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SPECTRAL DECOMPOSITION OF THE FRACTIONAL
STURM-LIOUVILLE OPERATOR
WITH p-GENERALIZED DERIVATIVE

Abstract. We study the p-generalized fractional version of the classical
Sturm-—Liouville operator. We establish the existence and uniqueness of a
boundary value problem for this operator with homogeneous boundary con-
ditions. Using this problem, we present a spectral decomposition of the p-
generalized fractional Sturm—Liouville operator.

1. Introduction. The Sturm—Liouville operator is a fundamental con-
cept in the field of differential equations and mathematical physics. It is
named after the mathematicians Jacques Charles Francois Sturm and Joseph
Liouville, who made significant contributions to the theory. The operator is
defined in the context of the Sturm—Liouville problem, a second-order linear
ordinary differential equation with certain boundary conditions. In its most
general form, the Sturm—Liouville operator takes the following form:

Lu = —(p(a)(2)) + q(@)u(z), = € (a,b),

where p, ¢ are known functions defined on a specified interval (a,b).

The Sturm—Liouville operator plays a crucial role in the theory of orthog-
onal functions and eigenvalue problems. It is closely related to self-adjoint
differential operators and has many desirable properties, such as orthogonal-
ity of eigenfunctions and a real and discrete spectrum of eigenvalues.
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The classical Sturm—Liouville operator has a spectral decomposition,
when it is expressed as the sum or integral of eigenfunctions, with asso-
ciated eigenvalues. One may study and resolve Sturm-Liouville issues using
the spectral decomposition (see for example [B10]).

The extension of the Sturm-Liouville operator to fractional calculus in-
volves considering fractional order differential operators instead of traditional
integer order operators. Fractional calculus deals with derivatives and inte-
grals of non-integer order, allowing for a more nuanced analysis of systems
with fractional dynamics.

A first version of the fractional Sturm—Liouville operator was defined by
Rivero et al. [RT'V13| as follows:

Lou(z) = Dy (p(x) Dgs u(x)) + g(z)u(z), € (a,b),

where D¢, D' are the left and right Riemann-Liouville derivatives of order
a and p(z) and g(z) are continuous functions on [a, b].
Next, the authors of [KAI3| gave another version:

Léu(z) = D (p(e) D ule)) + g(@)u(@), = € (a.b),

where D¢, is the left Riemann-Liouville derivative and D is the right
Caputo derivative of order a on (a,b). They studied some properties of the
eigenvalues of L. Moreover, an application of this method to the Legendre
equation was found.

In [MNTI7], Muensawat et al. solved a system of fractional differential
equations, using a version of the fractional Sturm—Liouville operator defined
by

Logu(z) = D7, (p(z)° D% + q(z))u(z), = € [0, X].

This operator was employed in [TD™20] to resolve a boundary value problem

"D, (p(@) D%, + g(a)ulx) = flzula), @€ [0,X],
u(0) + g(u) = up € R, CDf+u(X) + h(u) =u; € R,

where «, 8 € (0, 1],CD5+,CD34r are the Caputo fractional derivatives, p €
C([0, X],R) with |p| > K > 0, ¢ € C([0, X],R), g,h : C([0,X],R) — R are
continuous functions and f € C([0, X] x R, R) is continuous function.

For more examples, we refer for instance to [A09, [H11l [JR12, [KN16l
KOM14].

We are interested in the spectral decomposition of the following fractional
Sturm—Liouville operator:

Lou(z) = *Dy (p(a) D3y u()) + q(@)ule), € (a,),

where 0 < a < 1 and D%, and PDj_ are the left and right fractional
derivatives, which were introduced by Katugampola |[K14] on a bounded
interval (a,b).
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The spectral decomposition of the fractional Sturm-Liouville operator
involves finding a set of eigenfunctions {wy,} and eigenvalues {\,} such that

L w, = A\wn,

with appropriate boundary conditions.

The eigenfunctions are typically chosen to be orthogonal with respect to
a suitable inner product.

