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A NOTE ON OPTIMAL JOINT PREDICTION
OF ORDER STATISTICS

Abstract. The problem of prediction of several future order statistics,
based on previous ones, is considered. An optimal predictor is defined as
one minimizing the determinant of the covariance matrix of the predictor
or of the predictive error vector. It is shown that the Lagrange multipliers
method works well in all cases, despite some statements in the papers by
Balakrishnan et al. [Metrika 85 (2022), 253-267; J. Multivariate Anal. 188
(2022), art. 104854; Statistics 57 (2023), 1239-1250].

1. Introduction. The problem of optimal joint prediction of several
future order statistics, based on previous order statistics, is classical, and
much literature is devoted to this topic. In this context it is worth mentioning
the paper by Goldberger |G|, whose ideas were developed by Kaminsky and
Nelson [KN1]. They established the so-called marginal best linear unbiased
predictor, that is, the optimal predictor for a single future order statistic.
A review can be found in [KN2].

In the last two years Balakrishnan and Bhattacharya [BBI|-[BB3| and
Balakrishnan and Mukerjee [BM1]-[BM3| published a series of papers on
that problem in different settings.

Here, we are going to discuss the setting described in [BB1, [BB2l, BM1],
concentrating on the results of [BBI].

Let X1,..., X, be a sample from a location-scale family of distributions
with unknown location parameter p and unknown scale parameter o > 0,
and let Xi.,,..., X, be order statistics from this sample. Let Z;., :=
(Xi:n — 1) /o be the corresponding order statistics corresponding to the stan-
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dard distribution with zero location and unit scale, and let o; := EZ;.,,
1=1,...,n.
Given 2 < r < n, define

X = (Xlzna cee 7Xr:n),a Z = (ZI:TM cee >Zr:n),> Q= (0517 cee 7047")/-

Evidently, EX = ul, 4+ o, where 1, denotes the column vector consisting
of r units. In addition, we denote by X the covariance matrix of Z. Then
the covariance matrix of the vector X equals 02X,

We are interested in prediction of the vector

X* = (Xu1:n7 cee 7Xup:n)/7

where 1 <p<n—r,r <u; <--- <up < n. As in [BBI], the main attention
will be paid to the cases p = 2 or p = 3; other cases can be considered
similarly.

We consider linear predictors AX of X, with p x r matrix A satisfying
the unbiasedness conditions, i.e. EAX = EX, for any p and o, which means
that A1, =1, and Aa = o, where o, := (uy, ..., 0,)

In order to determine the optimality of the predictor AX, we take into
account two matrices:

e the covariance matrix of the predictor, Cov(AX) = 02AX A/,
e the covariance matrix of the predictive error vector,

Cov(X, — AX) = c?[AXA — AW — WA + CovZ,],

where Z, := (Zy,m, - - - ,Zup;n)’, whereas the p x r matrix W is the cross-
covariance matrix of the vectors Z, and Z, i.e. W := Cov(Zy, Z).

As in |[BBI], we use the D-optimality criterion to choose an optimal
predictor. That is, we consider two problems:

(a) find a matrix A such that det Cov(AX) is minimal,
(b) find a matrix B such that det Cov(X, — BX) is minimal.

It should be noted that a more general optimality criterion is considered in
[BM1], which allows the results obtained to be generalized.

We apply the well-known method of Lagrange multipliers, as is usual for
an optimization problem with constraints. This method was also used in
[BB1], although some of the statements there are invalid. In the later papers
[BB2, BMI1], the authors claimed that the method of Lagrange multipliers
did not work in those special cases. We show that, on the contrary, the
method, correctly applied, works in all those cases, although the proof is not
straightforward.

2. Optimal prediction of order statistics. We start by recalling the
well-known solution of both problems (a) and (b) for a single future order
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statistic to be predicted, i.e. for the case p =1 (see, e.g., [KNI]). Denote
Ay A X111, X la
Apy Aoy X la oY la
In (a) the optimal predictor of X,,., has the form

A=

, det A>0.

/ ~ ~
aX =pu+oay,,

where A A
~ 22 / v—1 12 /v—1
= X - 22 yylx
H det A7 det Aa ’
. Al e A2 g
= X — 17X
77 Qet A det A7

(note that i and o are the best linear unbiased estimators of p and o,
respectively). In (b) the optimal predictor of X,,,., has the form
VX =[i+6a, +w, Y (X -1, - 5a),
where w,,, := Cov(Zy,:n, Z).
As in [BB1, BMI1], if p > 1, then we define a predictor of the vector
X, to be the marginal predictor if each of its components looks like a’ X in

the case of (a) or ¥’X in case of (b). That is, e.g., for p = 2 the marginal
predictor has the form

AT (),
Ht Oy

[+ 0oy, +w, Y HX —[l, — o)

o , L N N in (b).
A+ ooy, +w, X (X —l, —oa)

THEOREM 2.1. In (a), the optimal predictor is not uniquely determined
for p = 3; the marginal predictor is one of the solutions.

