € Us\ {0} define
IT5-: (Y9)

(Nt +Nn)+(nt1—j)—(aj+-+aon) \
H?:l(t_ . 0j+-+6n ! )

Let ¢ = ¢(N,a) := |[K(N,a)| and ¢ = ¢(N,a) := |L(N,«)|, where
K(N,a), L(N, ) are defined by , @, respectively. Then

(i) ¢ =g

(11) GN,a,g(t) =
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(ii) GN,a,0(t) is analytic in Us and there exists a constant C = C(N,0) > 0
(independent of ) such that
IGNao(t)] < CIHT=T  for all t € Us;
(iii) if ¢ > ¢, then GN,a0(0) = 0;

(iv) if ¢ = q, then N
ne (=1%o, N;
(_1) q(HjEL(N,a) O‘J'(ai;l) ]) ngL(N,a) (ajj-)

J

(2) GN.ao(0) = I (N Tt Na) (1= —(ag+tam)
JEK(N,) 0+ +0n

(b) € J(K(N,),N) C {0,...,|N|+n}" (see Lemma|2)).

Proof. (i) Repeating the argument of the proof of the previous lemma
with I = K(N, a) shows that ¢ = [L(N, )| > gq.
(ii) First it is easy to see that G a,0(t) is analytic in the pointed disk
Us \ {0}. (If the integer (N +-- -+ Np)+ (n+1—j) — (aj+---+ay) is not
zero, then |(Nj+"'+N”);(_Tj_+.}_;g)7(aj+m+a")’ > 26.) Moreover, for j = 1,...,n
7 n
and t € Uy,

a;i—1
N' J
12 J i —10; — k
N Ry R
It follows that

o if a; < Nj, then

<Nj - t9j> _ <Nj>
Qj t=0 Q;
aj—l

‘(Nj—ﬂ%)‘gl' IV +1—k) <(N; + 1)k

OZJ' Oéj. 0

(o))
Q t=0 27}

a;—1

‘( ;jw)’ ‘w.’H Nj—k+1) J] (k—=N;+1)

k=N;+1

and for t € Ug,

o if aj > N, + 1, then

and for t € Us,

N;!

= |t0;
| ‘7|%(%—1)'“(%—Ng‘+1)

(N +1) < (N; + 1)[t0;].
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We deduce that for ¢t € Us \ {0},

[GN a0 ()]
< [iermna lt
N.6 .
' (Nj+-+Np)+(n+1—j)—(oj++an)
[exma T gr oot — R }
|t|q’—q
<N,0

[erNa (80 + -+ 0,) = (Nj + -+ Ny)
—(n+1=j5)+(aj+ - +an)])

‘t‘q’fq
e me(1/2)
It follows that G o,6(t) is analytic in the whole disk Us and satisfies in it

<N <N [t]7 7.

the uniform estimate G q,0(t) <N0 |t|q,_q.
(iii) follows from (ii).
(iv) The identity implies that if a; > N; + 1, then
N;—1 aj—1
N; —t0, —t0; { d t0;(—1) s
< o ]> ~so — [T =k JT (N = k)~ Ul 03-—1 :
J 7T k=0 k=N;+1 O‘j( N; )

It follows that
. —1)%Nig, N;
(=1) q(HjeL(N,a) (aj)(ai—ly) HJ&L(N,G) (a;)

GNa,0(t) ~t=0 (Nj+++Nn)+(n+1—5)—(a;++om)
9]++9n

3. The key propositions. Now we introduce a class of multivariate
zeta-functions which are slightly more general than those considered in The-
orem [I] We will be working in this slightly more general class because it is
more suitable for induction arguments.

Let q = (q1,...,qn) € N*. Set ¢ = |q| = ¢1 +- - - + gn. We will use the no-
tation s = (51,15, 81,15+ +55j,1,--+>Sj,qj5++»Sn,15- - - Sn,g,) for elements
of C%, and denote [s| = s11+- -+ 514+ +8j1++8jq T FSp1+
-+ Spg,- Let € > 0 (notice that we admit ¢ = 0), v € C”, and define

(13)  We(a,n) :={(u,v) € C* x C" | R(v;) > e and R(ujp +m) > ¢

forall j=1,...,nand k=1,...,¢q;},
Veq(v) ={ueC?| R(ujrp+m)>cforal j=1,...,nand k =1,...,¢;},
and

n 4
Dy = {SE(Cq ‘ %(ZZS,;C) >n+1—j for alljzl,...,n}.

