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ON THE (m,t)-EXTENSION DUAL COMPLEX
FIBONACCI p-NUMBERS

Abstract. We introduce (m, t)-extension dual complex Fibonacci p-num-
bers and we establish some of their properties. They are connected to complex
Fibonacci numbers, complex Fibonacci p-numbers, m-extension dual complex
Fibonacci p-numbers and dual complex Fibonacci p-numbers.

1. Introduction. The Fibonacci numbers F,, are defined by the recur-
rence relation
F,=F, 1+F,_o forn>2

with initial terms

L =F=1
The Fibonacci numbers F), and the golden mean (golden ratio)
. F, 145
7= lim =
n—oo Fi, 4 2

have materialized in several areas of art, science, computer science, high
energy physics, information and coding theory [3, 4, 6] [7), 17, [18].
The Fibonacci p-numbers [17] are defined by the recurrence relation
Fp(n) =Fy(n—1)+ Fy(n—p—1)
with n > p+ 1, for a given integer p = 0,1,2, ..., and with initial terms
F,(1) =F,(2)=---=F,(p) =F(p+1) =1

The Fibonacci p-numbers coincide with the classical Fibonacci numbers for
p=1,eg Fi(n)=F,.
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E. G. Kocer et al. [9] introduced the m-extension of Fibonacci p-numbers
which satisfy the recurrence relation

Fpm(n) = mEym(n —1) + Fpu(n—p—1)
with initial terms
Fp,m(l) = ay, Fp,m(2) = a2, Fp,m(g) =4as, ..., Fp,m(p+1) = Gp+1,

where p (> 0) is an integer, m (> 0), n > p+1 and ay, ..., ap41 are arbitrary
real or complex numbers.

Prasad et al. [16] introduced the (m, t)-extension of Fibonacci p-numbers
which satisfy the recurrence relation

Fp,m,t(”) = me,m,t(n —1) +tF ,m,t(n -p—1)
with initial terms

Fp,m,t(l) = b17 Fp,m,t(2) = b27 Fp,m,t(3) = b37 ceey Fp,m,t(p+ 1) = Up+1,

where p (> 0) is an integer, m (> 0),t (> 0),n >p+1and by,...,bp41 are
arbitrary real or complex numbers.
The complex Fibonacci numbers [12] are defined by the recurrence rela-
tion
Fy=F +F 5 forn>2

with initial terms
Fy=i, F=1+1
where i is the imaginary unit and

FY=F,+iF,.

Clifford algebra is a powerful mathematical tool that offers a natural
and direct way to model geometric objects and their transformations. It
makes geometric objects (points, lines and planes) into basic elements of
computation and defines a few universal operators that are applicable to
all types of geometric elements. In the 19th century, Clifford [5] defined
a new number system by using the notion €2 = 0 and € # 0, i.e. € is a
nilpotent number. This number system is known as the dual number system
and dual numbers are represented in the form A = a + ea* where a and a*
are real numbers and ¢ is the nilpotent number. Kotelnikov [10] and Study
[19] found the first applications of dual numbers in mechanics. They also
have applications in algebraic geometry, kinematics, number theory, theory
of relativity etc. [2, [IT, 14].

Dual complex numbers [11] are defined as follows:

W:{w:zl+szg:zl,ZQE(C,s:QZOande;éO}.
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If 21 = 21 4+ iy1 and zo = 29 + iys then any dual complex number can be

written as follows:

w =1 + iy + exy +icyy where 2 =—1,e#0,2=0, (ic)> = 0.

The real and dual quaternions form a division ring but dual complex numbers
form a commutative ring with characteristic zero. The multiplication of dual
complex numbers gives the structure of the two-dimensional complex Clifford
algebra and the four-dimensional real Clifford algebra. The base elements of
dual complex numbers satisfy the commutative multiplication scheme shown

in Table 1.

Table 1. Multiplication scheme of dual complex numbers

x |1 7 e 1€
1|1 7 e 1€
) i —1 i —¢
€| € i
€ | 1€ —¢€

Five different conjugation operators work on dual complex numbers [I1]
in the following manner: if w = 21 + €20 = x1 +iy1 +exo +icya, 20 # 0, then

w = (z1 —iyy) +e(wg —iyp) = 27 + €23 (complex conjugation),

w? = (z1 +iy1) — e(wg +iy2) = 21 — €22 (dual conjugation),

w* = (z1 — i) — e(wg — i) = 2F — 23 (coupled conjugation),

w = (v1—iyr) (1- %) =27 (1- %) (dual complex conjugation),
w*S = (29 + i) — e(xy +iy1) = 20 — €2 (antidual conjugation).

