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AN ELLIPTIC PROBLEM INVOLVING A POTENTIAL WITH
EXPONENTIAL GROWTH

Abstract. We study the nonlinear weighted elliptic problem
—V.(ws ()| VulN2Vu) + V() [u|V 2 = f(z,u), ue Wy (B, wg),

where B is the unit ball of RN, N > 2, wg(z) = (1—log |z[)*N=1, g € [0,1),
is the singular logarithmic weight with the limiting exponent N — 1 in the
Trudinger-Moser embedding, and V is a continuous positive potential. The
nonlinearities critical or subcritical growth in view of Trudinger—Moser in-
equalities. We prove the existence of nontrivial solutions via critical point
theory. In the critical case, the associated energy functional does not satisfy
the compactness condition. We give a new growth condition and we point
out its importance for checking the Palais—Smale compactness condition.

1. Introduction and main results. In this paper, we extend the recent
result of B. Dridi [I3] and consider the following elliptic nonlinear problem:

Lnw= —V.(wg(x)|Vu|N_2Vu)+V(:U)|u|N_2u = f(z,u) in B,
1.1) {u>0 in B,
u =0 on 0B,

where B = B(0,1) is the unit open ball in RN, N > 2, f(z,t) is a radial
function with respect to x, and V : B — R is a positive continuous function
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satisfying some conditions. The weight wg(x) is given by
(1.2) ws(x) = (1 - log|z)*™V, g e0,1)
In the case where V(z) = 0, Deng, Hu and Tang [11] studied the problem

—div(p(z)|VulN"2Vu) = f(x,u) in B,
u=20 on 0B,

where N > 2, p(z) = (log ﬁ)Nﬁl, and the function f(z,t) is continuous in
N

B xR and behaves like exp{e®" "} as t — oo, for some a > 0. The authors
proved that there is a nontrivial solution to this problem using the Mountain
Pass Theorem. They circumvented the loss of compactness of the associated
energy function by an asymptotic condition on the nonlinearity and using
appropriate Moser sequences. A similar result is proved in [22].

In this paper, we investigate the case N > 2 and use the Trudinger—
Moser inequality to prove the existence of solutions to without using
the Ambrosetti-Rabinowitz condition.

Let 2 ¢ RN, N > 2, be a bounded domain and w € L'(2) be a nonneg-
ative function. The weighted Sobolev space is defined as

WOI’N(_Q,U)) = closure {u € C5°(02) - S \Vu|Nw(z) de < oo}.
Q

We will restrict our attention to radial functions and consider the subspace

(1.3) Wol?’r];[d(ﬁ,w) = closure {u € Coraalf?) : S \Vau|Nw(z) de < oo}
Q

endowed with the norm

fullo = (§ 10V ue) )"
9]

N
rad

The choice of the weight and the space VVO1
following exponential inequalities.

(£2,w) are motivated by the

THEOREM 1.1 ([8]). Let 5 € [0,1) and let wg be given by (1.2). Then

(1.4) S e dr < 00, Vue Wol,}];[d(B’ wg) <= Y<INg
B

where
B N N’
AT N - -p8) 1-5

and we have
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(1.5)
1 1
sup S U™ gr < 00 = a< ang = Nlwy_1(1—p5)]77
uEW&”:Zd(Byw,B) B
ey <1

where wy_1 is the area of the unit sphere SN=1 in RN and N’ is the Holder
conjugate of N.

Let v := yng. In view of inequalities (1.4)) and (1.5)), we say that f has
subcritical growth at +oo if

| f(z,8)] .
(1.6) Slggo e = 0, Va with ayg>a >0,
and f has critical growth at 400 if there exists some 0 < ap < ang such
that
D] .
(1.7) Slirgo e = 0, Va with ap < a < ay g,
|f(z, )]

=400, VYa< ag.

s—oo  eas?

Our setting is defined as follows:

W = {u € W()l,}]:d(B’wﬂ) : S V(x)|u|N dz < oo}
B

It is a reflexive Banach space provided condition (V}) below is satisfied; W is
endowed with the norm

1/N
ull = (§ws(@)Vul™ dz + § v (@)ul¥ )
B B
which is equivalent to the norm
1/N
ey = ( § ws(@)Vul¥ do)
B

We denote by

o Sp(VulNws() + V(@) |ulY) do

AL = ulélév § 5 ulN da

u#0 B
the first eigenvalue of (Ly w,, W). It is well known that A; is an isolated
simple positive eigenvalue and has a positive bounded associated eigenfunc-
tion [12].

In this paper, we consider problem (|1.1) with subcritical and critical

growth nonlinearities f(x,t). Furthermore, we suppose that f(x,t) satisfies
the following hypotheses:

(f1) f: B xR — R is continuous, positive, radial in z, and f(x,t) = 0 for
t<0.
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(f2) There exist to > 0 and M > 0 such that all ¢ > ¢y and for all x € B we
have
t

0< F(x,t) < Mf(x,t), where F(z,t)= Sf(x,s) ds.
0

1
(f3) 0 < F(x,t) < Nf(x,t)t, vVt > 0,Vr € B.

(f4) limsup NFtSVW

t—0

< A1 uniformly in z.