The paper is organized as follows: In Section 2, we provide the necessary
preliminaries, focusing on important spaces and concepts related to fractional
calculus. In Section 3, we introduce and define the fractional Sobolev spaces
PWoP(a,b) (0 < o < 1,1 < p < +o0) on the bounded interval (a,b),
which is the functional framework of two-point p-fractional boundary value
problems. In Section 4, we address the existence and uniqueness of solutions
of equations associated with the operator L%. Lastly, in the final section we
introduce the spectral decomposition of the operator L%, by unveiling its
eigenfunctions and eigenvalues.

2. Preliminaries. In the rest of this work, we assume that 0 < o < 1,
p>0,1<p<+ooand 0 <a<b< +o00. So, we can write

(2.1) my < Pl < M,, x€la,bl,
where
m,=a’"t, M,=0b"1 ifp>1,
m,=b"1  M,=a"1 fO<p<l.

Let ACP(a,b) denote the space of all measurable functions f on (a,b)
such that there exist ¢ € R and ¢ € LP(a,b) satisfying

xT

fl@)=c+\p(t)dt

a

for all z € (a,b).

DEFINITION 2.1 (JK14]). The left and right p-generalized fractional in-
tegrals of order o of a function f € LP(a,b) are defined, respectively, as

follows:
p_p\ ¥ 1
(””” ) Fortat,

xT

(2.2) (PI+ f)(x

Sy

a

borip _ op
(2.3) (I ) (@ g(t ”5) e tan



78 A. Saadi and M. O. Benmeddour

REMARK 2.2. We have the following particular cases:

(i) If p = 1, we obtain the fractional integrals of Riemann-Liouville:

(2.4) (12 )e) = g Ve =07 10 .
o
(2.5) (B 1)w) = g V(0= 20 F 0 .

(ii) If p — 0T, we obtain the fractional integrals of Hadamard:

T a—1

(26) (1)@ = sV (05) 0
b a—1

2.7) (15 0@ = g ) (m2) 05

Indeed, by employing the theorem of finite increments to the function ¢*/p
(0 < p < 1), there exists 7 € [t, z] such that

Then

a—1
’ <m , tp) t”—lf(t)‘ = 7DD @ — )2 £ (1)
< ple DD gp=1(5 — p)aL| f(¢)]
= (ab* NPz — ) Y (1)
< max {17 abil} (x — t)a*1|f(t)|-

Since max {1, 2= } (z—t)*"*|f(t)| € LP(a,b), we apply Lebesgue’s theorem
and taking into account that

lim (zp _tp>a_1tp—1f(t) - <ln x>a_1f(t),

p—0+ P t t

we deduce that

T a—1 T a—1
nmgcp_tp) t/’—lf(t)dt=§<1n‘f> f(t)@.

p—0t P

Relation (2.7 is proven in the same way.
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PROPOSITION 2.3. For all f € LP(a,b), we have PIS, f,PIY f € LP(a,b).
Moreover,

M,(b—a)”
2.8 ore < SOz a ,
(2.8) 1P+ fllLp(ap) < T (o + 1)||f||LP(a b)
M,(b—a)”
2.9 PIO Fll oo < —20 — @) s
(2.9) 1°T5= fll Lo (ap) < o Mo+ 1)HfHLP( b)

where m,, M, are given by (2.1]).

Proof. Let f € LP(a,b). Then for all x € (a,b) we have

ggc <mp - tp)alf(t)tpl dt’.

. P

‘(P[g+f)($)’ = F(Oé)

As mentioned in Remark [2.2] there exists 7 € [t, 2] such that

1 xT
[(PI5+ ) ()] < @ §L (rPhe e = ) f ()t at
m(a—l)M x ot
Spp(a)pi(‘f—t) | ()] dt
M
= L (I | D) ().
mp
Hence,
M,
I3 Flliran < — LG 25 1l oo by
mp

Using [K06l (2.1.23)], we obtain
o M,(b M,(b—a)®
1154 fllrap) < i pap( H|f|HLp ab) = 1 pap( )HfHLP(a b)-

The second relation is proved in the same way. =

The following proposition provides a similar formulation of integration
by parts and can be found in [JA20].

