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On some properties of modulation spaces as Banach algebras
by

HaNs G. FEICHTINGER, MASAHARU KOBAYASHI and ENJI SATO

Abstract. We give some properties of the modulation spaces MP? ’1(R") as commu-
tative Banach algebras. In particular, we prove the Wiener-Lévy theorem for MP'(R™),
and clarify the sets of spectral synthesis for MP''(R™) by using the “ideal theory for Segal
algebras” developed by Reiter. The inclusion relationship between the modulation space
MP*(R) and the Fourier Segal algebra FA,(R) is also determined.

1. Introduction. A commutative Banach algebra is a Banach space
(X, || - llx) which is a commutative algebra, i.e., with an associative, dis-
tributive and commutative multiplication satisfying ||fgllx < || fllx|lg||x for
all f,g € X. There are many examples of commutative Banach algebras.
For this article an important example is the Fourier algebra A(R), i.e., the
set of all functions on R which are the Fourier transforms of functions in
LY(R), which is a commutative Banach algebra with pointwise multiplica-
tion, denoted by FL!(R) elsewhere. In addition, the Wiener algebra A(T),
which corresponds to a periodic version of A(R), and the Fourier-Beurling
algebra FLL(R™) (s > 0), which can be regarded as a generalization of
A(R), are commutative Banach algebras (see Section for the definition
of FLL(R™)). As is well-known, those function spaces play important roles
in various fields such as commutative Banach algebras, operating functions,
and spectral synthesis. We refer the reader to Kahane [20], Katznelson [21],
Reiter [31], Reiter-Stegeman [32] and Rudin [33] for more details.

On the other hand, modulation spaces M!?(R™) form a family of func-
tion spaces introduced by Feichtinger [9] (see Definition [2.1)). In some sense,
they behave like the Besov spaces BYY(R™), but they appear to be bet-
ter suited for the description of problems in the area of time-frequency
analysis and are often a good substitute for the usual spaces LP(R") or
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BEPY(R™) (see |15, 18] for more details). It is important for our considera-
tions that MI?(R") is a commutative Banach algebra if s > n(1 — 1/q),
or ¢ =1 and s > 0 (see [I3, Theorem 10]), and that it appears naturally
in the study of certain partial differential equations. For example, we can
solve the nonlinear Schrédinger equations iu; + Au = |u[**u in M2 (R™)
for all & € N by using the algebraic properties of M4 (R") (see [1} [38]).
Furthermore, as a commutative Banach algebra, M2?(R"™) has many inter-
esting properties similar to those of A(R), A(T) and also FLL(R") (see
[2, B, 22, 23], 24], B0]). Therefore, it is of interest to further clarify the prop-
erties of MP1(R™).

In this paper we study several properties of MY ’1(R”) as a commutative
Banach algebra. In particular, we will establish the validity of the Wiener—
Lévy theorem for MY ’I(R”), and see that the sets of spectral synthesis for
FLY(R") coincide with those for MP!(R™), independently of p (given the
general restrictions). Moreover, we will consider the inclusion relation be-
tween the modulation space MJ -1 (R) and the Fourier Segal algebra FA,(R).
We refer to [14] for further study of modulation spaces M2?(R™) as Banach
algebras with ¢ > 1 and s > n(1 —1/q).

The organization of this paper is as follows. After a preliminary section
devoted to the definition and basic properties of M??(R™) and FL!(R")
we will demonstrate in Section [3] that there exist approximate units for
MPI(R™) (see Theorem . In Section 4] we consider the closed ideals in
MP(R™) and prove that closed modulation invariant subspaces of MP™ (R™)
coincide with closed ideals in M (R™). Section |5|is devoted to the Wiener—
Lévy theorem, which was originally proved by Wiener [39] and by Lévy [27]
for A(T). In particular, we will show that the Wiener-Lévy theorem and also
Wiener’s general Tauberian theorem hold for MP'(R™) if 1 < p < oo and
s > 0 (see Theorems and. In Section@we will consider the set of spec-
tral synthesis for MY (R™). By using the “ideal theory for Segal algebras”
developed in Reiter [31] we will clarify the relation between the sets of spec-
tral synthesis for M?'(R") and the sets of spectral synthesis for FL!(R")
(see Theorem [6.3). In Section [7] we will prove that single points of R"™ are
sets of spectral synthesis for MP'(R™) without using Theorem Finally,
in Section (8 we will determine the inclusion relation between M§” (R") and
the Fourier Segal algebras FA,(R").

2. Preliminaries. The following notation will be used throughout this
article. We use C' to denote various positive constants which may change
from line to line. We use the notation I < J if I is bounded by a constant
times J and we write I ~ J if I < J and J < I. The closed ball with center
zo € R™ and radius r > 0 is defined by B,(z9) = {x € R" | |x — x| < r}.
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For z € R", we write (x) = (14 |x|?)/2. We define for 1 < p < co and s € R
1/p

11z = (| (@ 1f @)y dz)
R’VL

and ||f||ze = esssup,ern(z)®|f(x)]. We simply write LP(R") instead of
LE(R™). For 1 < p < oo, we denote by p’ the conjugate exponent of p, i.e.,
1/p+1/p" = 1. We write C2°(R"™) to denote the set of all complex-valued
infinitely differentiable functions on R™ with compact support. We write
S(R™) to denote the Schwartz space of all complex-valued rapidly decreasing
infinitely differentiable functions on R™ and &’'(R™) to denote the space of
tempered distributions on R"™. We use (F,G) to denote the extension of the
inner product (F,G) = {F(t)G(t)dt on L? to &' x S or MP? x MY (see
Lemma (ii) below). The Fourier transform of f € L'(R") is defined by

FHEO =€) =€) = | fla)e ™ da.