The potential V' is continuous and satisfies

(V1) V(z) > Vy > 0 in B for some Vj > 0.
(V) The function 1/V belongs to LN ~1(B).

Let J : W — R be the Euler-Lagrange functional associated to prob-

lem (|1.1)), that is,
1

(1.8) T (u) = + (IVulNws(z) + V(@)[uN) do — | P2, u) do.
B B
We say that u is a solution to problem (|1.1)) if u is a weak solution in the

following sense:

DEFINITION 1.2. We say that a function u € W is a solution of problem
@) it

S(wg(:p)|Vu|N_2Vqup + V]uN tup) de = S flz,u)pdx, VoeW.

B B

In the subcritical exponential growth case, we will prove the following
result:

THEOREM 1.3. Let f(z,t) be a function that has subcritical growth at 400
and satisfies (f1)—(f4). Then problem (1.1)) has a nontrivial radial solution.

In the case of critical exponential growth, the study of problem (|L.1]
becomes more difficult. Our Euler-Lagrange functional does not satisfy the
Palais—Smale condition at all levels anymore. To overcome this lack of com-
pactness, we choose testing functions which are extremal to the Trudinger—

Moser inequality (|1.5)). Our result is as follows:

THEOREM 1.4. Assume that f(x,t) has a critical growth at +oo for
some ag and satisfies conditions (f1)—(f4). If in addition f(x,t) satisfies
the asymptotic condition

(f5) lim flat)t

t—oo exot”

then problem (L.1)) has a nontrivial solution.

(1 _/B)N—lN(N—l)(l—ﬂ)-H
NOECEUR

> o uniformly in x, with yo >
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We give an example of such a nonlinearity:
tN+1

N +1

We point out that the special case N = 2 and 8 = 1, with the weight
v(z) = log(ﬁ), i.e. the problem

f(t)=F'(t) with F(t)= + %! 5> N.

Ly, = —div(v(z)Vu) = f(z,u) in B,
u >0 in B,
u=20 on 0B,

was studied in [9].

Also, problem without weight (w = const) and with V' = 0 has
been extensively studied by several authors; see e.g. [Il, 10, 16} [I8] 21] and
references therein.

Finally, problem is important and has several applications in non-
Newtonian fluids, reaction-diffusion problems, turbulent flows in porous me-
dia and image treatment [3], 4} [19, 20].

This paper is organized as follows:

In Section 2, we present some necessary preliminary knowledge about
our space. We also give some lemmas useful for compactness analysis. In
Section 3, we prove that the energy has a mountain-pass geometry. In Sec-
tion 4, we identify the first compactness level of the energy and prove the
main results.

In this work, the constant C' may change from line to line and sometimes
we index the constants in order to show how they change.

2. Preliminaries and variational formulation

2.1. Weighted Lebesgue and Sobolev spaces setting. Let 2 ¢ RY,
N > 2, be a bounded domain in R and let w € L'(£2) be a nonnegative
function. Following Dréabek et al. and Kufner [15], 12], the weighted Lebesgue
space LP(£2,w) is defined as follows:

LP(2,w) = {u : {2 — R measurable : S w(z)|ulP de < oo}
Q

for any real number 1 < p < oo. This is a normed vector space equipped
with the norm

fulpao = (§wie)puldr) "
9]

and for w(x) = 1, we find the standard Lebesgue space LP({2) and its norm

fully = (§ lup dz) "

2
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In [12], the corresponding weighted Sobolev space was defined as
WP (2, w) = {u € LP(2) : Vu € LP(2,w)}

and equipped with the norm

(2.1) lullwr o) = (lulll + [Vl )P

LP(£2,w) and WHP(£2,w) are separable, reflexive Banach spaces provided
that w(z)~/®~Y e LL (0).
Furthermore, if w € LL (£2), then C§°(£2) is a subset of W1P(2,w),

loc
and we can introduce the space Wol’p(ﬂ, w) as the closure of C§°({2) in
WP (02, w).
The space VVO1 P(£2,w) is equipped with the norm

1/p
(2.2) [ e—— (gwwwpdx) :

which is equivalent to the one given by (12.1)).

Also, we will use the space I/VO1 N (£2,w), which is the closure of C§e(02)
in WHN (02, w), equipped with the norm

1/N
It .y = (§ w) V™ d)

Let s be the real such that
(2.3) s€(1,00) and w*e LY(2).

The last condition gives important embeddings of W1V (£2,w) into usual
Lebesgue spaces without weight. More precisely, following [12] we have

(2.4) WIN(02,w) < LY (2) with compact injection
and
WM (02, w) < LN*1(2) with compact injection for 0 < 7 < N(s — 1)
provided
w™* € LY(N2) with s € (1,00).

2.2. Some useful lemmas for compactness analysis. In this section
we will derive several technical lemmas for later use. We begin with a radial
lemma.

LEMMA 2.1. Assume that V is continuous and satisfies (V1) and (V3).
(i) Let u be a radially symmetric C} function on the unit ball B. Then
1-p
|log ||| ™
1/N’ ’
WN/A (1= p)ynN

where wy_1 is the area of the unit sphere SN=1 C RNV,

u(2)] <

[l
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(ii) There exists a positive constant C' such that for all u € W,

J VIV de < Cllull™
B

and so the norms || - || and || - ||W01 :
,ray

Bag) = (pws(@)|V - [N da)/N
are equivalent.
(iii) The following embedding is continuous:

W — LYB) forallq>1.
(iv) The embedding in (iii) is compact.

