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EXISTENCE OF SOLUTIONS TO A ONE-DIMENSIONAL
HAMILTON–JACOBI EQUATION WITH A DEGENERATE
HAMILTONIAN

Abstract. We study a one-dimensional Hamilton–Jacobi initial value
problem for a degenerate Hamiltonian occurring in multipeakon dynamics.
Such a degenerate problem does not obey the usual viscosity solutions theory; viability type extensions do not seem to cover it either. Thanks to a
particular change of variables, we reduce the problem to the case where
Hopf theory is sufficient. Moreover, we show that our solutions are solutions
in the viscosity sense.
1. Introduction. We consider the following Hamilton–Jacobi equation
related to the multipeakon problem for the Camassa–Holm equation (see
[2, 1, 9] or [8]):
(
ut + 12 h∇u, En ∇ui = 0, t > 0, x ∈ Rn ,
(1.1)
u(0, x) = u0 (x),
x ∈ Rn ,
where the metric En = En (x) (x ∈ Rn ) is given by
En (x) = (e−|xj −xk | )nj,k=1
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Notice that such a matrix is singular at xi = xj , while for xi 6= xj it is
invertible and the inverse can be explicitly computed [3]. However, the singularity at xi = xj leads to an interesting problem, which does not seem to
be covered by the general theory. Indeed, the inverse of E cannot be computed for xi = xj and the Lagrangian is not computable at such points [3].
Though some extensions of the theory, utilizing differential inclusions and
the viability method, to Lagrangians which may be infinite at some points
are available (see [6] or [7] for instance), our case violates the assumptions
imposed on the Hamiltonians in such cases. For example, one can check that
already a two-dimensional Hamiltonian, corresponding to a two-peakon, violates assumption (A2) in [7], which is a special kind of sub-Lipschitz behavior
of the epigraphical mapping of the Hamiltonian.
In the present paper we focus on the one-dimensional simplification of
the system, still including the degeneracy. We shall introduce a change of
variables leading to a concept of solution via an extension of the Hopf–Lax
formula [5]. Next, we show that one cannot expect such a change of variables
in higher dimensions, which will be studied in a forthcoming paper of the first
author, where viscosity solutions will be applied. Actually, our solution of the
one-dimensional simplification will also be shown to be a viscosity solution
in the sense of [4]. Some regularity results in the present 1d case will give us
hints concerning the regularity and uniqueness in higher dimensions.
Let us describe in detail the problem we are dealing with in the present
note. The initial value problem of the following form is studied:
(
ut + 21 H(x, ux ) = 0, t > 0, x ∈ R,
(1.2)
u(0, x) = u0 (x),
x ∈ R,
where the Hamiltonian H(x, ux ) is given by
(1.3)

H(x, ux ) = 12 |x|u2x = 12 (

p
|x| ux )2

or
(1.4)

p
H(x, ux ) = 12 (1 − e−|x| )u2x = 12 ( 1 − e−|x| ux )2 .

We shall construct solutions to (1.2) with these Hamiltonians.
2. Construction of a solution. Our solution is obtained via a change
of variables which transforms (1.2) to a problem in which a solution is given
via the Hopf–Lax formula. As we shall see, it works only in dimension 1.
Theorem 2.1. Let H = H(x, ux ) be a Hamiltonian given by (1.3)
or (1.4). Assume that the initial datum u0 (x) is a compactly supported C 1
function. Then there exists a solution u = u(t, x) such that u(·, x) is continuous for all x ∈ R and for any t > 0, u(t, ·) is 12 -Hölder continuous and differentiable a.e. Moreover, the solution is locally Lipschitz continuous except
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at x = 0 and the following representation formulas hold: If the Hamiltonian
H is given by (1.3), then


|A(x) − y|2
−1
(2.1)
u(t, x) = inf
+ u0 (A (y)) ,
y∈R
2t
while for H given by (1.4),


|B(x) − y|2
−1
+ u0 (B (y)) ,
(2.2)
u(t, x) = inf
y∈R
2t
where the functions A(x) and B(x) are given below.
Proof. Let A = A(x) and B = B(x) be defined by
( √
2 x,
x ≥ 0,
(2.3)
A(x) =
√
−2 −x, x < 0,
√
 

1 + 1 − e−x


√
, x ≥ 0,
log
1− 1√− e−x 
B(x) =
(2.4)
1 + 1 − ex


− log
√
, x < 0.
1 − 1 − ex
These functions are bijective, and thus we can find a point x = A−1 (z) or
x = B −1 (z) for any z ∈ R. Namely,