i=j k=1
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For s € D, q and (u,v) € Wy(q,n), define

(14) n 9
Yoq(siuy) == S H H (71$1+- : '—|—7jxj+uj7k)_sj’k dzy, . ..dx1,
[1,00)%[0,00)"~1 j=1 k=1
and
1
(15)  Znqg(s;u;y) := Z ,

my1>1 H;'L:l HZJZI (71m1 +oEmy +uj:k)sm .

mg,...,mMp >0

The multiple zeta-function Z,, 4(s; u;«y) is absolutely convergent in D,, o, and
in this region

(16) Yoa(siwy) = | Zug(s;ug(b);y)db.
[0’1}n

Here, uq(b) € C? is given by

ug(b)
= (um(b), cee, UL gy (b), e ,Uj’l(b), ceey Uj,qj (b), cee ,Un’l(b), ey un,qn(b)),

where b = (by,...,b,) € [0,1]" and u;x(b) = u;x + Zgzl vib; for all j =
1,...,nandall k =1,...,q;.

Now we state a proposition which gives several analytic properties of
Yo q(s;u;y) and Z;, (s;u;7).

PROPOSITION 1.

i) The functions s — Y, q(s;u;~) and s — Z, q(s;u;7y) can be meromor-
’q 7q
phically continued to C4 and their poles are in the set

n n o 4
Pra=J | {sec ) SN sk=nt1-j- ki
Jj=1k;eNg i=j k=1
Therefore is valid for all s € C" \ Pp q-

(ii) For fived w € C? and @ € C7 such that Y 3;_ ;> Oix # 0 for all
j=1,...,n, there exist 6 = §(w,0) > 0 and M = M(w,0) > 0 such
that
(a) (t,u,vy) = t" Y, q(w+t0;u;y) and (t,u,7y) — t" Z,, q(w+1t0;u;7)

are analytic in Us x Wy(q,n), where Us = {t € C| |t| < 0};
(b) fore >0 and v € C" such that R(y;) > € for all j =1,...,n, we
have
|7 Yoq(w + t0; ;)| €w o, (1+ [u))Y,
[t Zna(w +10;03%)| <w oy (1+[u)",
uniformly in (t,u) € Us X V. q(7).



116 D. Essouabri and K. Matsumoto

Proposition [I] implies the following key result:

COROLLARY 1. Let w € C? and 6 € C7 be such that 377", B0k #0
forallj=1,...,n. For (u,v) € Wy(q,n) (see (13)), each of the meromor-
phic functions

t Yogw+t0,wy) and te Zyg(w + t0;u;7)
has at most a pole of order n att = 0. Moreover if we write

(u;w,0;7)

R +O0(t) ast—0,

n
Yoq(w+t0;u) = Y £Ea
k=0

n
Z_pglww,8;
Znq(w+t0;u;7) = Z al 7 )

k=0

+0(t) ast—0,

then, for any k=0,...,n
(i) the functions
(0,7) = y-rq(w;w,0;7) and  (0,7) = 2_pq(W;w, 0;7)
are analytic in Wy(q,n) and
(17) Yrqw, 0;7) = | 24 q(uq(b);w,6;7)db
[0,1]"

in that domain;
(ii) there exists M = M (w,0) > 0 such that for ¢ > 0 and v € C" such that
R(vj) > e forall j =1,...,n we have, uniformly in u € V; (),

y—k,q(u§ w,0; '7) Lw,0,7,¢ (1 + |u’)M
20w, 0;) w0, (14 [u))

Deduction of Corollary[1] from Proposition[l The corollary follows from
Proposition (ii) by applying Cauchy’s formula which expresses the coeffi-
cients of Laurent’s expansion of a given one-variable meromorphic function
in terms of its integrals on small disks around its singular point. The identity
follows by using in addition the equality . "

Proof of Proposition . The proof of the assertion for Y, q(s;u;7y) is
similar to (and easier than) the proof for Z, q(s;u;7). So we will only give
the proof for Z, (s;u;~). We use induction on n.

e Case n = 1. For (u,v) = ((w1,...,uq),7) € Wo(g,1) and s =
(81,...,5¢) € D14, we have