REMARK 1. In [BBI] the authors, proving their Theorem 1, failed to
notice that the marginal predictor is optimal, giving a complicated formula
for an optimal predictor.

REMARK 2. In [BBI] Section 3.1] the authors claimed that there is no
solution in (a) for p = 3. In the later paper [BM1] Balakrishnan and Mukerjee
stated more cautiously that it was not possible to solve (a) with the Lagrange
multipliers method. However, both statements are erroneous: the problem
can be solved with this method, as will be seen from the proof below. It
is worth emphasizing that for p = 3 the proof is in fact similar to that for
p=2.

Proof of Theorem 2.1. We prove the theorem for the cases p = 2 and
p = 3 only; the proof for p > 3 is similar to that for p = 3. Considering a
linear predictor AX of X, in case p = 2, let us write

/

a
A= Il
a;
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with r x 1 vectors a1, as. Denote the matrix AX A’ by V, that is,

Vit Vio
Vig Voo

Y

/ /
aiXa; aXas ] _

aiYay abYa

and consider the following optimization problem:

Q(a1,az) :=detV —2\; (a1, — 1) — 2X\j(ala — ay,)

—2X(ahl, — 1) — 2X\5(aha — ay,) — min
ai,a2

under the unbiasedness conditions
"1, =1 "o = M, =1 fa=
al, =1, aa=a,, a)l, =1 ao=ay,.

Taking partial derivatives of ) with respect to a1 and with respect to as,
and equating them to 0, we obtain

2.1) {‘/22201 —VigXas = M1, + N,

‘/112a2 — Vlgﬂal = /\217» + )\za.

Multiplying each equation in (2.1)) by a} and al, we obtain four linear equa-
tions with four unknowns, A;, A], A2, A5. The solution is unique, but there is
no need to write it down.

Instead, let us obtain expressions for a1 and ao. First, we multiply both
sides of both equations of (2.1) by X1

(2.2) {V22al —Vigas = M X711, + XY e,

Vitay — Viga; = X711, + X35 ta.
Second, we solve (2.2) for a; and as:
_VadiVik

_ VIIAT + Vg5
— 3 11r 1 22 1
@ det V T e v *
(2.3)
A A ¥ A5
ay = VigA1 + Voo 2511, 4 Vig Al + Vao 251,

det V det V

(det V' # 0, since the rank of V' is 2). This is not the final result yet, since
Vi1, V1o, Vg depend on a; and as.
Applying the unbiasedness conditions to , we obtain four equations,
which help us to get the final result:
VitAr + ViAo Vit AT + Vi2 A3
- ere ———Ap =1,

A
det V L T2

(2.4)

VI1AT + Vi2 A3

A A
Viidr + Vio 2 7 2 Agy = vy,

det V 12 det V
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ViaA1 + Va2 Ao Via AT + Va2 A3 .
det V An + det V Az =1
(2.5)
ViaA1 + Vag Ao Vig AT + Vag A3
- A A2 = .
T T R VI e S

Solving both systems of linear equations for
Vitdr +Visde  ViiAT + V123

101

9

] |

det V ’ det V ’
and
VisA1 + Vool Vo AT + VagAj
det V ’ det V ’
we obtain
(2.6) Vindi + Visdo Aoy —ay; A1z Vi A] + Va3 _ Oy A — Ao
' det V det A ’ det V det A
(2.7) Vie A1 + Vag g _ Agg — oy, A1z Vig AT + Va2 Aj _ Oy A1 — Ago
' det V det A ’ det V det A '
After substitution of (2.6) and (2.7) into (2.3)), we get the final result:
Agg — oy, A12 4 oy A1 — A1z
2. =_—= ey, 4+ = 3
(28) ™ det A T det A <
Aoy — ayy A12 A1 — A1z
2. = ———"">3""1, + ———=¥
(2.9) a2 det A + det A *
Thus, the optimal predictor for X, in (a) has the form AX = /i+ faul
Pt O,
If p =3, then
al
A= a} |,
a;

and the optimization problem can be written as

Q(a1,a2,a3)
i=detV — 2\ (a1, — 1) — 2)\j(aja — ay,) — 2X9(ahl, — 1)

