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THE OPTIMAL TIME DECAY RATES FOR
INCOMPRESSIBLE VISCOELASTIC FLUIDS

IN CRITICAL FRAMEWORK

Abstract. We study the Cauchy problem for multi-dimensional incom-
pressible viscoelastic fluids in the whole space. The optimal time decay rates
of strong solution constructed by Qian (2010), and Zhang (2011) in L2-
critical regularity framework are obtained for low frequencies of the data
under a suitable additional condition. The proof relies on an application of
Fourier analysis to a mixed parabolic-hyperbolic system, and on a refined
time-weighted energy functional. As a by-product, time decay rates of Lq-Lr
type are also captured in the critical framework.

1. Introduction and main results. In this paper, we consider the
following multi-dimensional (N ≥ 2) incompressible viscoelastic flow:

(1.1)


∂tU + v · ∇U = ∇vU,
∂tv + v · ∇v +∇p = µ∆v +∇ · (UUT ),
∇ · v = 0

with the initial data

(1.2) U |t=0 = U0, v|t=0 = v0.

Here U(x, t) = (U ij(x, t))N×N denotes the deformation tensor, v(x, t) is the
fluid velocity and p(x, t) is the hydrodynamic pressure. The system (1.1) is
one of the basic macroscopic models for viscoelastic flows, which corresponds
to the so-called Hookean linear elasticity. For more physical background of
this system we refer to [9, 11].
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Let us assume that U0 and v0 satisfy the constraints
∇ · v0 = 0,

detU0 = 1,

∇ · UT0 = 0,

U lk0 ∇lU
ij
0 − U

lj
0 ∇lU

jk
0 = 0.

(1.3)

The system (1.1) has been extensively studied. In the framework of Sobolev
spaces, Chen and Zhang [4] and Lei et al. [12] proved the well-posedness for
the Cauchy problem and the periodic problem, respectively. In 2014, Hu and
Wu [10] obtained optimal L2 time decay rates for global smooth solutions and
their spatial derivatives and established the weak-strong uniqueness property
in the class of finite energy weak solutions. In the framework of Besov spaces,
Qian [15] and Zhang [16] independently proved the existence and uniqueness
of a local solution, which was also shown to exist globally in time provided
the initial data is small in certain norms. However, there is no result on time
decay rates for global strong solutions constructed in [15, 16].

The main motivation of this paper is to consider this question. Our main
ideas are based on the known global well-posedness from [15, 16], an appli-
cation of Fourier analysis to a linearized parabolic-hyperbolic system, and
a refined time-weighted energy functional. In low frequencies, employing
decay estimates for the Fourier transform of Green’s function for the lin-
earized system, which are similar to the decay behavior of the heat kernel,
and combining this with Duhamel’s principle, one can obtain the desired
time-weighted energy estimates. In high frequencies, employing the Fourier
localization technology, the symmetrizer methods and classical nonlinear es-
timates including product estimates and commutator estimates, we can ob-
tain decay estimates for the high frequencies of (∇H, v). Finally, in order to
close the energy estimates, we further exploit some decay estimates with gain
of regularity for the high frequencies of Λv. With the help of these tools, we
finally establish time decay estimates for the strong solution to the Cauchy
problem (1.1)–(1.2).

Let us first recall a global-in-time well-posedness result for the Cauchy
problem (1.1)–(1.2), which is very useful for our proof.

Theorem 1.1 ([15, 16]). Assume (U0−I, v0) ∈ ḂN/2
2,1 ∩Ḃ

N/2−1
2,1 ×ḂN/2−1

2,1

and (U0, v0) satisfies (1.3). Then there exist constants c and M such that if

(1.4) ‖U0 − I‖ḂN/22,1 ∩Ḃ
N/2−1
2,1

+ ‖v0‖ḂN/2−1
2,1

≤ c,

then the Cauchy problem (1.1)–(1.2) has a unique global solution (U − I, v)
such that

(1.5) X(t) ≤M(‖U0 − I‖ḂN/22,1 ∩Ḃ
N/2−1
2,1

+ ‖v0‖ḂN/2−1
2,1

),
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where

X(t) := ‖U − I‖`
L̃∞t (Ḃ

N/2−1
2,1 )∩L1

t (Ḃ
N/2+1
2,1 )

+ ‖U − I‖h
L̃∞t (Ḃ

N/2
2,1 )∩L1

t (Ḃ
N/2
2,1 )

(1.6)

+ ‖v‖
L̃∞t (Ḃ

N/2−1
2,1 )

+ ‖v‖
L1
t (Ḃ

N/2+1
2,1 )

.

Now we state our main result.

Theorem 1.2. Suppose the data (U0 − I, v0) satisfy the assumptions of
Theorem 1.1. Denote 〈τ〉 :=

√
1 + τ2 and α := min(N/4+ 2, 1/2+N/2− ε)

with ε > 0 arbitrarily small. There exists a positive constant c such that if
in addition

(1.7) D0 := ‖(U0 − I, v0)‖`
Ḃ
−N/2
2,∞

≤ c,

then the global solution (U−I, v) given by Theorem 1.1 satisfies, for all t ≥ 0,

(1.8) D(t) ≤ C(D0 + ‖(Λ(U0 − I), v0)‖h
Ḃ
N/2−1
2,1

),

where

D(t) := sup
s∈(−N/2,2]

‖〈τ〉N/4+s/2(U−I, v)‖`
L∞t (Ḃs2,1)

+‖〈τ〉α(∇U, v)‖h
L̃∞t (Ḃ

N/2−1
2,1 )

+ ‖τ∇v‖h
L̃∞t (Ḃ

N/2
2,1 )

.

As an application of Theorem 1.2, we can obtain the following Lq-Lr type
decay rates for the Cauchy problem (1.1)–(1.2).

Corollary 1.3. For the solution (U −I, v) constructed in Theorem 1.1,
we have

(i) if −N/2 < s ≤ N/2, then

‖Λs(U − I)‖L2 . 〈t〉−(N/4+s/2)
(
D0 + ‖(Λ(U0 − I), v0)‖h

Ḃ
N/2−1
2,1

)
,

(ii) if −N/2 < s ≤ N/2− 1, then

‖Λsv‖L2 . 〈t〉−(N/4+s/2)
(
D0 + ‖(Λ(U0 − I), v0)‖h

Ḃ
N/2−1
2,1

)
,

where the fractional derivative operator Λ` is defined by

Λ`f := F−1(| · |`Ff).

Proof. Employing the homogeneous Littlewood–Paley decomposition for
Λsa, we have

Λs(U − I) =
∑
q∈Z

∆̇qΛ
s(U − I).



186 D. Ding et al.

Thus

‖Λs(U − I)‖L2 .
∑
q∈Z
‖∆qΛ

s(U − I)‖L2 = ‖Λs(U − I)‖Ḃ0
2,1
.

Based on the low-high frequencies decomposition, we may write

sup
t∈[0,T ]

〈t〉N/4+s/2‖Λs(U − I)‖Ḃ0
2,1

. ‖〈t〉N/4+s/2H‖`
L∞T (Ḃs2,1)

+ ‖〈t〉N/4+s/2(U − I)‖h
L∞T (Ḃs2,1)

.

