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Linear Diophantine equations in Piatetski-Shapiro sequences
by

TOSHIKI MATSUSAKA and KoTA SA1TO (Nagoya)

1. Introduction. Let |z] denote the integer part of z € R. For a
non-integral o > 0, the sequence (|n®|)>°, is called the Piatetski-Shapiro
sequence with exponent a. Let PS(a) = {|[n%]: n € N}. We say that an
equation f(x1,...,zy) = 0 is solvable in PS(«) if there are infinitely many
pairwise distinct tuples (x1,...,2,) € PS(«a)" satisfying this equation. In
this article, we investigate the solvability in PS(«) of linear Diophantine
equations

(1.1) ar + by = cz

for all fixed a, b, c € N. For example, the solvability of the equation y = 6z +n
for 0,n € R with 6 ¢ {0, 1} has been studied by Glasscock [Glal7, [Gla20]. He
asserts that if the equation y = fz-+n has infinitely many solutions (z,y) € N2
then for Lebesgue-a.e. a > 1 it is solvable or not in PS(«) according as o < 2
or a > 2. As a direct consequence, for Lebesgue-a.e. 1 < a < 2, the equation
z = (a/c)x + (b/c) is solvable in PS(«) for all a,b, ¢ € N with ged(a,c) | b. In
other words, the equation with ged(a, ¢) | b is solvable in PS(«). On the
other hand, for o > 2, we did not know at all whether the equation is
solvable in PS(«a) or not.

Our main result provides an answer to this question. We consider the set
of o in a short interval [s, t] C (2, 00) such that is solvable. The following
theorem asserts that the Hausdorff dimension of this set is positive. To state
the theorem, let {x} be the fractional part of z € R, and dimp(X) the
Hausdorff dimension of X C R (the definition will be recalled in Section [2)).
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THEOREM 1.1. Let a,b,c € N. For all positive real numbers 2 < s < t,

dimp({« € [s,t]: ax + by = cz is solvable in PS(a)})

s3 -1 _
<S+(2—}—{8}—21_\-8”(2—{3})) Zf a=b=c,

$3

-1
2( s+
<5 2+ {s} -2 TN - {s}>>
Note that the lower bound in either case is greater than 1/s3 for all
2 < s < t. The positivity of the Hausdorff dimension implies that this set is

uncountable for any closed interval [s,t] C (2,00). Moreover, we can easily
prove the following:

otherwise.

COROLLARY 1.2. For any closed interval I C (2,00), the set of o € T
such that ax + by = cz is solvable in PS(«) is uncountable and dense in I.

In particular, for a = b = 1, ¢ = 2, a pairwise distinct tuple (z, z,y)
satisfying (|1.1)) forms an arithmetic progression of length 3. Therefore Corol-
lary [T.2] implies

COROLLARY 1.3. For any closed interval I C (2,00), the set of o € I
such that PS(a) contains infinitely many arithmetic progressions of length 3
s uncountable and dense in I.

There are some related works on arithmetic progressions and Piatetski-
Shapiro sequences. It is an exercise to show that for all 1 < a < 2, the
set PS(«) contains arbitrarily long arithmetic progressions (consisting of
consecutive elements). Frantzikinakis and Wierdl [FWO09| proved that any
set of positive integers with positive upper density contains arbitrarily long
arithmetic progressions whose common difference belongs to PS(«a) for all
non-integral o > 1 (here we say that A C N has positive upper density if
limy 00 |[AN{L,..., N}|/N > 0). This result is an extension of Szemerédi’s
theorem [Sze75|. Furthermore, the second author and Yoshida [SY19] gave
another extension of Szemerédi’s theorem to Piatetski-Shapiro sequences by
showing that for any A C N with positive upper density, the set {|n®] :
n € A} with 1 < a < 2 contains arbitrarily long arithmetic progressions.
They also posed a question:

QUESTION 1.4 (|SY19, Question 13|). Is it true that
sup {a > 1: PS(«a) contains arbitrarily long arithmetic progressions} = 2%

We do not get any answer to this question here, but surprisingly, by
Corollary the supremum of « such that PS(a) contains infinitely many
arithmetic progressions of length 3 is positive infinity. Glasscock also posed
a related question for the equation witha=b=c=1.
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QUESTION 1.5 (|Glal7, Question 6]). Does there exist an ag > 1 with
the property that for Lebesgue-a.e. or all a > 1, the equation x +y = z is
solvable or not in PS(a) according as o < ag or a > g ?

By Corollary [1.2] the case with “all @ > 1”7 in Question [L.5]is false since
the supremum of o > 0 such that is solvable in PS(«) is positive infinity.
However, the case with “Lebesgue-a.e.” in Question [1.5]is still open.

The rest of the article is organized as follows. First in Section [2] we define
the discrepancy of the sequences and the Hausdorff dimension, and describe

some known useful results. In Sections [3] and [, we prove a series of lemmas.
Finally we provide a proof of Theorem [I.1]

NoTATION. Let N = {1,2,...}. For z € R, let || denote the integer part
of z, {z} denote the fractional part of z, and [z| denote the minimum integer
n such that z < n. A tuple (21,...,2) € RF is called pairwise distinct if
#{x1,..., 21} = k. Let v/—1 denote the imaginary unit, and define e(z) by
2™ =17 for all z € R.

2. Preparations. For all x = (z1,...,24) € R?, define

{x} = ({1}, {za}).