Balsn) = 3

m>1
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Let K € Ng. For m > 1 define

bml2) = [ <1 + ;‘T’;z> -

k=1

Since
q

IT (v 4 ui) ™ H )" (1),

k=1

applying Taylor’s formula with remainder [7, (3.4)] to the function t,,(z) we
obtain for m > 1,

q

[[m+uw) = 3 <—S>ua7sams|a
«

k=1

aGNg
|| <K
S ! kl
- « _\K —Sp—Qg
+(K+1) Z (a>u S(l Y) H(’ym+uky) dy.
aeN} 0 k=1
la|=K+1

It follows that for (u,«) € Wy(q,1) and s € Dy 4,

Zigls;wy) = > <;S) u®y =l (s + |a)

aeN{
la| <K
=8\« 11 A
+(E+D) Y <a)“ Ric(s; w7 @)
aeNJ
la|=K+1
where
1 q
RK S Ty o ZS K H 7m+uky TRk dy
m>10 k=1
Let ¢ > 0. Uniformly in N, (u,v) € We(q,1), y € [0,1] and k €

{1,...,q}, we have

[ym + uryl > R(y)m + R(ug)y = em + (R(y) — e)m + R(ug)y
>em+ (R(y) — e+ R(ug))y > em

and
[ym 4 ugy| < |ylm+ fug| < (7] + [ue)m
The theorem of analyticity under the integral sign then implies that

(s,u,7) = R (s;u;7; @)
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is holomorphic in {s € C? | R(sy + --- + 54) > —K} x W.(q,1) and the
estimate

RK(S; u;y; Oé) <s,K e (1 + ‘u| + |7D‘S‘+K+1

holds there uniformly in (u,~) € W,(g,1). By using in addition the classical
properties of the Riemann zeta-function, we deduce that s — Zj o(s;u;7)
has a meromorphic continuation to {s € C? | R(s; + -+ + s4) > —K} with
poles in P; 4 , and (ii) holds for any w € C? such that R(w;+- - -+wy) > —K.

By letting K — oo and € — 0, we end the proof of Proposition [I]in the
case n = 1.

o Induction step n —1 — n. Let (u,v) € Wy(q,n) and s € D), q. Fix
mi > 1 and mg,...,my—1 > 0. The function ¢(z) = [[¥;(yami + -+ +
Yn—1Mn—1 + Yn& + Upn i)~ *»* belongs to C*°[0, 00) and for all k € Ny and all
z € [0, 00),

e B (z) =k Y 'aH( ) Yima+FYn 1Mi 1 YT AU ) T

aeN{"™
\a|—k

Let K € No, and let By, (k > 0) be the modified Bernoulli numbers defined
by By := By, for all k # 1 and By := —B; = 1/2. (In some references By, is
written as By.) By applying the Euler-Maclaurin formula to ¢(z), we obtain

iy Y H(z%mﬁun,)

mp=01i=1

o0 gn

S H (nyjm] + Yz + um>_sn’i dz

1)l B o gn AP, s —a,
\a|+17n _sn,z ) ) ] Sn,i — 0%
" Z laf +1 H( % ><Z%m3+un’z>

aeNI i=1 j=1
|a|<K
K K 1
SISV | [ I
aeNin i=1 0
la]= K+1
dn n—1 _Sn,i_ai
XH(Z%mﬁWMm) dr,
i=1  j=1

where Bgy1(x) is the (K + 1)th periodic Bernoulli polynomial. For the first
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integrand in , again using Taylor’s formula with remainder we have

qn n—1 s
19 ] (Z VM + YT + um) ’
=1 j=1

n—1 dn —S8n.i
=20 s Un nsi
= (Zwm o) (4 s )
2 >

j=1 Vi + YT

i=1
dn n—1 an
—Sn.i . 721:1(5n,i+01i)
= 3 (T (o)) (X om +ee)
aeNgr Ni=1 ! j=1
lo|<K
an o
n,% i
IS (H( - )u)
aeNg®  ti=l
la|=K+1
1 gn n—1
S (1—-y)¥ H(Z VM + Yl 4 Yup )TN dy.
i=1 j=1

Substituting (|18)) and ( into ( , and carrying out the first integration,
we find that, for K e No, (u,7) 6 Wo(q, n) and s € Dy, g,

(20)  Zng(siu;y)

1
frd ) - .
mgl H?zl ijl(%ml + My )
ma,.. ,mZ 1>0
1
X
ZO 1(ima - e, + )
Z gnl (_;Tz)uglz
aeNi V(=14 208 (800 + i)
|| <K