Proof. (i) See [7].
(ii) From (i) we have, for all u € W,

m (1-B)(N-1)
S ViuN de < 1 HuHNS |log || dx
B wN—l(l - B)N_l B
m
<c )™ <

T owna(1-8)
where m = max, g V(z). Hence (ii) follows.
(iii) From (i) and (ii), we know that the following embeddings are con-

tinuous:
W — W()l,rad(B) — LQ(B) Vq > N.

By the Holder inequality and (V2) we have
N—-1
1 N L
S lu| dx < (S —— dm) (S V‘u’NdQ,')N < (
B pVnN-1 B
For any 1 < 8 < N,

0 —
~ =
IS
8

N———

i
=

N

§ul? do < §(ul + ) do < (§ ) ™ gl + gl
B B B VN=1 0

Thus we get the continuous embedding W «— L4(B) for all ¢ > 1.

(iv) Let (ur) C W be a sequence such that |ug| < C for all k. Then
HukHW(} < Cforall k. On the other hand, we have the compact embed-
ding [12]

W()l,rad — L7 for1<gq< Ns with s> 1.

Then up to a subsequence, there exists u € Wol,rad such that ug converges
to u strongly in Li(B) for all ¢ such that 1 < ¢ < Ns. Without loss of
generality, we may assume that

Up — U weakly in W,
(2.5) Up — U strongly in L'(B),

ug(z) — u(z) almost everywhere in B.
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For ¢ > 1, it follows from ([2.5) and the continuous embedding
W — L*(B) (s>1)
that

This concludes the proof. m

LEmMA 2.2 ([T4]). Let 22 C RN be a bounded domain and f : 2 xR — R
a continuous function. Let (uy), be a sequence in L'(£2) converging to u in
LY(02). Assume that f(x,uy,) and f(x,u) are also in L*($2). If
Q
where C is a positive constant, then

f(z,up) = f(z,u) in LY(92).
We need a Lions type result [I7] about an improved Trudinger—Moser
inequality when we deal with weakly convergent sequences.
LEMMA 2.3. Let (ug)r be a sequence in W. Suppose that ||ug| = 1,
up — u weakly in W, ug(x) = u(x) a.e. x € B, Vug(z) — Vu(x) a.e.
x € B andu#0. Then

5
sup S PN sl gy < oo

k
B
for all 1 < p < U where U is given by
1 .
o0 if lul = 1.

Proof. For a,b € R and ¢ > 1, if ¢’ is the conjugate of g, i.e. % + = =1,
by the Young inequality we have

e0th < leqa + leq/b_
T q ¢
Also,
1—q
(2.6) (1+a)q§(l+€)aq+<1—11> , Va>0,e>0,qg>1.
(I1+¢e)a1
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So, we get
k" = |uk — u+ul” < (Jup —ul + [u])?
1 el
< (L4e)|ug —ul” + <1 - 1) Jul”,
(I+¢e)71
which implies that

S ePan plunl” go <

S epaan g (1+e)lup—ul? g,
B B

1 1 1=
+ - S exp <pq'ocN75 (1 - 1) u\”) dx
q B (1 + E) -1

for any p > 1. From ([1.4)), the last integral is finite. To complete the proof
we have to prove that for every p such that 1 <p < U,

|

(2.7) sup S epaan s (1+e)|lus—ul” 7. ~ o
k B
for some ¢ > 0 and ¢ > 1.

In the following, we suppose that ||u|| < 1; for ||u|| = 1, the proof is
similar.

When
1

|lul| <1 and p< A= M7
there exists v > 0 such that
p(L = [[u V)N (1+v) <1.
On the other hand, by Brezis-Lieb’s lemma [5] we have
(2.8) g, = all™ = {ug | = [[ull¥ +o(1)  as k = oc.

Then
g = wl ¥ =1 = [Jul|Y + o(1),

hence,
Jim [l = ul[” = (1= V).
Therefore, for every € > 0, there exists k. > 1 such that
g =l < (L4 e)(L = [l V)N, VE > ke
If we take ¢ = 1 + & with e = /1 + v — 1, then for all k > k., we have

pa(L+ &)l —ul]” < 1.
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Consequently,
|up —u
S ePIaN, p(14e)|uk— u|’Y r < S e (1+e)pgan, B(”u: uH)'YHuk—uH'Y dr
B B
‘uk u\)
< Se (o=l g
B
< sup S eVl gy < 00, m

lull<1 5

3. The mountain pass geometry of the energy [J. Since the non-
linearity f(z,t) is critical or subcritical at +oo, there exist a,C > 0 and
t1 > 1 such that
(3.1) |f(x,t)] < Ce®™,  V|t| > t.

So, the functional J given by is well defined and of class C" .

In order to prove the existence of a nontrivial solution to problem (|1.1)),
we will prove the existence of a nonzero critical point of the functional 7 by
using the Mountain Pass Theorem of Ambrosetti and Rabinowitz [2].