The norms of dual complex numbers are defined in the following manner:

N,
N*Q

w
Nw*S
N *4

w

Nw*B

o1 = |lw x W] = V22| + 22 Re(2123),

= [lw x w*?|| = V2,
= Jlw x w3|| = V/|22| — 2ie Im(2123),
= [lw x w*|| = V||,

= |Jw x w*5|] = \/z1z2 + 5(2% — z%)

In 2017, Giingor and Azak [8] defined the dual complex Fibonacci numbers

as follows:

DFY = Fy +iFpy1 +e(Fupo +iFu.3),

where the basis {1,4,¢,ic} satisfies the conditions

2

“=-1, e#0,

=0, (ie)>=0.
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In 2018, Aydin [I] defined the dual complex k-Fibonacci numbers as fol-
lows:

DCFk,n = Fk,n + Z‘Fjl<:,n+1 + 5(Fk,n+2 + Z‘ka,nJrZ&)a

where the basis {1,1,¢,ic} satisfies the above condition.
In 2019, Prasad [12] introduced complex Fibonacci p-numbers by the fol-
lowing recurrence relation:

Fy(n)=Fy(n—1)+ Fj(n—p—1)

with n > p + 1 and with initial terms

Fy(0) =4, Fy(1)=Fy(2)=--=F(p)=1+1i.

In 2021, Prasad [13] introduced dual complex Fibonacci p-numbers by the
following recurrence relation:
DEj(n) =Fy(n—1)+eF;(n—p—1)
=Fy(n—1)+iFy(n) +e(Fp(n —p—1) +iFy(n —p))

with n > p + 1 and with initial terms

Fy(0) =i, Fy(1)=F;(2)=-=F(p) =1+1,
and the basis {1,14,¢,ie} satisfying the above condition.

In 2022, Prasad [15] introduced m-extension dual complex Fibonacci p-
numbers by the recurrence relation

(1.1) DF;m(n) :mF;m(n—l)—l—sF;m(n—p—l)
=m(Fpm(n —1) +iFpm(n)) +e(Fpm(n —p—1) + iFpm(n —p))
with n > p + 1 and with initial terms
F} o (n) =m" !, n=1,...,p+1,

and the basis {1,1,¢,ic} satisfying the same condition.
In this paper, we introduce (m,t)-extension dual complex Fibonacci p-
numbers (see Definition below) and establish some of their properties.

2. (m,t)-extension dual complex Fibonacci p-numbers

DEFINITION 2.1. (m,t)-extension dual complex Fibonacci p-numbers are
given by the recurrence relation

(1) DEF}i(n) = mEy (0 — 1) + 5, (n —p—1)
= m(Fpmi(n—1) +iFpmi(n) + te(Fpmi(n —p —1) + iFpmi(n —p))
with n > p + 1 and with initial terms

F;;,m,t(l) = C1, F;,m,t(2) =C2 ..y F;;,m,t(p + 1) = Cp+1,
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where p (> 0) is an integer, m (> 0),t (> 0), n > p+ 1 and c1,...,cp41
are arbitrary real or complex numbers and the basis {1,14,¢,ic} satisfies the
condition i? = —1, e # 0, €2 = 0, (ig)? = 0.

DEFINITION 2.2. Addition and subtraction of (m,t)-extension dual com-

plex Fibonacci p-numbers are defined by

DF}

pmt

(n1) £ DEJ,, 4(n2)
=mF},, (n1 —1) +teF},, ,(n1 —p—1)
(memt(ng -1+ teF/;’mi(ng —-p—1))
=m(Fpmi(n1 —1) +iFpmi(n1))
+te(Fpmi(ni —p—1) +iFp pm(n1 —p))
£ (m(Fpmt(ne — 1) + iFpme(n2))
+te(Fpmt(ne —p— 1) +ilpme(n2 — p)))
=m(Fpmi(ni — 1) £ Fpmi(ng — 1)) + im(Fpme(n1) £ Fpmt(n2))
+te(Fpmi(ni —p—1) £ Fpmi(ne —p—1))
+ite(Fpmt(n1 — p) £ Fpmi(n2 — p)).
DEFINITION 2.3. Multiplication of (m,t)-extension dual complex Fibo-
nacci p-numbers by real scalars A is defined by
ADE} ., +(n)
= AImEy 1 (n—1) +IANMFy 11 () +eME) p t(n—p—1) +1eME), 1 (n—p).