Let (xpn)1<n<n be a sequence composed of x,, € R foralll <n < N.We
define the discrepancy D(x1,...,xy) of (x,)M_; by

NA[1,N]: {xn 4 la;,bi d
sup #{n € N [ ’ ] {X } € szl[a I )} _ | |(bl _ ai) .
0<a;<b;<1 N =1
1<i<d

In order to evaluate an upper bound for the discrepancy, we use the fol-
lowing inequality which was shown by Koksma [Kok50| and Sziisz [Szii52]
independently: there exists Cy > 0 which depends only on d such that for
all K € N, we have

N
1 1 1 21/ =1 (k,xn
(2.1) D(xl,...,x]\f)SC'd(KJr Z k)‘NnZ::le o

v(
0<|klloo<K
keZ4

where we let (-,-) denote the standard inner product and define

d
k[l = max(|kal,- .. [kal), (k) = ] [ max(1,[ki]).
i=1

This inequality is sometimes reffered as the Erdés—Turan—Koksma inequal-
ity. We refer the readers to [DT97, Theorem 1.21] for more details on dis-
crepancies and a proof of (2.1). This inequality reduces the estimate of the
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discrepancy to that of exponential sums. Furthermore, the exponential sum
is evaluated by the following lemma.

LEMMA 2.1 (van der Corput’s kth derivative test). Let f(z) be real and
have continuous derivatives up to kth order, where k > 4. Let A\, < f(k) (x) <
h\i (or the same for — ) (z)). Let b—a > 1. Then there exists C(h, k) > 0
such that

’ Z o2V =1 f(n)

a<n<b

Proof. See Titchmarsh’s book [Tit86, Theorem 5.13]. m

< Clh R (b= a)n/® 72 4 (0= ) 72NV E),

We next introduce the Hausdorff dimension. For every U C R, write the
diameter of U as diam(U) = sup, ¢y |2 — y|. Fix § > 0. For all /' C R and
s € [0,1], we define

oo

= inf {Z diam(U. U , (V4 € N) diam(Uj) < 5},

and H*(F) = lims_, 4.0 H3(F) is called the s-dimensional Hausdorff measure
of F. Further,

dimp (F) = inf{s € [0,1]: H*(F) = 0}

is called the Hausdorff dimension of F. Note that the Hausdorff dimension
can be defined on all metric spaces, but we use only R in this article. By the
definition, the following basic properties hold:

e (Monotonicity) for all FF C E C R, we have dimy(F') < dimp(E);
e (Countable stability) if Fy, F5,... C R is a countable sequence of sets,
then dimg (U,~, F) = sup,,en dimp (F,).

We refer the readers to Falconer’s book [Fall4] for more details on fractal
dimensions. In order to prove Theorem [I.I} we construct a general Can-
tor set which is a subset of the set of all o such that is solvable
in PS(«). In [Fall4, (4.3)], we can see a general construction of Cantor
sets and a technique to evaluate their Hausdorff dimension as follows: Let
[0,1] = Ep 2 Eq1 O - -- be a decreasing sequence of sets, with each Ej a union
of a finite number of disjoint closed intervals called kth level basic intervals,
with each interval of I}, containing at least two intervals of Ej, and with
the maximum length of kth level intervals tending to 0 as k — oo. Then let

(2.2) F= ﬁ Ey.
k=0

LEMMA 2.2 (|Fall4, Example 4.6(a)]). Suppose in the general construc-
tion (2.2) each (k — 1)st level interval contains at least my > 2 kth level



Diophantine equations in Piatetski-Shapiro sequences 95

intervals (k = 1,2,...) which are separated by gaps of at least Jy, where
0 < 011 < Ok for each k. Then

Sy () > i 280 )
oo — log(mydy)

Since the Hausdorff dimension is stable under similarity transformations,
the initial interval Ey may be taken to be an arbitrary closed interval. More-
over, let E be the set of interior points of Ej for all & € N. Then the
Hausdorff dimension of (32, E} is equal to that of (32, E. To see why,
let Ny be the boundary of Ej, that is, the set of all end points of kth level
intervals. We easily see that

oo oo
N:ZF\ mEI?:C UNk::Noo-
k=0 k=0
Since each N, is a finite set, N, is countable. By monotonicity, and the fact
that the Hausdorff dimension of a countable set is 0, we get

0 < dimpg(N) < dimg(Ny) = 0,
that is, dimyg(N') = 0. Therefore by countable stability,

dimy (F) = max {dimH ( N E;;) , dimH(/\/)} — dimy ( N E;;).
k=0 k=0
To summarize this discussion, we have the following:

LEMMA 2.3. Let Ey be any open interval, and let g O Ey DO -+ be
a decreasing sequence of sets, with each Ey a union of a finite number of
disjoint open intervals, and with the maximum length of kth level intervals
tending to 0 as k — oo. Suppose each (k—1)st level interval contains at least
myg > 2 kth level intervals (k = 1,2,...) which are separated by gaps of at
least dy, where 0 < 011 < Oy for each k. Then

({5 >t 05
k=0

koo — log(mpdy)

3. Lemmas I. We write O(1) for a bounded quantity. If this bound
depends only on some parameters ai,...,a,, then for instance we write
Oq,.....an (1). As is customary, we often abbreviate O(1)X and O, . 4, (1)X
to O(X) and Oq, .. 4, (X) respectively for a non-negative quantity X. We
also write f(X) < ¢g(X) and f(X) <q,,...a, 9(X) if f(X) = O(g(X)) and
f(X) = Oa,,....a.(g(X)) respectively, where g(X) is non-negative.

