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ON A ONE-DIMENSIONAL TIME-FRACTIONAL
STEFAN PROBLEM

Abstract. We consider a one-dimensional one-phase Stefan problem with
the Riemann—-Liouville fractional derivatives. By reducing to a nonlinear
integral equation, the problem is shown to admit a local in time classical
solution.

1. Introduction. By the Stefan problem one usually means the class
of mathematical models describing diffusion (heat) processes accompanied
by phase changes of the media and absorption of latent heat. The bound-
ary between two phases is unknown beforehand and must be determined
together with the solution of the diffusion (heat) equation [8 [5]. Although
a number of theoretical results related to the Stefan problem have been
reported in the case of classical Fick’s (Fourier’s) law [21], [I8, [3, 26], the
same cannot be said of anomalous diffusion. Derivations of physical models
are presented in [15, 24]. In [I5, 25| 28] 17, 2] self-similar solutions were
found for some specific initial and boundary conditions. In [14] 22] the au-
thors studied fractional heat equation in prescribed non-cylindrical domains.
To the author’s best knowledge there are no results published on the solv-
ability of the time-fractional Stefan problem even in the one-dimensional
case.

Before formulating the problem, we recall the definitions of the left-sided
fractional Riemann-Liouville integrals and derivatives of order a € (0,1):
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~

I = dr
(1.1) to-l-f(t) F(a) tSO (t _ T)l—a ’
d
Djyy () = 2L F(0),

where I'(«) is Euler’s gamma function.
In its simplest form, the Stefan problem consists in determining two
functions o(t) and u(z,t) such that the pair (o, u) satisfies the equation

(1.2) up(x,t) — uge(x,t) =0 In0<x<p(t),0<t<o,
the boundary and initial conditions

w(0.0) = /(1) >0, ulo(®),t)=0, 0<t<aq,
u(z,0) =¢(xz) for0<z<b, p(0) =0,

and the free boundary (Stefan) condition

(1.4) o(t) = —uz(o(t),t) for0<t<o,

where ¢ is a positive number.

(1.3)

REMARK 1.1. The strong maximum principle and the Hopf lemma imply
that
o(t) = —uz(o(t),t) >0 for0<t <o,
which means that ¢ must be a strictly increasing function of ¢. Therefore

there exists an inverse function [(x) of o(¢) on the interval (o(0), o(c)]. We
put [(z) = 0 when z € [0, 0(0)].

The heat equation (1.2) can be derived by application of the energy
conservation law and Fourier’s law

where ¢ is the heat flux and wu is the temperature of a slab. In this paper we
use the following nonlocal generalization of (|1.5)) [19) 20, [15]:

(1.6) q(z,t) = =Dy “ug(z,t) = — dr, a €(0,1)

1 d ! Uy (z, 7)
ru—a)ﬁéa—fw

(see [28] for applications). In order to reformulate problem (1.2)—(L.4) in the
moving domain we note that ¢(x,t) in makes sense only if x < o(7) for
all 7 € (0,t). From the previous study (see Remark 1.1) and explicit forms
of self-similar solutions in [25] one can expect that the free boundary o(t) is
strictly increasing. So the expression should be replaced in a natural
way by

(1.7) q(z,t) = —Dll(;)cﬂrum(:n,t)
(ct. [I5, 24, 28]).
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Finally, the fractional Stefan problem is formulated as follows. We wish
to find a pair (o, u) that satisfies

ug(z,t) = (Dl( )O‘+ 2)z(z,t) Im0<xz<p(t),0<t<o,

u(0,t) = f(t) >0, w(o(t),t)=0, 0<t<o,
u(xz,0) =p(x) for0<ax<b, p(0)=0,

; _ 11—«
o(t) = — o 1118) Dl(x)Jruz(x, t) for0<t<o.

(1.8)

The aim of this paper is to prove a local existence theorem for problem (|1.8)).
The actual proof will be carried out by means of a layer potential tech-
nique apparently similar to that of A. Friedman [6]. This approach in-
volves three steps. In the first step one obtains an integral representation

u(z,t) = Ulp, f, 0,uz(0(-),)](z,t) for the solution of (1.2)-(1.4). The sec-

ond step is devoted to the integral equation
t

v(t) =Uzlp, f,0,0](0(t),t), where o(t)=0b— Sfu(s) ds.
0

The third step is the verification that v(t), o(t), Ulp, f, 0, v](x,t) satisfy
(1.2)—(L.4). In our case, we also start with the integral representation of the
form

(1.9) uw,t) =Ulp.fro. lim  Dlf u(, H](@.0).

However, it is impossible to calculate Dll(;)aJar[. ..](x,t), since both p and {
are unknown. Therefore, in the second step we consider an integral equation
that gives

(1.10) v(t) = hr(n) Dy U, f,p,V](p(t),t) and p(t) = b—Sv(s) ds.
x—p(t 0
In the final part we introduce the function
u(z,t) =Ulp, f,p,v](2,1)
and prove that
(1.11) u(z,t) =0 in Qp ={(x,t) : x> p(t), t € (0,0)}.
This yields
Dll( ;)‘+ux(x,t) = Dé;aux(:c t)(x,t)
in Qf ={(z,t) : 2 € (0,p(t)), t € (0,0)},
and allows us to verify that v, p, u in fact satisfy (|1.8).

The paper is organized as follows. In Section 2 we state the main result.
In Section 3 we collect some basic facts about the Wright functions and
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the fundamental solutions of time-fractional diffusion equations. Sections 4
and 5 are devoted to the integral representation of w and its derivatives.
Section 6 gives a well-posedness result for . Finally, in Section 7 we
establish and finish the proof of the main result. This paper is an
extension of the study initiated in [11].

2. Main result. Denote

[flo = Ifllcqoen = sup [f(D)]-
te(0,0)

We consider functions defined on (0, o] which have (or whose derivatives
have) a prescribed singularity at t = 0. The space C1_4([0,0]) is defined by

Cr-a((0,0]) = {f(t) : t*f(¢) € C([0,0])}

with the norm
[floa—a =1 fllcr_aqoon = sup [t F(1)],

te(0,0)

while the space C1__ ([0, 0]) is defined by
Cl_al(0,0]) = {f(t) : f(1) € C([0.0)), '~ f(t) € C([0,0])}

with the norm
1 )
|f|£r,}fa = fller_ oo = flo + | flo1-a-
LEMMA 2.1. If f € C’ll_a([O,U]) then f is absolutely continuous on [0, o].