> 1
[HT'L:I T (DT i+ ) S| (0] ymy) 2t (naei) =1

DlelB el an
o +1 7 Sn,i
+ Y = o +1 H( o )

aeNI i=1
Ia\SK
! 1
X Z n—1 i q n—1 Sy it
[Hg 1 k (Ol vimatug )R] ( ii1(Zj:1'ijj+un,i) i)

+ Ricn(80579) + R (s157),
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/
where 257 = 3" S1 g, ma_y >0 80d

qn
—Sn.i )
Ricnlsiwy) =K +1) > <H< a’?’l)l@fi)
aeNgm Ni=1 !
la|=K+1

)K qn (Z] 1 Y5 + I + Yln, z) ST dy dx

oo ¢l
X Z’ §o So1 Hﬂl

)

2 (ima 4 - yymy ) Sk

and

Risw = (0 3 I1(70)
aeN{™ =1
|a|= K+1

y Z BK+1 qull(zg;ll VM + T + un,i)_sn’i_aidx
HJ 3 ITL (i + - ymy 4w p) ok
The formula is the key to the induction process. In fact, the induction
hypothesis implies that the first two terms on the right-hand side of
can be continued meromorphically to the whole space, and their poles are
in Py q-
The remaining task is to evaluate R}(jn(s; u;~y) and R%{n (s;u; ). Define

no g
Dpq(K) = {squ ‘ %(2231k> >n+1—j—K forall j= 1,...,n}.
i=j k=1
Let ¢ > 0. Uniformly in 1 > 1, z9,...,2, >0, (u,v) € We(q,n), y € [0,1],
je{l,...,n} and k € {1,...,q;}, we have
J
20 |z + -+ e+ iyl > RO+ R(uie)y + >Rz
i=2
J

=cex1 + (R(y1) —&)z1 + R(ujp)y + Z (i) s

and
(22)  |nm oy eyl < mlzn o+ Bygleg gkl
< (L [ul + [y (@1 + -+ + ).
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Combining and we see that for any ¢ € (0,1) and any compact
subset H of C we have, uniformly in z; > 1, z9,...,2, > 0, (u,7v) €
We(a,n), y€[0,1],j€{l,....,n}, ke{l,...,q;} and s € H,
(23)  |(mzr+ -+ ujey)
s g g ] SO b )
< |mxi+-o- vzt uj,kylfms)e%ms)'
<Lg Mz + -+ Yiri + ’U%ky‘_%(s)

<y {8_% ) (21 + - + xj )_éR(S) if R(s) >0
(1+ [uf + h!) ) (@) + -+ 2;)7 ) if R(s) <0
“n. { 21+ zf) RO if R(s) > 0
L+ [u| + [yl @y 4+ -+ 2) R i R(s) <0

e 0t s 4t 2) )

We deduce that for K € Ny, ¢ > 0, a € N{* such that |a] = K + 1, and
any compact subset IC of D), q(K) we have, uniformly in (u,v) € Wz(q,n),
se K, my >1and mo,...,my, >0,

1 " - s —u
B So(1 = )X TII (5520 vjmy + s + Y i) ~*ni= dy dae
T2 TI (ama + - yymy =+ )ik

oo ¢l K n—1 . —RYI™ (spyitou)
(1_y) (E m —|—x) i=1\°n, dy dz
<<K,IC,5 (1' |u| | )|)‘s‘ | ‘SO SO S

[T W (mate e my) Rk
00 n—1 : S fo
<rke (1 +|u!+|‘7|)ls|+|a|S (Za 1m]+x) Roizinitad) 4y
”E [T Ty (ma + - - 4 my)Bsan)

(1+ \u\ + |y |) s EA

(H;L;ll (my+ -+ mj)%(zﬁil sj,i))(ml 4t mnil)%(zlﬁl sj,)+HK

<<K,IC,5

In view of , the theorem of analyticity under the integral sign implies that
(s,u,vy) — R}(’n(s; u;y) is holomorphic in D,, q(K) x We(q,n) and satisfies
there the estimate

Ricn(830:7) s ,ice (14 [ul + 7)) S uniformly in (u, ) € We(q, n).