PROPOSITION 2.4. Let 1 < p,q < 400 be such that %—l—% < 1-+a. Then,
for all f € LP(a,b) and g € Li(a,b),

b b
(2100 §f@)CTg)(@)ar do = [ (@) (13, f) ()2 da.

a a
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DEFINITION 2.5. We denote §, = azl_p%. The left and right p-fractional
derivatives of order o of f € ACP(a,b) are given by

(2.11) ("D (@) = 8,(°I, 7 f)(x)
gi=rd T far — e\ _
TT1-a d:cé( p ) ford,
(2.12) ("Dy- f)(x) = (=6,)(°I,=“f) (=)
zt=r  d b tp— pp\ 1 _
——F(l_a)dx§< > ) F()tPtdt.

DEFINITION 2.6.
JA e R, 3¢ € LP(a,b), Vx € (a,b) :
(2.13) PACP (a,b) = ul N fpfa,, O(ﬁl ) pxa (.0) :
wz) = 1y (F5)7 + (I 6)(2)
u| 3B eR, 3¢ € LP(a,b), Vx € (a,b) :
—_xrya—1 o
u(@) = 1y (F55)" 7 + (L 0)(2)
The following theorem give a characterization of pAC’j;p (a,b) and
PAC;"P(a,b). The proof is the same as that of [DW13, Theorem 7].

(2.14)  PACP(a,b) = {

THEOREM 2.7. We have the following formulas:
(i) If f € ACP(a,b), then
(I f)(a) (2P — a?
fla) = =5 <
I'(a) p
(ii) If f € AC:“P(a,b), then

LN (b0 — 2P\

Now, we present a version of integration by parts which generalizes

[DWT3, (34)]:

a—1
) 1, DR, f) ().

fz) =

THEOREM 2.8. Let 1 < p,q < +o0 be such that 1/p < a and 1/q < «.
Then, for all f € PAC3P(a,b) and g € PAC,2%(a,b),

b
(215) | f(@)(°Dig)(w)2 " dz = g(a)(°I}* F)(a) — F(B)(T,=*g)(b)

a

b
+ 1 (°Dg 1) (@)g(w)2~" da.

a
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Proof. We have

10 = s (25 ) T v enee,

a)

a—1
o(z) = fa)(’ - ”C) (P13 0)(@),

where £, ¢ € LP(a,b) and

A= (L), B= (1) ().

SR

™~
)

Then

b
| f(2) ("D g)(x)a"~" da

_ § [ (@‘;) + 10|l da

b

a—1
= 1:(404) S <Z‘p ; aﬂ> C(:L‘);z:ﬁ’—l dz + S (pfg+f)(33)C(x):Up_l dx

a a

b
= A(L}-¢)(a) + | (I5:.€) ()¢ (2)a" " da.

a

On the other hand,

b

- Sax) () " 130 ) a7 o

p
b — a—1 b
= Fﬁl) S (bp : P) E(x)x/’—l dx + S§(x>(pI?—C)(x)$p_l da

b
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Note that
—a a—1
AT Of@) = Agta) — s (P2
—a a—1
BEIOW = BIO) - s ()
Therefore,

A(PT- Q) (b) — B(I3:+:6)(b) = Ag(a) — Bf(b)
= (PI2°f)(a)g(a) — ("I, =“g)(b) f (b),
and we arrive at . "

3. Fractional Sobolev spaces with p-generalized operator

DEFINITION 3.1. A fractional Sobolev space via the p-generalized operator

is defined as follows:
LP(a,b) | 3 LP(a,b), ¥ C%(a,b) :
51) pwgf(a,b):{ue (a.) | 3 € L?(a,b), Y € C(a.b) }

i u(@) "Dy o) (@)ar~' dz = | g(z)p(a)ar~" da

where C2°(a,b) denotes the space of C*(a,b) functions with compact sup-
port.

PROPOSITION 3.2. The function g in (3.1) coincides with PD% u a.e.
in (a,b).

Proof. Let u € PWF(a,b) and ¢ € C°(a,b). Then (PDf ¢)(x) €
Li(a,b) for 1/p+1/¢g=1<1+a, p(a) = ¢(b) = 0, and we have

("Di-p)(x) = =0,(°I,=p)(x) = —(°I,=*3pp) (2).

