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A SIMPLE PROOF OF THE REAL RIESZ-THORIN INTERPOLATION
THEOREM IN THE LOWER TRIANGLE

BY

LECH MALIGRANDA (Poznan and Luled)

Abstract. A simple proof of the real Riesz—Thorin interpolation theorem for opera-
tors of strong types (po,qo) and (0o, 00) in the lower triangle, that is, if 0 < po < go < 00
with the best estimate of the norms is presented.

1. Introduction. The classical Riesz—Thorin interpolation theorem is
proved for LP spaces of complex-valued functions, which is based on the
three-line theorem. It states the following (see [BS88|, IBL76, BK91l [Fo99]):

Suppose that (£21, 1) and ({22,v) are o-finite measure spaces. Let 0 <
Po,P1, Q0,1 < oo with pg # p1 and 1/p = (1 —0)/po + 0/p1, 1/q =
(1—-0)/qo+0/q1 for any 0 < 0 < 1. If a linear operator T': LPO(u)+LP* () —
L®(v)+ L% (v) is bounded from LPO(u) to L% (v) and from LP*(u) to L% (v),
then it is also bounded from LP(u) to LY(v), and

(1-1) ||THLP (w)—La(v < ||THLpo(u —L90 (v ||THLP1 w)— L1 (v)*

We can briefly say that the pair (LP(u), Lq( )) is an exact interpolation
pair with respect to the pairs (LPO(p), LP*(v)) and (L% (u), L9 (v)), where
“exact” refers to the fact that estimate holds without an additional
constant C as in below.

Recall that if 0 < pp < p1 < oo, then LPO(u) + LP'(p) is a quasi-Banach
space with the quasi-norm

[ £l zro ()4 o1 () = IE {[[ follpo+I f1llps : f = fot+f1, fo€ LP (), fr € LP* (p) }-

If 1 <po < pi < oo, then LPO(u) + LP' () is a Banach space. In a similar
way the space L% (v) + L% (v) is defined for 0 < gy < ¢1 < oo.

The theorem for L? spaces of real-valued functions holds only if the ex-
ponents lie in the lower triangle, that is, if pg < ¢op and p; < ¢1 (see, for
example, [GM94, IMS11]).
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If at least one exponent lies in the upper triangle, estimate (1.1 is re-
placed by

12 Tl < OITIR G o0 o) 1T s 21 )

with some constant C' > 1. This follows from estimates of the norm of the oper-
ator and its natural complexification, which was fully investigated in [MS11].

So we naturally come to the following question: is it possible to give a di-
rect, elementary proof of the Riesz—Thorin theorem for real-valued functions
without using complex variables?

Kruglyak [Kr07] gave a real proof with the constant C' = 3 +2v/2 ~ 5.82
(see also |[BK9I]). In [KMO1] we presented a real proof for 1 < py = ¢qo <
p1 = q1 < oo with the constant C' = 2(1/po)(1=1/p1)+min(1/po,1-1/p1) 4,

Now, we present an elementary proof of the Riesz—Thorin interpolation
theorem using only real variable techniques, with the exact estimate of norms
on any line segment going through the origin in the lower triangle, that
is,if0<p0§q0<oo,p1:q1:ooandll;zlp—;a,31— q09,0<9<1 The
idea of the proof comes from [LS71, [Ma&9].

2. Real proof of the Riesz—Thorin interpolation theorem for
0 <po < q < oo and p;1 = ¢ = oo. The proof is an extension of an
idea coming from [LST1l, [Ma89| (see also [Mal89]). In [Ma89) Mal89] it was
proved even more that the pair of Orlicz spaces (L¥(u), L¥(v)) is an exact
interpolation pair with respect to (L'(u), L*(v)) and (L% (u), L>°(v)) and
not only for linear operators, but even for Lipschitz operators.