—2X\5(aho — auy,) — 203(abl, — 1) — 2)\3(aba — auyy) —  min
ai,a2,as3

under the unbiasedness conditions

/ / / / / /
a1l =1, aja = ay,, axl, =1, aya = ay,, azl, =1, asa = ;.
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Here
Vit Vi Vi a/Ya, a\Yay a\Yas
Vi=1| Vig Voo Vo3 | :=| a1¥az ay¥ay ay¥as
Vis  Vag Vi3 a)Yas; dyYas alXas

Taking partial derivatives of ) with respect to a1, as and a3, and equating
them to 0, we obtain a system of equations, which is the analogue of (£2.1)):

(Voo Vas— Vg | Dai+[VigVas—ViaVas| Das+[ViaVas—VisVas] Yas
=M1, + )\Ta,
(2.10) [VisVaz—Vi2Vas] Day+ [Vi1Vas— V]| Yag+[VisVizs—VasVii] Yasg
' = Aol + Mo,
[Vi2Vaz—Vi3Vag] Xay+[ViaVis—VasVii] Dag+ Vi1 Var V3| Yas
= A3l, + )\§a.

A simple analysis of (2.10) leads to the following conclusion: all A;, A,
i =1,2,3, are zeroes. Indeed, if we multiply each equation in (2.10) on the

left by a), by @), and by af, we obtain nine equalities for the six parameters
>\17 T? )\27 A;a )\37 >\§ :

detV =X + Aay,, 0=+ Aawy,, 0= A + Ay,
0= X2+ Aay,, det V= Ao+ Ay, 0= A2+ Asau,,
0= A3+ A3, 0= A3+ A3, det V= A3 + Ajouy,.

As a solution, we get \; = A\f =0, ¢ = 1,2, 3, and, in addition, detV = 0.
This means that the unconditional minimum of det V, which is 0, lies on the
surface defined by the constraints. Therefore, the vectors aq, as, a3 are linearly
dependent and belong either to a two-dimensional or to a one-dimensional
subspace of R". Assume that they belong to a two-dimensional subspace,
that is, there exist two linearly independent vectors ¢, € R" such that

ai = s1¢ + sav, as = t1¢ + tav, as = y1€ + yav.
The vectors aq, az, ag should satisfy the unbiasedness conditions @)1, = 1,
abtl, =1, atl, = 1, dla = ay,, dha = a,,, aha = «a,,. From those
equalities we calculate si, s9,t1,to, y1,y2, and obtain the final result under
the condition that {1, - V'a # {'a - V'1,:

Va — a1, ay, ¢'1l, — ('

2.11 =
( ) a C’lr-u’a—C’a‘V’lrc—i_C’lr‘l/’a—C’a-V’lr
(2.12) @y — vVa — a1, c ay,¢'1, —

' (1, -va—-{a- v, ¢l - vVa—-Ca- V1,
(2.13) as vVa — a1, i ay; ¢l — ('

:C’lr-u’a—C’a-V’lT ¢1, - va—({a-v1,
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Similarly, when the vectors ai, as,as are assumed to belong to a one-
dimensional subspace of R", we come to the conclusion that this is not pos-
sible since the unbiasedness conditions cannot be satisfied. So, the general
solution of problem (a) for p = 3 is given by (2.11))-(2.13).

If we take ( = X~ '1, and v = X', then f can be rewritten

in the form

A — ay, A Ap—A
(214) a; = %E‘llr + Wz‘—la7
€ e
Agg — ay, A Ay —A
(2.15) a; = %g—llr + %271%
e e
Az — g Aia oy Qug A1 — Agg
2.16 — T2 Tusmlly-ly Quz 411 — 212 -1
( ) s det A rt det A «,

and we obtain a particular solution, where an optimal predictor for X, has
the form

[+ Tay,

AX = | i+0ay, | -=
i+ (/J'\Oéug
REMARK 3. Balakrishnan and Bhattacharia [BB1, Section 3.2| claimed

that there is no solution of (a) for p = 2 in the case of a scale family of
distributions. Again, it is an erroneous statement. We can solve the problem
of optimal prediction with the Lagrange multipliers method in the same way
as above, and obtain the following result (non-unique): ming, 4, detV =0
and it is attained when aj,as are such that a; = (au,/au,)as, while
as is any vector satisfying aba = au,. In particular, one can take as =
(Quy/A22) XL and, as a consequence,

AX = [ fo‘“l ] :
0 Qy

where 7 := &/ X 71X /Agz is the best linear unbiased estimator of ¢ in this
case.

THEOREM 2.2. In (b), the optimal predictor is uniquely determined and
it 1s the marginal predictor.