By (1.8) and the definition of D(t), we get

‖〈t〉N/4+s/2(U − I)‖`
L∞T (Ḃs2,1)

. D0 + ‖(Λ(U0 − I), v0)‖h
Ḃ
N/2−1
2,1

.

If −N/2 < s ≤ N/2, then α ≥ N/4 + s/2, and we obtain

‖〈t〉N/4+s/2(U − I)‖h
L∞T (Ḃs2,1)

. D0 + ‖(Λ(U0 − I), v0)‖h
Ḃ
N/2−1
2,1

.

Thus,

‖Λs(U − I)‖L2 . 〈t〉−(N/4+s/2)
(
D0 + ‖(Λ(U0 − I), v0)‖h

Ḃ
N/2−1
2,1

)
.

Similarly, we also obtain an estimate of v for which we need the stronger
conditions −N/2 < s ≤ N/2− 1 for the high frequencies.

Remark 1.4. Compared with [10], we establish the decay rates of the
strong solution in the so-called critical Besov spaces in any dimension N ≥ 2
and not only for N = 3. From Corollary 1.3, we obtain the decay rates
of the solution when s = 0, 1 and N = 3, which coincides with the result
of [10]. Additionally, the decay index s can take both negative and nonnega-
tive values, rather than only nonnegative integer values, which improves the
classical decay results, as in [10].

Notations. We let C be a positive generic constant that may vary at
different places, and denote A ≤ CB by A . B. We shall also need the
notations, for some k0 ∈ Z,

z` :=
∑
j≤k0

∆̇jz, zh := z − z`,

‖z‖`
Ḃsp,1

:=
∑
j≤k0

2js‖∆̇jz‖Lp , ‖z‖h
Ḃsp,1

:=
∑
j≥k0

2js‖∆̇jz‖Lp .

Noting the small overlap between low and high frequencies, we have

‖z`‖Ḃsp,1 . ‖z‖`
Ḃsp,1

and ‖zh‖Ḃsp,1 . ‖z‖h
Ḃsp,1

.

2. Littlewood–Paley theory and some useful lemmas. In this sec-
tion, we introduce some common notations and basic theorems about the
Littlewood–Paley decomposition, and present some auxiliary lemmas.
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Let S(RN ) be the Schwartz class of rapidly decreasing function. Given
f ∈ S(RN ), its Fourier transform Ff = f̂ is defined by

f̂(ξ) =
�

RN
e−ix·ξf(x) dx.

Let (χ, ϕ) be a couple of smooth functions valued in [0, 1] such that χ is
supported in the ball {ξ ∈ RN : |ξ| ≤ 4/3}, ϕ is supported in the shell
{ξ ∈ RN : 3/4 ≤ |ξ| ≤ 8/3}, ϕ(ξ) := χ(ξ/2)− χ(ξ) and

χ(ξ) +
∑
j≥0

ϕ(2−jξ) = 1, ∀ξ ∈ RN ,(2.1)

∑
j∈Z

ϕ(2−jξ) = 1, ∀ξ ∈ RN \ {0}.(2.2)

The homogeneous frequency localization operators ∆̇j and Ṡj are defined by

∆̇jf := F−1(ϕ(2−j ·)Ff), Ṡjf :=
∑
q≤j−1

∆̇qf for j ∈ Z.

We denote by S ′h(RN ) the dual space of Z(RN ) = {f ∈ S(RN ) : Dαf̂(0) = 0,
where α is any multi-index}; it can also be identified with the quotient space
S ′(RN )/P with P the polynomial space. The formal equality

f =
∑
j∈Z

∆̇jf

holds true for f ∈ S ′h(RN ) and is called the homogeneous Littlewood–Paley
decomposition. One easily verifies that with our choice of ϕ,

∆̇j∆̇qf ≡ 0 if |j − q| ≥ 2 and ∆̇j(Ṡq−1f∆̇qf) ≡ 0 if |j − q| ≥ 5.

Let us recall the definition of homogeneous Besov spaces and some of
their properties (see [1, 5, 7, 8]).

Definition 2.1. Let S ′ be the space of all tempered distributions. For
s ∈ R and 1 ≤ p ≤ ∞, we define the homogeneous Besov space Ḃs

p,1 to be

Ḃs
p,1 = {f ∈ S ′h : ‖f‖Ḃsp,1 <∞}

with
S ′h =

{
f ∈ S ′ :

∑
j∈Z

∆̇jf = f ∈ S ′
}

and ‖f‖Ḃsp,1 =
∑
j∈Z

2js‖∆̇jf‖Lp .

Definition 2.2. Let s ∈ R, 1 ≤ p, ρ, r ≤ ∞, 0 < T ≤ ∞. The homoge-
neous space-time Besov space L̃ρT Ḃ

s
p,r is defined by

L̃ρT Ḃ
s
p,r = {f ∈ R+ × S ′(RN ) : ‖f‖L̃ρT Ḃsp,r <∞},

where
‖f‖L̃ρT Ḃsp,r :=

∥∥2js‖∆̇jf(t)‖Lρ(0,T ;Lp)
∥∥
`r
.
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Obviously, L̃1
T Ḃ

s
p,1 = L1

T Ḃ
s
p,1. By a direct application of Minkowski’s

inequality, we have the following relations between these spaces:

LρT Ḃ
s
p,r ↪→ L̃ρT Ḃ

s
p,r, r ≥ ρ,

L̃ρT Ḃ
s
p,r ↪→ LρT Ḃ

s
p,r, ρ ≥ r.

The following Bernstein lemma will be frequently used.

Lemma 2.3 ([2]). Let 1 ≤ p ≤ q ≤ ∞. Assume that f ∈ Lp(RN ). Then
for any γ ∈ (N ∪ {0})N , there exist constants C1, C2 independent of f , j
such that

supp f̂ ⊆ {|ξ| ≤ A02
j} =⇒ ‖∂γf‖q ≤ C12

j|γ|+jN(1/p−1/q)‖f‖p,
supp f̂ ⊆ {A12

j ≤ |ξ| ≤ A22
j} =⇒ ‖f‖p ≤ C22

−j|γ| sup
|β|=|γ|

‖∂βf‖p.

We have the following properties of the product in Besov spaces.

Lemma 2.4 ([7, 8]). For all 1 ≤ r, p, p1, p2 ≤ ∞, there exists a universal
positive constant C such that

‖fg‖Ḃsp,r ≤ C‖f‖L∞‖g‖Ḃsp,r + C‖g‖L∞‖f‖Ḃsp,r if s > 0;

‖fg‖
Ḃ
s1+s2−N/p
p,r

≤ C‖f‖Ḃs1p,r‖g‖Ḃs2p,∞ if s1, s2 < N/p and

s1+s2+N min{0, 1−2/p}>0;

‖fg‖Ḃsp,r ≤ C‖f‖Ḃsp,r‖g‖ḂN/pp,∞∩L∞
if |s| < N/p;

‖fg‖
Ḃ
s1+s2−N/2
2,1

≤ C‖f‖Ḃs12,1‖g‖Ḃs22,1 if s1, s2 ≤ N/2 and s1 + s2 > 0.