DEFINITION 2.4. Multiplication of (m,t)-extension dual complex Fibo-
nacci p-numbers is defined by

DEFy ,, ((n1)DEF} , 4(n2)

= [mFpm(n1—1)+imEy p 1(n1) +teFp mi(ni —p—1) +ite Fp (01 —p)]
X [MEp mt(ng —1)+imFy mt(n2) +teFpmi(no—p—1)+ite Fp p 1(n2—p)]

= m2[Fp i (1 = 1) Fpmi(na = 1) = Fym,t(n1) Fp m ¢ (n2)]
+ im® [Fpmt(n1 — 1) Fpmt(n2) + Fpmi(n1)Fpmi(ne — 1)]
+ met[Fpmi(n1 — 1) Fpmi(na —p—1)+ Fpme(ni —p— 1) Fpm(na — 1)

— Fyom,t(n1) Fpmit(n2 — p) — Fpmi(n2) Fpm,t(n1 — p)]

+ Z.mgt[Fpﬂmm(nl - 1)Fp,m,m(n2 -p)+F ,m,t(nl)Fp,m,t(WQ -p—1)
+ Fpmt(n2) Fpmt(ni —p —1) + Fpmi(ni — p)Fpmi(ne — 1)]

= DFyJ,, 1(n2) DFy (0 )

Since five kinds of conjugation can be defined for dual complex num-
bers [I1], conjugation of (m,t)-extension dual complex Fibonacci p-numbers
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can be defined in five different ways:

(2.2)

(2.3)

(2.4)

(2.6)

DF;% t(n) =m(Fpmi(n —1) —iFpme(n))
+ et(Fpmi(n —p—1) —iFpmi(n —p))
(complex conjugation),
DF;?n t(n) =m(Fpmi(n — 1) +iFpmi(n))
—et(Fpmi(n —p—1) +iFp m(n—p))
(dual conjugation),
DF;?;n ¢(n) =m(Fpmi(n — 1) —iFpmi(n))
—et(Fpmi(n—p—1) —iFpmi(n—p))
(coupled conjugation),
DF;én ¢(n) = m(Fp,m,t(n —1) - in,m,t(n))
" <1 B tFxpﬁmt(n —p—1) +iF,m(n —p))

m(Epmi(n — 1) +iFpm(n))
(dual complex conjugation),

DF;?nt( ) =m(Fpmi(n—p—1)+iFpmi(n—p))

—et(Fpmi(n —1) +iFpme(n))
(antidual conjugation).

Some properties of these conjugations are given in the following theorems.

THEOREM 2.1. We have the following relations:

(2.7)

(2.8)

(2.9)

DF},, (n)DFE;, ,(n)
=m [szmt(n - 1) + Fp2,m,t(n)]
+2met[Fpmt(n — 1) Fpmi(n —p —1) + Fpmt(n) Fpmi(n — p)l,
DFy,, (n)DF;3, (n)
=m [F}?m ¢(n—1)— Fg?mt( )]+ iszFp,m,t(n — D Fpmi(n),

DE}  (n)DF3, 4 (n)
= P [Fy i (n = 1) + Fp ()]

+ i2met[Fpm(n — p)Fpmt( —1) = Fpma(n)Fpme(n —p — 1)},
DF;mt( n)D Fﬁnt( )= [F;?mt( 1)+F§,m,t(n)]’
DE;1(n)DFy5, 4(n)