A similar argument shows that (s,u,~y) — R%(m(s; u;~y) is holomorphic
in Dy, (K) x We(q,n) and the estimate

R%(,n(s; wy) Ls ke (1+ul+ ’7|)ISI+K+1
holds there uniformly in (u,~) € W.(q,n).
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Now we can conclude from that s — Z,, ¢(s;u;) has meromorphic
continuation to Dy, 4(K) with poles in Py q and that Proposition [I[ii) holds
for any w € D,, q(K).

By letting K — oo and € — 0, we get the assertion of Proposition [I] in
case n. This finishes the proof of Proposition [1| =

Now we can prove the following necessary result:

PROPOSITION 2. Let v = (71,...,7) € C" be such that R(vy;) > 0 for
all j =1,...,n. Define

Vo(v) :={ueC" [R(uj +71) >0 forall j=1,...,n}.
Foru € Vy(y) and s € D,,, define

(24) Y, (s;u;7y) = S ﬁ (z]: viti + uj> o dxy, .. .dzy.

(1,00) % (0,00)* =1 j=1 i=1

Let @ = (01,...,0,) € C" be such that 0; +---+ 0, #0 forallj=1,...,n.
Then, for any N = (N1, ..., Ny) € Ny, the limit

YO(-N;u;v) := 1%in(l) Yo(—N +t0;u;7)
%
exists, and we have

YI(-Niwy)= > Y AN, La,6,y)u®
Ic{1,...n} aeJ(I,N)

where
(25)
—I+> _N. N,
AN, I,a,0,7) = (—1)" M Rerme NI o o (3)

1 .
HjGL(N,a) Qj (afvj ) ngl(”H_JJFZ?:j Ni—Z?:j a;)
n

: 0,
N—lal+n 17 -1\ Liermva 9
X(/Yl nyj )Hj61(9j+"‘+9n)'

Jj=1

Proof. First we recall from Proposition (1| that Y,,(s;u;~y) has a mero-
morphic continuation to the whole complex space C™ and its poles lie in

P = U U {s=(s1,...,80) €C" |8+ - +sp,=n+1—7—k;}.
j=1k;€Ng
Define
(26) Vi(m) =={u e C"| |uj| < R(y) forall j =1,...,n}.
Let s = (s1,...,8n) € D, and first assume that u € V(1). Then, uniformly
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inx = (21,...,7,) € [1,00) x [0,00)" "L,
Y : ] < dwl
D i1 ViTi T Rz~ R(n)
Therefore
i J —5; —s\ o n J —s;—0y
() "= % ()T we) ™
7j=1 i=1 aeNy j=1 i=1

where the right-hand side converges uniformly in x = (z1,...,2,) € [1,00) X
[0,00)" L. This implies that for any s = (s1,...,5,) € Dy,

Ya(siuiy) = ) (;S> uY, (s + o),

aeNg

where Y,,(s;7) is defined by . Applying Lemma [1| we find that for any
s=(81,...,5n) € Dy,

(27)  Ya(s;w;y)
’Yl_ls‘_IaH_n (—as) ua

Moreover, since u € Vi(7y1), the right-hand side of is uniformly con-
vergent in any compact subset of C™ \ P,. It follows that the meromorphic
continuation of Y,,(s; u;~y) is given by for any s € C" \ P,.

Let @ = (61,...,6,) € C" be such that Y7 . 6; # 0 for all j and let
N = (M,...,N,) € Np. Set § := min{(1 4 [6;])7%,10; + -+ + 0,7 |
j=1,...,n} €(0,1/2) and Us = {t € C | |t| < &}. From we obtain

IN|+n—|c|-¢|0]
7 u

O ) Tt (85 + -+ b

Yo(-N+t0wy) =

aeNy

for any ¢t € Us \ {0}, where GN a,6(t) is defined by (1I). By Lemma [3{ii)
and Lebesgue’s dominated convergence theorem, the limit Y,?(~N;u;v) :=
limy_,0 Y, (—IN + t0; u; ) exists and

(28) YP(-Niwy)= )

aeNy

) GN,a,B (t>

IN|+n—|e|
N u

D G
(1 3) Ty (6 + -+ 6) N6 (

0),

where GN,a,0(0) is defined in Lemma [3] Moreover, Lemma [3{iii, iv(b)) im-
plies that Gn,q,0(0) = 0 if a & {0, [N| +n}". It follows that the sum on the
right-hand side of is finite.
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Therefore by using the expression of G q,6(0) given by Lemma 3| and
rearranging terms we obtain

(29)  Y7(-N;w)

=2

aeNy
[K(N,e)|=|L(N,a)]

_1\a;i—Nig. .
(—1)n—|K(N,a)\ (HjeL(N,a) W) HjeL(N,a) (gj)
I\ N;

[N[+n—|e| o
71 u
(1) [T (85 + -+ 00)

X H (Nj++Nn)+(n+1—j)—(oj++an)

= Z Z AN, I, o, 0,v)u”,
Ic{1,..,n} aeJ(I,N)
where the coefficients A(N, I, a, 6, ~) are defined by .