Some embedding properties and interpolation inequalities for Besov spaces
are given in

Lemma 2.5.

• For any p ∈ [1,∞] we have the continuous embedding

Ḃ0
p,1 ↪→ Lp ↪→ Ḃ0

p,∞.

• If s ∈ R, 1 ≤ p1 ≤ p2 ≤ ∞ and 1 ≤ r1 ≤ r2 ≤ ∞, then

Ḃs
p1,r1 ↪→ Ḃs−d(1/p1−1/p2)

p2,r2 .

• The space Ḃd/p
p,1 is continuously embedded in the set of bounded continuous

functions (going to 0 at infinity if p <∞).
• If 1 ≤ p, r1, r2, r ≤ ∞, σ1 6= σ2 and θ ∈ (0, 1), then

‖f‖
Ḃ
θσ2+(1−θ)σ1
p,r

≤ C‖f‖1−θ
Ḃ
σ1
p,r1

‖f‖θ
Ḃ
σ2
p,r2

.
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Lemma 2.6 ([8]). Let 1 ≤ p, p1 ≤ ∞ and σ ∈ R. There exists a constant
C > 0 depending only on σ such that for all q ∈ Z, we have

‖[v · ∇, ∂`∆̇q]a‖Lp ≤ Ccq2−q(σ−1)‖∇v‖ḂN/p1p1,1

‖∇a‖Ḃσ−1
p,1

for −min(N/p1, N/p
′) < σ ≤ 1 + min(N/p1, N/p),

‖[v · ∇, ∆̇q]a‖Lp ≤ Ccq2−qσ‖∇v‖ḂN/p1p1,∞∩L∞
‖a‖Ḃσp,1

for −min(N/p1, N/p
′) < σ < 1 +N/p1,

where the commutator [·, ·] is defined by [f, g] = fg− gf and (cq)q∈Z denotes
a sequence such that

∑
q∈Z cq ≤ 1.

Proposition 2.7 ([1]). Assume µ > 0, σ ∈ R, (p, r) ∈ [1,∞]2 and
1 ≤ ρ2 ≤ ρ1 ≤ ∞. Let u satisfy{

∂tu− µ∆u = f,

u|t=0 = u0.
(2.3)

Then for all T > 0 the following a priori estimate is fulfilled:

(2.4) µ1/ρ1‖u‖
L̃
ρ1
T (Ḃ

σ+2/ρ1
p,r )

. ‖u0‖Ḃσp,r + µ1/ρ2−1‖f‖
L̃
ρ2
T (Ḃ

σ−2+2/ρ2
p,r )

.

Remark 2.8. The solutions to the Lamé system{
∂tu−Au = f,

u|t=0 = u0,
(2.5)

also fulfill (2.4).

We finish this subsection by recalling an elementary but useful inequality.

Lemma 2.9 ([14]). Let r1, r2 > 0 satisfy max{r1, r2} > 1. Then
t�

0

(1 + t− τ)−r1(1 + τ)−r2 dτ ≤ C(r1, r2)(1 + t)−min{r1,r2}.

3. Time decay estimates. In this section, we exhibit optimal time
decay estimates of strong solutions to the system (1.1)–(1.2) for initial data
close to a stable equilibrium state in critical regularity framework. We divide
the argument into several steps.

Step 1: Reformulation of the original system (1.1)–(1.2). WithH=U−I,
the system (1.1)–(1.2) can be reformulated as follows:

∂tH −∇v = −v · ∇H +∇vH,
∂tv − µ∆v −∇ ·H +∇p = −v · ∇v +∇ · (HHT ),

∇ · v = 0,

H|t=0 = H0, v|t=0 = v0.

(3.1)
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As in [15], define dij = −Λ−1∇jvi; then vi = Λ−1∇jdij . From (3.1) we can
deduce the following system for (H ij , dij):{

∂tH
ij + Λdij = F − v · ∇H ij =: f,

∂td
ij − µ∆dij − ΛH ij = G− v · ∇dij =: g,

(3.2)

where

F = ∇kviHkj ,

G = v · ∇(−Λ−1∇jvi) + Λ−1∇jP(v · ∇vi −H lk∇lH ik)

+ Λ−1∇k(H lj∇lH ik −H lk∇lH ij).

Step 2: Bounds for the low frequencies. Denoting by A(D) the semi-
group associated to (3.2) we have, for all q ∈ Z,

(3.3)

(
∆̇qH

ij(t)

∆̇qd
ij(t)

)
= etA(D)

(
∆̇qH

ij
0

∆̇qd
ij
0

)
+

t�

0

e(t−τ)A(D)

(
∆̇qf(τ)

∆̇qg(τ)

)
dτ.

From an explicit computation of the action of etA(D) in Fourier variables
(see e.g. [13, 3]), we discover that there exist positive constants c0 and C
depending only on q0 and such that

|F(etA(D)W )(ξ)| ≤ Ce−c0t|ξ|2 |FW (ξ)| for all |ξ| ≤ 2q0 .

Therefore, using Parseval’s equality and the definition of ∆̇q we get, for all
q ≤ q0,

‖etA(D)∆̇qW‖L2 . e−c02
2qt‖∆̇qW‖L2 .

Hence, multiplying by tN/4+s/22qs and summing over q ≤ q0 yields

(3.4) tN/4+s/2
∑
q≤q0

2qs‖etA(D)∆̇qW‖L2

.
∑
q≤q0

2qse−c02
2qt‖∆̇qW‖L2tN/4+s/2

.
∑
q≤q0

2q(s+N/2)e−c02
2qt‖∆̇qW‖L22q(−N/2)tN/4+s/2

. ‖W‖`
Ḃ
−N/2
2,∞

∑
q≤q0

2q(s+N/2)e−c02
2qtt

1
2
(s+N/2).

For any σ > 0 there exists a constant Cσ such that

(3.5) sup
t≥0

∑
q∈Z

tσ/22qσe−c02
2qt ≤ Cσ.

We infer from (3.4) and (3.5) that for s > −N/2,

sup
t≥0

tN/4+s/2‖etA(D)W‖`
Ḃs2,1

. ‖W‖`
Ḃ
−N/2
2,∞

.
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It is also obvious that for s > −N/2,

‖etA(D)W‖`
Ḃs2,1

. ‖W‖`
Ḃ
−N/2
2,∞

∑
q≤q0

2q(s+N/2) . ‖W‖`
Ḃ
−N/2
2,∞

.

So, setting 〈t〉 :=
√
1 + t2, we arrive at

(3.6) sup
t≥0
〈t〉N/4+s/2‖etA(D)W‖`

Ḃs2,1
. ‖W‖`

Ḃ
−N/2
2,∞

,

and thus, taking advantage of Duhamel’s formula, we get

(3.7)
∥∥∥ t�
0

e(t−τ)A(D)(f, g)(τ) dτ
∥∥∥`
Ḃs2,1

.
t�

0

〈t− τ〉−(N/4+s/2)‖(f, g)(τ)‖`
Ḃ
−N/2
2,∞

dτ.