:m2[Fp,m,t(n_1)Fpmt(”—P—l) Fpm (1) Fpmi(n—p)]
+im2[Fp,mt(n_1) Fpmt(n—p)+Fpmi(n)Fpmi(n—p—1)]
+met[Fy p,  (n—p=1)+F5 (1) = Fp (0 =1) = Fy 1 (=)
+ i2met[Fp m(n—p—1) p,mt(n P)—Fpmi(n—1)Fpm¢(n)],
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(2.12) DEF},, (n)+DF}, (n) = 2[mFymi(n—1)+etFpp(n—p—1)],
(2.13) DF* t(n) F;?nt( ) =2m[Fpmi(n — 1) +iFpmt(n)],

(2.14) DEF},, (n) 4+ DE}S (n) = 2[mFymi(n — 1) + ietFym(n — p)],
(2.15)  (Fpumi(n — 1) 4 iFpmi(n))DFyy, 1(n)

= [Fpmt(n —1) —iFpme(n )]Dngmt( )
(216) tDE},, (n)+mDES, (n)=m?[Fyms(n—p—1)+iFpme(n—p)),
(2.17)  mDEy,, (n) = etDF;5, ((n) = m?[Fpmi(n — 1) + iFp m(n)],
(2.18) DF;mt( )+DFp’m’t( n+p) = DF;mt(nva—Fl).
Proof. We will prove the above relations one by one. By and ,
we get
DE},,(n)DE;5, o(n)
= [m(Fpm i (n=1)+iFpm (1)) +et(Fpmi(n—p—1)+iFpmi(n—p))]
< [m(Fpn (1) = Fp () 4+t (Fp g (= p—1) ~ i Fp . (n—p))]
= m2[F2, (0= 1)+ F2, (n)]
+ 2m€t[Fp,m,t(n —1D)Fymi(n—p—1)+ Fpmi(n)Fpmi(n —p).
By (2.1] ﬂ and (| , we get
DEFy (0 )DFp*?nt( )
= [m(Fpmi(n—1)+iFpm(n))+et(Fpmi(n—p—1)+iFpmi(n—p))]
X m(Fpm t(n—1)+iFpmi(n)) —et(Fpmi(n—p—1)+iFpmi(n—p))]

=m [Fmet(n_l) E ()] + 12m° Fy (00— 1) Fp o ().

By (2.1) and , we get

DFy n(n )DFS%( )

= [m(Fpmt(n—1)+iFpmi(n))+et(Fpme(n—p—1)+iFpmt(n—p))]
X [m(Fpmt(n—1)— ZFprm:(n)) et(Fpmi(n—p—1)—iFpmi(n—p))]

=m?[Fy (0= 1) + F ()]

—I—i2mst[Fp7m7t(n—p) pmt(n 1) — pmt( )Fp,m,t(n_p_l)]-

By (2.1] ﬂ ) and (| , we get

DEFy jn(n )DFp*?m( )

= [m(Fpmt(n—1)+1F, mt(n))+et(Fpmi(n—p—1)+iF, mt(n—p))]
X | m(Fpmit(n—1)—iFpm(n ))<1_ Lpmi(n—p=1)+iFp, mt(n_p)ﬂ

m(Epmi(n—1)+iFpym(n))
= m?[Fy (0= 1) + Fj ().
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By and , we get
DF;;m,t(n)DFp*,?n,t(n)
= [m(Fpm(n—1)+iFpm(n))+et(Fpmi(n—p—1)+iFpmi(n—p))]
X [m(Fpmt(n—p—1)+iFpmt(n—p))—et(Fpmt(n—1)+iFp m(n))]
= m2[Fpmi(n — 1) Fpmi(n—p—1) = Fpm () Fp i (n — p)]
+im? Fpmi(n = 1) Fpmi(n —p) + Fpmi(n)Fpmi(n —p—1)]
+ mst[F]im,t(n -p—1)+ Fp2,m,t(n) - Fz?,m,t(n —1) - FpQ,m,t(n —p)]
+2met[Fpmi(n —p—1)Fpmi(n —p) — Fpmi(n — 1) Fppmi(n)].
By and , we get
DF;,m,t(n) + DF;,}n,t(n)
= [m(Fpmt(n—1)+iFp mt(n))+et(Fpmi(n—p—1)+iF, 1 (n—p))]
+ [m(Fpmt(n—1)—iFpm(n)) +et(Fpmi(n—p—1)—ilpmi(n—p))]
=2[mFpmi(n—1) 4+ etFpmi(n —p—1)].
By and , we get
DF;mt(n) + DFp*%m(n)
= [m(Fpmt(n—1)+iFp pmi(n))+et(Fpmi(n—p—1)+iF, 1 (n—p))]
+ [m(Fpmt(n—1)+iFpm(n)) —et(Fpmt(n—p—1)+iFpm+(n—p))]
=2m[Fpmi(n—1) +iFpmi(n)].
By and , we get
DF;mt(n) + DFp*yi%t(n)
= [m(Fpmt(n—1)+iFp mi(n))+et(Fpmi(n—p—1)+iF, 1 (n—p))]
+ [m(Fpmit(n—1)=iFpm(n)) —et(Fpmt(n—p—1)=iFpmt(n—p))]
=2[mFy pmt(n — 1) + it Fp, 1 1 (n — p)].
By and , we get
(Fpm,i(n = 1) + iFpm s (1)) DFyy, 1(n)
= (Fpmt(n —1) +iFpme(n))