Fix N € Nj. We will now extend the region of u for which the proposition
holds. Denote the last member of by 1 (u). Since ¥(u) is polynomial
in u, it is analytic on V(7). Moreover, Corollary [I| implies that for any
u € Vo(v),

" y_p(u;—N, 0
zﬂJ«u&meE:y“m%”w+om ast — 0,
k=0

where for any £k = 0,...,n, u — y_i(u; —N, 8,~) is analytic in Vj(v). On
the other hand, implies that for any u € Vi(v1),

(30) yO(u; —N7 0,7) = 1/}(11), y—k(u; —N7 07’7) =0 for all k = ]-a sy T

Since Vi (71) is a non-empty open subset of the convex (and hence connected)
open set Vy(7y), it follows by analytic continuation that holds for any
u € Vp(y). This ends the proof of Proposition [2| =

4. An extension of Raabe’s lemma. For any § € R, define
Hn(0) ={z=(21,...,20) €C" | R(2) >0 foralli=1,...,n}.

LEMMA 4 (An extension of Raabe’s lemma). Let § >0. Let g: H,(—0) —C
be an analytic function in H,(—3) such that there exist constants K > 0 and
c € (0,m) such that

(31) l9(2)| < Keclzrl-Hzall for any z € #,,(—6).
For any x = (x1,...,2y) € Hp(—6), define
(32) fx) = | gx+y)dy.

[0,1]"
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Assume that [ is a polynomial of degree at most d. Then so is g. Moreover,

if we write f(x) = Y, 00X =Y o 0a [ [1q 2" (with o = (v, .., 0n)),
then

(33) g(x) = Z Ao H By, (i),

where the By (x) are the classical Bernoulli polynomials.

REMARK. Raabe’s transform is an important operator which makes
it possible to derive several properties of a Dirichlet series from its associated
Dirichlet integral. For the history of Raabe’s formula, see E. Friedman and
S. Ruijsenaars [9, p. 367]. E. Friedman and A. Pereira [8] proved this lemma
under the assumption that both f and g are polynomials. In the present
paper, we only assume in Lemma 4] that ¢ is analytic in a suitable domain
satisfying , which is necessary for Carlson’s theorem that we use in our
proof. A question that deserves more investigation is to find the optimal
constant ¢ in for which Lemma 4| remains valid.

Proof of Lemmal[j} We proceed by induction on n.

e Case n = 1. The theorem on differentiation under the integral sign
implies that for any z € H;(—9),

0= ()= | ¢ Va+y) dy =g +1) - g ().
[0,1]
It follows that
g D(k) = gD (0) for all k € No.
Let z € C be such that R(z) > 0. The Cauchy formula and imply that

T .

W dt S K/eclzl,
—Z

|t—z]|=6/2

where K’ = Kd!(6/2)"%%/? > 0.
Then it follows from Carlson’s classical theorem (F. Carlson [3]; see [I8],
5.81, p. 186]) that

gD (z) =g (0) for all z € C such that R(z) > 0.

Thus, g is a polynomial of degree at most d.

Now since we know that f and g are both polynomials, is a conse-
quence of the lemma of Friedman and Pereira [8] Lemma 2.4| of Raabe type.
This ends the proof in the case n = 1.

e Induction stepn —1 — n. Let 6 > 0 and let g : H,(—9) — C be
an analytic function satisfying the assumptions of Lemma {4l Let 8 € Nj
be such that |3| > d. The Cauchy formula and imply that there exist
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K’ >0 and ¢ € (0, 7) such that

(34) 108g(z)| < K'ecl1l++12aD) for all z € H,(—5/2).
Fix 2’ = (21,...,2n-1) € Hn—1(—0/2) and define h : H1(—§/2) — C by
h(zy) == S Pg(z1 +ai, ... 201+ an_1,20)day ... da, 1.
[0’1]71—1

It is easy to see that h is analytic in H1(—9/2) and that implies that
\h(zn)| < K'(2)) €92l for all 2, € H1(—0/2),

where K'(z') = K’(Lc_l)nflec(\zl|+"-+|zn_1|) > 0.
On the other hand, since |3| > d, for any z, € Hi(—0/2) we have

Sh(zn+an)dan: S 8ﬂg(zl—|—a1,...,zn—|—an)da1...dan

[0,1] [0,1]"
:85( S 9(z1 +a1,...,zn+an)da1...dan>
[0,1]™
= 3ﬁf(z) —0.