DEFINITION 3.1. Let (u,) be a sequence in a Banach space E, let J €
CH(E,R) and let ¢ € R. We say that the sequence (u,) is a Palais-Smale
sequence at level ¢ (or a (PS). sequence) for the functional 7 if

J(up) = ¢ inRasn— oo,

J'(up) =0 in E' as n — oo.
We say that the functional J satisfies the Palais-Smale condition (PS). at
level ¢ if every (PS). sequence (u,,) is relatively compact in E.

THEOREM 3.2 ([2]). Let E be a Banach space and J : E — R a C!
functional satisfying J(0) = 0. Suppose that

() there exist p, 8 > 0 such that J(u) > B for all uw € 0B(0, p);

(i) there exists x1 € E such that |z1] > p and J(x1) < 0;

(iii) J satisfies the Palais—Smale condition (PS), that is, for all sequences
(up) in E satisfying

(3.2) J(up) =>d asn— oo
for some d € R and

(3.3) | T (u)|l« =0  asn— oo,
the sequence (uy,) is relatively compact.

Then J has a critical point u and the critical value ¢ = J(u) satisfies

= inf
¢ 2y 7o)

where I' := {y € C([0,1],X) : v(0) =0 and v(1) = z1} and c > .
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It follows from Lemma that the embedding WHN(B) — L9(B)
is continuous for all ¢ > 1, so there exists a constant C' > 0 such that
|lullgnr < cfjul| for all uw € W.

In the next lemma, we prove that the functional J satisfies condition (i)
of Theorem [B.2]

LEMMA 3.3. Suppose that (f1) and (f4) hold. Then there exist p, 3 > 0
such that J(u) > B for all w € W with ||u]| = p.

Proof. Tt follows from (f4) that there exist ¢y > 0 and g9 € (0,1) such
that

1
(3.4) F(x,t) < N)\l(l —e)|t|N  for |t| < to.
Indeed,
NF(z,t)
limsup ————= < \;
t—0 P tNV
or
. NF(z,t)
éI;{E)sup{tN:O<t<ﬁ} < A1
Since this inequality is strict, there exists €9 > 0 such that
NF(x,t)
inf ——2:0<t A1 — €9-
éf;osup{ N < <ﬁ}< 1—¢&p

Hence, there exists tg > 0 such that

NF(x,t
sup{tg\'lm):0<t<to}<)\1—50.

Hence .
Wt <to  Flz,1) < (1 - eo)|t|N.

From (f3) and (3.1)), for all ¢ > N there exists a constant C' > 0 such
that

(3.5) F(z,t) < C|t|%e™,  VY|t| > t.
So
1
(3.6) F(z,t) < N)q(l —eo)[t|N + Ct|%e”  fort € R.
Since )
_ N
Tw) = Sl ~ § Fe,u)dr,
B

we get

1 N 1 N au?
T (u) = Fllul™ = FA (1 = eo)lt] —c]§9|u\qe dz.
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But A [[ul|¥ < |lu[|Y and from the Holder inequality, we obtain

€0 1/N
(3.7) T = Ll = ([ dr) " fuly.
B
From Theorem [I.1] if we choose u € W such that
(3.8) aN|lul” < ang,
we get

Ju|
S N ul” g0 — S NG g2 < 0.

B B
On the other hand, ||u||n7q < C||u|| (Lemma [2.1)), so

3
I (w) = Zlul¥ = Cllull®

for all u € W satisfying (3.8)). Since N < ¢, we can choose p = ||lu]| small
enough such that there exists § > 0 small such that J(u) > 8 > 0. u

By the following lemma, we find that J satisfies condition (ii) of Theo-
rem [3.2

LEMMA 3.4. Suppose that (f1) and (f2) hold. Let ¢1 be a normalized
eigenfunction associated to Ay in W. Then J(te1) — —o0 as t — oo.

Proof. 1t follows from condition (f2) that

Ft) = ;F(:c,t) > %F(m,t)

for all t > t3. So
(3.9) F(x,t) > Cel™ Vi >t.
It follows that there exist b > A\; and C' > 0 such that F(z,t) > 2tV + C
for all ¢ > 0. Therefore
Titen) < il = 2V ¥ - o1

where |B| = meas(B) = Vol(B). Then, from the definition of A;, we get
AL—b

~—llerlly <0, vt >o0.

T (tor) <tV

So, the lemma follows. =

4. Proof of Theorem In the following proposition, we will show
the lack of compactness of the energy in the critical case.
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PROPOSITION 4.1. Suppose that (f1)-(f3) hold.

(1) If the function f(z,t) satisfies condition (1.7)) for some ag > 0, then the
functional J satisfies the Palais—Smale condition (PS). for any

< 1 aN,g N/~
c | =DE
N (67} ’

_1 1
where ay g = Nwy_1(1—B)]TF and wy_1 is the area of the unit sphere

SN=L jn RN,
(i) If f(=z,t) satisfies condition (L.6), then J satisfies the (PS). condition
for all c € R.