Rn

Similarly, if » € L'(R™) then the inverse Fourier transform of h is defined by
Fih(z) = /(\277)_”h(—:c). We note tllat (£ r2mny = 2m)7™(f,9) 2R
(fxg)N = fg and (fg)" = (2m) "(f * g), where the convolution f x g is
defined by (f * g)(x) = {gn f(z — y)g(y) dy. Moreover, M(R™) denotes the
sets of all bounded regular Borel measures p on R™ with the norm
Iy = swp | | f@) duta)|
fECC(Rn)v ”fHLOOS1 R

The Fourier-Stieltjes transform of y is defined by 1i(€) = (g, e~ du(z).
Here C.(R") denotes the set of all f € C(R"™) with compact support. Let d,
(a € R™) be the unit mass concentrated at the point x = a, i.e., §4(E) =1
if @ € E and 0,(F) = 0 otherwise. Then 6, € M(R"), |0allrrrny = 1,
@(5) = e and 0, * & = O4up (a,b € R™) (see [33, Ch. 1.3] for more
details). For two Banach spaces B; and Bz, By < Bz means that Bj is
continuously embedded into Bs.

2.1. Short-time Fourier transform. For f € §'(R"™) and ¢ € S(R"),
the short-time Fourier transform Vj of f with respect to the window ¢ is
defined by the duality

Vof(2,8) = (f, MeTog) = (f(1), 6(t — 2)e™) = | f(H)o(t —x)e ™ dt,
RTL
where the translation operator T and the modulation operator M are de-
fined by (T,:h)(t) = h(t — z) and (Mch)(t) = €'*h(t), respectively.
It is known that Vg f € C(R" x R"™) (see [I8, Lemma 11.2.3]) and

(1) Vof(w,€) = (2m) " "V, (g, =) = (2m) e 7 (f % Med*)(a),
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where ¢*(z) = ¢(—z) (see [18, Lemma 3.1.1]). We also note that if f €
S(R™), then Vg f € S(R" x R") (see [I8, Theorem 11.2.5]). Moreover, we
have Moyal’s equation:

Vo f, Vpg) 2meny = 2m)" (4, @) 2wy ([, 9) L2 (R
for all f,g,,% € L*(R™) (see [18, Theorem 3.2.1]).

2.2. Modulation spaces

DEFINITION 2.1 (J9]). Let 1 < p,g < 00, s € R and ¢ € S(R") \ {0}.
The modulation space MY?(R"™) = MP? consists of all f € S’'(R") such
that the norm

g = (07 § postnrras)” )"
R R

is finite (with the usual modification if p = oo or ¢ = o0). We simply write
MP49(R™) instead of MY(R™).

We collect basic properties of M2Y(R™) in the following lemma:
LEMMA 2.2. Let 1 < p,p1,p2,q9,q1,q2 < o0 and s, s1,s2 € R.

(i) MPY(R™) is a Banach space, and different windows define equivalent
noTms.
(i) (Density and duality) If p,q < oo, then S(R") is dense in MEYY(R™)
and (MPU(R™)) = MP;7 (R™).
(iii) If p1 < p2, @1 < qo and sy > so, then MEPT (R™) — ME2®(R™).
(iv) If s >n/q, orq=1and s > 0, then MY (R™) C C(R™) and MPI(R™)
are multiplication algebras, i.e.,

1 gllara < cllfllapallglinme,  fr9 € MPIRY),

for some ¢ > 1.
(v) If s > 0, then there exists C > 0 such that

1 fallpgoer S CllFllppeen VF € MZHRY)
for all 0 < X\ <1, where f\(x) = f(A\z).
(i)—(v) are proved in [0, Theorem 3.2|, [9, Section 6|, |17, 36, B37], and
summaries are given in [1, [7], [I8, Chapter 11].
We also note that there is another characterization of the modulation

spaces using BUPUs on the Fourier transform side (see [11], 13}, [38]): Assume
that ¢ € S(R"™) satisfies

suppp C [-1,1]" and Z p—k)=1 forall{ eR".
keZn
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Then we have, writing (D — k)f = F (T - ]?),
a/p\ 1/q
1z~ (3 69 ( § le(D = k@) de) ™)
kezn R
with obvious modifications if p or ¢ is oco.

REMARK 2.3. We may assume that 0 < p(§) <1 (£ € R") and p(§) =1
on the box [-1/10,1/10]".

REMARK 2.4. Let 1 < ¢ < o0, s € R and (B, | - ||g) be a Banach space
of tempered distributions on R"™ such that § - B C B. Using BUPUs the
Wiener amalgam space W (B, (%)(R™) is defined by the norm

1/q
Il = (D2 s Trelh) ™ < o,

kezn
We note that W (FLP, (1)(R") = F~H(MEPY(R")), where FLP(R") (= FLP)
denotes the Fourier-Lebesgue space with the norm || f||zz» = || f||r (see also

Section [2.3| below).

The following lemma seems to be known to many people, but for the
reader’s convenience, we give the proof (cf. [13] 19 B35]).

LEMMA 2.5. Let 1 < p,q < oo. Suppose that s > n/q', or ¢ = 1 and
s> 0. Then

1 fallare S N fllaseallgllapa, .9 € SR™).
If f € MPYR™) and g€ MP;®(R"), then fge M > (R") (< MY (RM)).

Proof. We start the proof by observing that the pointwise relationships
for modulation spaces correspond to convolution relations for their (inverse)
Fourier transforms in W (FLP, ¢1)(R™).