The proof is straightforward.
We will assume that the data in ((1.8)) are subject to the following condi-
tions:

(H1) b >0, ¢ € C([0,0]), p(b) =0, $(b) <0

(H2) f e Cl_4([0,0]);

(H3) f(0) = ¢(0).

Denote

1 : .
My = £ -0r Mo= sup lp(@)l, My = sup |p(a)l, Mz = sup [§(a)]
z€(0,b) z€(0,b) z€(0,b)
DEFINITION 2.2. We say that the pair (g,u) is a solution of problem

(1.8) for all t € (0,0) if

(A1) o€ Ct__([0,0]), 0 > 0 for all t € (0, p), so there exist its inverse I(z):
o(l(z)) =x if x > b, and I(z) = 0 if z € [0,b];

(A2) u(z,t) is continuous for 0 < z < p(t), 0 < t < 03

(A3) ug(x,t) is continuous for 0 < z < p(t), 0 < ¢t < o, and for 0 < z < b,
0 <t <o;and ug(z,t) is bounded over 0 < x < o(t), 0 <t < o3
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(A4) for any z € [0, o(0)], I+ uz(z,t) is continuous in ¢ over [I(z), o], and

v(t) = lim D uz(z,t) € C1_o ([0, 0]);
x—o(t)— I )
A5) for any = € [0,b], If, uz(x,t) € Cll_a([(),a});
A6) D1 O‘ " ug(2,t) is continuous for 0 <z < o(t), 0 <t < o
A7) u ( t), (D1 N ) (x,t) are continuous for 0 < z < p(t), 0 <t < o;
)

(x)+
A8) the equations are satisfied.

The main result is the following.

(
(
(
(

THEOREM 2.3. Let assumptions (H1)—(H3) be satisfied. Then for suffi-
ciently small o there exists a solution (o,u) of problem (1.8]).

3. Preliminaries. First of all define the right-sided Riemann-Liouville
integrals

T
Ig_f(t) ST_t T
o 1 di f()
DTf@”‘_ru—apﬁgu—na

Denote by O, f(t) the left-sided Caputo derivative of order o € (0, 1):

1 S f(7)
Fl—a)s(t—m7)*

t

9. J(t) = dr.

Define the Wright functions (see [23] formula (7)])

oo

¢(—B,0;2) = Z_% m7

n

Be(0,1),5€R.

Throughout this work, the symbols C' and s will denote generic positive
constants, depending only on the structural quantities of the problem.

LEMMA 3.1 (|23] §2, §3]). (1) For allv,c,z > 0 and § € R the following

formulas hold:
d

(1) 6(—F,8—2) = —9(~B,6 — i —2),
T v—1 _ F(V)

(32) [S)Z ¢( B, ,—Z) m,

(33) L5 e(=B,0 —ct Py = 7T (—B,6 + vy —ctF),
Dyt p(=B, 85 —ct™F) =477 p (=B, 6 — v —ct ),
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(2) For all z,6 > 0,

1

(3.5) 0< @(—pB,0;—2) < cexp(—kz1-5),
and for all z > 0,
(3.6) 0<¢(—3,0;—2) < czexp(fﬁ;zl%).

Consider the Cauchy problems
ogyw(x,t) = Wee(x,t) + g(z,t), z€R, >0,

(8.7) w(z,0) =wo(z), z€R,

and

(3.8) wi(z,t) = (D “wy)e(x,t) + g(2,t), z€R, >0,
w(z,0) =wo(z), zeR.

Define the kernels

(3.9) K(w,t) = 5t g(=a/2,0/2; —|z]t~/?),

(3.10) K(z,t) = 3792¢(—a/2,1 — a/2; —|x[t—*/?).

They are the fundamental solutions to problems (3.7)) and (3.8)) [13] in the
sense that

t
(z,t) = \dr | K(z —y,t = 7)g(y, 7) dy + | K(z — y, t)wo(y) dy,
0 R R
t
(z,t) = \dr | K(z —y,t = 7)g(y, 7) dy + | K(z — y, t)wo(y) dy.
0 R R
The representation of w can be found for example in [13] formulas (3.11)—
(3.13)]. More general results are obtained in [23, Theorem 1].
Concerning problem ({3.8) we can closely follow [16, Ch. IV, §1] and verify
that w(z,t) is a solution to this problem in the sense that

(B1) w(x,t) is continuous over R x [0, o];

(B2) wy(z,t), we(x,t), wee(x,t), Dé;o‘wm(az,t) are continuous for z € R,
t e (0,0);

(B3) w(x,t) satisfies (3.8),

under the assumptions that wy € C*1(R), g € C((0,0]; C#(R)), where

wolT) —w
sup |w0(x)\ + sup ‘ 0( ) BO(y)|
z€R z€R |z —y|P

< o0,

1) — gyt
sup [t7g(x,t)| + sup t7 l9(z,?) géy )
(2,£)€R X (0,0) o, t€R |z —y|P2

wo(z) = 0 for all |x| > r and g(x,t) =0 for all |x| > r, t € (0,0],
with some 31 € (0,1], 82,7 € (0,1) and r > 0.

< o0,
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By the subordination principle [4] the functions K and K can be written
in the form (see [12])

K(z,t) = | D(z,\) t7 ¢(—a, 0, =X\t™*) d],
0

K(z,t) =\ (@, ) t7¢(—a, 1 — a; =Xt ™) d),
0

where I'(x,t) = \/ﬁ exp(—%) is the fundamental solution for the classical

heat equation. These representations are more suitable for differentiation
with respect to .

The following identities follow from (3.3)), (3.4) (|23], see also [13], 12]):
(3.11) K(z,t) =1 “K(z,t), Dy *K(z,t)=K(z,1),
(3.12) Ki(z,t) = Kypo(z,t) = D§, K (2,t) = Dy *Kao(, t),

Lemma 15 in 23] gives the estimates

2/(2—a)
3.13 D™ DK (z,t)| < Ct¥/21-m=—ne/2 oo [ 4o ﬂ
( ) ’ 0+ ’ p )

2/(2—a)
(3.14) |DFYD"K(x,1)| < Ct~/2-m—na/2 exp<—/-€ {} )

where m = 0,1, n = 0,1,2, 2m + n < 2. We have (see [11], formulas (19),
(22)-(24)])

(3.15)  Ku(z,t) = —t%L(:n,t),
(3.16) L(x,t) = Logoxw exp P g (—a, 0; =AY dX

N Y 4ﬁ 0 4A ) ? )

|z 2/(2—a)
(3.17)  |DPL(z,t)] < Cto/?717ne/2 oxp <—K [ta /2] )
By definition of K and (3.3]) we have
1 T oz lz|2\ ., 1 _