So,
b b
Vu(@) "Dy @) ()2 da = — {u(@) I, (t' P (1)) (2)2" " da.

Applying (2.15)), we obtain
b
§u(@) (D5 ) (@)ar " do = -

a

("L u) () (2! P! ()2~ da

(1)) () da.

Qe T Qe O
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Using the classical integration by parts, we get

b
S u(x)(PDy- ) (z)z" ! dx

a

— [—(P]l- b biplfa
[~ (15 w) (@) ()]g + | 7y (L) | (2)e(2) do

b b
= {0 L ) @e(@)ar ™ do = [ (DG u)(@)p(a)a" " da.

But we have
b

u(z)("Di- @) (@)~ d = | g(a)p(x)a" " da.

a a

ey O~

Thus,
g(z) = (PD¢u)(xz) ae. in (a,b). =

The following theorem characterizes the space "W (a,b).

THEOREM 3.3. We have W ¥ (a,b) = PAC P (a,b) N LP(a,b). Moreover,
for all w € "W (a,b),

_ L) (2 —at T e
(3.2) u(z) = o) ( P > + (1%, D% u)(z).

Proof. Let u € "W (a,b). Then u,”D% u € LP(a,b) and we have

<”fi;z§)><a> (a: . )

("I5+ "Dgsu)(z) = u(x) —

Hence,

(L) (a) (e —ar\ O
ule) = S O (T2 er Do)

Putting A = (plcll;“u)(a) and § = "D%, u, we obtain the direct inclusion.
Conversely, let u € PAC 3" (a,b) N LP(a,b). Then u € LP(a,b) and there
exist A € R and £ € LP(a,b) such that

) = e (“’”;) + (1) (@),

(07

Hence, D%, u = £ € LP(a,b), which gives the reverse inclusion. m
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Using ([2.8) and the above result, we get
COROLLARY 3.4. For all u € "W (a,b),
(3.3)

Mp(b_a’)a ||p el

u— —_— u ,
) mp “Tla+1)" % oy

(I, u)(a) (xp - a”>°‘1
I'(a) p

where my, M, are given by (2.1)).
REMARK 3.5. If u takes the form (3.2), then u € LP(a,b) if and only if

("I u)(a) (af —a?\*"
I(a) ( p ) € L¥{a,)

Hence:
(i) If (1 — a)p > 1, then u € LP(a,b) if and only if ("Iizau)(a) =0.
(ii) If (”Iilau)(a) # 0, then u € LP(a,b) if and only if (1 — a)p < 1.

DEFINITION 3.6. In PW " (a,b), we define two norms:

(3.4) 1Hu\lpwa 2(ap) = 1llio ey T I1PDGullLo(q p):
(3.5) QHullpWa 2oy = T "w(@) + 1PDG )
THEOREM 3.7. The norm | - praf(a’b) is equivalent to ?|| - HpWaf(a,b)'

Proof. Let u € "W (a,b). We distinguish two cases.
(i) If 1 — ap < 1, then according to (3.2), we get
_ 15" u(a) (x" —a
I'(a) p
Using the same arguments as for [DW13 Theorem 24|, we obtain

b pllfau(a) 2P — af a—1
[ “;(a) ( 5 ) + PI% PD, ()

p\ a—1
> + P19, "D u(w).

P
dx

1— b —1
< op—1 M pgxl—p <M)(a )px/)—l d
- I(a) |2 p
P2 D
Hence,
p—1 3 7P o _ p\ (@a—1)p+1
[l ) < oo T eu(a) P
Lr@b) = ((a—Dp+1)IP(@)\ p a
2p—1Mp o
PO opau

ml()lfa)pp(2 . Oé) Lr(a,b)’
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where m, and M, are given by (2.1 ﬂ Then

||UHPW°‘p(ab HuHLp ab) + ‘|pDa+u‘|Lp a,b)
—1asP (a=1)p+1
< TN roar P10 (a) P
~((a=Dp+1)Ir(a)\ p ot

2p71Mp _ fo
i (1 <1—a)p(b 5 >HpDa UllZo
my P (a+1)

< CL(lPLu(®)” + 1D ul ] 4 1)
- Cl HUHPWO‘P (a,b)’

where

2p—1MP bP — af (a—1)p+1 2p—1 Pih— a)
Ch :max{ P ( a ) 1+ 1_mp( @) }
((a=Dp+1IP(@)\ p my “I(a+1)
Conversely, according to the mean value theorem there exists zg € [a, b]
such that
;b
— S pl}zjo‘u(:n) dx.