The claim made is thus equivalent to the statement that (writing f, g for
f, g respectively)

(2.2) I f * QHW(]-'LP,ZZ) S HfHW(]-'LOO,ZZ)HQHW(]—'LP,ZZ)v

which follows from the coordinatewise convolution result established in [12]
and the fact that

FLP x FL*® c FL? because I[P -L*° C L7,

as well as the fact that (¢2(Z"), |||l ,) is a Banach algebra with respect to the
natural convolution, because the weight function x — (z)® is weakly subad-
ditive for any s > 0 (i.e. (z+y)® < (z)*(y)*) and consequently ¢ (Z"™)N(E(Z")
is a Banach algebra with respect to convolution. This observation has been
made explicit in [4]. But for s > n/¢/, it follows from the Holder inequality
that £4(Z™) — ¢*(Z™) (with corresponding continuous embedding), and thus
(L4(Z™), || - |l42) is a Banach algebra with respect to (discrete) convolution.
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In a similar way we use the local convolution relation
FLP « FLV ¢ FL™ due to the relation LP-LP C L,
combined with the global condition

s ? e

i
using the submultiplicativity condition (writing z = (x —y) +y), we deduce
that

(@+y) 7 <28@) (). m

Let us also observe another consequence of the reasoning used in the last
proof, which provides some insight into the pointwise multiplier algebra of
Sobolev algebras. We formulate it as another lemma. Let us briefly recall
that the classical Sobolev spaces (H*(R"),| - ||zs) are just the inverse im-
ages of (polynomially) weighted L2-spaces, and thus appear in the family of
modulation spaces as

H* = FUL2) = FHW(F UL, &) = FH(W(IA, )

so that one has (2(Z") < (Y(Z") for s > n/2 via the Cauchy-Schwarz
inequality, and consequently by the Hausdorff-Young version for Wiener
amalgams (see [10]) one has the following chain of continuous embeddings:

H® — FYW(L2,0Y)) = W(FL', £) = W(Co, ).

LEMMA 2.6. For s > n/2 we have M2 . HS C H?, meaning that
M;O’2(R") s a subset of the pointwise multiplier algebra of the Sobolev al-
gebra H?(R™).

Proof. We have already noted that s > n/2 implies H*(R") —
W(Co, £?)(R™). The following reasoning implies the classical fact that
H*(R"™) is a Banach algebra with respect to pointwise multiplication (re-
ferred to as the Sobolev algebra).

We have to verify that the corresponding convolution relation is valid on
the Fourier transform side. In fact, we may invoke the main result of [12]:

(2.3) W(FL>®, 02« W(FL? (%) c W(L?, %),
using again the fact that ¢2(Z") = (2(Z™) N ¢'(Z") is a Banach algebra with
respect to convolution, and

FL®« FL? C FL? =L?, ducto L*-L?C L% u

In order to make our article self-contained let us recall the following result
which makes use of elementary inclusion results for Wiener amalgams and
the Hausdorff-Young theorem for generalized amalgam spaces as described
in [I3 Theorem 9]. It states (in the unweighted version) that

FW(FLP, £9)) — W(FLI, P) forl1l<q<p<oc.



Modulation spaces as Banach algebras 61

In particular, it implies the Fourier invariance of the space W (FLP, ¢P) for
1 < p < oo (the unweighted version of [13, Theorem 6]).

LEMMA 2.7. For 1 < p <2 we have the chain of continuous embeddings
W (FLP,0P) < FLP < W (FLP, "),
or by taking inverse Fourier transforms,
MPP(R") — LP(R") — Mp’p/(R").
In particular, M?*?(R") = L*(R").
Proof. We start with the observation that the classical Hausdorff=Young
estimate implies for 1 < p <2 with 1/p' +1/p =1,
FLP < L[’ or equivalently LP < FL”
and consequently
W (FLP () < W(LV (7)< W(LP, (P) = L,
which implies
W(FLP P) = F(W(FLP,P)) — FLP for1<p<2.
Thus the first continuous embedding is verified. For the second inclusion
recall that [I3] (see above, due to the obvious fact that p < 2 < p') implies
FLP = F(W(LP,{P)) < F(W(FLP (7)) < W (FLP,{"). u

2.3. Fourier—Beurling algebra. For s > 0 the Fourier-Beurling al-
gebra FLL(R"™) = FL! is the set of all f € S'(R") such that the norm

7 = | (€)1 7€) de
i

is finite. It is well-known that FL!(R™) is a multiplication algebra, because
Beurling algebras are Banach convolution algebras [32]. We also recall the
following result (see, e.g., [32, Proposition 1.6.14)):

LEMMA 2.8. Let s > 0 and f € FLL(R™). Then for any ¢ > 0, there
exists ¢ € C°(R") such that ||f — ¢f|Fr1 <e.

For the inclusion relation between FL!(R™) and MP'(R™), we have the
following (cf. [29, 30]).

LEMMA 2.9. For 1 <p <2 and s >0 one has M (R™) — FLL(R").

Proof. Let f € MP'(R") and ¢ € C®(R") be such that suppy C
[—1,1]" and Y, czn 0(§ — k) = 1. Since suppp(- — k) C k + [-1,1]", it
follows from the Minkowski inequality for integrals, the Holder inequality
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and the Hausdorff-Young inequality that

1Al < || 32 0%l =RFOI| £ 30 W0lel = RFOIL

keZn L keZm
ST EleC = RO S Y (B D = k) Fllee = £y
keZn keZn

which yields the desired result. =
LEMMA 2.10. For s > 0 we define
(FLYH. = {f € FLLR") | supp f is compact}.
Then (FLY). < MPY(R™) for 1 < p < co.