1 IOé T y = —— _ - 107 —a, ’_ (6 ,
(3.18) Iy Ky(z,t) 4ﬁ§)A3/2exp< 4)\)t d(—a, o =Xt %) dA
and [23, Lemma 15| implies

|z| 2/(2—a)

We introduce Green’s functions on the half-plane z > 0:
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Gz, t,{,1)=K(x—&t—7)— K(x +§,t—71),

Gz, t,&, 1) =K(x - &t —7) - Kz + &t — 1),

Nz, t,{, 1) =Kz —-&t—1)+ Kz + &t —7),

Nz, t,&,7) =Kz =&t —7)+ K(x + &t — 7).
In order to avoid cumbersome notations for the functions depending on two
time variables (¢ and 7) we just set

1

(3.20) I&;aG(I‘,t,f,T) = m

(t—60)"*G(x,0,&,7)do,

1

179G (x,t,6,7) = Ti—a)

0 —71)"G(x,t,&,60)do

N e Y e

Then we have for example
G(x,t,6,7) = Ij7°G(x,1,€,7).

Indeed, by the first identity in (3.11)),
t

1—(18 K (x+€,0—71)do
T 1 t—1
="Kz £&t—1)=K(z£&t—1),
and hence
t
11—« _ 1 o —« _ _
17 G(x,t,g,T)_F(l_ )§(t 0) °K(x—&,0—1)db
1 t

—F(l_a)§(t—0)°‘K(x+£,0—r)d0

= IC(LU _§7t - T) _K(x+§7t - 7-) = g(xvtagvT)'
The following lemma states the jump conditions on the moving boundary
z = o(t).

LEMMA 3.2. Let h € C1_4([0,0]), and |o(t) — o(7)| < k|t — T|* for any
t,7 € [0,0]. Then for all t € (0,0],

(3.21) lim 88 hr)K(x — o(T),t — 7)dr

z—o(t)F

O ey
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REMARK 3.3. The limiting behaviour of this double layer potential as
x — o(t)— is studied in [II] under the stronger assumption h € C([0,0]).
That proof is applicable in the present situation with minor changes (cf. [9]).

On the other hand, the double layer potential with kernel /C; is conti-
nuous.

LEMMA 3.4. Let h € C1_4([0,0]) and o € C[0,0]. Then for allt € (0, 0],

5
3.22 li —
( ) x—igét) ox (S)

h(T)K(z — o(7),t —T)dT

t
= | h(r)Kz(o(t) — o(7),t — 7) dr.
0
Proof. Fix any t € (0,0] and € > 0. Let § € (0,¢) be chosen below. We
have

0 0
t t
= | M(r)Ke(z = o(r),t =) dr = | h(T)Ka(ot) = o(r),t = 7) dr
t—9 t—4
t—48
+ | h()[Kalx = o(r),t = 7) = Ka(o(t) = o(7),t — 7)] dT
0
=K1+ Ko+ Ks.
Applying estimates (3.14]) we obtain
t a—1 6 a—1
t —
(3.23) |Ki| + K2l < 2C|hloia | 7 d7 = Clhloi—a | Gl
(t—7)> T
t—4d 0
é é
(t _ T)a 7_1701
= 2C|hls1-a 77 l-a
Clhlo1 <§ P T
0 0
51—04 51—a 6 1
< Y (— — 7))
< Clh)oa a(tl_a +— (S)(t 7) dT>
sgl—@ ¢ €

< )<=

> C’h‘a,l O‘(tl—a + t> =9
for sufficiently small §. Henceforth ¢ is fixed. We get

t—8 1
Ks= | h(r)dr|Kea(A@ = o(r)) + (1 = N)(o(t) — o(7),t — ) dA (2 — o(t))
0 0

and once more by estimate (3.14))
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t—6

Tafl
(324) |K:3| < C|h|a,1foc (S) deM' — Q(t)|
t t a—l
O‘S ds |$ - Q(t)‘
d
t

a 1 a

t
<C|h‘|01 aS 53&/2 d8|$—g( )| 053a/2 |3§'—Q( )|

<€
5

for all x such that the dlfference |z — o(t)] is sufficiently small. The assertion

of the lemma follows from (3.23) and (3.24)). =

4. Integral representation of u. In this section the solution of
will be represented by the sum of layer potentials. The function G(x,t,§, 7)
is the Green’s function of the Dirichlet problem on the half-plane x > 0 (see,
for example, [I3]). Multiply both sides of by G(z,t,&,s) and integrate
on QFf ={(&7): €€ (0,0(1)), 7 € (0,t)}. Let 6 € (0,¢) and t5 =t — 5. We

have
o(t) t
(4.1) | de | ur(6)G(2,t, & 7) dr = lim Is(x, 1),
0 ) 6—0
where
ots)  ts
(4.2) Iz, t)= | d¢ | ur(&7)G(x,t,¢ 1) dr
0 (&)
Integrating by parts we obtain
o(ts)
I(w,t) = | (ul(,t5)G(,t,€, t5) — ul(&,1(€)G (,,€,1(€))) dé
0
olts)  ts
— | ag \ we NG (zt,6,7)dr
0 1(&)
o(ts) b
- S u(‘fatts)g(xat?gvtlS)df_SSO(‘Og(x?tvaO)df
0 0
o(ts) ts
— | ag V we. NG (zt,6,7)dr
0 1(&)
3
= Zl(gi)(x t

=1
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We are interested only in the first integral

o(ts) o(ts)
Ity = | w(E ts)Kla —€,6)de — | u(é, ts)K(x+€,6) de
0 0

= 1M (2, ) — 1 (2, 1),

Denote M = sup t)er |u(z,t)|. We change variable £ — n = ;”a/Q and
apply (3.1) and
(172) < E * 7% _ 0[ _ M o xr
|I(S ($,t)|_ 9 S d)( 271 2 >d77 ¢< 2a 7 6(1/2).

rd—a/2
We get
(4.3) lim 782 (2,) =0 for all z,¢ > 0.

6—0
Define

H(CL‘,t) — ’LL(CC,t) for z € [O’ Q(t))y

0 for x € [o(t), 0).

Then

1§ (@, 1) = § (e ts)K(w — &, 6) de.