I u(w) =
a

Note that
i

I u(a) = 1L (o) — |
a

pfl “u(z)dz

zo

pfiiau(x) dx — S dp ”Iizau(:r):vp_l dx

1 T
=3 plilau(x) dz — S PDY u(x)z’ ™t da.
—a
a
Then
1 b x0
I u(a)] < o Y PEue) de o+ D () e de
a a
1 _ _
< b—a ||p‘[i+au||L1(a7b) + M? 1||ng+u||L1(a,b)'
Using the Holder inequality, we obtain
_ 1 _ _
I’ u(a)] < m\l’ﬁﬂul!m(a,b) + My(b—a)t 1/p||ng+u||LP(a,b)-

Applying (2.8) to the first term on the right, we obtain
M,(b— a)l—a-1/p
m§I'(2 — )

1, u(a)| < el o0y + Mp(b = @) PIPDG | 1o a ).
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Then

MEG — )T
mPTP(2 — a) LP(a,b)

—1 1
+ 277 M (b — a)P1PDgsull o

T8 “u(a)P < 2P

)’
We deduce that

elypep o = I @ + 1Dl

2P LME(b — a1
— mgplﬂp(2_a) || HLF ab

+(1+ QP_IMp(b —a)’” 1)HPD uHLp (a,b)
< Co(llullfp gy + 1°Dgs ullfr 4 )
= C3|ulf®

Wapab)

where
21N (b — a)(1-o-1
mp’I'P(2 — )

ngmax{ ,1+2p_1Mg(b—a)p_1}.

(ii) If 1 — ap > 1, from Remark we deduce that (pltlliau)(a) = 0.
Thus,

HUIlpWap(ab IPDa+ullp(ap) < ”“Hraww( 5)

and

ey gy = 00y + D50

=PI DGl 0y + 1Dl )

MP _ ap
= <1 * (17,;)(1) 2 > IPDa ullZo o)
my, PIP(a+1) ’

MY (b — a)® >
=(1+ L ull?: o,
< mgl—a)prp(a +1) WL (a,b)

Hence, we get the result. =
THEOREM 3.8. If ap > 1, then the following set is closed:
(3.6) Hf = {v e "W P (a,b) | plclliav(a) = v(b) = 0}.

Proof. Let (vn) be a sequence in Hj that converges to v in "W (a,b).
Then 0 = PI'7%,(a) converges to PI';*v(a) = 0.
a a
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On the other hand, 2||'UanWZf(a’b) = HPDS‘FU”HZZ,P(a,b) is bounded and we
have vy, (b) = PI¢ (PD%, v,)(b). Thus,
1

b P a—1
= T S ( > PD2, v, (£)tP 1 dt'
(0]

b a—1
1 bP — tf
GV (SE) oot

Using Hélder’s inequality, we get

|0 ()

1 b bP ” (afl)P ( 1 L‘l b "
_ o1 =
lvp ()] < I'(a) (S ( P ) dt) <S | D%, v, () [P dt)
1 b bp ‘[;p (afll)P L p—1
_ P B =
:mw(( P ) ”%ZWQ 1°D% vl o o)
( —1)M p (bp )app—1
= p—1 anHPW:f(a,b)'

(ap—1) 7 I'(e)
We deduce that (v, (b)) is bounded, so we can extract a subsequence vy, (b)
that converges to v(b) = 0. Consequently, Hj is closed. m

THEOREM 3.9. For all 1 < q < p such that (1 — a)qg < 1 we have a
compact embedding "W 5P (a,b) — PW I (a,b).