Let us consider the solvability of the equation . In this and subse-
quent sections, we fix a,b,¢,d € N with d > 2 and 8,7 € R with d < § <
v < d+ 1. Unless it causes confusion, we do not indicate their dependence
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hereafter. Take a large parameter xg = x¢(a, b, c,d, 5,v) > 0. For all integers

T > g, we define
1/8
) x> \zN ife<a,
N

( Lﬁ_g 1/~
cx?logr ¢ “
/8 L/
Jabc xr) = a g 1
be(T) <<c—b(m2logm)1) T, (c> x>N if a < ¢,

21/ x—i—; ,21/6x ifa=b=c,
z[log x| N

where we let (s,t)y denote (s,¢) NN, and set N = {zn: n € N}. Note that
Jabe(x) is non-empty if xg is sufficiently large. When a = ¢ and b # c,
Jap.c(z) is not defined above, but this case comes down to the case when
a # ¢ by switching the roles of (a,x) and (b,y). Thus the three cases in the
definition of J, 4 .(x) are sufficient.

ole

LEMMA 3.1. Assume that a # c. Then there exists C > 0 such that for
all integers © > xo and for all z € Jgpc(x), we can find o = a(x, z) € (B,7)
such that ax® + b = cz%, and

log(a/c)
a p—
log(2/2)
Proof. Fix any x > x¢ and z € J,p(x). For all u € R, consider the
continuous function f(u) = az™ + b — cz*. We consider two cases.

C

3.1 .
(3.1) ~ 22logx

CASE a > c. Let
log(a/c) log(a/c + b/(cx?logz))
" logz/a) T log(z/z)
Then z € Jy () implies 8 < ap < ag < 7. It follows that f(ag) = b > 0.
By taking a larger z( if necessary, we have

flar) = 2% (a+ bz~ — c(z/x)™) < 2*(a+b/(2*logx) — c(z/2)**) = 0.

Therefore, by the intermediate value theorem, there exists a zero a = a(x, z)
of fsuch that 5 < ap < a < a1 < 7. Since log(14+u) < uforallu € (-1, 00),
we have

log(1 + b/(ax?logx b 1
1 — ) 080 /e log))

log(z/x) = az?logz log(z/xz)
From this inequality and 1/log(z/x) <.~ 1, we obtain (3.1]).

CASE ¢ > a. Let
_log(c/a)

_ , log(c/a —b/(az?log x))
log(z/2)’ '

e log(z/2)

ap
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Since z € Jypc(x), we have f < o) < ap < v and  <gpc 8, 2. Then by
the calculation in Case a > ¢, f(ap) = b > 0. Further, z < z implies 27 <
2P <« 27P. Thus if z¢ is sufficiently large, we have 2~ < 1/(z%logx),
which yields
fla)) = 2% (a(x/z)o‘,l + bz — c) < 2 (a(m/z)a/l +b/(z*logz) — ¢) = 0.
Therefore, by the intermediate value theorem, there exists a zero a = a(z, 2)
of f such that 8 < o} < a < ayp < 7. Since [log(l — u)| < 2u for all
u € (0,1/2), we have

_ 2

lag — o) = [log(1 —b/(cx*logz))| < 2b 1
log(z/2) cx?logz log(x/z2)

provided x is sufficiently large. From this inequality and 1/log(z/z) <g.c~ 1,
we obtain (3.1)). =

LEMMA 3.2. There ezists C > 0 such that for all integers x > x¢ and z €
Ji11.1(x), we can find o = a(z, ) € (B,7) such that x*+ (z + (x[logxz]) 1)
=2z%, and
C

~ z2logx’

log 2
(3.2) ’ o8

“ 7 log(z/)
Proof. Take any x > x¢ and z € Jy1,1(z). For all uw € R, consider the
continuous function f(u) = 2% + (z + (x[logz])~1)* — 2%, and set

log 2 _ log 2

o] =

0 log(z/x)’ 10g<x+(w[;)g"ﬂ)_l>.

By z € Ji1,1(z), we get f < ag < a1 < 7. By the definitions of ag and oy,
we have

1

f(a0)>z°‘°<;+2—1> o, f(a1)<zo“<;+;—1> 0.

Therefore, by the intermediate value theorem, there exists a zero a = a(z, 2)
of f such that oy < o < . Further, we deduce (3.2)) since

2 2
8l 1 gl 1
— < 1 1 < . .
o1 = aof < log 2 0g< * x210ga:> ~ log2 z2logw .
LEMMA 3.3. Let € > 0 be an arbitrarily small real number. For all
XY, ZeN, and o € R with f < a <7, if

(3.3) aX®+bY® =cZ°,
then there exists ng € N such that
(3.4) al(noX)*] + b[(noY)*] = cl(no2)*],

(3.5) max({(noX)*},{(noY)*},{(no2)*}) < 1/2,
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(3.6) no <= (X + Y7 /(@HBI=2 PR {))+e

Proof. Choose X,Y,Z € N and a with f < a < + satisfying (3.3). For
all n € N,

cl(n2)*] = c(n2)" = c{(n2)"} = al(nX)*] + [ (nY)*] + 4(n),
where we define §(n) = a{(nX)*} + b{(nY)*} — c{(nZ)*}. Let
A={neN:|6(n)] <1, max({(nX)*},{(nY)*},{(n2)*}) < 1/2},

and note that any n € A satisfies (3.4) and (3.5). Let us show the existence
of n € A satisfying (3.6). Take a small £ = &(d,3,7v,e) > 0 and take a
sufficiently large parameter R = R(a,b,c,d, 3,7,¢). Set

(3.7) N = [R(X + V)7 /(@H{8}=2" D) +e.
and set 1 = {8} — 2 + (292 — 2)(1/2¢ — 2¢). Since
(38) v=2+{8}-2"" 1+ 0(¢),

we have 0 < ¢ < 8 < « for £ small enough. Moreover, we let L(hi, hs) =
(tha + hgya)/C.