. Fpmi(n—p—1)+iFp  1(n—p)
X | m(Fpmi(n—1)—iFp mi(n)) <l—€t :;”L(Fp,m,t(n—1)+in,m,t(n)) ﬂ
= [Fpmi(n —1) =il mi(n)]

X [m(Fpmi(n—=1)+iFpmt(n) —et(Fpmt(n—p—1)+iFpmi(n—p))]
= [Epm(n — 1) = iFpme(n)|DESZ, (1)
By and , we get
etDF},. (n) + mDF}> (n)
= met(Fpmi(n—1)+iFpmi(n)) +m?*(Fpmi(n—p—1)+iFpmi(n—p))
—met(Fpmi(n —1) +iFp pm(n))
= m?[Fpmi(n —p—1)+iFpymi(n—p).
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By (2.1] . ) and (| , we get

mDEF}, (n) — stDF;i)nt( )
= m[m(Fpmi(n—1)+iFpmt(n))+et(Fpmi(n—p—1)+iFpmi(n—p))]
—etim(Fpmi(n—p—1)+iFy m(n—p)) —et(Fpmt(n—1)+iF, m ¢ (n))]
= m?[Fpmi(n — 1) + iFpme(n)].
We know that DF}, ,(n) = DF}

pmt pmt
n=n+p+1, we get

DF;mt(n+p+1) DF;mt(n_}'p)_FDF;,m ( ) DF;mt( )+DF;,m,t(n+p)

Therefore, the norm of (m,t)-extension dual complex Fibonacci p-numbers
can be defined in five different ways as follows:

NDEF;;,(n) = |DE;,, () DE;5, o (n)|
= m®(Fy (= 1) + E ()
+ 2met(Fpm,i(n—1)Fp i (n—p—1)+Fpm (1) Fp mi(n—p))
by (2.1) and ;
NDE;3, 1(n) = | DEF; 1 (n) DESS, ((n)|
= [(M*(Fp i (n=1) = Fp o (0)) > +4m* .y (0) F  y(n—=1)] /2
= m?(Fy g (n = 1) + F 1 4(n)

by (1) and (E3):

(n —1) + DF},, ,(n — p —1). Putting

NDF;:;nt( )_HD pmt( )DF;:fnt( )H_ ( pmt(n_1)+Fp2,m,t(n))
byand '
NDFﬁnt( )—llD Fymt(n)DESS, ()|l = m?(F o (n = 1) + F 4 (n)

by (@.1) and @.3);

(NDFS?M( ))* = (IDE;, (n)D FJ%( )

=m [Fmet(n 1)F;?,m,t( Y 1) +F2,m,t(n)F;?,m,t(n_p)
+F2 ( )szmt( )+F2mt(n)Fp2,m,t(n_p_1)]
+ 2m36t mit(n — )Fﬁm ((n—p—1) = F . (n = DFpmi(n—p—1)

n) pmt(n p) — Fsmt( )Fp,m,t(n—p)
n-— ) pmt(n p_l)Fpmt(n p)

ot
(
t(”) pmt(n = 1) Fpmi(n—p—1)
(
(

m,t

tn) pmt(n p)Fpmt(n_p_l)
pmt n-— 1) Pmt(n)FP7m7t(n_p)]

by-and . "
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THEOREM 2.2. Let ny,ng > 0. The Honsberger identity for (m,t)-exten-
ston dual complex Fibonacci p-numbers is given by