0
We claim that
(4.4) hm I(1 1)( t) =u(z,t) for all z,t > 0.
First of all we use :
T 1 T « a |r—¢
(45) §)K(w£a6)d£_25a/2 §¢(2712v 50{/2 )dé-
1 x67Q/2
_Z e T —1_= I e
5 §,o ¢( 515 \n\) n=1 ¢< 5o L—ad” )

By we deduce that

(.T,t) —ﬂ(ib,t)

= (a1 ~ o (e — 8) e — o) (5.1, 525 )
0

27 Y (50‘/2
O T, e _®
- ‘[5 (‘/Eat) 2U(.’E,t)¢< 2717 6a/2>

(L)
(46) 1.
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and

(4.7) l1m I(1 1)( t) —u(z,t) = %ir% fél’l)(:n,t) for all z,t > 0.
%

Let ¢ € (0,x), to be chosen below. We split fél’l)(x,t) into the sum

z—( z+C¢ 00
(4.8) jél’l)(zl:, t) = S coodE+ S coodE+ S coodE = %175 + %2,5 + %375.
0 z—(C z+¢

Since u(x,t) is continuous (see (A2)) there exist ¢ and J, such that for all
&, O, |z — & < (, 0 <0 <, we have [u(&, ts) — u(x,t)| < €/3 and

z+C¢
(4.9) | K@—¢6)d< %
z—¢
We change the variable £ — n = 5;/2 and get
T o o
4100 fusl+lind <3( | o(-51- G-l ay
Go=er2

_C(;—oz/Q

o «

—_ 1= - d
+ io ¢>< 515 |n|> n>

S 2M¢<_Za 17 _4-5—04/2> .

Now take ¢ from (4.9) and §, depending on o, M, ¢, in order to pick 6 < d,
such that

4 2 2e
(4.11) [l + lissl < 5

Combining 4.11)), we infer that (4.4) holds true. Substitution
of (4.3)) and ( 1nt0 . ylelds

o(t) t
412) | dg | u(&n)G(x,t, 8 7)dr

0 (&)
b o(t) t
=u(z,t) — {p()G(x,1,€,0)ds — | de¢ | u(, 7)G- (28,6, 7)dr
0 0 (&)

Denote

q(&,t) = Djeriug(6,1),  o(r) = lim q(& ).
E—o(T)—
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Since G(z,t,0,7) = 0 we have

t or)
413)  \dr | qe(&,)G(x,t,¢,7)dé
0 0
t o(t) t
= SU(T)Q(:E,t, o(T),7)dr — S d¢ S q(&,7)Ge(x, t, €, 7) dT
0 0 1(6)
=J — Jo.
Applying gives
B 1 iy K(z,s) tKact—s
K(m’t_T)_F(l—a) (S) (t—T—s) 1—0¢§ (s —7)

and G(z,t,&,7) = Itl__O‘G(x t,&, 7). Our purpose is to prove that the integrals
o(t)
(4.14) = | d¢
0 )
(t)

=

t
| 1a(6, 0)Ge(x,t,&,7)] dr,
ues
t

4
(4.15) = | de | 1 iale, 0)Ge(w,t,6,7) | dr
0 ue3)

are bounded. Then one can conclude by Fubini’s theorem that (cf. [10)
Lemma 2.7])

o(t) t
(4.16) Jo =\ d¢ | Iigta(6,0)Ge(e,t,¢,7) dr
V(3]
Combining (A5), (A6) and (3.14]) we obtain
o(t) ¢
(4.17) il <C sup g7 | de N\t - ) dr < C
(Faler 0 0
Since
T a—1
merae <0 | L8N oo g Jsg(e o)l | S as <€
1(6) (T —3) (£,5)€Q¥ 0 (1 =)

and (by (3.15) and (3.17]))
t

. 2
|| || |2
(4.18) §)|Kr(9”77)’ dr < C{S) —a2+1 TP\ TR o ar
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we infer that the integral Jo converges. Thus (4.16)) holds. By [10, Lemma 2.5]
and the last statement in (A3) we get

(419)  Liga(6,m) = L, Dy ue(€,7)

= T ——(T_l(g))_a im r—35)* 1ty s)ds =u T
= 5(57 ) F(l—Oé)F(Oé) TLl(g)l(Sg)( ) 5(&7 )d £(§7 )

We go back to Ja (see (4.16)), (4.19))) and integrate by parts:
t
(4.20) Jo = S (U(Q(T),T)Gg(x,t, o(r),7) — u(O,T)Gg(x,t,O,T)) dr
0
t

4
- SdT S u(fa T)Ggg(.%’, t, 57 T) d&
0

0
t t o
= fQSf(T)Kx(a:,t —T7)dr — SdTSu(f,T)Gfg(:E,t,f, T) d¢.
0 0 0

Taking into account (|1.8)), (3.12), (4.12)), (4. 13|) ({4.20]) we finally obtain

90(’5) (.T,t,f,()) d§ - 2Sf( )Kz(l‘,t - T) dr

0

(4.21) u(z,t) =

OL";Q“

t
+Sv G(z,t,o(r), 7)dr
0

=uy(x,t) + uo(x,t) + ug(x,t).

REMARK 4.1. It is clear that all integrals in and the Riemann-—
Liouville integral I§, u(z,t) are defined for all z > 0 and ¢ € (0,0). Thus one
can calculate the derivatives u;(x,t), uy(x,t), D(l);aux(x, t), (D(l]j_aux)x(x, t)
at least for  # p(t). Here we look at the fractional derivatives Dé;a as
“local” derivatives Dy of the fractional integrals Ig, .

5. Integral representation of derivatives. It is of particular inter-
est to find the derivatives of us. Keeping in mind Lemma we obtain

(k. E20)
v(7)Gx (2, t, o(T), T) dT,

ug z(x,t) =

O ey

t

(5.1) IS uz o (x,5) = Fla) (s —t)*Ldt SU(T)Qz(x, t,o(t),7)dr
0

/U(T)I(()]—i-gx(xv S, Q(T)7 T) dTa

O e

O e 0
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and
9 s—0
11—« 1 o
D0+ U3,x($, S) = %li% |:88 (S) U(T)I[ng(x, S, Q(T)a 7_) dr

= lin% v(s = 0)15, Ge(x,5,0(5 —d),5 —0)
Sv L Gu(z,8,0(7), 7)dT.
0

Assume that z # o(s) (| — o(s)] = w > 0). Then

<|5§2<>|> <|xg<sa>r;|/g<sé>g<s)|>gz

2
xr—o(s—0) )2 /2 =2
< G| (B2 4 g

2 2
[z —o(s —98)[\ = L[ w \*= 1) 522
R <o (5) "+ el o7
By virtue of (3.19) and ([5.2) we get

(6.3) |15 Gz(x,5,0(s —6),s —0)| 2 2
e O )
cefa(fi] ) o))

Estimate (5.3]) and identity (3.11]) imply

S

(5.4) DéIQU3’I(1’, s) = SU(T)Gm(m‘, s,o(r),7)dr for x # o(s).
0

IN

and

In a similar way we deduce

t—9

usaont) = Jim| 2§ o(r)G(ot (7). 7)
0
(5.5) = SU(T)gt(x,t, o(r),7)dr  for x # o(t),

0
t

(D(l)Jr U3 g)z(z,t) = SU(T)me(l‘,t, o(t),7)dr  for = # o(t).
0
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Denote Q9 = {(z,t) : > o(t), 0 < t < o}. The function uz can be regarded
as a solution of the equation

(5.6) ugt(z,t) = (Dé;au&x)x(w,t) in Q2 U Qg

Since G(0,t, o(7),7) = 0 one can obtain

(5.7) us(0,t) =0, ¢>0,

Estimate and (A5) yield

(5.8) ug(z,0) =0, x>0.