CASE 1. We first discuss the case when
(3.9) |L(h1,hg)| > N~¥
for all hy, hy € Z with 0 < max(|hy], |he|) < N¢. In this case, define

(3.10)  Ar = {n €N: 0 < {(nX)*/c} < i 0 < {(nY)"/e} < 41190}
Then we have A; C A. Indeed, take any n € A;. We see that

(3.11) (nX)* =c[(nX)*/c| + c{(nX)"/c}.

Since the first term on the right-hand side of is an integer and the

second term belongs to [0,1) by n € Aj, we get {(nX)*} = c{(nX)%/c}.
This yields {(nX)*} < 1/(4a). Similarly, {(nY)*} < 1/(4b). Further,

[(n2)"} = {a(nX)" e+ b(nY ) fc} < a{(nX)° /c} + b{(nY)* e} < 5.

Hence
1 1 1
5(n)] < a{(nX)"} + {(nY)*} +ef(nZ2)*} < 3+ +5 =1
Therefore A1 C A.
We now evaluate the distribution of A;. Let D1(N) be the discrepancy
of the sequence ((nX)%/c, (nY)®/c)N<n<on. Then [2.1) with K = [N¢|
implies that

DN <N+ Y L LS e, b)),

V(hla h2) N
0<||(h1,h2)]|co <N N<n<2N
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For all v € R, define f(u) = L(h1, h2)u®. For each N < u < 2N,
|L(ha, ho) | NO~H2) « | 42 ()| < |L(hy, ho)| NO~ (2,
Therefore Lemma [2.1] with k = d + 2 yields

1
N O elL(hho)n®)
N<n<2N

a— d+2_ L(hy,h No—(d+2))-1/(2472-2)
< (11, ey . ([ RN )

NC—{B}+v)/(2472-2)

N1/2¢ ’
where in the last inequality we used o« —d < {7y} and d+2 —a < 2 — {f}.
By the definition of v, it follows that (2— {8} +1)/(29+2 —2) —1/2¢ = —2¢.

Then

= ST e(Llha, ho)n®) < ((X +Y)INDIZ2HEOYETE22) 4 N2

N<n<2N

< (L(NE, NN D=2y =2)

Therefore, since

1 d+2
- €)2 /(2712 -2)
2 g S MNP N !
0<[[(h1,h2) [0 <N
we have
(3.12) Di(N) <e N7¢ 4 (X + V)TN -2426)1/(2772-2)
Let E1(N) be the right-hand side of (3.12)). By the definition of discrepancy,
#(A1N(N,2N 1
( ]\(7 : - 16abc? + Oé(El(N))'
By (3.7), we have
(3.13) (X + V) N2+ pII=2428(x 4 y)e,
Here
2
~
e=+((n) - 2420 +e)
2+{8} -2-B))(2 - {»})
~y
2+ {8} -+

>0 2—{—{ﬁ}—21*L5J *5(2*{’7})+O(§) <0

for £ small enough. This yields
E1(N) < R€ + Rpn}-2+26)/(272-2)
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Therefore if ¢ is sufficiently small and R is sufficiently large, then
1 1
——— + O¢(FE1(N)) > —.
16abc? +0c(Fr(N)) = 32abc?
Hence, in this case, #(A N (N, 2N]) > #(A; N (N,2N]) > N/(32abc?) > 0,
which implies that there exists ng € A satisfying (3.6)).

CASE 2. We next discuss the case when (3.9) is false, that is, there exist
hi,hy € Z with 0 < max(|hy], |h2|) < N¢ such that

(3.14) |L(h1,h2)| < N7Y.

We observe that h; and hy are non-zero and have opposite signs, since if

not, then 1/c < |L(h1, h2)| < N~%, which causes a contradiction when R is

sufficiently large. Thus we may assume that hy < 0 < hs by multiplying both

sides of by [(—1)] if necessary. Let b} = —hy and 6 = L(hq, ha)/hs.
In the case 6 > 0, let