DEy ., ((nm)DE, , (n2) + DEy , (n + 1)DE 4 (ng 4 1)
= m?[Fymi(n1 — 1) Fpmi(ng — 1) — Fpmi(ng + 1) Fpmi(ng + 1)]
+ im? [Fpmt(n1 — 1) Fpme(n2) + Fpmi(n1)Fpmi(na — 1)

+ Fpmi(n1 + 1) Epmi(n2) + Fpmt (1) Fpme(no + 1))
DEpymi(ne—p—1)4+ Fpmi(ni —p—1)Fp (e —1)
—Epmi(ni+ 1) Fymi(ne —p+1) — Fpmi(ni —p+ 1) Fpmi(na +1)]
+iemt[Fpmt(n1)Fpmit(ne —p — 1) 4+ EFp pmt(n1 — 1) Fp o t(n2 — p)

+ Fpmt(n1 —p) Fpmi(ng — 1) + Fpme(n —p — 1)K

pomit(n2)
+ Fp7m7t(n1 + 1)Fp7m7t(n2 — p) + Fp7m7t(n1)Fp7m7t(n2 —p + 1)
+ Fpm,t(n1 —

P)Epmi(n2 +1) + Fpmi(n1 = p 4 1) Fpmt(n2)]-
Proof. We get

+emt[Fpm(n1 —

DFy i (m)DES, ((n2) + DF (n + 1) DES (g +1)

= [m(Fpmt(ni—1)+iFp m e(n1))+etFpm i (n1—p—1)+iet Fp m (11 —p)]
X [m(Fpmt(n2—1)+iFpmt(n2))+etFpmi(no—p—1)+ictFy m+(na—p)]
+ [m(F, pm t(nl) +iFpm t(nl +1))+eth, 7m¢(7’L1 —p) +iEtFp7m7t(n1 —p+1)]
x [m(F, pm t(ng) +iFpm t(n2+1))+€tF 7m7t(n2 —p) +i5tFp7m7t(n2 —p+1)]
= m?[Fpmi(n1 — 1) Fpmi(ng — 1) = Fyme(n1 + 1) Fpm(ng + 1))
+ im?[Fym,i(n1 — 1) Fpmi(n2) + Fpm(n1) Fypm(ng — 1)
+ Fpmt(n1 + 1) Fpmi(n2) + Fpmt(n1) Fpm,t(n2 + 1)]
+emt[Fpmi(ni — 1) Fpmi(na—p—1)+ Fpmi(ni —p—1)Fp p e(na — 1)
— Fpmt(n1 + D) Fpmi(ne —p+1) = Fymi(ni —p+ 1) Fpmi(ng +1)]
+iemt[Fpmi(n1)Fpmi(ng —p — 1) + Fp me(n1 — 1) Fpme(n2 — p)
+ Fpm(n1 —p) pmt(n'z 1) + Fpm(n1 —p — 1) Fpm(n2)
+ F, mt(n1 + 1) p7mt(n2 ) + F, mt(nl)an’t(nQ —p+ 1)
+ Fpmi(ni —p)Fpmi(ne + 1) + Fp pmi(n1 —p + 1) Fp 1 (n2)]
in view of and the properties of (m, t)-extension Fibonacci p-numbers. =

THEOREM 2.3. Let ny,ny > 0. D’Ocagne’s identity for (m,t)-extension
dual complex Fibonacci p-numbers is given by

DF;mt( )DFpmt(n2+1) DF;mt(nl—i_l)DFpmt( )

= m?[Fpmi(n1 — 1) Fpmi(n2) — Fpmi(n1) Fpmi(na + 1)
+ Fpmi(n1 + 1) EFpmi(n2) — Fpmi(n1) Fpmi(nz2 — 1))

+ Z'7712[1?1),771,24”1 — D Fpmit(ne +1) — Fp,m,t(”l + 1) Epmi(ne — 1)]
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+ emt[Fpmi(n1 — 1) Fpmt(ne — p) — Fpmi(n1)Fpmi(na —p+1)
+ Fpmi(ni —p— 1) Fpmi(ne) — Fpmi(ni — p)Epmi(ne + 1)
— Fpmi(n)Fpmi(neg —p—1) + Fpmi(n1 + 1) Fp i (n2 — p)
— Fpma(n1 — p)Fpma(ne — 1) + Fpmi(n1 — p+ 1) Fp i (n2)]
+iemt[Fpmi(n1 — 1) EFpmi(ne —p+ 1)+ Fpmi(ni —p—1)Fpmi(ng+1)
— Fymi(n1 + D) Fpmi(ne —p—1) = Fymi(ni —p+ 1) Fpmi(n2 — 1)].