Denote u(z,t) = ui(x,t) + uz(z,t). Combining (H1), (H3), and
gives

i (z,t) = | Q(ON(2,,£,0)d¢ — 2\ f(T)K(z,t — 7)dr,

(5.9)
Dy “iig(z,t) =

(&N (x,t,£,0)dé — 2\ f(1) K (z,t — 7) dr.

Ol T O e O
O ey O ey

Moreover, it can be easily verified that the function @(z,t) is a solution of

the problem
(5.10) iy (z,t) = (D %u(z,t)z)e, x>0,t€(0,0),
' @(0,t) = f(t), t € (0,0), @(z,0)=p(z), >0,

where

H(a) = {cp(x) for x € [0,b),

0 for x > b.

By (5.6)—(5.10) we obtain

(@, t) = (Dgy“u(z,t)s)e  in Q2UQE,

(5.11)
u(0,t) = f(t), t € (0,0), u(z,0)=o(z), x>0,

and in addition

b t
(5.12) Dy ug(x,t) = | @(E)N(x,t,€,0)dé — 2\ f(r)K (2, t — 7) dr
0 0

+ SU(T)GQC(:E, t,o(r),7)dr.
0
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Lemma [3:2] implies that

b
(513) x_lg(l;)_ Dé;aux(l‘a t) = S @(g)N(Q(t)v t, &, O) dg
0

t
—2\ f(n)K(o(t),t — 7)dr +

0
It is unclear whether lim,_, ,;)_ Dll(;)‘ﬁru(x,t)m(x,t) = v(t) as in (1.8). That

is why we formally put lim,_, 54)— Dé:"u(x, t)z(z,t) = v(t). Then we return
to the original problem.

v(1)Gy(o(t),t, o(T), T)dT + %v(t).

O ey

6. Integral equation

6.1. Statement of the problem. In view of (5.13)), (1.8) we consider
the integral equation

b t
(61)  v(t) = 2{ AN (p(t),t,€,0)de — 4] F(T)K (plt) ¢ — 7) dr
0 0

where
(6.2) p(t) =b—\v(r)dr.
Consider the set (see (H1))

Sor = {v € C1-4([0,0]) :

where r = |p(b)|/I'(«) > 0. Note that

tl—cxv _ (p(b)

I'(a)

<
o

b

= ’V - V0|a,l—a-
o

N3

vo(t) = ;’f((z))to‘_l € C1-a([0,0]) and

On the set S,, we define a mapping v = A[v] := A;[v] + Aa[v] + As[v],

where p is defined by (6.2)).
If ve Sy, then

tlmay - 222
a

3
(6.3) -rggﬂﬂwog—; teo,0].

This guarantees monotonicity of p:

(64)  0< o (1" ) < plt) — plr) < o

5 (t—7) 0<7<t<o.



30 M. Krasnoshchok

The main purpose is to show that A is a contractive mapping with

-A(So,r) g SO',T"
6.2. A maps S, into itself. Denote

Vi=Al], Y= | (L4 n) exp(—rn*)))dn
Let us decompose the difference 1= (t)— % onto the sum of the following
integrals:
20) _ o
(6:5) #7%1(0) = 75 = 2V ROI N (p(t). 1,€,0) — 7N (b, 1,€, 0)) de
0
b
+2§[p(6) — G(B)t N (b,1.£,0) dg
0
¢ 1
+ (b) [25751 N (b,t,&,0) dé — )
o'
0
=P +P + Ps.
We have
(e de | plt) = b
=2{¢( S w(p(t) + (1= )b, 1, €,0) = — dp.
0

Denote ¢, = pp(t) + (1 — p)b. By virtue of (6.3), (3.15) and (3.17) with

n = 0, we have

1 _2
¢ |G — &[] 2=
(66) |7 = CMy 2a§d§§[ gam ( R[ a7 } )

Cu + €| |Gy + €
Lo o 521) 7

1 ]
< CSdu S | exp(—m!n\ﬁ) dnt®/? < CT %2 < Oyt
0 —00
For P, we take into account that |{ — b| < |€ + b| since both & and b are
positive. Applying (3.13) gives

: _2
6.7 P2 < CM2 —b tl_a ta/2_1 ex —k |£ — b’ 2—a
67) 1Pl <CMjE— (o[
0

s
et (a8
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Prie—b SR
oSl {552
0

€+ b €+ )%=
+ 1ol exp(—f@[ 12 ] ))df

< CTt%? < Cot™/?.
By (3.1) and (3.2)) we derive

b

68)  Pr=g(t)| [ (0(-a/2 /2 -0 - )

0

Fol-al2 0/~ + 90 ) de - o]

I'(a)
obt—/2 00
=) | é(-a/2,a/2,-Q)d¢ - § o(—a/2,a/2,~C) d(]
0 0
=—p0) | ¢(-a/2,a/2,—¢)d¢
o2bt—a/2

= —p(b)p(—a/2,a, —2bt7/?).
Thus

/2 p %\ =a\ -
- _ e a/2
(6.9) | P3| < CM; T exp( R(t“ﬂ) ) < Cst=.

Summing , , yields

1—ag @(b) /2
. - ——| < .
(6.10) () F(a)‘ < Cqt
Combining (H2), (3.13), (3.15)—(3.17) and (6.4) we get
w [
l—an 1— 1 2
[t ()| < ¢ ac|f‘a,la§)|t_7_‘1a/2d7— < Cyo/?,
(6.11)

t

l—ax - _11p(#) = p(7)]
[t =ows()] <t ac|v|a,1a§7a T O

¢
< Ctlo? S TNt — T)a/%l dr < Cy0°/2,
0
By virtue of (6.10) and (6.11]) we obtain

tlfa{/(t) o So(b)

(6.12) T(a)

31



32 M. Krasnoshchok

and A(S,,) C S, for all o € (0,0,] where
(6.13) C.o%? =1 )2.