Proof. (i) Consider a (PS). sequence in W, for some ¢ € R, that is,
1
(4.1) T (uy) = NHunHN - S F(z,up)de — ¢, n— oo,

B
and for all ¢ € W,

(42) 1T () 9)| = | wp (@) VY2V Vipda + 4| < el
B

where A = §, V|un |V 2upvde — §; f(@,un)pde and &, — 0 as n — oo.
Also, inspired by [9], it follows from (f2) that for every € > 0 there exists

t. > 0 such that

(4.3) F(x,t) <etf(x,t) for all |t| > t. and uniformly in = € B,

and so, by (4.1)), for every € > 0 there exists a constant C' > 0 such that

1
NHUHHN <C+ | P(z,up)da,
B
hence
1 N
lualV <€+ | Fla,un)de+e | f(a,un)up do,
Jun | <te B
and so, from (4.2)), we get
1
NllunllN < C1 + eep||unl| + el|un||Y

for some constant C7 > 0. Since
1
(4.9 (% =) uall® < €1+ ezl

we deduce that the sequence (u,) is bounded in W. As a consequence, there
exists u € W such that, up to a subsequence, u,, — u weakly in W, u, — u
strongly in LY(B) for all ¢ > 1 and u,(z) — u(z) a.e. in B. For the proof of
Vuy(z) = Vu(z) for a.e. x € B we refer the reader to [13].
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Furthermore, from (4.1) and (4.2]) we have

(4.5) 0< S flzyup)u, < C,
B
(4.6) 0< | F(z,un) <C.
B
Since by [14, Lemma 2.1, we have
(4.7) f(z,un) = f(z,u) in L'(B) as n — oo,

it follows from (f2) and the generalized Lebesgue dominated convergence
theorem that

(4.8) F(x,up) = F(z,u) in LY(B) as n — oo.
So,
(4.9) Tim [Jun ]|V = N(c + | F(z,u) da;).
B
So, using ({4.1]), we have
(4.10) nlg]go S f(z,up)uy, doe = N(c + S F(z,u) da:).
B B

By condition (f3),
lim N S F(z,u,)dr < N<c+ S F(z,u) dw)
B B

n—00

and so ¢ > 0. Also, it follows from (4.1]) and (4.2) that u is a weak solution
of problem (1.1)) and if we take ¢ = u as a test function, we get

S \VuNws(z) dz + S V(x)u|N de = S flz,u)udz.

B B B
So it follows from (f3) that J(u) > 0.

We will finish the proof by considering three cases for the level c.
CASE 1: ¢ = 0. In this case
0 < J(u) <liminf J(uy) = 0.
n—00
So, J(u) = 0 and hence
1
. - N _ _t N
i ol = § Pl de = ™
By Brezis—Lieb’s lemma [5], we get u,, — u in W.
CASE 2: ¢ > 0 and u = 0. We prove that this case cannot happen. From
(4.1) and (4.2) with v = u,, we have

lim [|u,||N = Ne and  lim Sf(a:,un)un dx = N,
n—oo n—oo
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and by (4.2) we also have
[l = § (@, wn)un da| < Cep.
B
We claim that there exists ¢ > 1 such that
(4.11) | 1£ (2, un)|? dz < C,

B
SO

funll™ < Cont (§ 15wl ) " (§ i) "
B B

where ¢’ is the conjugate of ¢. Since (uy,) converges to u = 0 in L% (B),
lim u, | = 0.
n—oo

This is in contradiction with ¢ > 0.

To prove the claim, note that since f has subcritical or critical growth,
for every ¢ > 0 and g > 1 there exist {- > 0 and C' > 0 such that for all
|t| > t., we have

(4.12) I (z,1)|9 < Ceol=tDE,
Consequently,
If@u)tde = | |f@u)lPde+ | |f(wun)|?da
B {lunlgts} {‘Un|>t5}
<wy—1 max ’f(xvt)|Q+CS60(0(6+1)|un‘”/ dr.
BX[_tsats]

B

Since N¢ < (aNﬁ/ao)NM, there exists n € (0,1/N) such that

an.s N/~
(7)) '

Nc:(l—Nn)<

On the other hand, |[u,||” = (N¢)?/N, so there exists n, > 0 such that for
all n > n,,, we get ||u,||” < (1 —n)an,g/ag. Therefore,
|un|

(1 ”)<Hunu

We choose € > 0 small enough to get

)Vuunw < (1)1 - Maws.

ao(1 +&)ljun[]” < ang,

therefore the second integral is uniformly bounded in view of (1.5)), and the
claim is proved.
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CASE 3: ¢ > 0 and u # 0. In this case, we claim that J(u) = ¢ and
therefore

Tim [Juy ||V = N(c + | Fa,u) d:c) - N(j(u) + | P(z,u) dx) = |l
B B

To prove the claim we remark that

.. . N
J(u) < lenilor.}f lun || — SF(az,u) dx = c.

B
Suppose that J(u) < c¢. We have
N
(4.13) ul]” < (N(c+ | Pa,u) dg;))7 .
B
Set
Up= " and v = - .
" | (N(c—l—SBF(:E,u) dx))Y/N

Then [|v,|| =1, v, = v in W, v # 0 and |Jv|| < 1. So, by Lemma [2.3]

sup S ePonslonl” dy < 0o for 1< p < (1— ||uf|N)™/N.