We claim that for all s ∈ (−N/2, 2] and all t ≥ 0,

(3.8)
t�

0

〈t−τ〉−(N/4+s/2)‖(f, g)(τ)‖`
Ḃ
−N/2
2,∞

dτ . 〈t〉−(N/4+s/2)(X(t)2+D(t)2).

Owing to the embedding L1 ↪→ Ḃ
−N/2
2,∞ , it suffices to prove (3.8) with

‖(f, g)(τ)‖`L1 instead of ‖(f, g)(τ)‖`
Ḃ
−N/2
2,∞

.

To bound the term with f , we use the decomposition

f = −v · ∇H ij +Hkj(∇kvi)` +Hkj(∇kvi)h.

Now, from Hölder’s inequality, the embedding Ḃ0
2,1 ↪→ L2, the definitions of

D(t), α and Lemma 2.9, one may write, for all s ∈ (−N/2, 2],

(3.9)
t�

0

〈t− τ〉−(N/4+s/2)‖(v · ∇H ij)(τ)‖`L1 dτ

.
t�

0

〈t− τ〉−(N/4+s/2)‖v‖L2‖∇H ij‖L2 dτ

.
t�

0

〈t− τ〉−(N/4+s/2)‖v‖Ḃ0
2,1
‖∇H ij‖Ḃ0

2,1
dτ

.
t�

0

〈t− τ〉−(N/4+s/2)(‖v‖`
Ḃ0

2,1
+ ‖v‖h

Ḃ0
2,1
)(‖∇H ij |`

Ḃ0
2,1

+ ‖∇H ij‖h
Ḃ0

2,1
) dτ



192 D. Ding et al.

.
(

sup
0≤τ≤t

〈τ〉N/4‖v(τ)‖`
Ḃ0

2,1

)(
sup

0≤τ≤t
〈τ〉N/4+1/2‖∇H ij‖`

Ḃ0
2,1

)
×

t�

0

〈t− τ〉−(N/4+s/2)〈τ〉−(N/2+1/2) dτ

+
(

sup
0≤τ≤t

〈τ〉N/4‖v(τ)‖`
Ḃ0

2,1

)(
sup

0≤τ≤t
〈τ〉α‖∇H ij(τ)‖h

Ḃ
N/2−1
2,1

)
×

t�

0

〈t− τ〉−(N/4+s/2)〈τ〉−(N/4+α) dτ

+
(

sup
0≤τ≤t

〈τ〉α‖v(τ)‖h
Ḃ
N/2−1
2,1

)(
sup

0≤τ≤t
〈τ〉N/4+1/2‖∇H ij‖`

Ḃ0
2,1

)
×

t�

0

〈t− τ〉−(N/4+s/2)〈τ〉−(α+N/4+1/2) dτ

+
(

sup
0≤τ≤t

〈τ〉α‖v(τ)‖h
Ḃ
N/2−1
2,1

)(
sup

0≤τ≤t
〈τ〉α‖∇H ij‖h

Ḃ
N/2−1
2,1

)
×

t�

0

〈t− τ〉−(N/4+s/2)〈τ〉−2α dτ

. D(t)2
t�

0

〈t− τ〉−(N/4+s/2)〈τ〉−min(N/2+1/2,α+N/4,2α) dτ

. 〈t〉−(N/4+s/2)D(t)2.

The term Hkj(∇kvi)` may be treated along the same lines:

(3.10)
t�

0

〈t− τ〉−(N/4+s/2)‖Hkj(∇kvi)`‖L1 dτ

.
t�

0

〈t− τ〉−(N/4+s/2)(‖H‖`
Ḃ0

2,1
+ ‖H‖h

Ḃ0
2,1
)‖∇v‖`

Ḃ0
2,1
dτ

.
(

sup
0≤τ≤t

〈τ〉N/4‖H(τ)‖`
Ḃ0

2,1

)(
sup

0≤τ≤t
〈τ〉N/4+1/2‖v(τ)‖`

Ḃ1
2,1

)
×

t�

0

〈t− τ〉−(N/4+s/2)〈τ〉−(N/2+1/2) dτ

+
(

sup
0≤τ≤t

〈τ〉α‖H(τ)‖h
Ḃ
N/2
2,1

)(
sup

0≤τ≤t
〈τ〉N/4+1/2‖v(τ)‖`

Ḃ1
2,1

)
×

t�

0

〈t− τ〉−(N/4+s/4)〈τ〉−(α+N/4+1/2) dτ

. D(t)2
t�

0

〈t− τ〉−(N/4+s/2)〈τ〉−min(N/2+1/2,α+N/4+1/2) dτ

. 〈t〉−(N/4+s/2)D(t)2.
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Regarding the term with Hkj(∇kvi)h, we use the fact that for t ≥ 2,

t�

0

〈t− τ〉−(N/4+s/2)‖Hkj(∇kvi)h(τ)‖L1 dτ

.
t�

0

〈t− τ〉−(N/4+s/2)‖H(τ)‖Ḃ0
2,1
‖∇v(τ)‖h

Ḃ0
2,1
dτ

.
1�

0

〈t− τ〉−(N/4+s/2)‖H(τ)‖Ḃ0
2,1
‖∇v(τ)‖h

Ḃ0
2,1
dτ

+

t�

1

〈t− τ〉−(N/4+s/2)‖H(τ)‖Ḃ0
2,1
‖∇v(τ)‖h

Ḃ0
2,1
dτ

=: I1 + I2.

Recalling the definitions of X(t) and D(t), we obtain

I1 =

1�

0

〈t− τ〉−(N/4+s/2)‖H(τ)‖Ḃ0
2,1
‖∇v(τ)‖h

Ḃ0
2,1
dτ

. 〈t〉−(N/4+s/2) sup
0≤τ≤1

‖H(τ)‖Ḃ0
2,1

1�

0

‖∇v(τ)‖h
Ḃ0

2,1
dτ

. 〈t〉−(N/4+s/2) sup
0≤τ≤1

‖H(τ)‖Ḃ0
2,1

1�

0

‖v(τ)‖h
Ḃ
N/2+1
2,1

dτ

. 〈t〉−(N/4+s/2)D(1)X(1)

and, using the fact that 〈τ〉 ≈ τ when τ ≥ 1,

I2 =

t�

1

〈t− τ〉−(N/4+s/2)‖H(τ)‖Ḃ0
2,1
‖∇v(τ)‖h

Ḃ0
2,1
dτ

.
t�

1

〈t− τ〉−(N/4+s/2)(‖H(τ)‖`
Ḃ0

2,1
+ ‖H(τ)‖h

Ḃ0
2,1
)‖∇v(τ)‖h

Ḃ0
2,1
dτ

.
(

sup
1≤τ≤t

〈τ〉N/4‖H(τ)‖`
Ḃ0

2,1

)(
sup

1≤τ≤t
‖τ∇v(τ)‖h

Ḃ
N/2
2,1

)
×

t�

1

〈t− τ〉−(N/4+s/2)〈τ〉−(N/4+1) dτ

+
(

sup
1≤τ≤t

〈τ〉α‖H(τ)‖h
Ḃ
N/2
2,1

)(
sup

1≤τ≤t
‖τ∇v(τ)‖h

Ḃ
N/2
2,1

)
×

t�

1

〈t− τ〉−(N/4+s/2)〈τ〉−(α+1) dτ
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. D(t)2
t�

1

〈t− τ〉−(N/4+s/2)〈τ〉−min(α+1,N/4+1) dτ

. 〈t〉−(N/4+s/2)D(t)2.