4ez

(

− log (ez + 1)2 , z ≥ 0,
1 2
z ,
z ≥ 0,
−1
−1
4


B (z) =
A (z) =

4ez
− 41 z 2 , z < 0,

log
,
z < 0.
(ez + 1)2
We first consider the case (1.3). Then the function v(t, A(x)) = u(t, x) satisfies
1
ux (t, x) = Ax (x)vz (t, z) (t,z)=(t,A(x)) = p sgn(x)vz (t, z) (t,z)=(t,A(x)) ,
|x|
and thus
p
2
vz (t, z) (t,z)=(t,A(x)) = ( |x| ux )2 .
Therefore we may reduce our problem to the following well-known problem:
(
vt + 21 vz2 = 0,
t > 0, z ∈ R,
(2.5)
v(0, z) = v0 (z), x ∈ R.
When the Hamiltonian H is given by (1.4), we observe
1
ux (t, x) = B 0 (x)vz (t, z) (t,z)=(t,B(x)) = p
sgn(x)vz (t, z)
1−e−|x|
Thus we have
p
2
vz (t, z) (t,z)=(t,B(x)) = ( 1 − e−|x| ux (t, x))2 .

(t,z)=(t,B(x))

.
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The above observation implies that equation (1.2) with the Hamiltonian
H(x, ux ) = (1 − e−|x| )u2x also reduces to (2.5). It is well-known (see for
instance [5]) that the Hopf–Lax formula gives us a unique viscosity solution
to (2.5) as follows if v0 = v0 (x) is a given Lipschitz function:


(z − y)2
(2.6)
v(t, z) = min
+ v0 (y) .
y∈R
2t
And our v0 is global Lipschitz continuous since u0 ∈ C01 (R) and A−1 , B −1
are local Lipschitz continuous.
Since the function v = v(t, z) given by (2.6) is Lipschitz continuous on
[0, ∞) × R and limt→0 v(t, z) = v0 (z), we observe that v solves the equation
vt + 21 |vx |2 = 0 almost everywhere in (0, ∞) × R. The changes of variable
x 7→ A(x) and x 7→ B(x) are bijective, so the problem (1.2) is reduced
to (2.5). Finally, u = u(t, ·) is 21 -Hölder continuous for all t > 0.
We notice that we had some freedom in our choice of bijections A and B.
Namely, we could choose both A or −A as a change of variables, and in the
same way we could choose B or −B. Both choices lead to the same solution,
as stated in the remark below.
Remark 2.2. Let us consider the transformations
e
e
A(x)
= −A(x), B(x)
= −B(x).
e
e
Next, define u1 (t, x) = v(t, A(x)),
z1 (t, x) = v(t, B(x)).
The functions
u1 (t, x) and z1 solve (1.2) with Hamiltonians (1.3) and (1.4) respectively,
e
e
with initial data u0,1 (x) = v0 (A(x))
and z0,1 (x) = v0 (B(x)).
We claim that
the solutions u(t, x) = v(t, A(x)) and u1 (t, x) coincide. The same holds for
z(t, x) = v(t, B(x)) and z1 .
Proof. Indeed, u0 (z) = v0 (A(x)) and u0,1 (z) = v0 (−A(x)), and the
Hopf–Lax formula gives