(3'15) Ay = {n c [1’N¢/a/<8bc)l/a]ﬂN: 0< {(nX)a/(ChQ)} < 8(1[)10]\75}’

then Ay C A. To see why, suppose n € As. Then

(nX)*/c = ha|(nX)"/(cha) | + hof (nX)"/(cha2)},
where the first term is an integer and the second term belongs to [0, 1). This
yields {(nX)%/c} = ha{(nX)%/(cha)}. Thus we obtain 0 < {(nX)%/c} <
1/(4ac). Further, since
h/
(nY)*/c= i(nX)a +n%0 = hy | (nX)*/(cha) |+ {(nX)*/(ch2)} + n®0,
1 1 1
1L(nX)" Z, 0<{(nx)" o 4 —
W LX) f(eho)] €2, 0 < B {(nX)*/(cha)} +n%0 < o+ = o
we have {(nY)*/c} = hi{(nX)*/(ch2) }+n*0 and 0 < {(nY)*/c} < 1/(4bc).
Hence, Ay C A; C A.
We next evaluate the distribution of Ay. Let V = N¥//(2(8be)'/®),
and D(N) be the discrepancy of the sequence ((nX)®/(ch2))v<n<2v. Then

by (2.1) with K = [N*],

1 1]1 o o
0<|h|<N2 V<n<2V

From Lemma with & = d + 2 we deduce

Dy(N) < —+
N2
«a 1/(2d+2—2) ‘h‘Xo‘ Va_d_2 _1/(2d+2_2)
+ Z i ’h|X oa—d—2 i (W )

0<|h|<N2E
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We see that
ey 1/(24+2 2
Z i |h|X Vafd72 / )
|h| cha
0<|h|<N2
< (X'YV{’Y}—2)1/ (20+2_9) Z po1H1/(242-2)
1<h<N2¢

< (X IIm2)/@TE ) N2t/ (2 -2)
In addition, since d — a < 0 and hy < N, we see that
1 (\h|XO‘ Vo- d— 2) 1/(29+2-2)

Z L cho
Al y1/2d

0<|h| <N

ch 1/(2d+2_2) o

< (X_az) V(2+d—a)/(2d+2_2)—1/2d .9 Z h_l_l/(2d+2_2)
h=1

< Nf . Vl/(2d+171)71/2d _ N£V(71+2—d)/(2d+171).

Hence

D2(N) < 725 + (XA/N2§V{’Y} 2)1/(2d+2_2) + va( 1+27 d)/(2d+1 1)
N

< %f + (X’YN2§+T/J({’Y} 2)/’7)1/(211-&-2 2) 4 Ner’LZJ( 142— d)/(,\/(2d+171))'
N

Let E2(N) be the right-hand side. Now by (3.7)), we have
(3.16) XIN2HIN=2/7  REHI-2D/7( X + V).

Here

2
=1 03100 -3) o
({ =2 2+{8} —21-1BH(2 - {+})
2+{B} -2 4 0(9) "
T 2+ {B} — 21— 18l € 'y( {v}) +0()
Y-y +oe,
where we have used . This implies that for £ small enough,
Ey)(N) <« N2 4 (R2E+¢({7}—2)/“/(X + Y)e')l/(2d+2_2)
+ NEFU(=14279)/(v(2441 1))

< N7%,
Therefore, by making £ smaller and R larger if necessary, we get
#An(V,2v]) 1 1

> 0.

+ O(Ea(N

= > -
4 8abceN¢ ) Z T6abene
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Hence, there exists ng € A such that
ny < (X + y)w/a)*ﬂ/((%{ﬁ}—?l’w)(2—{7}))+€’
which implies the inequality (3.6]) since 1) < «. In the case § < 0, let §' =
L(hy,h2)/h1 > 0. By switching the roles of (6, X®) and (#',Y?), and by a
similar argument to the case 6 > 0, we also find ng € A satisfying (3.6]). =
LEMMA 3.4. For all o >0 and X,Y,Z € N, define
log(([W*]+1)W™)
log W
For all « > 0 and X,Y,Z € N, if a| X“| + b|Y?]| = c|Z%], then for all
7€ (a,a+n(a, X,Y,Z)), we have
al XT)+blYT| =c|Z7].
Proof. The claim is clear since we observe that
(X =1X7], Y=Y, [2%]=1Z7)
forall 7 € (a, a+n(e, X,Y, Z)). n

n(a,X,Y,Z):min{ :W:X,Y,Z}.

4. Lemmas II. Let 2 < 8 < «, and let a,b,c¢ € N as in the previous
section. Let xp > 0 be a large parameter. For each x > xg, let K(x) C N be
a non-empty finite set. For each x > x¢ and z € K(x), let 8(z, z) and ¢(z, 2)
be positive real numbers, and define an interval I(x, z) = (0(x, 2),0(z, z) +
l(z,z)). For each = > x, define

Gy = U I(z,2).
z€K(z)
Let us consider the following conditions:

(C1) for all integers x > xg, K () does not contain any multiples of z;

(C2) for all integers x > zp and z € K(z), if 2 # max K(x), then z + 1 €
K(x)or z+2 € K(x);

(C3) there exists 1 > 0 such that for all x > =,

max(inf {|8 — a|: a € G, },inf{|y+ 272 —al: a € G,}) < Qrz™};
(C4) there exists a real number £ € (0,00) \ {1} such that for all z > =

and z € K(x),
log x 1
b, 2) = log(z/x) + O<x2 logsc>7

(C5) there exist Q2, Q3 > 0 and ¢ > 2 such that for all x > ¢ and z € K(z),
Q2279 < U(z,2) < Qaz";
(C6) for all integers = > xq9, G C (3,7 + z72);
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(C7) for all integers x > xp and z € K(x), there exists a pairwise distinct
tuple (X (z, 2),Y (z,2), Z(x,z)) € N such that for all 7 € I(z, 2),

al X(z,2)" | +0|Y(x,2)"| =c|Z(x,2)"|, X(z,2)> .