" B

As in Case 2, we are going to estimate {, | f(z,u,)|? dz. For € > 0, one has

B {lun|<te} {Jun|>t}
<wpy-1 max |f([,(;’ t)|q +C S eao(l—l-s)\unh dr
BX[_tsatE] B
< C. +C [ e+l ol g < ¢
B

provided (1 + &) [un|[" < pan,s and 1 < p < (1 — [[o]¥)=7V. Since

N(c+\g F(z,u)dx N
(1= o) = <N(c+ (SB Fﬁi,ug dm))— ||)U||N)>
_ <c+SBF(x,u) d:v)”/N

c—J(u)

and
HIEEO un” = (N<c+ S F(z,u) dx))W/N7
B

we have

ao(1 +&)||un|” < ap(1 + 2¢) (N(c—i— S F(z,u) dx))V/N.
B
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But J(u) > 0 and ¢ < %(aN’ﬁ/ozo)N/“f, so if we choose ¢ > 0 small enough
that

Qg 1 /N
0149 - -
angl T2 < <N<c— J(u») ’
we have
«
(14 2)(e — @)Y < R

and so the sequence (f(x,uy)) is bounded in L9, g > 1.
Since (J'(un), (un —u)) = 0,(1), we get

(4.14) S wa () |V |N 2V, (Vu, — Vu) de
B

+ S V[t | N 2 (1, — ) daz — S f(zyun) (up — u) de = o,(1).
B B

On the other hand, since u, — u weakly in W, we get

(4.15) S ws ()| VN 2V u.(Vu, —Vu) da:—i—x Vu™N " 2u(up —u) de = o,(1).
B B

Combining (4.14]) and (4.15), we obtain

(416)  {ws(@)(|Vun|N 2V, — [Vul N "?Vu).(Vuy, — Vu) do
B

+ S V([N 20 — |V 720 (uy, — w) da
B

= | f(@,un)(un — u) dz + 0n(1).
B

Using the well known inequality

4.17)  (|2)V 22— [y ) (e —y) 2 22Nz -y Y,
Vx,y € RN and N > 2,

we obtain

(4.18) 0<227¥N S ws () |V, — Vu|N de + S Vg, —ulN da
B
< S f(z,un) (uy — u) do + o, (1).
B

By the Hélder inequality, we obtain
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(4.19) 22_N<S wp () |V, — Vu|N de + S V0w, — u\Ndac>
B B

S f(zyun) (up — u) de + o(1)

IN

IN

(g |f(x,un)|qu)1/q(g ity — u|q')1/q dz + o(1).
B B

So,

|lun, —u|| =0 asn — oco.

By Brezis—Lieb’s lemma, up to a subsequence, we get

lim [[un|Y = N(c+ | P(z,u) dx) = JJul|™,
n—oo
B
and this contradicts (4.13]).
(ii) From the proof of (i), up to a subsequence, there exists M > 0 such
that ||up|| < M. By the subcritical case of f at oo, for some ¢ > 1 there exist
a < ayn /M7 and positive constants Cy 4 and Cy 4 such that

‘un\’y
S f (2, un)|?de = C1 4 + Cayg S eolunl” gz < Cry+ Cay S O Tun 1unll” 1,
B B

|un|’y

B
< Crg+ Cog | €™V Tunl” da < oo,
B

We conclude as in (i). m

REMARK 4.2. We have u > 0. Indeed, since (uy) is bounded, up to a
subsequence, ||u,|| — p > 0. In addition, J'(u,) — 0 leads to

S(wg(m)]Vu\N_2Vu.V<p + V() |u|N) dzx = S flz,u)pdr, VoeW.

B B
By taking ¢ = u~ with u* = max(4u,0), we get |[u~ || = 0 and so u =
ut > 0. Since the nonlinearity has critical growth at +oo and from the
Trudinger-Moser inequality (L.5), we have f(-,u) € LP(B) for all p > 1. So,
by elliptic regularity u € W?2P(B, o) for all p > 1. Therefore, by Sobolev
embedding, u € C%(B). Let By = {x € B : u(x) = 0}. Then By = 0.
Indeed, suppose By # 0. Since f(z,u) > 0, from the Harnack inequality [12]
Theorem 1.9] we can deduce that By is an open and closed subset of B. In
virtue of the connectedness of B, we have reached a contradiction.

Proof of Theorem. Since f(x,t) satisfies for all ag > 0 such that
ang > ag > 0, Proposition implies that J satisfies the (PS) condition
(at each possible level d). So, by Lemmasand , J has a nonzero critical
point v in W. From the maximum principle, the solution u of problem (|1.1))
is positive. =
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5. Proof of Theorem In Theorem [T.4] we suppose that the func-
tion f(x,t) is critical, that is, it satisfies condition for some g with
ang > ag > 0.