|A(x) − y|2
−1
(2.7)
u(t, x) = v(t, A(x)) = min
+ u0 (A (y))
y∈R
2t


|−A(x) − (−y)|2
−1
= min
+ u0 (A (−(−y)))
y∈R
2t


|−A(x) − ȳ|2
= min
+ u0 (−A−1 (ȳ))
ȳ∈R
2t


|−A(x) − ȳ|2
−1
= min
+ u0 ((−A) (ȳ))
ȳ∈R
2t
= v(t, −A(x)) = u1 (t, x).
e
The same argument holds for B(x) and B(x).
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The remaining question is uniqueness of our solution. On the one hand,
in the next section, we prove that it is a viscosity solution of (1.2). Moreover,
as we already know, our solution u is in the regularity class
A := {f : [0, T ] × R → R | for every x ∈ R, f (·, x) ∈ Lip([0, T ]),
for every t > 0, f (t, ·) ∈ Liploc (R \ {0}) ∩ C 1/2 (R)}.
Hence u is differentiable almost everywhere in [0, T ] × R.
The uniqueness of a viscosity solution in such a regularity class is a
question we have to leave open. Let us mention, however, that defining
v(t, z) = u(t, A−1 (z)) in the case of (1.3), or v(t, z) = u(t, B −1 (z)) when
H is given by (1.4) (in both cases v0 is a Lipschitz continuous function),
we see that, in both cases, v is a solution to (2.5). By [5, Lemma 3.3.4], we
know that v, given by the Hopf–Lax formula, is a semiconcave function for
any t > 0. Then, due to [5, Theorem 3.3.7], v = v(t, z) is a unique weak
solution of (2.5) in the class of semiconcave functions. So our solution u corresponds to the unique solution v (given by the Hopf–Lax formula) of (2.5).
This correspondence allows us to hope for the uniqueness of solution in the
class A.
2.1. Invalidity of a construction in higher dimensional cases. Let
us explain briefly why the above idea does not work in higher dimensions
and other techniques are necessary. To follow a similar approach in higher
dimensions we would need a function ϕ = ϕ(x) ∈ Rn which would allow us
to define
u(t, x) = v(t, ϕ(x)),
where v would be a solution of the following simplified problem:
(
vt + 21 |∇z v|2 = 0, t > 0, z ∈ Rn ,
(2.8)
v(0, z) = z0 (z),
z ∈ Rn .
Then, in particular, we would have
∂u
∂ϕ1 ∂v
∂ϕ2 ∂v
∂ϕn ∂v
=
+
+ ··· +
,
∂xj
∂xj ∂z1
∂xj ∂z2
∂xj ∂zn
and consequently
 ∂u
  ∂ϕ1
(t,
x)
∂x
∂x (x)
 ∂u1
  ∂ϕ11
 ∂x2 (t, x)   ∂x2 (x)

= .
..

  .
.

  .
∂u
∂xn (t, x)

∂ϕ1
∂xn (x)

∂ϕ2
∂x1 (x)
∂ϕ2
∂x2 (x)

···

..
.

···
..
.

∂ϕ2
∂xn (x)

···

∂ϕn
∂x1 (x)

∂ϕn
∂x2 (x)


∂v
∂z (t, z)

 ∂v1
 ∂z2 (t, z) 





..
.

∂ϕn
∂xn (x)





.

..
.



∂v
∂zn (t, z)

(t,z)=(t,ϕ(x))
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So the Jacobi matrix
∂(ϕ1 , . . . , ϕn )
=
∂(x1 , . . . , xn )



∂ϕj
(x)
∂xk

n

p
= ( En )−1

j,k=1

would have to exist. In order to show that this is impossible, let us analyze
the case n = 2. Then
!
1
e−|x1 −x2 |
E2 (x) =
e−|x1 −x2 |
1
and we observe
p
( E2 (x))−1

1
1
p
+p

1
1−e−|x1 −x2 |
1+e−|x1 −x2 |
= 

1
1
2 p
−p
−|x
−x
|
1+e 1 2
1−e−|x1 −x2 |

1


1
−p
1+e−|x1 −x2 |
1−e−|x1 −x2 | 
.

1
1
p
+p
−|x
−x
|
−|x
−x
|
1−e 1 2
1+e 1 2
p

Now we notice that p
the rows of the above matrix are not gradients of poten∂(ϕ1 ,ϕ2 )
tials, so ∂(x1 ,x2 ) 6= ( E2 (x))−1 . Hence the reduction of our original problem
to (2.8) is impossible already for n = 2.
3. Viscosity solutions. In this section, we show that the solutions
defined via (2.1) and (2.2) are actually viscosity solutions. Since A−1 as
well as B −1 are not C ∞ functions, we need some additional work to justify this fact. Indeed, both A−1 and B −1 are C 1 functions, with derivatives
z
(A−1 )0 (z) = 2|z| and (B −1 )0 (z) = sgn(z) eez −1
+1 . But, as one sees, the second
derivatives are both discontinuous at 0. In the classical definition of viscosity
solutions test functions are taken C ∞ regular [4]. The lack of such regularity
of A−1 and B −1 requires some preparatory steps. First, notice that in [5,
Theorem 10.3.3] it is proven that the Hopf–Lax formula defines a viscosity solution of a Hamilton–Jacobi equation. We notice that the proof of the
claim in [5] works even if test functions are taken only C 1 regular. Indeed,
that proof yields the following more general lemma.
Lemma 3.1. Consider a Hamilton–Jacobi initial value problem
(
ut + 21 H(x, ∇u) = 0, t > 0, x ∈ Rn ,
(3.1)
u(0, x) = u0 (x),
x ∈ Rn ,
where H is a C 2 function, convex in the second variable. Moreover, suppose
that for each x ∈ R,
H(x, p)
lim
= ∞.
p→∞
|p|
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Then u, given by the Hopf–Lax formula, is a viscosity solution with a C 1 test
function φ. More precisely, for any φ ∈ C 1 ((0, ∞) × Rn ) and any point
(t0 , x0 ) at which u − φ admits a local minimum we have
(3.2)