PROPOSITION 4.1. Suppose that there exist xo, K(z), 0(x, z), and {(z, 2)
satisfying (C1) to (CT7). Let q be as in (C5). Then

dimp({a € [B,7]: ax + by = cz is solvable in PS(a)}) > 2/q.

REMARK 4.2. The idea of the proof of Proposition (4.1 comes from the
proof of Jarnik’s theorem in Falconer’s book [Fall4, Theorem 10.3|. Jarnik’s
theorem states that for every ¢ > 2 the set of a € [0, 1] such that there exist
infinitely many z, z € N with | — z/z| < 279 has Hausdorff dimension 2/q.

The goal of this section is to prove Proposition Suppose that there
exist zg, K(x), 0(x, z), and £(z, z) satisfying (C1) to (C7), and choose such
xo, K(x), 0(x, z), and £(x, z). Let Q1, Q2, Q3, k, g be as in (C3) to (C5). Let
x1 > 0 and Uy > 0 be large parameters depending on a, b, ¢, d, 8, v, Q1, Qo,
Q3, K, To, q. Below we do not indicate the dependence of those parameters.
Let p denote a variable running over prime numbers.

LEMMA 4.3. There exists By > 0 such that for all p > x1 and distinct
2,2 € K(p), the intervals 1(p,z) and I(p,z") are separated by a gap of at
least Bip~' if 1 is sufficiently large.

Proof. By (C4) and (C6), for all p > z; and z € K(p), we have

I3 log
4.1 <2 <2y
4 2 = loa(/1)
if 1 is sufficiently large. This implies that
(4.2) p KLz Lp.

By (C4) and the inequalities (4.1) and (4.2)), there exists By > 0 such that

1 1 1
16(p, 2) — 6(p, 2')| = %f—‘gﬁ+o(2 )
log 7 log 2 p*logp

> ]10g/:|‘logzzl/| —|—O< ! 1 >
|10g1;H10g;’ plogp

2 1 1
> B log G + 0 > Bop ™'
4|log k| z p?logp

for all p > 21 and all z, 2’ € K(p) with z < 2. Further, since £(p, z) < Q3p~2
by (C5), there exists By > 0 such that for all p > 1 and distinct z, 2" € K(p),
the intervals I(p, z) and I(p,2’) are separated by a gap of at least

(4.3) Bop™' —Qsp™? > Bip !

if 1 is sufficiently large. m
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Now we call the open interval I(p,z) (z € K(p)) a basic interval of G,
for all p > x1. For each U > Uy, define

Hy = U Gp.
U<p2U
p prime

For all U < p < 2U, we also call a basic interval of G}, a basic interval of Hy;.

LEMMA 4.4. There exist Bo, By > 0 such that for any U > Uy, all distinct
basic intervals of Hy are separated by gaps of at least BoU 2, and the length
of each basic interval of Hyr is at least BsU ™Y if Uy is sufficiently large.

Proof. We take distinct prime numbers p and p’ with U < p,p’ < 2U.
Then, for all z € K(p) and 2’ € K(p'), the condition (C4), the inequality
(4.1), and the mean value theorem imply that

;o log log & 1
_ > _ -
6(p,2) =60, )1 > log(z/p)  log(#'/p') X U?logU
/32 P o

/

p 7 1
z PPYvol——).
p D n<2’2/>+ <U210gU>

We may assume that p’/z’ > p/z. By (C1), z and p are coprime, which yields
|zp" — 2'p| > 1. Therefore
1
=z E_ZEs sy

NERAW

p 2 Z) p Pz vz
by the inequalities (4.2]) and U < p,p’ < 2U. Therefore for all U > Uy,
(44) |9(pa Z) - 9(p,’ Z,)‘ > U_2
if Uy is sufficiently large. Further, for all U < p < 2U and z € K(p), we
deduce by (C5) that £(p, 2z) < U~?, where 8 > 2. Hence there exists Dy > 0
such that for all distinct prime numbers U < p,p’ < 2U, and all z € K(p)
and 2/ € K(p'), the intervals I(p,z) and I(p',2") are separated by gaps of
at least D1U 2. By combining this with Lemma there exists Dy > 0
such that distinct basic intervals of Hy are separated by gaps of at least
DoU~2. Furthermore by (C5), for all U < p < 2U and z € K(p), we have
Q227909 < {(p, z). In conclusion, we find that all distinct basic intervals
of Hy are separated by gaps of at least BoU 2, and have length of at least
B3sU ™49, where we let Bo = Dy and B3 =(Q2-27%. u

LEMMA 4.5. There exists By > 0 such that the following statement holds:
for every U > Uy, if an open interval I C (B, + p~2) satisfies

>
~ 4|log K|

z 2 z Zlp

(4.5) 3By/diam(I) < U < p < 2U,
then the open interval I completely includes at least
2
(4.6) v ~diam(I)  basic intervals of Hy.