Proof. Let f € FL(R™) with supp f compact. Then for ¢ € S(R™) with
¢(x) =1 on supp f, by Lemma we have

Fllygzs = 18l S 1l pgon 0]
Moreover, for ¢ € S(R") with Y, . @({ — k) =1,
1fllpeer = D BN = k) fllree S D Rl = k) Fllor S Il zess

keZn keZn

which implies the desired result. m

3. Approximate units. In this section, we prove the following result,
which corresponds to the MY ?-version of Bhimani-Ratnakumar’s |3, Propo-
sition 3.14].

THEOREM 3.1. Let 1 < p,q < o0 and s > n/q, or ¢ =1 and s > 0.
Then for any f € MPY(R™), and € > 0 there exists ¢ € C>°(R") such that

If = ¢fllape <e

We remark that Bhimani [2, Proposition 4.8| considers the case ¢ = 1
and s = 0.
To prove Theorem [3.1] we first prepare another lemma.

LEMMA 3.2. Let s > 0 and ¢ € C(R"™) be such that ¢¥(0) = 1. For
0 < X < 1, define \(x) = Y(Ax). Then, for any g € S(R™) and & > 0, there
exists 0 < Ao < 1 such that

11 =Pa)gllyn <e YO< A< o
Proof. Let ¢ € S(R™) \ {0}. We first note that by ,

V(1= n)g)(x,€) = (2m) e V(G — (2m) "(¥x # §)) (&, —a)-
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Moreover, since @(77) = /\%12(77/)\) and 1 = ¢(0) = (271r)" SR @(17) dn, we
have

30~ () 290 = g § GO 5005 (3 )
= o [ @0 — (@ O) D) dn
(2m) Fn
and thus
1

V(G — (2m) (% % 9)(€, —2) = } V5@ — T09) (& —2)d(n) dn.

2n
(2m) an

Therefore, by the Fubini theorem,
10 =gl = § (€% V5(@ — (2m) ™ (@ *§)(& —a) | dar de
R2n

< VI V5@ — T@) (€ —a)llp ren )l ()] .
Rn

On the other hand, since 0 < A < 1, s > 0 and
Vo(Tg) (€, —) = e D (Vog) (€ = M, —a),

we have
) V3G — Ta@) (& —2)llpmer
< V) ©° V3¢, —a)| de dg
R2n
+ (n)* 1§ (€ = ) [V3G(€ = An, —)| da dé
R2»

S 7€ V59 (€, o)l men -

We note that since <$,/g\ € S(R™), we have V(g/g\ € S(R?"), and also

V3G — Thgd) (& —2) = | (G() = Gt = Ap)d(t — O™ dt -0 (A —0)
Rn
for all n,&, 2 € R™. Thus it follows from the Lebesgue convergence theorem
that

1= ¥)gll e S VY€ 1V5E — Tand) (€ =) [ (n)] dav dg dny — 0
R3n
as A — 0, which implies the desired result. m

Proof of Theorem [3.1] Let ¢ > 0. Since S(R") is dense in MIY(R"),
there exists g € S(R") such that ||f — g||p»« < &. Moreover by Lemma
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there exist 1 € C2°(R™) and 0 < A\g < 1 such that [|(1 —y)gl[ 11 < € for
all 0 < A < Ao, where 1 (z) = ¢(Az). Thus by Lemmas [2.2(v) and

If — %\f”Mﬁ‘l SIf- QHMg*q + [[oa(f — 9)”M§"" +[I(1 - T/’A)QHM&‘?
S (L4 loallagea) Il f = gllagea + 11 = ¥a)gllazra
S (L [l ) 1 = gllagz + 11— 92)gll o
< (24 O[]y e

which implies the desired result. m

4. Closed ideals in M?'(R™). In this section, we consider the closed
ideals in MY ’1(R”), which play an important role in Section @ Throughout
this section, X stands for M?'(R") (1 < p < oo, s > 0) or FLL(R™) (s > 0).

DEFINITION 4.1. Let I be a linear subspace of X. Then I is called an
ideal in X if fg € I whenever f € X and g € I. Moreover, if an ideal I in X
is a closed subset of X, then I is called a closed ideal in X. For a subset
S of X, the set ()yc, I is called the ideal generated by S, where {I)}xca
denotes the set of all ideals in X containing S.

It is easy to see that the closed ideal generated by .S coincides with the
closure in X of the set

{EN:fjgj ’ fieX, ngS,NeN}.
j=1

DEFINITION 4.2. For a closed ideal I of X the zero-set of I is defined by
Z(I) = Nyer f71({0}) with f71({0}) = {z € R" | f(z) = 0}.

We note that = € Z(I) if and only if f(x) = 0 for all f € I. Moreover,
Z(I) is a closed subset of X whenever I is a closed ideal in X. In fact, if
f € X, then f is continuous on R” and thus f~!({0}) is a closed subset
of R™.

The following lemma seems to be known to many people, but for the
reader’s convenience, we give the proof. We will write f|g = 0 if f(z) =0
for all x € F.

LEMMA 4.3. Let E be a closed subset of R™. Then
I(E)={feX|[fle=0}
is a closed ideal in X with E = Z(I(F)).

Proof. We give the proof only for the case X = Mf’l(R"); the other
case is similar. It is clear that I(E) is an ideal in MP'(R™). To sce that
I(E) is closed, let f € MPY(R™), {fm}3_; C I(E) and ||fm — fll o1 — 0
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(m — 00). Since

[ = Fllzee SN fm = Flleen S Wfm = Fllages S W fm = Fllygers

we see that {f,}5°_; converges pointwise to f on R"™. Since f,|g = 0, we
have f|gp = 0, and thus f € I(F). Hence I(E) is closed. Next we prove
E =Z(I(E)). Since E C Z(I(E)) is clear, we show Z(I(E)) C E. Suppose
2o € E. Since E is closed and C°(R™) ¢ MP'(R"), there exists f €
MP'(R™) such that f(zp) =1 and f| = 0. Then f € I(E) and f(zo) # 0.
Thus xg € Z(I(E)), which implies the desired result. =

We also prepare the following lemma, which characterizes closed ideals
in MPH(R™). We will say a subspace M of MPY(R™) is modulation invariant
if My f(x) =e™"f(x) € M whenever f € M and n € R™.