6.3. A is a contraction. Let v/ € S, , and p/(t) = b — Sf) V(1) dr. We
will establish that for sufficiently small o,

1
(6.14) |A[V] — AV |5 1—a < §|V —V|p1—a forall v,v' € S,,.

It is clear that

t a

(6.15) Ip(t) = o' ()] < JIv(7) = V()| dT < %\V —Vo1-a-
0

Denote v, = A;[v'], i = 1,2,3. We claim that
or PO O] < OB =V,
17 (F2(t) = 95(1))] < Oy = V510

Indeed, the first estimate is obtained in a very similar way to (6.6)) with

Cu = pp(t) + (1 — p)p'(t). Combine (6.15)), (3.15) and (3.17) to deduce that

£ (@1(8) = 94(8)]
b 1 ,
< 2 [p(€)]de | 1N rep(t) + (1 — ) (1) 1,,0)| a2 ]
0 0
|C“_§’ex - S — & =a
SC’M1§)d§§)[ e p( [ L } >

+!c,g2£| eXp( WJQS'] >] du

<OVt v =V |p1-a <O —V]o1-a
< OMt*?|lv —v

In order to prove the second estimate in we observe that &, =

pp(t) + (1 — p)p'(t) > b. By virtue of , and (3-17) with n =0,

we have
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) [l &l 7= ,
< C’f’a,l—ats dr S a/2+1 P<—/€ [(15—7)0‘/2] ) dp[v —v's1-a

t
0 0
o LT : K 1€sl =a

ST ELSI e ST

0 5 2| (t—71)

t _ b %

TC K —a ,

< C’f’o_l Oét(S) exp<—2 |:(t_7-)0¢/2:| ) dT ’V —V ’0—71_04
< C|f]01 Oétbfz/o‘STo‘*l dr v —vV'|s1-a

0
< Cctitely — Ve1-a-

Here we have used the following simple inequalities:

e (o] ) < o[ ] )

2

< Ob 2,

This completes the proof of (6.16]).

Next we rewrite the difference v3(t) — v4(t) as

(6.17) 3(7f) — V3( ) =Ri+ Ry

=2 (v(DEKu(p(t) = p(7),t = 7) =V (D)KL (p/(8) = p/(7),t = 7)) dT
0

+2| (VK (o' (t) + p(7), t = 7) = (1) i (p(t) + p(7),t = 7)) dr.
0

By (3.15) we further decompose R; into the sum of three integrals:
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#2010 — st )
+28V : t_T( )(L(P'(t)—P’(T),t—f)—L(p(t)—p(T),t—T))dT

1
W00+ B )+ 10
From ([3.17) and (6.4) one gets

tl—aTa—l

(t _ T)lfa/2 dr

(6.18) e RY 1) < OV = V]g1—a

O e

< Cto‘/g\v' —V]o1-a-

An easy computation shows that

t—T1)¢
619) 10000~ 1) o) < W v
so that
- 2) t tl ara— 1
(6.20) [t R (1)) < OV = v]pa a§ = i d

0
< Cto‘/z\vl —V]o1-a-

Using , and denoting
n=p(p' () —p'(1)) + (1= p)(pt) — p(7)),

we obtain

—ap(3
6.21) [t oRP @)

t
<\ rohdr {[La(n,t = 7) (0 (1) = p'(7) — p(t) + p(7
0

<CPN - V|071_at1_0‘ S ot — ) ldr
0
< Ct*V' = v]p1-a-

By construction

p(t) +p() > 2b,  p'(t) +p/(7) > 2b.
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The second integral Ry is estimated in the following way:
t

(6.22) Ro(t) = 2\ (V'(7) = v(T) Eu (o (8) + p(7), ¢ = 7) dr

+i\v(ndr | Kz t—71))de
0

where

6.23) [t RrY ()]

2

tl—aa—1 5
tl-ara 2b 2—a

< ! _ _ - — JE—

<OV = vl|p1 O‘(S) - exp{ ﬁ((t T)O‘/2> ]dr

< C'to‘/2]v/ — Vo 1-a

and
(2) 1— 0Tt 2b =a
-« (o o ey
(6.24) [t1ORy(t)| < Ct §) a7 © p[ n<(t_7)a/2> }
X (t—7)*V = V|g1—adr
t Ta—l
S C’V/ - V|0—71_atlia§ m dr S C’V/ - V’0—71_ata/2.
0

Summing up the estimates (6.16)), (6.18)), (6.20)), (6.21), (6.23) and (6.24])
gives

(6.25) V' = Vo0 < [Co¥? 4+ CoV = V]p1—a-

Pick o9 such that the expression in square brackets is less than 1/2 and

finally set ¢ = min {01, 02}. Thus we have proved the following result.

THEOREM 6.1. Let assumptions (H1)-(H4) hold. Then for sufficiently
small o there exists a unique solution of equation (6.1) in the ball Sy .

7. Proof of Theorem We return to formula (4.21]) and define

b t
(7.1) (e, t) = | e()G(x,t,€,0)dé — 2\ f(7) Ko, t — 7) dr
0 0

t
+Sv Gz, t,p(T),7)dT
0

=w(z,t) + u(z,t) + ug(z, 1),
with v, p(t) being the solution of (6.1)—(6.2).
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By definition of v, p and Lemma [3.2] we obtain
lim  Dyy*ug(2,t) = Doy *wie(p(t), 1) + Doy *uza(p(t), t)

x—o(t)—
4 59(0) + {V(NCalp(t), (), 7) dr = (1)
0
tim DY () = DY ana(p(0).6) + Db Ma(p(0).
- %v(t) ¥ Galp(t), £, p(7), 7) .

0
This implies

li Dl %y (z,t) =0, t>0.
xa;]([%w o+ Ua(®:?)

Repeating the arguments of Section 5 leads to the conclusion that u is a so-
lution of the “inner” problem

W, 1) = Dl“)@ﬂ in Q2.
u(0,¢) = f(t) > 0<t<o,
(7.2) u(z,0) = p(z) f0r0<x<b
p(t) = — lim Dé+aux(m,t) for 0 <t <o,

z—o(t)—

and “outer” problem

w(z,t) = (D§ "Wy )a(2,t)  in QF,

(7.3) u(z,0) =0 for x> b,
x_l>11(1%)+D0+ uy(z,t) =0 for0<t<o.

Let us prove that
(7.4) u(z,t) =0 in Q°.