6B4logU
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Proof. By (C4), (4.1)), and (4.2)), there exists D3 > 0 such that for every
z € K(p) and the minimum 2’ € K(p) with 2’ > z,

(4.7)  10(p,2) — 0(p,2")| =

logr  logk N ( 1 )‘
log(z/p)  log(2'/p) p?logp

442 1 _
= hogn! 'z'|Z_ZI‘+O< )<D3p .

p*logp
Here we apply (C2) when we deduce the last inequality. From (C3), (C6)
and (4.7]), there exists By > 0 such that

Biy+p ) C(B.B+Bip U |J (0(p,2),0(p,2) + Bap™")
z€K(p)
U(y+p?=Bap v +p72).
Therefore for all U > Uy and U < p < 2U, any open interval I C (B,y+p~2)
satisfying (4.5)) completely includes at least B;lp -diam(I)—2 > (3B4)~'U -
diam(/) basic intervals of G). Hence, by the prime number theorem, the

open interval I completely includes at least (4.6)) basic intervals of Hy for a
large enough U;. =

Proof of Proposition[{.1 Let B3 and By be constants as in Lemma [.4]
and Lemma respectively. Let u; = max(Uy,2). For every k = 2,3,...,
we put

up = max(u,’z_l, [3(Ba4/Bs)ui_,1),
and Bs = Bs3/(6B4). Let E; be the open interval (5,2v). For every k =
2,3,..., let B} be the union of basic intervals of H,, which are completely

included by Ej_1. Let F' be the intersection of all Ej’s. Define m; = 1, and
for k > 2, define

2 2, —4q

_ Uy B UpUp_q
my = 3U "1 = D5

6By log u log uy,

Lemma [4.4] implies that each (k — 1)st level interval of F' has length at least
Bsu, ;. Then, by Lemma , each (k — 1)st level interval of F' contains at
least my kth level intervals. In addition, by Lemma disjoint kth level
intervals of F' are separated by gaps of at least 0, = Bgu,;Q. Therefore,
Lemma [2.3] implies that

1 T
dimg(F) > lim og(my - my_1)

koo — log(dxmy)
iy 208Uy +log (B (up - ug_2)*(logup) ! - (logug_1) ")
k—oo qloguy_1 + loglog uy, — log(B2Bs5)

Since uy > ugfl for all £ > 2, we have logu; > k!logu; and uy > ugp_1.
Further, for k > 1 large enough, we have uy = ullzfl. Thus for k > 1 large
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enough, we see that
2logug_1 = 2k~1 logug, qlogui_1 = gkt log ug,
llog(BE2u; Y (ug - - - up_2)* 9(logug) ™' - - - (log up_1)1)| < log up_s.
Therefore, since log ug_o/logur, = 1/(k(k —1)) — 0 as k — oo, we get

() ) 2 2
k=1

We finally show that for any 7 € F', the equation ax + by = cz is solv-
able in PS(7) and 7 € [3,~]. If this claim is true, we get the conclusion of
Proposition by the monotonicity of the Hausdorff dimension.

Take any 7 € F. It is clear that 7 € [, 7] since the condition (C6) yields
H,, C (ﬁ,fy—i—u,f), which implies F' C [, v]. Further, by (C7), for all & > 1,
there exist a prime number u; < pp < 2ui and z, € K (pg) such that we find
a pairwise distinct tuple (X (pk, 2), Y 0k, 2), Z (pr, 2)) € N? such that

al X (pk, 26)" ] + 0[Y (pr, 26)7) = | Z(pr, 21)" ), X (P, 2k) > P
Since X (pg,zk) > pr > up — o0 as k — oo, the equation az + by = cz is
solvable in PS(7). =

5. Proof of Theorem Fix any a,b,c € N. Without loss of gen-
erality, we may assume that either « # cora =b =c = 1. Let € > 0 be
arbitrarily small. Let d = |s| and choose real numbers 3,y with d < s <
B <~ <min(t,d+1). Let xg = z¢(a, b, c,d, 5,7) be as in Section (3| By the
monotonicity of the Hausdorff dimension, we have
(5.1)  dimg({« € [s,t]: az + by = cz is solvable in PS(a)})

> dimy ({« € [B,7]: ax + by = cz is solvable in PS(a)}).

Take a(zx, z) as in Lemmas and 3.2 Let K(z) = Jopc(z), 0(z,2) =
a(z, z). We give £(z, z) later. Let us check the conditions (C1) to (C7), and
apply Proposition 4.1]

CASE a > ¢. By Lemma for all > z and z € Jypo(x) we have
az®®?) 4 b = ez

Thus by Lemma [3.3] there exists ng = ng(z, z) € N such that

(5.2) al(nox)*] +blng | = cl(no2)"],
(5.3) max({(nox)}, {(n0)*},{(noz)*}) <1/2,
(5.4) np <o o/ (@EHB=27 PN~ {yh)+e

Define 7 as in Lemma Let ¢(z, z) = n(a(zx, z), nox, no, noz). The condi-
tion (C1) is clear from the definition of J,p (). The condition (C2) is also
clear since we find at most one multiple of  among any three consecutive
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integers if o > 3. Lemma implies (C4). By Lemma u 4] for each z > ¢
and z € Jyp (), each 7 € (a(z, 2), a(x, 2) + £(z, z)) satisfies
al(nox)™] +blng| = cl(noz)"],  nor ==

Therefore we have (CT7). Let us prove (C3), (C5), (C6).
We show (C3). Let « be an integer with x > x¢. For each i € {1, 2}, let

NN [(a/c)!/7)
- = x 1, 204 =|(a/c)'Px]| —
14 cr?logr ¢ ’ 28

Note that Jgpc(2) does not contain multiples of . Thus we do not know
whether 21, 225 € Jap.c(x) for each i € {1,2}. However, by (C2), there exist
i1,12 € {1,2} such that 21 ;,, 22, € Jopc(T). Lemma implies that

log(a/c 1
o) = B o ).

log(z1,4, /) z?logx

Here we have

log(21,i, /%) = 10g<<b + Z) " + O(:c‘l)>

cr?logw

= ~log(afe) + 10g<1 Lo (”) " 0<x‘1)>

ayz?log
1
=2 log(a/c) + O(z™1).