LEMMA 4.4. Let 1 < p < 0o and s > 0. Then for any closed ideal I in
p71 n
Mg (R™):

(i) g € Mfls’oo(R”) satisfies

(4.1) W Vet(@ OVyg(w, &) dudé =0 forall f €1
R2n
for all pairs ¢, € S(R™) with (¢, ¢) # 0 if and only if
(4.2) | Vof(z, )« Vag(a, ))(§)de =0 forall fel, &€R"
R”l

for all pairs ¢, € S(R™) with (1, ¢) # 0.
(ii) Ewvery closed ideal in Mg’l(R”) coincides with a closed modulation in-

variant subspace of MP'(R™).
Proof. We first assume that holds. Then
0=\ Vaf(z,) = Vig(a,))(€) do = (2m)" (1, $)(M_¢ f, g)
Rn
forall f €I, &€ R"and ¢,¢ € S(R™) with (¢, ¢) # 0, and thus (f,g) = 0.

Hence
I\ Vof(@,OVig(e, &) da ds = (2m) " (v, ¢)(f,9) = 0,
R2n

which gives (4.1]).

Next we assume that holds. We note that Lemma implies that
fg € MY®@R") < MP®°(R") for all f € I. Then for all h € MP'(R™)
and ¢, 1 € S(R™) with (¢, ¢) # 0, we have

(W, 0)(fg, 1) = (¥, 9)(fh, g) = (2m)"(Vy(fh), Vipg)-

On the other hand, since f € I and I is a closed ideal in M{ 1(R"), we
see that fh € I. Therefore, (4.1) implies that (V4(fh),Vyg) = 0, and thus
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(fg,h) = 0. By duality, we obtain fg = 0. Hence, for z,£ € R",
0= V,5(9)(.€)
= (2m) " | Vi f (2, & —n)Visg(a,m) dy
Rn
= (2m) " | Vo(M_ef)(x, —n)Vyg(x, —n) dn,
Rn
and thus (¢, ¢)(M_¢ f, g) = 0, which implies (4.2]).

Finally, we give the characterization of closed ideals in MP'(R™). Let I
be a closed ideal in MP'(R™). We first note that if g € Mf;loo(R") satis-
fies (4.2)), then

RTL
forall f eI, e R"and ¢,¢ € S(R™) with (¢, ¢) # 0. Suppose that I is
not modulation invariant. Then there exist fo € I and 79 € R" such that

M_,,fo & I. On the other hand, (MP}(R™)) = MY (R™), i.e., for any £ €
(MPYR™M) and ¢, ¥ € S(R™) with (¥, ¢) # 0, there exists g € MP:®(R")

such that )

Uf) = W%ﬁ Vi)

Therefore, the Hahn—-Banach theorem and duality imply that there exists
go € MP;°(R™) such that

1
(f,90) = WWM, Vygo) =0
for all f € I, and
1
(M_y,f, 90) = W(%(M—nfo), Vego) = 1.

The above two equalities imply that gy satisfies but not , which
yields a contradiction.

Conversely, we assume that [ is a closed modulation invariant subspace
of MP'(R™). If T is not an ideal in MP'(R™), then there exist fy € I and
ho € M? ’I(R") such that fohg ¢ I. The Hahn-Banach theorem and duality
imply that there exists go € M?:°(R") such that

1
(44) <f7 gO> = m(‘/qﬁaf, Vw90> =0

for all f € I, and

(4'5) <fOF07 90> = <V¢$(f0%), ngo> =1.

1
(2m)" (¢, )
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We note that
Vg (foho)(@,€) = (2m) " [V fola, ) * Viho(a, )] (€)

and thus
<V¢$(f0h70)7 ng(J) - (zﬂ)_n S [(V¢f0($, ) * Vghio(fl‘, )) * VE%(xv )](O) dx
RTL
= (2m) 7" | [(Vafol,-) % Vgo(,-)) * Vzho(, -)](0) d.
RTL

Moreover for all z,£ € R"™, by the Parseval identity we have
= | Vo(M_¢fo)(x,m)Vig0(, ) di

o
= | Fponl(M_cf0) () - 6(y — )] () Fyml90 (1) (y — )] () diy
Rn
= (2m)" | (M_efo)(y) - 0y — @) 90 (y) ¥y — @) dy
Rn

= (M_¢fo - To(¢1), go)-
Since I is modulation invariant, we have M_,fy € I, and thus M_¢fy -
Ty (¢1p) € I by Ty(¢np) € MP'(R™). Therefore by ([@.4) we have

Hence (V5( foho), Vpgo) = 0, which contradicts (4.5). =

5. Wiener—Lévy theorem for MP'(R™). In this section, we consider
the Wiener-Lévy theorem for M?'(R™) (see [32, Theorem 1.3.1]). More
precisely, we show the following result.

THEOREM 5.1. Let 1 < p < oo, s >0, f € ME’I(R”) and a compact
subset K C R"™ be given. Suppose that F' is an analytic function on a neigh-
borhood of f(K) = {f(z) | z € K} in C. Then there exists g € MP'(R")
such that g(x) = F(f(x)) for all z € K.

To prove Theorem [5.1} we prepare the following lemmas.