To do so we have to study the behaviour of u and its derivatives as x — oo.
We have

x—E&>x/2 for any & such that £ € (0,b),

x—p(t) >xz/2 foralltel0,o],

whenever z > 2sup( o [p(t)| = 2p(c). Combining estimates (7.5)), (3.14)),
(3-17) and

(7.5)

2
[y exp(—kly|z==) < C(v,k), y,v>0,

we obtain

(7.6) e, 8)] < C(0,0,7) (Mo + My + [¥loa—a)a ™
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for any v > 1 and x > 2p(0). We need the following assertion:
(7.7) Déla(ux)Q(x,t) < 2u$(x,t)Déjr°‘u$(a:,t) in Q7,

based on the “fundamental identity”

a—1
(7.8) Dé;o‘(um)Q(az,t) = 2ux(x,t)D(1)jr°‘ux(x,t) - F(tQ_a)(ux)Z(:v, t)
C oo et el
I'2—a) (S) (t—71)2« ar,

(see [7, Lemma 18.4.4], [27], [1]). The results in |7, 27| are more general but
the approach in [I] is more suitable in our case. We set

1
Do (uz)(w, t) = lim —(I§ u(z,t + €) — I§  u(z, 1)),

—0 €
and after some calculations we reach the right hand side of (7.8) provided
that the last integral is finite (for more details see [I, Lemma 1]). Let us
make sure about that. We consider u, as a sum of the following form (cf.

G0, G9):

b
g (2, 1) = | RN (2,1, €,0) de
0
=2\ f(nK(x,t — 1) dr + \0(7)Gu (. t, 0(7), 7) dr
0 0

= wl(x7 t) + w2(x7 t) + ’wg(ZL‘, t)'
Let 0 <7 <t <o.DefineRy = (0,00) and R , = {(z,t) :x € R, t € (0,0)}.
By routine calculations we obtain
(7.9) sup [ug(z,t)] < C(My + Mpo™? 4 |v]p1 o) = M.
Ry o

In order to estimate the difference u,(x,t) —u,(x, 7) let us first consider the
integral ws. We have

ws(z,t) — ws(z,T)

= S v(8)Ga(x,t, 0(s),s)ds + Sv(s)(gx(a:, t,0(s),s) — Gu(x,T,0(5),s))ds
T 0
= Wi(x,t) + Wa(zx,t).

Estimate (3.14]) gives

t -
t —
Wi (z,t)] < C"U|0',1—a83a71(t—8)7a ds < C|v\g,1_a( TT> .

T
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Then
1

Wa(x,t) = {v(s) ds | Goa(a, A(t — 7) + 7, 0(s), 5) dA
0

0
T/2 T
= S cods+ S cods =Wz, t) + W (x,t),
0 T/2

Applying (3.14) yields

T/2 1
(t—7)d\
W (z,t)| < Clv|ga— S @1 Js S 7')
’ t — T 3)1+a
0 0
7'/2 1
(t—7)d
< Clolgi-a | 57 ds g 7) dX
, t — T )a('T — S)
0 0
t — 11—«
< C\vy(,,l_a< T)
-
Let 9 € (0,15%). Then
T 1
- t—71)dA
W (2, 8)| < Clofoa—a | s*'ds | (t- ﬂ) _—
T/2 U(A(t_T)) 2 (7‘—3) 2
T 1
< Clulaear™™ | ds A5 5 = 5
T/2 0
The inequalities
lta 14+« 1 -«
149 — —— 1—9— _ 9
i ;0 5 5 >0

and routine calculations give

11—«
. t— 7\ z 1Y
W@, 0)] < Cloloaa( -

Estimating |w;(x,t) — w(z, )| is much simpler:

b t
fwn (@) = wi(, 7)) = |[£(€) AL, 5,€,0) ds|
0 T
L — T
a/2—1
gCMles / ds<CM1b i

The method of estimating |ws(z,t) — ws(z, 7)| can be adapted to the esti-
mation of |wa(z,t) — wa(z, 7)|:
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t
wa(z, t) — wa(x, T) 2Sf K(z,t —s)ds

T

+2Sf —s)— K(x,t —3s))ds
0
)

=Wy (&, t) + Wi (,1).

We obtain
t

WQ(I)(Z', t) < CM;y S st —5)7 % ds

T

-«
< CMfTa_l(t - 7_)1—04/2 < CMfUa/2<t — T> .
T

Split WQ(Q) (x,t) into the sum of two integrals

T 1
Wi (2, 1) = Sf )ds | Ko(x, At — 1) +7 — 8)(t — 7) dA
0
T/2 T
= odst | s =W (@, 0) £ W (@, 0).
0 /2

In virtue of (3.14) we get
T/2

]W2(2’1)(J:,t)| < CMy S s 1ds (t = 7)dA
0

(At —17)+ 71— s)lta/2

T/2
< CM; S s s
0

(t )1—a/2

——d\
\/2(1 — 5)

Ot = O ey

1-a
< CMfTa—l(t _ T)l—a/2 < CMfO_a/2<t ’7') ‘
T

We take the same 9 € (0,15%) as in W

T 1
Wit (@, 1)) < oMy | 52 tas | U -mdr
/2 o (At —7) 2 7 (r—s)2 "
A ! 1+ 1— 1
< CMpro™t | ds (N2 (= )PP (r = s) T2 d
T/2 0

_,’_1204
< C’MfTa_H'%_ﬂ(t - 7')794'177& < C’Mfao‘/2 <H> .
T



40 M. Krasnoshchok

Thus, we conclude that

(7.10)  Jugp(z,t) —ug(z,7)| < C(Mi, My, |v]61-a,0)

1 t—7 t—r\'" t—r\" "
X + + .
To/2 1 T T
|ug(z,t) — ux(x,T)

‘T 2 ‘T 2—2a ‘T 20+1—«a
<Cl= + +
T T T T

1 [t—7 2_a+ 1 (t—7 1+19+1_Ta+ A
T e\ 77 To/2\ T T '

The last estimate and ([7.9) give

In virtue of ([7.9)), we infer
’2

§ [ug(z,t) — ug(x, 7')]2 ir
t —7)2@
0
t/2 t
ug () — ug(z, 7)[? ug (2, 1) — ug(x, 7)|?
= S dr + S dr
_ 2—a _ 2«
0 (t 7-) t/2 (t T)
< [2M]? ! o C(M ) 1 + 1 +1[t> !
< 5 + 1, o 1o ja/2 .
Thus we have
(7.11)
t 2
X at - Uz ) _
S [u (x(t)_ 7_;12(5 7l dr < C(M, My, My, |[v|g1-a,0)t L for any ¢t > 0.
0

Estimate 1]) implies identity (7.8]), which in turn yields ((7.7)). Multiplying
. 7.3) by u(x t) and integrating over Qg gives

‘ d T (u2)7'(x77—) d 1 0 d T Dl—oc d _
(7.12) S T S — x+§s T S o g (z, T)ug(z, 7) de = 0.
0 p(T) 0 p(T)

By (7.6 , all integrals in ((7.12)) are finite. Applying ([7.7]), we find that
|: T

_l’_

(x,7)dx + p(T)u (p(T),T):| dr
)

(2] I o+ R (00 7) ] <.
p(T)

O ey
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By monotonicity of p and initial conditions at zero we conclude

(7.13) | Wz t)de+2 | I§, (0a)(2, 1) da < 0.
p(t) p(t)

Inequality (7.13)) entails (7.4)).