Therefore

N log(a/c) 1 B -~
a(z,z1,) = %bg(a/c) 0 + O<x2 logﬂs> =v+0(z1).

Similarly, we have a(z, 224,) = 8 + O(z~1). Hence we obtain (C3).
We next show (C5). For all x > zg and z € J,.(x), we have x < z by
the definition of J, p .(x). Recall that

log(([W*] +1)W ™)
log W ’
where W is one of ngz, ng, or ngz. From f < «(z, z), we have £(z,z) <

log(1 + (nox)™?) < 278, Further, by the facts (5.3), (5.4), 1 <z < z < z,
and a < v, we have

E(.T,Z) = 77(04(9572’)7”0%”0,”02) =

log(1 4271w —) S
log W (npz)7 log(npz)

Uz, z) > > a7,
where

,.)/2

2+ {8} -2 (2 - {+})

q=a(6,7,€)=(7+6)( +1+g>.
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Therefore (C5) holds (with @3 = 1). The remaining condition (C6) is clear
since 8 < a(z,2) < v and a(z,2) +£4(x,z) < y+x~2 by (C5) (with Q3 = 1).

CASE ¢ > a. Define ng = no(x, z) and #(x, z), q(5,7,¢) the same way
as in Case a > ¢. The condition (C1) is clear since z < x by the definition
of Jupe(x). The condition (C2) is also clear since J,p () forms a set of
consecutive integers. Lemma implies (C4). Similarly to the discussion
in Case a > ¢, we have (C5)—(C7). To show (C3), let  be an integer with
T > xo. Let

Zl_Kc—b( a )_1)1/59;J+1, 2 = |(a)c) 2] — 1.

x2logx

We observe that 21, 2o € Jup () if 2 is sufficiently large. Lemmaimplies
that a(z,21) = B+ O(x 1) and a(x, z2) = v + O(x~1). This gives (C3).

CASE a = b= c = 1. By Lemma , for all > zg and z € Jy11(x),
by letting X = X(x,2) = z%[logz], Y = Y(x,2) = 2*[logz] + 1, Z =
Z(x,z) = zx|log x|, we have

Xa(x,z) + Ya(:c,z) _ Zoz(x,z).
Therefore, from Lemma there exists ng = no(z, z) € N such that
[(no X)) + [(noY)*] = [(n02)"],
(5.5) max({(noX)*}, {(no¥)*},{(n02)*}) <1/2,
no < (X + y)VQ/((2+{ﬁ}*21_W)(2*{7}))%.

Defining r = (7, 8,¢) = v2/((2 + {8} — 2'"1B1)(2 — {¥})) + &, we obtain
(5.6) np <=z
Let {(z, z) = n(a(z, 2),n0X,nY,noZ) be as in Lemma [3.4]

The condition (C1) is clear since x < z < 2z by the definition of Ji 1 1(z).
The condition (C2) is also clear since Jj11(z) forms a set of consecutive
integers. Lemma implies (C4). By Lemma for all £ > zg and z €
Ji11(x), each 7 € (a(z, 2), a(x, z) + £(x, 2)) satisfies

L[(noX)"] + [(noY)"] = [(no2)7],  noX ==
Therefore (C7) holds. It remains to prove (C3), (C5), and (C6).
Let us show (C3). Take any integer x > zg. Let
21 = |27z + (z[logz]) ™| +1, 2= [2Fz] —1.

It follows that 21,22 € Ji1,1(2) if x¢ is sufficiently large. Then Lemma
implies that a(z,z1) = v+ O(z~ 1) and a(z, z2) = B+ O(x~1). Therefore we
have (C3).
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We next show (C5). Let = be an integer with z > z and z € Jy1,1(2).
It is clear that < z and X (z,2) < Y(z,2) < Z(z, z). Recall that
log (W] + )W)
log W ’
where W is one of ng X, ngY, or ngZ. Therefore, as 8 < «, we have (x, z) <

log(1 + (noZ)~?) < Z=8 < 278, Further, from (5.5), (5.6) and a < v, we
obtain

é(l’,z) = 77(0‘(1:’ Z)?”OXa noY, TL()Z) =

log(1+271Ww~2) 1
L >
(z,2) 2 log W > (noZ)log(noZ)
Hence, (C5) holds. The condition (C6) is clear since 5 < a(z,z) < 7 and
a(z,2) +(z,2) < v+ 272 by (C5).

>, :L‘_(2+6)(7+5)(T+1) .

To summarize the above discussion, define

2

Dgpc(B,7.€) = (2 +2€)('Y +e)(r(B,7,e)+ 1)

—_ otherwise.

q(8,7,¢)
Cases a > ¢, ¢ > a, a = b= c =1 and Proposition imply that

dimg({a € [8,7]: ax + by = cz is solvable in PS(a)}) > Dy (8,7, €)-
Therefore, by and by letting e = +0, v — 5, 8 — s, we have

dimp({a € [s,t]: ax + by = cz is solvable in PS(«)}) > Dgp.c(s,s,0).
By the definitions of ¢ and r, we get the conclusion of Theorem [I.1]

ifa=b=c,
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