Proof. Let (uy) be a bounded sequence in "W (a,b). Then from (3.2)
we have

crll+ un(a) 2P — aP a—1 e N
un(x) - F(Oé) ( P > + Ia+(p‘Da+un)(x)7

and

tnl e, oy = P (@) + 17Dl

From the continuity of pli;a, and the completeness of R and LP(a,b) we can
extract a subsequence (u,y) such that (1 izaun(a)) converges to °I Lllzo‘u(a)
in R and (D%, u,) converges to ¢ in LP(a,b) C L9(a,b).

Thus, (D&, u,) converges to ¢ in LY(a,b) and we have
lelau(a) P — aP a—1 .
o) = =g (T e e,
so u € PW:(a,b) and ¢ = PD%, u. Hence, "W (a,b) — PW:3%(a,b) com-
pactly. =
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The previous theorem yields

COROLLARY 3.10. For any 1 < q < p such that (1 — a)q < 1, we have a
compact embedding "W ¥ (a,b) < L(a,b).

4. A fractional Sturm-—Liouville problem with homogeneous
boundary conditions. Consider the following two-point problem of frac-
tional Sturm-Liouville type:

(P) {(”D? ((z) DY u)) () + Az)u(r) = f(z) in (a,b),
("I %u)(a) = u(b) =0,

where 1/2 < a < 1, u, A € L®(a,b) and f € L*(a,b).
Let H, be the closed subspace of Ws‘fp(a, b) defined by

(4.1) H, = {v e W2 (a,b) | (°I%v)(a) = 0, v(b) = 0}.

Multiplying the first equation of (P) by a function 2~ v for v € H,, and
integrating over (a,b), we get

b b
S (PDS (u(z) PD%w)) (z)v(z) 2~  dx + S Ax)u(z)v(x)z” ! de

b
= Sf(x)v(x)xpfl dx.
a
By using formula of integration by parts in the first term, and taking
into account v € H, and the boundary conditions, we obtain the following
variational problem:

b b
(PV) S w(z)(PD% ) (z) (PD%v) (z)aP~t do + S Mz)u(z)v(x)z" ! d

b
= Sf(a:)v(a:):cpfl dx.

Conversely, let u € H, and suppose that for all ¢ € C°(a,b) we have

b b
| (@) (*D2u) () (PD2 @) ()~ da + | Ma)u(z)p(z)2" " da

b
| f@)p(@)ar" da,

a
which can be written as

b
VD5 ) 2D2u) () + A@)u() — F@)]p(@)e?~ da = 0, Vo € C2(a,b).

a
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We deduce that
(PDy- PD2 ) (z) + Max)u(z) = f(z)  a.e. in (a,b).

The following theorem ensures the existence and uniqueness of solutions
of problem (PV).

THEOREM 4.1. Assume that there exist pg, A\g > 0 such that
(4.2) w(x) > po,  MNx) > Ao a.e. in (a,b).
Then problem (PV') has a unique solution uw € H,.

Proof. Set
b
Ay(uyv) = § (DB ) (@) (D2 v) ()P da
b

+ S Max)u(z)v(z)x’~tde,  u,v € Hp,

a

and
b

Ly(v) = Sf(x)v(x)a:p_l dr, wve&H,.

a
Then A, is a bilinear form and L, is a linear form, and we have

b
[Ap(u,0)] < | (@) (PD2 1) (2)(PDE, v) ()] a? L d

a

Az)|u(z)v(z) P~ de

ey O~

+

a

< My (1l oo () 1PDE s wll 120 )
+ A 2o (a,8)

< My, max {[|ull oo (a,p) 1M oo ap)} (1l L2 (ap 0]l L2(0,0)
+ 1D ull 2 (0 ) IPDgs 0]l £2(ap))

< My max |l Iz o} Nl 2oy 19120y

|ng+U”L2(a,b)

ull 20 101l L2(a.0))

and
|Lp(0)| < Myl fllz2apy vl 20y < M,OHf||L2(a,b)‘|v”ﬂsz(a7b)a
where m, and M, are given by (2.1)).