We can still use Theorem if we prove that the mountain pass level ¢

satisfies
< 1 fang N/~
c< — | —F .
N (7))
For this purpose, we will prove that there exists v € W such
1 (ang N/~
5.1 ) <« —( =2 )
(5.1) w7 (e0) < (422
We consider the Moser-type sequence given by
-8
log & !
1-p ( m) if e=™/N <|z| <1,
(5.2) vp(x) = 7 n(1-B)/N
AN ! Vv if 0 < Jaf < eV,

N3 "
Let wy, = vy, /||vn]|. Then wy, € W and has norm 1. We also have

B(N-1) (1-8)(1 _ 1 -8
log <1> ‘ dr = Nl—(}ﬁﬁ) S 1(log 1) dr =1,
n r

|| r
e—n/N

§ 190 ()Y
B

ol ¥ =1+ | V(@) |vn|V da.
B

LEMMA 5.1. Assume that V is continuous and (V1) is satisfied. Then the
following hold:

(i) We have
mN(l_B)N

loal” < 1+
(N = 1)(1 - By

(F+G) +on(1),

1 WN—1 n(Nfl)(lf/B)efn
NA=BN N ’

where m = max,c5 V(x). In addition,

G =

>1—FE(N;n;m),
four = 1~ EWimsm)

mN(l_B)N

E := E(N;n;m) =
(N =1)(1 = Bay/3

(F 4+ G) + on(1).
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(ii) For all x such that |z| < e ™/N,
aygw)(z) 2 n(l - E).
Proof. (i) We have

[N =1+ | V(@) |vnN dz < 14+ m | |vn|V da

B B
Hence
Jonll <1+ T
N7B
log 1 (1-B)N 1
X { S (l;l-,ill)—,B dx + S Wn(Nil)(li’B) de’}
e n/N<|z|<1 0<|z[<en/N
We have
1-B)N _
S (logﬁl\)( ) do — “N-1 § N-1 (log1>(1 ﬁ)Ndr
1-8 - 1-8 r
Nt T e "
1
WN i (1-pN
Sn(l—ﬁ)e N-Ip S dr
e—n/N
= wn_1nAOW-DenxIr (1 Ny = (7).
Also,
S 1 w-na-ny
NaBN" v
0<|z|<e—n/N —n/N
1 N-D-g) [ N-1
= N(l—ﬁ)NwN*In S r dr
0
1 wNiln(N_l)(l_ﬁ)e_n
= = op(1)
NQA=-B)N N
Hence,
AN,B
Therefore,

mNU-BN CEeer)
fonl < (14 ™ (F 1 6) .
O[N’B
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So,
mN(]-*/B)N

loal” < 1+
(N —1)(1 - Ban'7

(F + G) + on(1).

Consequently,

—— >1-F.
[[on”

(ii) For all z such that |z| < e~ we have

[un |7
OzNﬁwz =ang [onll >n(l—FE). n

Now, we introduce the following elementary result.

LEMMA 5.2. For the sequence wy, induced by (5.2)), we have
WN-1

: an. gw
09 Jim § e e 2 SEN 4 1),
B
Proof. Let
N/
, (log &
e T <N ! %) dz,
6_”/NS|1“§1 e_n/N§|l"§1 ||/Un||’yn
I = S AN BWR oo
0<|z|<e~n/N
Then

. vy . .
lim SeO‘N’Mw"l dr = lim I; + lim I.
n—oo n—oo n—oo

On the one hand, from Lemma [5.1fii) and using the fact that nE ~
nN(l_B)J"ﬁe_n’

I = S CONBWR (o > S e"1=E) qg
0<|z|<e=n/N 0<|z|<e~/N
> w]]vv_le_”E — % as n — 0o.
On the other hand,
log L)N
_ N’ ( |]
Il = S eXp<N W(l — E)> d$,

e n/N<|z|<1

SO
1

/ (logl)N,
I =wn_1 S pV-1 exp(NN ~—rr (1 —E)> dr.
n

e—n/N
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We make the change of variable |z] =7 = e~*/N. Then we get

WN-—-1 s tN/(l — E)
Il = (S)eXp<nl/(N—1)_t dt.

N

For any n > 1, let

tN'(1-E)
P S >
enlt) =y~ 120
The interval [0, n] is then divided as follows:
[0,n] = [0, n MU [N n—n MU [n —n'/N n].

First, we consider the interval [0,n'/"]. Using the fact that 1 — E < 1, we
get

Xoavnje? ¥ < €7t € L1([0,00)),
X[Oynl/w](t)e‘p”(t) — et forae. te0,00)asn— oo.
Then, using the Lebesgue dominated convergence theorem, we get

’le/N n

i §enndt= Jum S de =1

Now, we are going to study the limit of this integral on
YN n—n'N and  [n—nN nl.

So, we compute

gon(nl/N) =1-FE—-n"N<1-n"N  for n large enough

and
1
(5.4) pn(n'/N) < _ﬁnl/N
N1\ N
= —(N'=1)n'N forall n > <N—2> .
Also, for n large enough,
_ ,1/N\N’ 1—-FE
gpn(n—nl/N): (TL n )1 ( ) _n+n1/N
nN-1
n%(l —n_l/N/)N/
< 1 —n4+nt/N
n~ -1

:n<1_n1/N' +0(n1/N’>> —n+n"
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B N 1 1
S YA + /N’ +o /N’

1 1
_ 1/N 1/N
= —N'n!/ +0<n1/N>§—(N’—1)n/ +0<n1/N).