Proof. We prove the statement for p = 2 only; for p > 2 the proof is
similar. Consider linear predictors BX of X,, and write

v, ]
b,

with 7 x 1 vectors by, by. Denote the matrix BXY B’ — BW' — W B’ + CovZ,

B =
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by H, that is,
bIIEbl — 2b’1'wul + Z11 bllgbg — bll’qu — b/2’wu1 + 212
bIIEbQ — b’lww — b’Qwul —+ 212 b/QEbQ — 2b’2wu2 —+ z99
_ | Hu Hi
Hys Hy |

where wy,, 1= Cov(Zy,m, Z), Wy, := Cov(Zy,m, Z), whereas {Zij}?,jﬂ are
the elements of the matrix Cov Z.,.

In what follows, we repeat the solution given in Theorem 2.1. Aiming to
minimize det H under the unbiasedness conditions, we create the function
Q = Q(b1,by). Equating to 0 its partial derivatives with respect to b; and
with respect to by, we obtain

{H22(2b1 —wy,) — Hia(5by — wy,) = A1, + Ma,

2.1
( ) Hll(EbQ—wu2) —H12(2b1 —wul) :)\21T+)\’2‘a,

() 0= ww) = Hi(by— 2w, ) = M XL A 2 e,
Hiy (by = X7 wy,) = Hip(br = 27w, ) = 2 87114235 e,
Hudit iz

_ _ Hy N +HiaA5
b=5 1 Y 11 1 22 1
! W det H rt det H %
(2.3")
_ HigA1+HaXo Hig\]+Ha )5
by=x"1 i et AL yant S PRt i St L2 g b
2 Wuy det H rt det H %

(det H # 0, since the rank of the matrix H is 2). From the unbiasedness
conditions we have

( Hi1\ + HigXo Hii\] + Hig) _
— T 2A ol L B AN, =110
det H 1+ det H 12 " Wur
(2.4
Hiih + Higho Hii A7+ Hig\S _
— = A Tl TR Ay = —_a'x1
det H 12+ det H 27 Gu —a Wuas
HioA1 + Hao Mo Hia AT + Hao A5 _
T2 A —l A, =115
det H L Yy =) 12 re W
(2.5")
HioAi + Hao Mo Hia AT + Hao A5 _
A —A = — /E 1 .
det H 2t T H 227 Qug — xS W,
Solving both systems of linear equations we obtain
( H11>\1+H12)\2 _ (1—142‘1wul)A22—(au1—a’Z‘lwul)Alg
det H A ’
(2.6")
HH)\TJrng)\; _ (aul—a’E‘lwul)An—(1—1;2_1wul)A12
\ det H A ’
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Hishi+Hoody  (1-1257 1wy, ) Age — (ayy, — & 71wy, ) Arg

det H - A ’

(2.7
Hig AT+ Hoo A5 _ (Quy =/ wy, ) A — (1-1,. 5 1wy, ) Arp
det H A '
After substitution of (2.6") and (2.7’) to (2.3"), we get the final result:

)
(1—1;271wu1)A22_(au1 _alzilwul)A12

(2'8,) by = Z_lwm + A 2_117”
+ (aul_a/E_lwul)All_(1_142_1wul)A12 2_1a7
A
1-1; 5wy, ) Ago — (qy =/ $ 1wy, ) A
(29,) b2 = Z_leQ + ( T wu2) 22 A(auz « w 2) 12 2_11T
el )0 ),

So, the optimal predictor B, X of X, in the case of (b) has the form

B.X — b+ ooy, +w, YN X -1, — da) .
X=| T R :
i+ Gon, + w, X (X -1, —oa)

REMARK 4. In general, det Cov(X,—B,X) # 0, since for all ¢ # 0 € RP,
c/'Cov(X, — B.X)c = 0*cE(Z. — B.Z)(Z, — Z'B.)c
=0’E(dZ, — ¢B.Z)? > 0.
The exceptional case is W =0, CovZ, = 0 for p > 3.

REMARK 5. From the solution in (b) one can obtain the solution of (a)
by formally setting W = 0, Cov Z, = 0.

It is also worth pointing out that in Section 4 of [BB1], devoted to numer-
ical computations, the authors compare the optimal predictor in (a) with the
non-optimal predictor, namely with the marginal predictor obtained for (b),
aiming to show the advantage of the first predictor if the criterion is the
determinant of the covariance matrix of the predictor. But since the optimal
predictor in (a), under D-optimality, coincides with that under A-optimality,
which can also be proved by the Lagrange multipliers method (and it also
follows immediately from the more general result proved by Balakrishnan
and coathors in [BB2, BMI]), it does not make sense to define ‘efficiency
loss” as 1 minus trace-efficiency, and then to define ‘overall efficiency gain’
as ‘efficiency gain’ minus ‘efficiency loss’ [BB1l, Section 4].
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