Therefore, for t ≥ 2, we arrive at

(3.11)
t�

0

〈t− τ〉−(N/4+s/2)‖Hkj(∇kvi)h(τ)‖L1 dτ

. 〈t〉−(N/4+s/2)(D(t)2 +X(t)2).

The case t ≤ 2 is obvious as 〈t〉 ≈ 1 and 〈t− τ〉 ≈ 1 for 0 ≤ τ ≤ t ≤ 2, and

(3.12)
t�

0

‖Hkj(∇kvi)h‖L1 dτ

. ‖H‖L∞t (L2)‖∇v‖hL1
t (L

2) . ‖H‖L∞t (Ḃ0
2,1)
‖∇v‖h

L1
t (Ḃ

0
2,1)

. ‖H‖L∞t (Ḃ0
2,1)
‖v‖h

L1
t (Ḃ

N/2+1
2,1 )

. X(t)D(t).

From (3.9)–(3.12), we get
t�

0

〈t− τ〉−(N/4+s/2)‖f(τ)‖`
Ḃ
−N/2
2,∞

dτ . 〈t〉−(N/4+s/2)
(
X(t)2 +D(t)2

)
.

Next, in order to bound the term of (3.8) corresponding to g, we use the
decomposition

g := G− v · ∇dij

= −v · ∇dij + v · ∇(−Λ−1∇jvi) + Λ−1∇jP(v · ∇vi −H lk∇lH ik)

+ Λ−1∇k(H lj∇lH ik −H lk∇lH ij).

Similar to (3.10)–(3.12), we have
t�

0

〈t− τ〉−(N/4+s/2)‖v · (∇dij)`‖L1 dτ . 〈t〉−(N/4+s/2)D(t)2

and
t�

0

〈t− τ〉−(N/4+s/2)‖v · (∇dij)h‖L1 dτ . 〈t〉−(N/4+s/2)
(
D(t)2 +X(t)2

)
.

Similar to v · ∇dij , we have
t�

0

〈t− τ〉−(N/4+s/2)‖v · ∇(−Λ−1∇jvi) + Λ−1∇jPv · ∇vi‖L1 dτ

. 〈t〉−(N/4+s/2)(D(t)2 +X(t)2).
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For Λ−1∇jPH lk∇lH ik + Λ−1∇k(H lj∇lH ik − H lk∇lH ij), similar to (3.9),
we have

t�

0

〈t−τ〉−(N/4+s/2)‖Λ−1∇jPH lk∇lH ik+Λ−1∇k(H lj∇lH ik−H lk∇lH ij)‖L1dτ

. 〈t〉−(N/4+s/2)D(t)2.

Thus,

t�

0

〈t− τ〉−(N/4+s/2)‖g(τ)‖`
Ḃ
−N/2
2,∞

dτ . 〈t〉−(N/4+s/2)(X(t)2 +D(t)2),

and, the proof of (3.8) is complete.
Combining (3.6) and (3.8), we conclude that for all t ≥ 0 and s ∈

(−N/2, 2],

(3.13) 〈t〉N/4+s/2‖(H, v)‖`
Ḃs2,1

. D0 +X(t)2 +D(t)2.

Step 3: Decay estimates for the high frequencies of (∇H, v). Applying
the operator ∆̇q to the system (3.2), we deduce that (∆̇qH, ∆̇qv) satisfies

(3.14)

{
∂t∆̇qH

ij + ∆̇qΛd
ij = −∆̇q(v · ∇H ij) + ∆̇qF,

∂t∆̇qd
ij − µ∆∆̇qd

ij − ∆̇qΛH
ij = −∆̇q(v · ∇dij) + ∆̇qG.

Taking the L2-scalar product of the first equation of (3.14) with ∆̇qH
ij and

µ2/2Λ2∆̇qH
ij , and the second equation with ∆̇qd

ij , we obtain the following
five identities:

1

2

d

dt
‖∆̇qH

ij‖2L2 + (∆̇qΛd
ij | ∆̇qH

ij)(3.15)

= −(∆̇q(v · ∇H ij) | ∆̇qH
ij) + (∆̇qF | ∆̇qH

ij),

µ2

4

d

dt
‖Λ∆̇qH

ij‖2L2 +
µ2

2
(Λ∆̇qd

ij |Λ2∆̇qH
ij)(3.16)

= −µ
2

2
(∆̇q(v · ∇H ij) |Λ2∆̇qH

ij) +
µ2

2
(∆̇qF |Λ2∆̇qH

ij),

and

(3.17)
1

2

d

dt
‖∆̇qd

ij‖2L2 + µ‖Λ∆̇qd
ij‖2L2 − (Λ∆̇qH

ij | ∆̇qd
ij)

= −(∆̇q(v · ∇dij) | ∆̇qd
ij) + (∆̇qG | ∆̇qd

ij).

Applying the operation Λ to the first equation in (3.14) and taking the L2
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scalar product with ∆̇qd
ij , and the second one with ∆̇qΛH

ij , we get

(3.18) −µ
2

d

dt
(∆̇qΛH

ij | ∆̇qd
ij)− µ

2
‖Λ∆̇qd

ij‖2L2

− µ2

2
(Λ∆̇qd

ij |Λ2∆̇qH
ij) +

µ

2
‖Λ∆̇qH

ij‖2L2

= −µ
2
(∆̇qΛF | ∆̇qd

ij)− µ

2
(∆̇qG |Λ∆̇qH

ij) +
µ

2
(∆̇qΛ(v · ∇H ij) | ∆̇qd

ij)

+
µ

2
(∆̇q(v · ∇dij) |Λ∆̇qH

ij).

Define

α2
q = ‖∆̇qH

ij‖2L2 +
µ2

2
‖Λ∆̇qH

ij‖2L2 + ‖∆̇qd
ij‖2L2 − µ(∆̇qΛH

ij | ∆̇qd
ij).

Employing Young’s inequality, we have

∣∣µ(∆̇qΛH
ij | ∆̇qd

ij)
∣∣ ≤ µ2

2
‖Λ∆̇qH

ij‖2L2 +
1

2
‖∆̇qd

ij‖2L2 .

Hence, there exist positive constants c1 and c2 such that

c1α
2
q ≤ ‖∆̇qH

ij‖2L2 + ‖Λ∆̇qH
ij‖2L2 + ‖∆̇qd

ij‖2L2 ≤ c2α2
q .

Thus,

αq ≈ ‖Λ∆̇qH
ij‖L2 + ‖∆̇qd

ij‖L2 for q > q0.