Proof. We get

DE} .. «(n1)DFy 1 (n2 + 1) — DES,, (1 + 1) DF, 1(n2)
= [m(Fpmt(ni—1)+iFpm(n1)) +etFpmi(ni —p—1)+ictEp ¢ (n1 —p)]
X [(M(Ep .t (n2) +iFpmt(na+1))+et Fy ¢ (ng—p)+iet Fp ¢ (ng—p+1)]
— [m(Fpmt(n1) +iFpmi(ni+1))+etFym i (ng —p)+ict Fy i (n1 —p+1)]
X [m(Fpmt(n2 —1)+iFpm(n2)) +ethpmi(ng —p—1) +ictFpm(n2 —p)]
= m?[Fpm(n1 — 1) Fpme(n2) — Fpmi(n1)Fpmi(ng + 1)
+ Fpmt(n1 4+ 1) Fpme(n2) — Fpmt(n1) Fpme(n2 — 1)]
+ im?[Fpmi(ni — 1) Fpmi(ng + 1) — Fppi(n1 + 1) Fp o i(ng — 1)]
+emt[Fpmi(n1 — 1) Fpmi(na —p) — Fpmt(ni1)Epmi(ne —p+1)
+ Fpmt(n1 —p—1)Fpmi(ne) — Fpmi(n1 — p)Fpmi(na +1)
— Fpmt(ni)Fpmi(ng —p—1) + Fppmi(n1 + 1) Fp ot (n2 — p)
— Fpmi(n1 = p)Fpmi(n2 = 1) + Fp (i — p + 1) Fp i (n2)]
+iemt[Fpmi(n1 —1)EFppmi(ne —p+1)+ Fpmi(ni —p—1)Fp mt(na+1)
—Fpmi(n+ D) Fpme(ne —=p—1) = Fpmi(n1 —p+ 1) Fpme(n2 — 1)]
in view of and the properties of (m, t)-extension Fibonacci p-numbers. m

THEOREM 2.4. Forn > 1, Cassini’s identity for DF;, ,(n) is given by

DFp*mt( )DFpmt(n+1) DQF;mt( )
= mZ[Fp2,m, (n) — F;L?mt( 1)+ Fpmt(n— 2)F, p,m, t(n)
= Fpmt(n+ 1) Fpme(n —1)]
+im2[Fpmt(n+ D Epmt(n—2) = Fpmt(n)Fpmi(n —1)]
+emt[EFpmi(n —2)Fpmi(n—p) — Fpmi(n —1)Fpmi(n —p+1)
+ Fpmt(n)Fpmi(n—p —2) = Fpmi(n —p— 1) Fpm(n+1)
= 2Fpmt(n — 1) Fpme(n—p — 1) + 2F, ¢ (0) Fpmi(n — )]
+iemt[Fpmi(n —2)Fpmin—p+1) — Fpmi(n—1)F,mi(n —p)
+ Fpmi(n—p—2)Fpmi(n+1) — Fpmi(n —p—1)F, m(n)].
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Proof. We get
DF},,(n—1)DF}, (n+1)— D°F, . (n)
— [(Ep it (n—2)+1Fp g (11— 1)) -+ €t(Ep g (n—p—2) +iFp s (n—p—1))]
X m(Epm,t(n) + iFpm(n + 1)) + et(Fpmi(n = p) + iFpmi(n —p+1))]
— [M(Fpmit(n—1) +iFpm1(n)) +et(Fpmi(n—p—1) +iFpmi(n—p))]?
=m? [Fﬁmt(n) - Fp2,m,t(n -1+ Fp,m,t(” - 2)Fp,m,t(n)
— Epmt(n+1)F,mi(n—1)]
+im [Fp g (n + 1) EFpma(n — 2) — Fp i (n) Fpma(n — 1)]
+emt[EFpmi(n —2)Fpmi(n —p) — Fpmi(n —1)Fpmi(n—p+1)
+ Fpmit(n)Fpymin—p—2)— Fpmi(n—p—1)F, pmi(n+1)
—2Fpmi(n — 1) Fpmi(n —p—1) + 2Fp ms(n) Fpmi(n —p)]
+iemt[Fpmi(n —2)Fpmi(n—p~+1) — Fpmi(n—1)F,mi(n —p)
+ Fpmi(n—p—2)Fpmi(n+1) — Fpmi(n—p—1)F,m:(n)]
in view of and the properties of (m, t)-extension Fibonacci p-numbers. =