Thus, A, and L, are continuous.
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Now, let uw € H,. Then

) b
A(u,u) = | p(@) (DY w)? ()2 da + | Mz )u? ()2~ da,
> mp(NDHng-‘-uH%Q(a,b) + )‘0||“”%2(a7b))

2

> m, min {/LO, /\0} HquWaf(a,b)'

Hence, A, is coercive. According to the Lax-Milgram theorem, problem
(PV') admits a unique solution v € H,. =

5. Spectral decomposition of a Sturm—Liouville operator of frac-
tional type. In this section, we introduce a decomposition of a p-generalized
Sturm-Liouville operator, defined by

(5.1) Lou(x) = ("Dy-(u(z) "Dgyu))(x) + A@)u(z), € (a,b),

where p, o, p and A are defined in the preceeding section.

The main result of this section is the following theorem:

THEOREM 5.1. Let 1/2 < o« < 1 and let pu, A € L*>(a,b) satisfy (4.2)).
Then there exists a real sequence {n,}5>; and a Hilbert basis {wy}2> of
L?(a,b) such that lim, o0 1, = +00 and

("Dy- () "D wn)) (@) + M@ )wn(x) = mnwn(x) in (a,b),
(pfizo‘wn)(a) =0, wy(b)=0.

{nn 322, is a sequence of eigenvalues of L defined by (5.1)), the fractional
Sturm-Liouville operator of p-generalized type, and {w,}5> | is a sequence
of associated eigenvectors.

Proof. Consider the boundary value problem (P), introduced in the pre-
ceding section, where p, A satisfy (4.2) and f € L?(a,b). We know from
Theorem (4.1| that problem (P) admits a unique solution u which belongs to
the closed subspace H, of pW;‘f(a, b), given by (4.1). So, H, is closed in
L?(a,b).

Let T be the operator from L?(a,b) to L?(a,b) that associates to f €
L?(a,b) the function u solving problem (P).

We will prove that it has the properties guaranteeing the existence of a
spectral decomposition.
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(i) T is continuous from L?(a,b) to pWZ‘f(a, b): Since (I;:a('))(a) =0
in H,, we can consider Hng+quW0c,2(a p) to be a norm on Hy. Then
ot (B

b
() ("D u)? (2) 2P~ da + S MNz)u?(z)2P ™t da

min {0, Ao} HUHEWaf(a,w =
o a

e T Qe O

F)yu(@)a ™ do < M| fll 20,1l 22(0,0)

S|

< Myl 20 ol 20y
M, . :
Thus, Hqusz(a,b) < mnfnﬂ(a,b)’ so T is continuous.

(ii) T is compact: As T is continuous from L?(a,b) in pWZ‘f(a,b) and
from Corollary we have W:f(a, b) — L?(a,b) compactly, the operator
T is compact from L?(a,b) into L?(a,b).

(iii) T is self-adjoint: Let f,g € L?(a,b) and let v = T'f,v = Tg be
solutions of problem (P) associated with f, g respectively. Since u,v € H),
we can write

b b
S () ("D u) () (PD%v) (2) 2P~ d + S Mz)u(z)v(z)z" ™t do
a a ,
= Sf(:v)v(:v)xp_l dx
and
b b
S u(x)(”ngrpv)(x)(”Dngu)(x)xp_l dx + S Mz)v(z)u(z)z"~t do
a a b
= Sg(:n)v(:n):r:p_l dz.
Thus, ¢
b b
S f(x)v(z)zPde = Sg(a:)u(x)a:pfl dx,

iLe. (Tf,9)r2(ap) = (fsT9)12(ap), Where
b
(f,9) =\ f(x)g(x)a’~"dx,  f,g € L*(a,b).

a

Hence, T is self-adjoint.
(iv) f =0 if and only if u = 0. Thus, ker(7T") = {0}.
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According to [B10, Theorem 6.11|, there exists a sequence of distinct,
positive {r,}°;, and a Hilbertian basis {w, }>°; C L*(a,b) such that
"Dy (u(x) PDSs kpwn) ) (x) + AM@)kpwn(x) = wy(z)  in (a,b),
(plclliaﬁ;nwn)(a) = Kpwp(b) =0,
where lim,, o £, = 07, Setting 1, = 1/k,, we get
("D (14(2) D%, 100))(2) + A()n () = faton(z) i (a,D),
(°I, 5 wn)(a) = 0, wn(b) =0,

where lim;,, 00 N, = +00. n
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