Combined with (3.15)–(3.18), this yields

(3.19)
1

2

d

dt
α2
q +

µ

2
‖Λ∆̇qd

ij‖2L2 +
µ

2
‖Λ∆̇qH

ij‖2L2

= −(∆̇q(v · ∇H ij) | ∆̇qH
ij)− µ2

2
(∆̇q(v · ∇H ij) |Λ2∆̇qH

ij)

− (∆̇q(v · ∇dij) | ∆̇qd
ij)

+
µ

2
(∆̇qΛ(v · ∇H ij) | ∆̇qd

ij) +
µ

2
(∆̇q(v · ∇dij) |Λ∆̇qH

ij)

+ (∆̇qF | ∆̇qH
ij) +

µ2

2
(∆̇qF |Λ2∆̇qH

ij) + (∆̇qG | ∆̇qd
ij)

− µ

2
(∆̇qΛF | ∆̇qd

ij)− µ

2
(∆̇qG |Λ∆̇qH

ij)

. αq
(
‖∆̇q(v · ∇H ij)‖L2 + ‖Λ∆̇q(v · ∇H ij)‖L2 + ‖∆̇q(v · ∇dij)‖L2

+ ‖∆̇qF‖L2 + ‖∆̇qΛF‖L2 + ‖∆̇qG‖L2

)
.
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For q ≥ q0 and for some c0 = c(q0) > 0, we have

1

2

d

dt
α2
q + c0α

2
q

. αq
(
‖∆̇q(v · ∇H ij)‖L2 + ‖Λ∆̇q(v · ∇H ij)‖L2 + ‖∆̇q(v · ∇dij)‖L2

+ ‖∆̇qF‖L2 + ‖∆̇qΛF‖L2 + ‖∆̇qG‖L2

)
.
(
‖(Fq, ΛFq, Gq)‖L2 + ‖Rq(v,H ij)‖L2 + ‖Rq(v, dij)‖L2

+ ‖R̃k(v,H ij)‖L2 + ‖∇v‖L∞αq
)
αq,

where

Fq = ∆̇qF, Gq = ∆̇qG,

with

Rq(v, b) := [v · ∇, ∆̇q]b = v · ∇∆̇qb− ∆̇q(v · ∇b) for b ∈ {H ij , bij},
R̃iq(v,H

ij) := [v · ∇, ∂i∆̇q]H
ij = v · ∇∂i∆̇qH

ij − ∂i∆̇q(v · ∇H ij).

After time integration, we discover that

ec0tαq(t) ≤ αq(0) +
t�

0

ec0τ
(
‖(Fq, ΛFq, Gq)‖L2 + ‖Rq(v,H ij)‖L2

+ ‖Rq(v, dij)‖L2 + ‖R̃k(v,H ij)‖L2 + ‖∇v‖L∞αq
)
dτ.

For q ≥ q0, we have αq ≈ ‖(Λ∆̇qH
ij , ∆̇qd

ij)‖L2 . Then

〈t〉α‖(Λ∆̇qH
ij , ∆̇qd

ij)(t)‖L2 . 〈t〉αe−c0t‖(Λ∆̇qH
ij , ∆̇qd

ij)(0)‖L2

+ 〈t〉α
t�

0

ec0(τ−t)
(
‖(Fq, ΛFq, Gq)‖L2 + ‖Rq(v,H ij)‖L2 + ‖Rq(v, dij)‖L2

+ ‖R̃k(v,H ij)‖L2 + ‖∇v‖L∞αq
)
dτ,

and multiplying both sides by 2(N/2−1)q, taking the supremum on [0, T ], and
summing over q ≥ q0, we get

(3.20) ‖〈t〉α(ΛH ij , dij)‖h
L̃∞T (Ḃ

N/2−1
2,1 )

. ‖(ΛH ij
0 , d

ij
0 )‖

h

Ḃ
N/2−1
2,1

+
∑
q≥q0

sup
0≤t≤T

〈t〉α
t�

0

ec0(τ−t)2(N/2−1)qSq dτ

with Sq :=
∑5

i=1 S
i
q and

S1
q := ‖(Fq, ΛFq, Gq)‖L2 , S2

q := ‖Rq(v,H ij)‖L2 , S3
q := ‖Rq(v, dij)‖L2 ,

S4
q := ‖R̃k(v,H ij)‖L2 , S5

q := ‖∇v‖L∞‖(Λ∆̇qH
ij , ∆̇qd

ij)‖L2 .
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Bounding the sum, for 0 ≤ t ≤ 2, and taking advantage of Proposition 2.6,
we end up with

(3.21)
∑
q≥q0

sup
0≤t≤2

〈t〉α
t�

0

ec0(τ−t)2(N/2−1)qSq(τ) dτ .
2�

0

∑
q≥q0

2(N/2−1)qSq(τ) dτ

.
2�

0

(
‖(F,ΛF,G)‖h

Ḃ
N/2−1
2,1

+ ‖∇v‖
Ḃ
N/2
2,1

‖(H ij , dij ,∇H ij)‖
Ḃ
N/2−1
2,1

)
dτ

.
2�

0

(
‖(ΛF,G)‖h

Ḃ
N/2−1
2,1

+ ‖∇v‖
Ḃ
N/2
2,1

‖(H ij , dij ,∇H ij)‖
Ḃ
N/2−1
2,1

)
dτ

=: Q1 +Q2.

From Lemma 2.4, we bound the terms Q1 and Q2 as follows:
2�

0

‖ΛF‖h
Ḃ
N/2−1
2,1

dτ .
2�

0

‖F‖h
Ḃ
N/2
2,1

dτ .
2�

0

‖∇kviHkj‖h
Ḃ
N/2
2,1

dτ

.
2�

0

‖∇kvi‖ḂN/22,1

‖Hkj‖
Ḃ
N/2
2,1

dτ

. ‖Hkj‖
L∞t (Ḃ

N/2
2,1 )
‖∇kvi‖L1

t (Ḃ
N/2
2,1 )

. X(2)2,

2�

0

‖G‖h
Ḃ
N/2−1
2,1

dτ

.
2�

0

‖v · ∇(−Λ−1∇jvi) + Λ−1∇jPv · ∇vi‖h
Ḃ
N/2−1
2,1

dτ

+

2�

0

‖Λ−1∇jPH lk∇lH ik + Λ−1∇k(H lj∇lH ik −H lk∇lH ij)‖h
Ḃ
N/2−1
2,1

dτ

.
2�

0

‖v‖
Ḃ
N/2−1
2,1

‖∇v‖
Ḃ
N/2
2,1

dτ +

2�

0

‖H‖
Ḃ
N/2
2,1

‖∇H‖
Ḃ
N/2−1
2,1

dτ

. ‖v‖
L∞t (Ḃ

N/2−1
2,1 )

‖∇v‖
L1
t (Ḃ

N/2
2,1 )

+ ‖H‖
L2
t (Ḃ

N/2
2,1 )
‖∇H‖

L2
t (Ḃ

N/2−1
2,1 )

. X(2)2,

and
2�

0

‖∇v‖
Ḃ
N/2
2,1

‖(H ij , dij ,∇H ij)‖
Ḃ
N/2−1
2,1

dτ

. ‖∇v‖
L1
T (Ḃ

N/2
2,1 )
‖(H ij , dij ,∇H ij)‖

L∞T (Ḃ
N/2−1
2,1 )

. X(2)2.
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Therefore, for t ≤ 2,

(3.22)
∑
q≥q0

sup
0≤t≤2

〈t〉α
t�

0

ec0(τ−t)2(N/2−1)qSq dτ . X(2)2.