The case n = 1 then implies that h(z,) = 0 for any z, € H1(—d/2). As a
consequence,

(35) S aﬁg(zq +ai,...,2p—1+an-1,2n)da; ...dap_1 =0
[0,1]~1
for all z = (21,...,2n) € Hn(—06/2).
Now fix z, € H1(—9/2) and define ¢ : H,,—1(—3/2) — C by
Uz1yo oo 2p—1) = 859(21, ey Zn—1,2n)-
It is easy to see that /¢ is analytic in H,,—1(—0/2) and that implies that
10(2)| < K" (z,) eUztlTFzaal for all 2/ = (21, ..., 20_1) € Hp-1(—6/2),
where K”(z,) = K'e*n| > 0.
It then follows from our induction hypothesis and that
Uz, 2n1) =0 forallz' = (21,...,2,-1) € Hpn_1(—6/2)
and hence that for any 8 € Nj with |3| > d we have
Pg(z1,... zn 1,2) =0  forallz=(z1,...,2,) € Hn(—5/2).

Thus g is a polynomial of degree at most d. Now since we know that both
f and ¢ are polynomials, is again a consequence of Raabe’s lemma, of
Friedman and Pereira. This ends the induction argument and the proof of
Lemma [l w

We end this section with the following useful lemma. This lemma is
maybe not new, but we give a proof of it in order to be self-contained.
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For 6 = (d1,...,d,) € R", define
Hn(0) :={z=(21,...,2n) €C" | R(z;) > ¢ forall j=1,...,n}.
LEMMA 5. Let § = (01,...,0n) € R” and p = (p1,...,pn) € R™ be
such that pj > 05 for all j = 1,...,n. Let f : Hp(8) — C be an analytic
function. Assume that f(x) =0 for all x € [[;_,(11j,00). Then f(z) =0 for
all z € H,(9).

Proof. We use induction on n.

If n = 1 the lemma is clear. Let n > 2. Assume that the conclusion is true
for functions of n — 1 variables. Fix x1,...,z,-1 € R such that x; > u; for
alli=1,...,n—1. Define F': Hi(un) = C by F(z) = f(z1,...,Tn-1,2). It
follows from our assumptions that F' is an analytic function in Hq(u,) and
F(z) =0 for all z € (puy,00). Hence F(z) =0 for all z € H1(uy,), that is,

(36)

n—1
flz1,...,xp_1,2,) =0 for all (z1,...,20-1,2,) € <H(uj,oo)> X Hi(pn)-
j=1

Now fix z, € C such that R(z,) > pn. Let o/ = (p1,..., p—1) and
define g : Hp—1(p') — C by g(21,...,2n-1) = f(21,---,2n—1,2n). Then g
is analytic in H,—1(p’) and implies that g(z1,...,2,-1) = 0 for all
(T1,. .. Tp_1) € H?z_ll(uj, 00). The induction hypothesis then implies that

9(z1,. . 2n—1) =0 forall (21,...,2n-1) € Hn1(1').
We deduce that
f(z1,...,2,) =0 forall z € H,(u).

This ends the proof of Lemma [5|since H,,(p) is a non-empty open subset of
the domain H, (). =

5. Completion of the proof of Theorem Fix N = (Ny,...,Ny)
€ Nj and 0 = (0y,...,0,) € C". Assume that

0;j+---+0,#0 forallj=1,...,n
Set
W= {(u,v)eC" x C"|R(y;)>0 and R(u; +~)>0 for all j=1,...,n}.
For (u,~) € W and s € D,,, we consider Y;,(s;u;~y) defined by and
1
(B7)  Zu(swiv) = Y

mi1>1 H?:l('Vlml —+ e+ Y + Uj)sj :

m2:~~~7mn20
We know from Corollary [1| that for any (u,~y) € W, the functions
t— Y, (N +1t0;u;vy) and t+— Z,(—N+10;u;~)
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are meromorphic and have at most a pole of order n at ¢t = 0. Write