φt (t0 , x0 ) − H(x0 , ∇x φ(t0 , x0 )) ≥ 0,

so u is a viscosity supersolution to (3.1). Moreover, for any φ ∈
C 1 ((0, ∞)×Rn ) and any point (t0 , x0 ) at which u−φ admits a local maximum
we have
(3.3)

φt (t0 , x0 ) − H(x0 , ∇x φ(t0 , x0 )) ≤ 0,

so u is a viscosity subsolution. Altogether, u is a viscosity solution of (3.1)
with test functions φ only C 1 regular.
By decreasing the regularity of test functions in the previous lemma, we
can avoid technical difficulties stemming from the fact that A−1 and B −1
are not C ∞ and prove the main result of this section.
Proposition 3.2. The function u given by (2.1) defines a viscosity solution to (1.2) with Hamiltonian H given by (1.3). Similarly, formula (2.2)
defines a viscosity solution to (1.2), (1.4).
Proof. First consider u = u(t, x) given by (2.1). We start by showing that
u is a viscosity subsolution. To this end we have to check that for arbitrary
C ∞ function φ = φ(t, x) for which u − φ achieves a local maximum at a
point (t0 , x0 ) ∈ (0, ∞) × R, we have
(3.4)

φt (t0 , x0 ) + 21 |x0 | |φx (t0 , x0 )|2 ≤ 0.

Due to the low regularity of A−1 , in the first step we show (3.4) for a wider
class of C 1 functions. Define φ̃(t, z) := φ(t, A−1 (z)). As previously, v(t, z) =
u(t, A−1 (z)). We observe that v − φ̃ has a local maximum at (t0 , z0 ) =
(t0 , A(x0 )). Moreover, v given by the Hopf–Lax formula solves (2.5), so in
view of Lemma 3.1, v(t, z) is a viscosity solution to (2.5). Hence, by (3.3),
at each (t0 , z0 ) at which v − φ̃ has a maximum we have
φ̃t (t0 , x0 ) − 12 |φ̃z (t0 , z0 )|2 ≤ 0.
Consequently,
φt (t0 , x0 ) + 12 |x0 | |φx (t0 , x0 )|2 ≤ 0.
Now, take φ ∈ C ∞ such that u − φ achieves a local maximum at (t0 , x0 ). The
function φ is in particular C 1 and by the previous step (3.4) holds, so u is a
viscosity subsolution. In order to show that u is also a viscosity supersolution,
again we start with φ ∈ C 1 such that u−φ admits a local minimum at (t0 , x0 ).
Once more we define v(t, z) = u(t, A−1 (z)) and φ̃(t, z) := φ(t, A−1 (z)). Due
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to Lemma 3.1, the function v given by the Hopf–Lax formula solves (2.5) in
the viscosity sense. In particular, it is a supersolution to (2.5). Next, (3.2)
allows us to write
φ̃t (t0 , z0 ) − 12 |φ̃z (t0 , z0 )|2 ≥ 0
for (t0 , z0 ) being a minimum point of v − φ̃. Again, this gives us
φt (t0 , x0 ) + 21 |x0 | |φx (t0 , x0 )|2 ≤ 0.
The latter formula holds in particular for φ ∈ C ∞ , so u is also a viscosity
supersolution. We conclude that u given by (2.1) is a viscosity solution of
(1.2), (1.3).
To complete the proof of Proposition 3.2 we still need to show that u
given by (2.2) is a viscosity solution to (1.2), (1.4).
The proof is exactly the same. We define v(t, z) = u(t, B −1 (z)) and
φ̃(t, z) = φ(t, B −1 (z)) for any z ∈ R. The function φ̃ is a C 1 function (as a
composition of a smooth function φ and a C 1 bijection B −1 ), but it may not
be C ∞ . As previously, we use Lemma 3.1 for C 1 test functions and show that
v is both a viscosity sub- and supersolution. In particular, it is a viscosity
solution in the usual sense [4], with C ∞ test functions.
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