To bound the supremum on [2, T ], we split the integral on [0, t] into integrals
on [0, 1] and [1, t], respectively. The [0, 1] part is easy to handle:

∑
q≥q0

sup
2≤t≤T

〈t〉α
1�

0

ec0(τ−t)2(N/2−1)qSq dτ ≤
∑
q≥q0

sup
2≤t≤T

〈t〉αe−c0/2t
1�

0

2(N/2−1)qSq dτ

.
1�

0

∑
q≥q0

2(N/2−1)qSq dτ.

Hence

(3.23)
∑
q≥q0

sup
2≤t≤T

〈t〉α
1�

0

ec0(τ−t)2(N/2−1)qSq(τ) dτ . X(1)2.

Let us finally consider the [1, t] part of the integral for 2 ≤ t ≤ T. We shall
use repeatedly the inequalities

(3.24) ‖τ∇v‖
L̃∞t (Ḃ

N/2
2,1 )

. D(t),

which are straightforward for the high frequencies, while for the low frequen-
cies they stem from

‖τ∇v‖`
L̃∞t (Ḃ

N/2
2,1 )

. ‖〈τ〉N/4+1/2v‖`
L∞t (Ḃ1

2,1)
. D(t).

Regarding the contribution of S1
q , by Lemma 2.9 we first notice that

∑
q≥q0

sup
2≤t≤T

〈t〉α
t�

1

ec0(τ−t)2(N/2−1)qS1
q (τ) dτ) . ‖τα(ΛF,G)‖hL̃∞T (Ḃ

N/2−1
2,1 )

.

Now, product laws in tilde spaces ensure that

‖ταΛF‖h
L̃∞T (Ḃ

N/2−1
2,1 )

. ‖τα−1H‖
L̃∞T (Ḃ

N/2
2,1 )
‖τ∇v‖

L̃∞T (Ḃ
N/2
2,1 )

.

The high frequencies of the first term are obviously bounded by D(T ):

(3.25) ‖τα−1H‖h
L̃∞T (Ḃ

N/2
2,1 )

. ‖ταH‖h
L̃∞T (Ḃ

N/2
2,1 )

. D(T ).

As for the low frequencies of the first term, we notice that if N ≤ 4 then for
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all small enough ε > 0,

‖τα−1H‖`
L̃∞T (Ḃ

N/2
2,1 )

. ‖τα−1H‖`
L∞T (Ḃ

N/2−2ε
2,1 )

(3.26)

. ‖τα−1−N/2+ετN/2−εH‖`
L∞T (Ḃ

N/2−2ε
2,1 )

. ‖τN/2−εc‖`
L∞T (Ḃ

N/2−2ε
2,1 )

. D(T ),

and if N ≥ 5 then

‖τα−1H‖`
L̃∞T (Ḃ

N/2
2,1 )

. ‖τα−1H‖`
L̃∞T (Ḃ2

2,1)
(3.27)

. ‖τα−2−N/4τN/4+1H‖`
L∞T (Ḃ2

2,1)

. ‖τN/4+1H‖`
L∞T (Ḃ2

2,1)
. D(T ).

Combining (3.25)–(3.27), we obtain

‖τα−1H‖
L̃∞T (Ḃ

N/2
2,1 )

. D(T ).(3.28)

Therefore, using (3.24) and (3.28) we get

‖ταΛF‖h
L̃∞T (Ḃ

N/2−1
2,1 )

. D(T )2.

Noticing that G = v · ∇(−Λ−1∇jvi) + Λ−1∇jP(v · ∇vi − H lk∇lH ik) +
Λ−1∇k(H lj∇lH ik −H lk∇lH ij), similar to (3.28) we get

‖τα−1v‖
L̃∞T (Ḃ

N/2−1
2,1 )

. D(T ).(3.29)

Employing (3.24) and (3.29), we obtain

‖τα
(
v · ∇(−Λ−1∇jvi) + Λ−1∇jP(v · ∇vi)

)
‖
L̃∞T (Ḃ

N/2−1
2,1 )

. ‖τα−1v‖
L̃∞T (Ḃ

N/2−1
2,1 )

‖τ∇v‖
L̃∞T (Ḃ

N/2
2,1 )

. D(T )2.

Product laws in tilde spaces ensure that

‖τα
(
Λ−1∇jP(H lk∇lH ik) + Λ−1∇k(H lj∇lH ik −H lk∇lH ij)

)
‖
L̃∞T (Ḃ

N/2−1
2,1 )

. ‖τα/2H‖2
L̃∞T (Ḃ

N/2
2,1 )

.

The high frequencies of the first term are obviously bounded by D(T ):

(3.30) ‖τα/2H‖h
L̃∞T (Ḃ

N/2
2,1 )

. ‖ταH‖h
L̃∞T (Ḃ

N/2
2,1 )

. D(T ).

As for the low frequencies of the first term, we notice that if N ≤ 4 then for
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all small enough ε > 0,

‖τα/2H‖`
L̃∞T (Ḃ

N/2
2,1 )

. ‖τα/2H‖`
L∞T (Ḃ

N/2−2ε
2,1 )

(3.31)

. ‖τα/2−N/2+εN/2−εH‖`
L∞T (Ḃ

N/2−2ε
2,1 )

. D(T ),

and if N ≥ 5 then

‖τα/2H‖`
L̃∞T (Ḃ

N/2
2,1 )

. ‖τα/2H‖`
L̃∞T (Ḃ2

2,1)
(3.32)

. ‖τα/2−N/4−1τN/4+1H‖`
L∞T (Ḃ2

2,1)
. D(T ).

Combining (3.30)–(3.32), we obtain

‖τα/2H‖
L̃∞T (Ḃ

N/2
2,1 )

. D(T ).(3.33)

Therefore,

‖τα
(
Λ−1∇jP(H lk∇lH ik) + Λ−1∇k(H lj∇lH ik −H lk∇lH ij)

)
‖
L̃∞T (Ḃ

N/2−1
2,1 )

. D(T )2.

Thus,
‖ταG‖h

L̃∞T (Ḃ
N/2−1
2,1 )

. D(T )2.

We end up with

(3.34)
∑
q≥q0

sup
2≤t≤T

〈t〉α
t�

1

ec0(τ−t)2(N/2−1)qS1
q (τ) dτ . X(T )2 +D(T )2.

To bound the term with S2
q , we use the fact that

t�

1

ec0(τ−t)‖Rq(v,H ij)‖L2 dτ ≤ ‖Rq(τv, τα−1H ij)‖L∞t (L2)

t�

1

ec0(τ−t)τ−α dτ.