LEMMA 5.2. Let s >0, f,h € My''(R™) and zo € R™. Set

H) (z) = <f <x0 + ;”) - f(x0)> h(z)  for A > 0.
Then

(5.1) Jim. 12 |y = 0.
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Proof. With go(t) = e7117/2 by for A > 1 we have
Voo (Hy, ) (,€) = (2m) "€V, (Hy )M (€, —)
= (2m) " ((Hg)" % M—(90)*) (€)
= (2m) "2 ((H2,)"  M_290) (€).
We note that

(#(r0+5)) 0 = TrDan) ) = 320170

with Dy f(n) = f(n/A). Moreover, since f, f € M“(R") < L*(R"), by the

Fourier inversion formula we have

f(zo) =

S )\nei)‘zonf()\n) dn.

@ J,

~

Thus, by putting H(z,&) = [h* M_,go](&), we see that

((Hp)" % M_z90)(€)

- | (7(m0+ A)) e Mg (€)= Ja)fo Mg
- (271)” | X" F () (H (2§ = 1) — H(x,€)) dn
= (2;)n RS 0 (H (x,f - Z) - H<x,§>) di.

Therefore, by the Fubini theorem,

1y < \f(n)!( i e

R” R2n

da d§) d.

H(x,g - Z) — H(x,€)

Moreover, by the weak submultiplicity of (-)* for s > 0,

@ s (e- D) (3 aa (Dymre[d<ivm~om

for large A, and thus

Fl 1§49 H(wxé - Z) ~ H(x.)
R2n
Assume now that is not valid, i.e., there exists €9 > 0 such that for
some sequence {An,}o°_; with lim,, oo A, = 00, one has HH?&”HM§& > &p.
But this is not possible since the Lebesgue dominated convergence theorem
implies that HH;\(;”HM;J — 0 (m — o). This implies (5.1]). u

~

da d€ S (m)°[f (] [Al] 1.
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LEMMA 5.3. Let 1 < p < 0o, s > 0, f € MPY(R"), 7 € C®°(R") and
xo € R™. For A > 0, define

G (z) = <f (azo + i) - f(xo)>7(w)-

Jim (|G [l = 0.

Then

Proof. Suppose that A > 0 and supp 7 C B)(0). Take ¢ € C°(R™) such
that ¢ (z) = 1 on Ba(xg). Since ¥(xg) = 1 and ¥ (z¢g + x/A) = 1 on supp T,
we see that

(7(0+5) = fan) (@) = (0 (0 + 5 ) = (F0)a0) )70

for all z € R™. On the other hand, Lemma implies
[f Pl e S W g 1 S L agpa 9015205
and thus fi € Mi"' (R™). Hence, it follows from Lemma 5.2 that

TICEE <fw><xo>)
as A — 00. m

LEMMA 5.4. Let f, K and F be as in Theorem 5.1}, and o € K. Then
there exists gg, € MPY(R™) such that 9zo () = F(f(x)) on some neighbor-
hood of xg.

Proof. Set zy = f(zg). Since F is analytic at zg, there exists 0 < g < 1
such that F'(z) has the power series expansion

—0

A A _
162, e S NG s = "
S

F(z) = F(z) + Z ci(z—20) (|2 — 20l < o).

Let 7 € C2°(R™) be a function which is 1 near the origin Then it follows from
Lemma, 5.3 that there exists Az, > 0 such that ||(f a:o—i—/\z )= ()7 || yra <

€0/c, where the constant c¢ is as in Lemma -<1V Thus we see that

bay () = F(f (0))7(x) + 2231 ¢ ( (f (wo * f) -7 (‘“))T(‘”))j

converges in M?'(R™). Hence
Gao () = by (Aao ( — 20))

= F(f(w0))7e0 (1) + 3 e (/) = [(0)) 720 ()’
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is in MP'(R"), where we denote 7o () = T(Agy (@ — x0)). Since g, () =
F(f(z)) in some neighborhood of xy, we obtain the desired result. m

Now we prove Theorem by extending the local result above to the
compact set K.

Proof of Theorem[5.1. We first note that by Lemmal5.4] for each z¢ € K,
there exist 7, € C°(R") and a neighborhood U, of x( such that g, defined
by

Gro () = F(f (20))7ao () + D ¢ ((f(x) = f(0))7a0 (2))!
j=1

satisfies g, (z) = F(f(z)) on Uy,. Since K C U, g Uz, and K is com-
pact, there exist {Jjj}é-vzl C K such that the corresponding neighborhoods
{Us; }jvzl cover K. Now we set hi(z) = 74, (x) and

hj(@) = 7, (@) (1 = 72y (2)) - - (L= 7y, (2)) (G =2,...,N).
Since 7, (x) = 1 and g4;(x) = F(f(x)) on Uy, (j = 1,...,N), we easily
see that Zévzl hj(xz) =1 on K. Therefore g € MPH(R™) defined by g(z) =
Z;V:l hj(x)gs, (v) satisfies

N N
g(@) =Y hj(@)F(f(2)) = F(f(2)) Y hj(x) = F(f(x))
i=1 ‘

7=1
forallze K. m

Under a mild extra condition on f (respectively F'), one can extend the
local result to the following global result.

THEOREM 5.5. Let 1 <p < o0, s>0, f € M§71(R“) and F be analytic
on an open neighborhood of f(R™) U {0} with F(0) = 0. Then there exists
g € MPY(R™) such that g(x) = F(f(x)).

Proof. Since F is analytic on a neighborhood of 0 with F'(0) = 0, there
exists g > 0 such that F(z) has the power series representation

o0

F(z) =Y ¢z (|z] <=0).

j=1
It follows from Theorem that for any ¢ with 0 < & < g, there exists
¢ € C°(R™) such that
1 = 6fllie S If — &Fll s < /e
where the constant c is as in Lemma (iv). Now we set
o
go(x) =Y _¢j(f(2) — ¢(x) f(2))”.