Firstly we see that
(7.14) u(p(t),t) =0, ¢>0.

Secondly, we deduce

(7.15)  D{%uy(z,t) = F(lagtg(t—f)a Yag(z,7)dr
0
I(x) t
1 9 e o
= ma[ (S) (t—7)%""u (ﬂ?,T)dT+l(S)(t—T) ux(x,T)dT}
1 97 ot
= o) 9 [Z(S )(t — 1) ug(z,T) dT:|
= Dll(;)‘ﬁruz(:v, t).

From ([7.2)), (7.14)) and (7.15)), the functions u, p satisfy (|1.8). Therefore one

should verify that they have the regularity properties (A1)—(A7). In view of
Theorem 6.1 we see that (A1) holds for p(t). As for u(z,t), let us consider
Uz, Uz in more detail.

The function u(z, t) defined by (7.1)) becomes zero in Q4. Mainly basing
on Lemma 3.4 we find that u,(z,t) is continuous on (0, 00) X (0, o) and hence
for t > 0 not only u(p(t),t) = 0, but also

uz(p(t),t) =0 for any t > 0.
REMARK 7.1. The last identity agrees with the one given in [15].

In addition, one can give more precise information about the behaviour of
uy(z,t) near t = 0. Assume x € [0,b). Let € € (0,b) be such that = € [0,b—¢].
We have

[e.e]

b
wl(w7t) - (p(.%') = S (90(5) - (,b(l’))./\/(l’,t,f,()) d§ - @(x) S N(.’L‘,t,f,@) d§
0 b
= w)(z,t) + w(z,1).

We obtain
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b _2
|w) (z, )] < CMQS & — a|t/? exp(/{[‘xta_/fq ’ > d¢ < CMyt®/?,
0
w!(x,t)] < OM;y | 7% ex |x_£| d
|wi p 3
) to/2
T v —¢l]7e =
o2 e E [T =7 (5[ 27
conrornl S o 3l
<C%ta/2
€

Applying (7.9)) yields
lwa(x, )] < OMste/2.
Then
t [z — plr)| 777
|lwz(x,t)| < Clvle1— aSTO‘ Yt—7)" eXP(“[tQ/Q] )dT
0
I —a
< Clvlgi1- aSTO‘ Yt —1)~ exp(—ﬁ[w] )dT
0

< Cmta/ 2
- €
Finally, we get

(2, £) — $()] <0(

The arguments above confirm that the derivative u, satisfies (A3).

Let us now study uy(z,t). Assume that z,¢ > 0 and consider separately
each term on the right side of .

In virtue of we have

M
&JrM +M )to‘/Q for any z € [0,b—¢].
9

S g(ﬁ?,f,t,O) d§ =1, ul,t(x')t) = S (@(5) —¢($))Qt(xa§7’57 0) dg.
0

0
By (3.14)) we deduce that

2
My T |z — € v — &[] 7
luy¢(z,t)] < CT (S) a2 |FP\ TR a2

o (o ] )]

2
< 2C— S [l ¢l exp<—/€[’x_§’] a) d¢ < C Mt/ 1,
0

ta/2 ta/2
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and

(7.16) sup  [t17Y %y (2, 1) < C M.
(LL’,t)ER+YO-

Next

t t/2
uz,t(x,t):—2Sf(T)Kx(x,t—7')dT:—2( [ .oodrt | ...dr).
0 0

In virtue of (3.15) and (3.17)) we get

t 2
(t—7)*"" | =] ]2
(7.17)  Jugy(z,t)] < C’Mf[ S " /3 XP\ TR | s dr

t/2
v 2 177 |
a—1 ¢
+1 (S) exp(—m[Ta/2] >7-a/2+1 dr]
< OMs*1 [1 + S exp(—m]n\ﬁ) dn},
0
and
(7.18) sup |t g (w, t)| < CMy.
(Z‘,t)GRJ,_’a

Further we fix any w € (0,b) and assume that |z — p(t)| > w. By (5.5

we have
t

ug(z,t) = SV(T)Qt(x, t,p(r),T)dr.

0
Note that
x4+ p(t) >0,

(7.19) 3r
—le = p(T)] < —|z = p()[ + [p(t) = p(7)| < —w + S (t = 7).

Looking ahead we say that the estimate of uz; is similar to the estimate

of uz+. By applying (3.14) and (7.19)), we infer that

t 2
(t — 7)1 w |z
lugi(z,t)] < C(r,0)|v]s1-a LS) e exp| —k —o72 dr

t )oz 1 b ﬁ
O (] ] )

=U'(z,t) + U"(x,1).
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We check at once that (cf. (7.17]))

(7.20) U’(a;,t)go(r,a)ﬁ (- w exp<—/-i[ w ]) dr

tw Ta/2 TO/2
t/2
to—1 2 w s W
+ o §)exp —K ) prysrEY T
toz—l
<
< Clro)—,
and
tozfl
(7.21) U"(z,t) < C(r,0) 2

Denote R} [ (w) = {(z,t) : z € Ry, |z — p(t)| > w, t € (0,0)}. Combining
(7.20) with (7.21)) yields

(7.22) sup [tz (z, t)| < CO(r, 0,w).
(x,t)ERi,c(w)

Now, assumption (A8) holds for u; due to the estimates ([7.16)), (7.18)), (7.22)).
The first equation in (7.2 gives (A8) for

(Dll(;)c“+ux)z(:n,t) = (Déj_o‘ux)x(ac,t) in QF.
Thus the pair (u, p) forms a solution of the fractional Stefan problem
in the sense of Definition 2.2. This finishes the proof of Theorem [2:3]
REMARK 7.2. We cannot yet confirm that
(7.23) u(z,t) >0 for 0 <z < p(t),

since the maximum principle has not been proven. If ([7.23)) holds then
one can show the uniqueness of the solution following the methods of [16]
Chap. V, §9].
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