-COLLOQUIUM MATHEMATICUM.

VOL. XL1V . : 1981 ' FASC.'1

NON-COMPLETENESS OF SOME CONVERGENCE ON T'
BY .

JEAN BOURGAIN (BRUSSELS)

The aim. of this papel is to solve the followmg problem posed by
T Mikusifiski (1):
' Tn the space I' of absolutely sammable sequences of real numbers we
consider p-convergence: &® -» 2. This means thatb

(a) lima? = @; for every coordinate i,
. .

(b) in ¥* there is some y such that |[@f] <y,

A sequence (w,)is called p-Cauchy iff "' 0" —» 0 whenever ()

is an increasing sequence of integers. Is every p- Oauehy gequence p-con-
vergent to some veetor in 1'% - '
The answer is negative. We are going to show it by construcbmg
a p-Cauchy sequence which is not p-convergent.
Denote by [, the usual norm on I', thus

lwl; = Zmi for w = (a).
f=1 )

We first give a finite reformulation of the problem. It is convenient
to introduce the following notation: If ', a?,...,2" is a finite set of
wvectors in ¥, define .

a(at, 22, ..., 2N) =2 max |z?|

T lsasN
and
glat, a2, ..., V) = max ", + - max a(@™ -2, 6 —u'?, ..).
1<n<N 1<u<ng<...<N

Oleazly, (o, &%, ..., o) < Sa(a?, a?, ..., o¥).

(4} P 1190 in Colloquinm Mathematicum 43 (1980), p. 388,
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~ Assume the following holds: :
() For each ¢ > 0 there are vectors @', #%,...,a" in ' such that

a(@, %, ...,aY) =1 and ‘ﬁ(wl,w“,i...,mN)<s,

Then the required sequence can be construected. .
To see this, using (#) construct finite sequenees 8, = (o™, ..., a"Pr)
in ' satisfying , - '
1° a(8,) =1 for each »,
2° B(8,)< 27" for each 7,
3° the 8, are disjointly supported .
and take the sequence 8 = (8;, 85, ..., 8,,...) in I' oblained by piecing
the 8, together.

Then 8 is ||+ |,-convergent to 0 but is not p-convergent since eondi-
tion (b) is not fulfilled. Now, for any increasing sequence (u;) of mtegers,,

it iy easily wverified that for § = (a")
D) sup |+ —w?’“l < Y2p(8,) < oo,
rall " o

and hence o' _—g" 50,
Condition () has the following equwalent statement in terms of
functions fy, fy, ..., fy in some Lebesgue space T (u):

(#+) For each & > 0 there exist functions fi, fa, ..., fy in Z*(x) such

Y

that
(@) fma:x |faldp =1,
(b) max |if,,,|l1< &,
() 1f 1 LRy < A< ... N, then

f max Wiy s — g8 < &

Our measure space W111 be the circle 7 eqmpped w1t]1 Haar measure m.
The functions fi, fa, ..., fy will be realized as the translations (f,),
¢ €[0, 2x], of a function f on 7. Conditions (a), (b), and (c) of (%)
become then : . . .

(a’) [sup|f,idm =1,

(1) 1< e,

() if 0oy < gp<<...< 27w, then

fml?xlff%-}-] mjlrkidm < &,

So it remains to construct the function f and to show that (a'), (b), (e
~ hold.
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Fix s> 0 and let d be an integer satisfying 4> 18/e. Proceedmg
by induction, we introduce d positive continuous funetions f,f? ...,
on T and numbers 1> 8, > d,> ... > 8; > 0 such that

@ Iffl. =1 @1 <i<a),

(i) F(1) =1 1<i<a),

(i) 1f*, < §f@ (1 <i<a)

(iv) IFff—Fille < L/ if 0 <o <p < 2w and Jp—y| <

The fact that this can be done is - straightforward, and we let the
veritication to the reader.

Detine now

Y

Since f(1) =1, sup f, is the constant functlon. 1 and (a’) holds.
Also

&h—l

Hflh d2d2< < 8

thus (b') is satistied.
The verification of (¢') is more complicated. Fix 0 < ;<3< ...
.. < pr < 27 We introduce the following partition of the set {1, 2, ..., K}:

Ni == {k == 1 K; P+ §9]c> 61}!
Ni = {k = 1 K 6i"1/¢k+1_(pk> ai} (1< ’lf d),
» ch+1 = {k =1,..., K; 5d/¢’k+1'”?’rc}-

It follows directly from this definition that card(N,) < 2=/d; for
3 =1,2,...,4 Let us now estimate

fmaxlf —fol fmax max|f,, . —fol
% Vi1 % lei<dt1 ke Pr41 PR

Tor each ¢ =1, 2, ... , @ we have
ma:X[f¢’+1 f%!\dZm%le%H 4‘%

1 1 '
<= Z Iklgf ||ffpk+1 ?p;ﬂ“oo'l' F Ifiif o1~ ¢lcl +

=) A1 41

.'i'>'b

- )
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By constructlon, ]}ff% i ||m < 1/d2 for all % &N, and §< i. Hence

;maxu‘;“1 fo%l<d2 + += ZZ .;+1fg;,;+1|_),.

keNz 3>1 keN;

and therefore

L2l ZZ’Z(%HW&M

NaX max | j]),m‘1 —fol <
=1 §>i IA:E_Nv

<gsd peNy -
Now, again by (iv) we see that
. 1
iff¢_f¢!]oo<**(i; if 0 q)‘<'. p < 27 and [(p p| <

Thus

' 1
max |f, —Ff, | <-—=.

KeNgyy Fr+1 7 d

Oomblmng these facts, we obtam

| fmaxm,,m ol S 5t +d222(f 1+ [ 1fhyal)

t=1 j>i kely

dz _],_ = 7 2220&1‘&(N )”f’”l

gl Fd
275 (jj_ 1
d"'+ "’"42425 dz\d2+ 2 <”’
F=1 fi ' )

establishing (o).

Regu par lo Bédaction le 3. 7. 1980