Therefore, for every ¢ € (0, 1) there exists n. > 1 such that

(5.5) on(n —n'™Ny < —(N' = 1)n'/N(1 —¢) for every n > n..
Fix n large enough. A qualitative study of ¢, in [0,00) shows that there
exists a unique s, € (0,n) such that ¢/ (s,) = 0 and consequently
n—nl/N
S e‘Pn(t) dt < (7’L — in/N)emaX[GDn(”UN)?%@n(n_”l/N)}.
nl/N
In addition, from (5.4)) and (5.5) with € < 1, we obtain
I N

N-1"

provided that n is large enough. Hence, there exists m > 1 such that

max [pn, (0N, o (n — nt/N)) < —

ninl/N

S O dt < (n— 2n1/N)e_ﬁ"1/N for all n > m.
nl/N

Therefore,
1/n

n—m tN/
lim S exp( T —t> dt = 0.

n—00 ~—T
N—1
nl/n n

Finally, we will study the limit on the interval [n — nt/m, n|. We mention
that for a fixed n > 1 large enough, ,, is a convex function on [n—n'/", c0).
Also, ¢n(n) =n(1l — E) —n < 0. Thus, we get the estimate

n—_=t
on(t) < on(t) — pn(n) < Wgon(n —nNy ten—nN n]

On the other hand, in view of (5.5), if € € (0,1) and n > n., we have
(5.6) on(t) < (N'=1)(1—e)(t—n), te[n—n'/"n].
Furthermore, using the fact that ¢, is convex on [n—n'/N
N'(1—-E) -1, we get
(5.7) on(t) = pn(n) + ¢l (n)(t = n)

> (N'(1—E)=1)(t—n), te[n—n"N n

Then by bringing together (5.6) and (5.7), we deduce

;00) and ¢y, (n) =
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1_ 6_n1/N n " 1—e 1/N
im ————— < ]j en(t < T
AN B =1 S Al SI/N ermdt < m T A =y
n—m

—n

Using the fact that lim,,_,., £ = 0 and since ¢ is arbitrary , we get

n
1
3 n(t) — — _
nhm S e dt—N/_l—N 1.

n—nl/N

The lemma follows. m

LEMMA 5.3. For the sequence (wy,) determined by (5.2)), there existsn > 1
such that

(5.8) T(twn) < 1 (ang N/~
: max — | == .
tzao Wn N\ «a
Proof. For contradiction, suppose that for all n > 1,
1 an.g N/~
> — | —= .
) = ()
Then, for any n > 1, there exists ¢, > 0 such that
N/~
1 N
max J (twn) = J(tawn) 2 (J)

and so

Then, by using (H1),

N/~
(5.9) Y > (O‘Nﬁ> .
%y
On the other hand,
d
aj(twn) =Nt S [z, thwp)wy, de = 0,
t=tn B
that is,
(5.10) tg = Sf(x,tnwn)tnwn dx.
B

Now, we claim that the sequence (t,) is bounded in (0, +00). Indeed, it
follows from (Hb5) that for all € > 0, there exists t. > 0 such that

(5.11) flx, )t > (v —)e®”  V|t| > t., uniformly in = € B.
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Using ((5.10) and (5.11)) we get

(5.12) N >(o-e | eohividg
0<|z|<e—n/N
g -
> (y0 —¢€) S e ang " dx
0<|z|<e—n/N

v_ 1
WN-1 eaotn an
N

5 n(l—-E)—n

= (10 —¢)

Therefore (t,,) is bounded.
Also, from (5.9) we see that

N
lim tN N6 "
n—0o0 O[D ’

N/vy
lim tN <OW’B> .
n—oo 040
Then for n large enough, there exists some § > 0 such that ¢, > aN By g,

and consequently the right hand side of - ) tends to 1nﬁn1ty and this
contradicts the boundedness of ¢,,. Since (t,,) is bounded, we thus get

N/~
(5.13) lim ¢V = <O‘N5> .

Now, suppose that

n—oo ao

Now, we want to use the expression of ¢ given by and the hy-
pothesis . So let
B+ ={x € B:tyu,(z) > t.}, Bn_={z€ B :tyu,(x) <t}
We have
S f(z, thwy)tywy, de = S [z, thwy)tywy, de + S f(x, thwy)tywy, de.

B Bn,+ By, —
Then
N >(o—e) | e hidrt | fla,tywn)tyw, de,
Bn,+ Bn7_
and so
(5.14) t > (o —¢) [ et Wi de — (o —e) | et dy
B Bn,—
+ S f(l‘a tnwn)tnwn dr.

B,

The sequence (wy) converges to 0 in B and xp, _ converges to 1 a.e. in B.
By using the dominated convergence theorem, we obtain
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lim S f(z, thwy)tywy, dz = 0.
n—o0

Also, by the dominated convergence theorem,

lim
n—oo

YooY U.)N_l
S edotnWn oy — )

n,—

Using Lemma [5.2] and (5.7)), we obtain

. . Y WN-1
nh—>n<}o tN > nlg](r)lo(’yg —¢) 189 eNBIntn dy — (g — €) N = (Y0 — €)wN_1.
So, it follows that
N/~
a
(5,15 (222)7 2 (0 ey
o

for all € > 0. Hence

(1 - BN-INN-D(=p)+1

NOEIED ’

IA

Yo

which contradicts (f5). Thus Theorem is proved. =
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