L -_N.9:
Y, (—N +1t0;u;v) = Z Y (s e 6:7) +O0(t) ast—0,

k=0

"o -_N.0:
Zn(—N +t0;u;v) = Z 2ok (u s .6:7) +O0(t) ast—0.
k=0

Corollary [1] then implies that for any £ =0, ..., n, the functions
(38) (w,7) = yx(u; =N, 8;y) and (u,7) = z_4(u; =N, 6;7)
are analytic in W and
(39) y-r(u;—N,0;7) = | z_x(u(b);—N,6;7)db
[0,1)"

in that domain, where u(b) = (u1(b), ..., un(b)) € C" with b = (b1,...,by),
u;(b) = uj + >_7_; vib; for all j.
For v € C" such that R(;) > 0 for all j =1,...,n, define

V(v) i= {uG(C" ‘ R(u; + 1) > %(ZJ:V) 1 forall j = 1n}

=1

Temporarily we assume that v € (1,00)" and u € V(). It is easy to see
that for all a € H,(—1) and all j =1,...,n,

R(uj(a) + ) = R(uj +m) +Z% ai) > R(uj + 1) Z%>1
i=1

that is, for all a € H,(—1),
u(@a) e Vi(y)={ze€C"|R(zj+m)>1foral j=1,...,n}
For k=0,...,n and a € H,(—1), define
fr(@) :==y_r(u(@); —N,0;7y) and gx(a):=z_x(u(a); —N, ;7).
Corollary [T implies that for k = 0, ..., n the following hold:

e fr and g are analytic functions in H,(—1);

o fr(x)= 8[071},,, gr(x+y)dy for all x € H,(—1);

e there exists a constant M = M(IN,6) > 0 such that, uniformly in a €
Hp(—1), we have gi(a) <N,0,u,7y (1+ |a|)M

On the other hand, Proposition [2| implies that for all a € H,,(—1),
fe(@)=0 forallk=1,....n
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and
n 7 o
folay="> > A(N,La,@;’Y)H(ujﬂLZ%ai) ",
Ic{1,..,n} acJ(I,N) j=1 i=1
where the coefficients A(N, I, o, 8; ) are defined by . In particular, fy(a)

is a polynomial in a.
We then deduce from Lemma 4] that for all a € H,,(—1),

ge(a) =0 forallk=1,...,n
and
w@= 3 > 3 GakANI a8y ][] Bk,
Ic{1,...,n} aeJ(I,N) keNy j=1
k| <]t

where the polynomials ¢, (u; o, k) are defined by

n 7 o
(o) TT (D i+ uw)
j=1 =1
= Z En(u; o, k)X = Z Co(uya, k)X R X

keNp keND
k| <|cx] k| <|ex]

By taking a = 0, we find that, for all 4 € (1,00)" and all u € V(v),

(41) z_p(u;—N,0;v) =0 forallk=1,...,n

and

(42)  z0(w; =N, 6;)

= ¥ > Y Gwa kAN, I, a,60;7) [ [ By,
=1

Ic{1,...,n} aeJ(I,N) keNy J
k|<|a

Since &, (u; @, k) = ¢, (w; @, k)7 - - 450 (where ¢, (u; e, k) is defined by @),
the right-hand side of coincides with the right-hand side of @

Moreover, for any fixed v € (1,00)", V(7) is a non-empty open sub-
set of the domain Vy(7) and we know that for all & = 0,...,n, u —
z_r(u; =N, 0;7) is analytic in V(). It follows then by analytic continu-
ation that for any v € (1,00)" the identities and hold for any u in
the whole domain V(7).

Now fix u € C" and set n(u) := max{0, —R(u1), ..., —R(u,)}. Define

G(u) :={y€C" | R(y1) >n(u) and R(y;) >0 forall j =2,...,n}.
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From the definitions of Vp () and W, it is easy to see that {u} x G(u) C W.
It then follows from that

v+ z_k(u; =N, 0;7) is analytic in the domain G(u).

We already know that the identities and hold for v € (1,00)"NG(u).
Lemma [f] then implies that for any u € C™ these identities hold for any -+ in
the whole domain G(u). This ends the proof of Theorem [1}
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