J=1
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Then go € MPH(R™) and go(x) = F(f(x) — ¢(2)f(x)) = F(f(x)) for x ¢
supp ¢. On the other hand, let 79 € C2°(R™) be such that 79(z) = 1 on
supp ¢. Then Theorem [5.1] yields g1 € MP"'(R") such that g1 (z) = F(f())
on supp 79. Now we set

9(x) = (1 = 710(x))g0(x) + 70(x)g1 ().
We note that ¢ € MP'(R™). If 2 € supp ¢, then 75(z) = 1 and gi(x) =
F(f(x)), and thus g(z) = F(f(z)). Moreover, if x € supp 7 \ supp ¢, then
gole) = F(f(z) — 6(@)]() = F(f(x)) and ga(a) = F(J(x)). and thus
g(x) = F(f(x)). Finally, if = & supp 79, then 79(z) = 0 and go(z) = F(f(z)),
and thus g(z) = F(f(z)). =

As an application of Theorem [5.1} we obtam the following version of
Wiener’s general Tauberian theorem for MP'(R™) (cf. [32, Theorem 1.4.1],
[21, Ch. VIII. 6.4]).

THEOREM 5.6. Let 1 <p<oo,s>0, f e ME’I(R”) and I be a closed
ideal in Mf’l(R"). If I is generated by one function f in Mf’l(R”), then
I =MPYR™) if and only if f(z) # 0 (z € R™).

Proof. Suppose that I = Mg”l(R”). Since [ is the closed ideal generated
by f € MP'(R™), we see that I is equal to the closure in M?! (R™) of the set

N
{Z)\Jgf)]f ‘ )\j € C, gbj S Mf’l(Rn), N e N}
j=1
If f(zo) = 0 for some xp € R", then g(xg) = 0 for all g € I. Since
S(R™) ¢ MP'(R™), this contradicts I = M (R™).

Conversely, suppose that f(z) # 0 for all z € R™. Let K be a compact
subset of R™ and ¢ € C°(R"™) be such that supp ¢ C K. Since F(z) =1/z
is analytic on C\ {0} and f(z) # 0 for all z € K, it follows from Theo-
rem that there exists g € MP'(R") such that fg =1 on K. Since f € I
and [ is an ideal in Mf’l(R”), we have ¢ = ¢g - f € I. Moreover, since
C=(R") is dense in MPH(R™) (see Lemma and Theorem, we obtain
I=MPYR").

REMARK 5.7. By Lemma [.4] the ideal I in Theorem is a closed
modulation invariant subspace of M?'(R™). Thus I is equal to the closure
in MP(R™) of the set

N
A= {3 neme f(a) ‘ X €C, 1 € R, N € N}.
j=1
As a corollary of Theorem [5.6], we also obtain a variant of Wiener’s ap-

proximation theorem for the Wiener amalgam space W (FLP ¢1)(R") (cf.
[32, Theorem 1.4.8]).
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COROLLARY 5.8. Let 1 < p < o0, s > 0 and W(FLP,(})(R"™) be the
Wiener amalgam space consisting of all f € S'(R™) such that f € MP'(R™)
with the norm Hﬂ’w(]—‘m,eg) = || fllypa- Then for any f e W(FL», (1)(R"),
we have f(x) # 0 for all x € R™ if and only if the set

N
f(A)Z{Z)\jf(ﬁ—ﬁj)))vGQ n; € R, NGN}
j=1

is dense in W (FLP,(L)(R™).
Proof. Let f € W(FLP,(1)(R™). We first assume that f(z) # 0 for all

z € R™. Then Remark implies that for any g € W (FLP,¢})(R") and
e > 0, there exist {)\j}évzl C C and {nj}j»v:l C R” such that

N N
Hﬁ— ;)‘jf(g B nj)HW(pr,eg) - Hg h j;)‘jemjxﬂx)HMg’l <&

Therefore, F(A) is dense in W (FLP, £1)(R™). Conversely, assume that F(A)
is dense in W(FLP,¢})(R"). Then the set A in Remark is dense in
MP(R™). Hence Theorem implies that f(z) #0 for all z € R". =

REMARK 5.9. The same ideas apply to the case of e.g. finitely many
functions fi, ..., fr without common zero.

6. Sets of spectral synthesis for Mf’l(R”). In this section, we con-
sider the sets of spectral synthesis for MY ’I(R”). Throughout this section,
X stands for MPH(R™) (1 <p < 00, s > 0) or FLYR") (s > 0).

DEFINITION 6.1. Let E be a closed subset of R™ and I(E) be the set
defined in Lemma Define J(F) as the closed ideal in X generated by

Jo(E) ={f € X | f(z) =0 in a neighborhood of E}.
Then E is called a set of spectral synthesis for X if I(E) = J(E).

REMARK 6.2. We can easily see that E is a set of spectral synthesis for
X if and only if 2 + F is a set of spectral synthesis for X for some/any
x e R™

We shall prove the following result.

THEOREM 6.3. Let 1 < p <2, s >0 and K be a closed subset of R".
Then K 1is a set of spectral synthesis for Mf’l(R") if and only if K is a set
of spectral synthesis for FLL(R™).

6.1. Technical lemmas. To prove Theorem|[6.3] we use the “ideal theory
for Segal algebras” developed by Reiter |31, Ch. 6, §2| (see also [5], 32]). In
the following, we denote by (FL!). the space defined in Lemma [2.10}
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LEMMA 6.4. Let s > 0 and I be a closed ideal in FLL(R™). Then I is
the closure of I N (FLL). in FLL(RM).