THEOREM 2.5. Forn>1, Catalan’s identity for DF;,, ,(n+r) is given by

DF;’m’t(n 47— 1)DF;7m7t(n +r+1)— DQF;’m’t(n +7)
= m? [F§7m7t(n +r)— F57m7t(n +r—1)+ Fymi(n+r—2)F,min+r)

— Epmi(n+r+1)Fpmi(n+1r—1)
+ im2[Fymi(n+r+ 1D Eymi(n+r—2) = Fymi(n+1r)Fpmi(n+r—1)]
+ emt[Fpm 1 (n+1r—2)Fp ¢ (ntr—p)—Fp ¢ (n+r—1) Fp g ¢ (n+r—p+1)
+ Fpmi(n+1)Fpmi(nd+r—p—2)—F, mi(n+r—p—1)F, p (n+r+1)
—2F, mi(n+r—1)Fp mi(n+r—p—1)+2F, 1 (n+7)Fp mt(n+7—p)]
+ iemt[Fp m ¢ (n+1—2)Fp p t(n+r—p+1)—Fp e (n41r—1) Fp n t (n+r—D)
+ Fpmi(n+r—p=2)Fp mi(n+r+1)—Fpmi(n+r—p—1)Fp m(n+7)].
Proof. We get
DE}, . (n+r—1)DF}, (n+r+1)—D*FS, (n+r)
= [m(Fpmi(n+1—2)+iFppmi(n+r—1))
+et(Fpmin+r—p—2)+iFppmi(n+r—p—1))]
X [m(Fpmi(n+r)+iF,mi(n+r+1))
+et(Fpmt(n+r—p)+iFpmi(n+r—p+1))]
— [m(Fpmi(n+1r—1)+iFpmin+r))
+et(Fpmi(n+r—p—1)+iFymi(n+r—p))?
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= m? [Fg}m,t(n +7r)— Fg}myt(n +r—1)+Fpmi(n+r—2)F, mi(n+r)
—Fpmi(n+1r+1)Fpmi(n+r—1)]
+imA[Fymi(n+r+ 1) Eppmi(n+r—2) = Fppmi(n+r)Fymi(ntr—1)]
+ emt[EFp i (n+1—2)Fp mt(nt+r—p)—Fpmi(n+r—1)F) 1 (n+r—p+1)
+ Fpmi(n+1r)Epmi(nt+r—p—2)—F, mi(n+r—p—1)F, p i (n+r+1)
—2F, mi(n+r—1)Fpmi(n+r—p—1)+2F, i (n+1)Fpmi(n+r—p)]
+ iemt[Fp m ¢ (n4r—2)Fp i (n+1—p+1)—Fp 1t (N1 —1) Fp 1 ¢ (n+r—p)
+ Epmi(n+r—p—2)F, pm(n+r+1)—Fpmi(nt+r—p—1)F, pmi(n+7)],
in view of and properties of (m,t)-extension Fibonacci p-numbers. =

3. Conclusion. In this paper, we introduced (m, t)-extension dual com-
plex Fibonacci p-numbers and established some of their properties, including
the Honsberger identity, D’Ocagne’s identity, Cassini’s identity and Cata-
lan’s identity. I hope that these results will be useful in applied mathematics,
quantum mechanics, quantum physics, Lie groups, number theory, kinemat-
ics and differential equations, just as are dual complex k-Fibonacci numbers
[1], dual complex Fibonacci p-numbers [I3], dual-complex numbers and their
holomorphic functions [I1] and dual-complex Jacobsthal quaternions [2] etc.
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