Hence, thanks to Lemma 2.9 and Proposition 2.6,

∑
q≥q0

sup
2≤t≤T

〈t〉α
t�

1

ec0(τ−t)2(N/2−1)qS2
q (τ) dτ

.
∑
q≥q0

2(N/2−1)q‖Rq(τv, τα−1H ij)‖L∞t (L2)

. ‖τ∇v‖
L̃∞T (Ḃ

N/2
2,1 )
‖τα−1H‖

L̃∞T (Ḃ
N/2−1
2,1 )

.

The first term on the right side may be bounded thanks to (3.24), and the
high frequencies of the last term on the right side are obviously bounded
by D(T ). As for the low frequencies of the last term, we notice that if N ≤ 6
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then for all small enough ε > 0,

‖τα−1H‖`
L̃∞T (Ḃ

N/2−1
2,1 )

. ‖τα−1H‖`
L∞T (Ḃ

N/2−1−2ε
2,1 )

. ‖τα−1/2−N/2+ετN/2−1/2−εH‖`
L∞T (Ḃ

N/2−1−2ε
2,1 )

. D(T ),

and if N ≥ 7 then

‖τα−1H‖`
L̃∞T (Ḃ

N/2−1
2,1 )

. ‖τα−1H‖`
L∞T (Ḃ2

2,1)

. ‖τα−N/4−2τN/4+1H‖`
L∞T (Ḃ2

2,1)
. D(T ).

We eventually get

(3.35)
∑
q≥q0

sup
2≤t≤T

〈t〉α
t�

1

ec0(τ−t)2(N/2−1)qS2
q (τ) dτ . D(T )2.

Similarly, we have

(3.36)
∑
q≥q0

sup
2≤t≤T

〈t〉α
t�

1

ec0(τ−t)2(N/2−1)qS3
q (τ) dτ . D(T )2.

Finally, using product laws, (3.24), (3.28), (3.29) and Lemma 2.9, we obtain

(3.37)
∑
q≥q0

sup
2≤t≤T

〈t〉α
t�

1

ec0(τ−t)2(N/2−1)qS4
q (τ) dτ

. ‖τ∇v‖
L̃∞T (Ḃ

N/2
2,1 )
‖τα−1∇H‖

L̃∞T (Ḃ
N/2−1
2,1 )

sup
2≤t≤T

tα
t�

1

ec0(τ−t)τ−α dτ

. D(T )2

and

(3.38)
∑
q≥q0

sup
2≤t≤T

〈t〉α
t�

1

ec0(τ−t)2(N/2−1)qS5
q (τ) dτ

. ‖τ∇v‖
L̃∞T (Ḃ

N/2
2,1 )
‖τα−1(∇H, d)‖

L̃∞T (Ḃ
N/2−1
2,1 )

sup
2≤t≤T

tα
t�

1

ec0(τ−t)τ−α dτ

. D(T )2.

Putting all the above inequalities (3.34)–(3.38) together, we conclude that

(3.39)
∑
q≥q0

sup
2≤t≤T

〈t〉α
t�

1

ec0(τ−t)2(N/2−1)qSq(τ) dτ . X(T )2 +D(T )2.

Then plugging (3.22), (3.23) and (3.39) into (3.20) yields

(3.40) ‖〈τ〉α(ΛH ij , dij)‖h
L̃∞T (Ḃ

N/2−1
2,1 )

.‖(ΛH ij
0 , d

ij
0 )‖

h

Ḃ
N/2−1
2,1

+X(T )2+D(T )2.
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Step 4: Decay estimates with gain of regularity for the high frequencies
of ∇dij. In order to close the estimates of the time-weighted energy func-
tional, this step is devoted to bounding the last terms of D(t). We shall use
the fact that the velocity dij satisfies the equation

∂td
ij − µ∆dij = ΛH ij +G− v · ∇dij =: h.(3.41)

Therefore,

∂t(t∆d
ij)− µ∆(t∆dij) = ∆dij + t∆h.

We deduce from Proposition 2.7 that

‖τ∆dij‖h
L̃∞t (Ḃ

N/2−1
2,1 )

. ‖∆dij‖h
L1
t (Ḃ

N/2−1
2,1 )

+ ‖τ∆h‖h
L̃∞t (Ḃ

N/2−3
2,1 )

,

whence, using the bounds given by Theorem 1.1,

(3.42) ‖τ∇dij‖h
L̃∞t (Ḃ

N/2
2,1 )

. X(0) + ‖τh‖h
L̃∞t (Ḃ

N/2−1
2,1 )

.

In order to bound the first term of h, we notice that, because α ≥ 1 and
according to (3.40), we have

‖τΛH ij‖h
L̃∞t (Ḃ

N/2−1
2,1 )

. ‖〈τ〉αΛH ij‖h
L̃∞t (Ḃ

N/2−1
2,1 )

. X(0) +X(t)2 +D(t)2.

Noticing that G = v · ∇(−Λ−1∇jvi) + Λ−1∇jP(v · ∇vi − H lk∇lH ik) +
Λ−1∇k(H lj∇lH ik − H lk∇lH ij), from (3.24), (3.33) and the definition of
X(t) we have

(3.43) ‖τ
(
v · ∇(−Λ−1∇jvi) + Λ−1∇jP(v · ∇vi)

)
‖h
L̃∞t (Ḃ

N/2−1
2,1 )

. ‖v‖
L̃∞t (Ḃ

N/2−1
2,1 )

‖τ∇v‖
L̃∞t (Ḃ

N/2
2,1 )

. X(t)D(t)

and

(3.44)
‖τ(Λ−1∇jP(H lk∇lH ik) + Λ−1∇k(H lj∇lH ik −H lk∇lH ij))‖h

L̃∞t (Ḃ
N/2−1
2,1 )

. ‖τH · ∇H‖
L̃∞t (Ḃ

N/2−1
2,1 )

. ‖τ1/2H‖2
L̃∞t (Ḃ

N/2
2,1 )

. D(t)2.

The third term of h is similar to (3.43), and we obtain

‖τ(v · ∇dij)‖h
L̃∞t (Ḃ

N/2−1
2,1 )

. X(t)D(t).

Hence, reverting to (3.42), we get

(3.45) ‖τ∇dij‖h
L̃∞t (Ḃ

N/2
2,1 )

. X(0) +X(t)2 +D(t)2.
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Finally, adding the resulting inequality to (3.13) and (3.40) yields, for all
t ≥ 0,

D(t) . X(0) +D0 + ‖(ΛH ij
0 , d

ij
0 )‖

h

Ḃ
N/2−1
2,1

+X(t)2 +D(t)2

. D0 + ‖(ΛH ij
0 , d

ij
0 )‖

h

Ḃ
N/2−1
2,1

+X(t)2 +D(t)2,

where we have used X(0)` = ‖(H0, v0)‖`
Ḃ
N/2−1
2,1

. ‖(H0, v0)‖`
Ḃ
−N/2
2,∞

. As The-

orem 1.1 ensures that X(t) is small, one can conclude that (1.8) is fulfilled
for all time if D0 and ‖(ΛH ij

0 , d
ij
0 )‖hḂN/2−1

2,1

are small enough. This completes
the proof of Theorem 1.2.
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