THEOREM 2.1. If 0 < pg < o < 00 and ; = 1p;09, .= 1(1—0 with 0 <
0 < 1, then pair (LP(u), LY(v)) is an exact interpolation pair with respect to

(L% (), L (v)) and (L (u), L*(v)). Moreover,

(2'1) HTHLP(;L )—La(v) < HTHLPO (u)— L% (v) HTH%OO(/L)—)LOO(V)'

Proof. The first step is the following equality: if 0 < py < p < oo, then
for all u > 0 we have

u oo
(22) W Cpp = | (u— )P ds = | (u— s)0s7 ML ds,
0 0

with

I'(po+1)I'(p — po)
I'lp+1)

where I', B stand for Gamma and Beta functions and vy = max(v,0) for

v € R. It is enough to see that

Cpo P

= B(pﬂ + 1ap_p0)a

U 1
S (u — s)PosP=Po—1 g = /P S (1 — t)yPotP=Po~l gy,
0 0
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The second step is an estimate for truncation: for each z € LPo(u) +
L*>(u) we have
(23)  [Ta(t) - (T2) W (#)] < |Tx(t) - T M))(t)]  v-ac,

where for a > 0 the truncation is defined by z(® (t) := min(|z(t)|, o) sgn x(t)
Indeed, if |Tz(t)] < « then (2.3) is obvious. On the other hand, if
|Tx(t)| > a then since

TG D) o) < Mool oy < Moo 37— = a
it follows that |T'(z(®/M=))(t)| < a v-a.e. Hence,
Ta(t) — (T2) ) (t)] = |Ta(t) — asgn Ta(t)]
= [Ta(t)] — a < [Ta(t)] - [T(M=)(8)]
< |Tx(t) — T(@@M=))(t)|  v-ae.
and estimate is proved.
Now, if z € LP(u) N LP°(u), then using twice and Fubini’s theorem
twice, with
Mo == [|T'|| Lro (1) L0 ()

we get

Cao.q S T (t)|* dv =

[Ogoq:rx(m — 5)P gam-1 ds} dv
2o 0

¥)

Il
Oy O Q Oy R QDe—m

(1T (t)] — 5)2 du} s4=901 g

|
02
| I7e(t) — (T (@) dv] st 0 ds by ]
)
|
02

< | Ta(t) — T((3/Moo)) (1) |20 dz/} $1—a0—1 g
i 2

=\ [Tz — T(x(s/M“))H%OqO(V) $0—00—1 gg

< M [lo — 22|, st ds
0
T /

= M §[§ (0] — /M) dp] ™" s s
0
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T /
= M [ [§(a0)] — /0y d] ™" s as
21 0
q0/po

= M =: A.
1,90/P0 (s4—20~1ds)

[ (|2 ()] — 5/Moc) dp

1

Because we have qo/po > 1, using Minkowski’s inequality and substituting
s = Mso|z(t)|u we obtain

q0/Po
A< MELS N2(8)] = 5/Moo 2 oo -0 a5) it |

(071
Moo |z(t)]
T[T (o] - s/ptymarot as] " 4}
(221 0
= M§°{ | [§ |2(8)] 70 (1 — w) P (Mo (t)|u) %0 du/u} o/ du}%/p‘)

2 0

B q0/po (1=6)q 1 10
= M ML | a7 b g = METMEC gl
L0
i 1_1-60 1 _ 1-0 — gP0
since = -5, 0 = T and so p = U Hence,

1-6
Coog | [T(®)]? dv < MGV MUECy, 4],
2
that is,

T Lawy < My~ ME|2l| oy~ for any @ € LP(u) 0 L (u).

We want to prove that the last estimate is true for functions from the
entire space LP(u), so let x € LP(u) and A, := {t € 1 : |z(t)| > 1/n} for
n € N. Then

w(An) <P | |z(@)P dp < nP|la|ff, ) < oo
A’VL

for any n € N. We have z,, := xxa, € LP(u) N LP°(u) because by the
Holder—Rogers inequality with p/pg > 1,

po/p B B
[ Le)r di < (§ 1@ d) ™ (401777 < alff o m(An) PP < oo,
Hence,

|z — 2l oo (uy+ro () < loXonAL Loy < 1/n =0 asn — oo.

By the boundedness of T' from LPO ()4 L (u) to L% (v)+ L*°(v) we ob-
tain || Tz —Txn| a0 ()L () — 0 asn — oo and hence there is a subsequence
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(ng) such that Tz, — Tx v-a.e. as k — oco. By the Fatou lemma,

Tl kagwy < Tan inf [T, oy < MM/ lin if 1, o

< Mgo/pM;ofp(’/pHxHLp(#),

and we are done. =
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