Proof. Since I N (FLY). C I and I is closed in FL.(R™), the closure of
IN(FLY). in FLI(R") is contained in I. We next show that I is contained
in the closure of I N (FL!). in FLL(R"). Let f € I. Then, by Lemma
for any € > 0, there exists ¢ € CZ°(R") such that ||f — ¢f[|rr1 < e. Since
I is an ideal in FL!(R"™), we have ¢f € I N (FL!).. Hence we obtain the
desired result. m

LEMMA 6.5. Let 1 < p <2 and s > 0. Suppose that I and I' are closed
ideals in FLL(R™). Then

(i) InMPYR™) is a closed ideal in MP'(R™).
(ii) If InMPYR™) =T' 0 MPY(R™), then I =TI,

Proof. (i) We first prove that I N MP'(R™) is an ideal in MP'(R™). Let
felInMP'(R" and g € MP'(R™). Since MP'(R™) is a multiplication
algebra, we see that fg € MP'(R™). Moreover, since M (R™) < FLL(R™)
and I is an ideal in FLY(R™), we have fg € I. Hence fg € 1N MP!(R") for
any f € INMP'(R™) and g € MP'(R™), as desired.

We next prove INMP' (R™) is closed in MP'(R™). Let f be in the closure
of I N MP'(R™) in MP'(R™). Then there exists {f,}°_; € I N MPYR?)
such that || fn— |51 — 0 (m — 00). We note that M (R") — FLL(R"),
and thus [|fm — fllFrr — 0 (m — oo). Since I is closed in FLLYR™) and
MP'(R™) is complete, we obtain f € I N MP'(R™), as desired.

(i) Since INMP'N(FLY). = 'NMP N (FLY), and (FLY). — MPH(R™),
we have I N (FLL). = I' N (FLL).. Thus it follows from Lemma that
I=I.»u

PROPOSITION 6.6. Let 1 < p <2 and s > 0. Then for any closed ideal
Ing in MPY(R™), the ideal I in FLL(R™) defined by the closure of Iy in
FLYR™) satisfies Iny = Ir N MPH(R™).

Proof. Let Iy be a closed ideal in Msp’l(R”) and define I} as the closure
of Iny N (FLY). in FLLY(R™). Then I} is a closed ideal in FLL(R™). To see
that I}, is an ideal in FLL(R"), let f € I}, and g € FLL(R"). Then there
exists {fm}me1 C Ine N (FLY)e such that [|f — fullzrr — 0 (m — o).
Since f,, € (FL!)., there exists 1, € C>°(R"™) such that ¢,,(z) = 1 on
Supp fm. Then ¢pg € (FLL), < MP'(R™). Therefore g - fm € Inr, and
thus fng = fn - Ymg € Ing N (FLL).. Moreover, since

1f9 = fmgllroy S f = fmllFrillgllzzy = 0 (m — o0),
we have fg € I},. Hence, I} is an ideal in FLL(R").
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Next, we prove that Ir is equal to I.. Let f € Ir. Then for any € > 0,
there exists g € Iy such that [|f — g[|z1 < e. On the other hand, Theo-
rem (3.1 implies that there exists ¢ € C°(R") such that ||g — ¢g|l,,p1 < €.

Hence ¢g € Iy € MP'(R") — FLY{(R™). Thus ¢g € Ip; N (FLL). and

If = ogllFrr < Nf —gllrrr + 199 — 9llFr2
S =gllrey + 169 — gl Se

which yields Ir C I};. The reverse inclusion is clear.

Finally, we prove Ipy = Igp N M:f’l(R”). Since Ipy C Ip and Ip C
MPHR™), we see that Iny = Iy N MPYR™) € Ip N MP'(R™). On the
other hand, let f € Ir N Mf’l(R”) and € > 0. By Theorem there ex-
ists ¢ € C°(R™) such that [[f — ¢f]|»p1 < e Now we take ¢ € C°(R")
with ¢(x) = 1 on supp ¢. Since f € Irp = I}, there exists h € Ipy N (FLL).
such that [|f — hllFz1 < . Then ¢h € Iy;. Since FLL(R") <

e
el 11901 21 1

Mg’o’l(R”) (see the proof of Lemma , we obtain
1F = Bhllygr < 1F = 65 yger + ko6 (F — )y
SIF = 6fllymr + Il l6CF = 1)l
SN =ofllper + Nl yrallo(f — )l Fr
SN =oflpper + el ypallllzral £ = hllFrr-

Therefore f is in the closure of Ip; in MY ’1(R”). Since Ips is closed in
]\/[f’l(R”)7 we get the desired result. m

REMARK 6.7. Let Ip; and I}, be closed ideals in M?'(R™), and Ir be
the closure of Ips in FLL(R™). If the closure of I}, in FLL(R") is equal
to Ir, then Proposition implies that Ips = I},.

Combining Lemma [6.5] and Proposition we obtain the following re-
sult.

THEOREM 6.8 (The ideal theory for Segal algebras). Let 1 < p < 2,
s >0, I be the set of all closed ideals in FLL(R™), and Iy be the set of all
closed ideals in MP'(R™). Define v : Tp — Tyy by o(Ip) = Ip N MPH(R™).
Then v s bijective. More precisely,
6_1<IM) — 7MH”]:L% (IM c IM)
and
(T N7ty = T e R = 1,

where EH'”F@ denotes the closure of Iny in FLL(R™).
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6.2. The proof of Theorem For a closed subset K of R, we set
Ip(K) = {f € FLY(R") | flx = 0} and Iyr(K) = {f € ME" (R")| f|x =0}
Moreover, we define Jp(K) as the closure of {f € FLLYR") | f(z) = 0
in a neighborhood of K} in FLL(R™), and similarly Jy;(K) as the closure
of {f € MP'(R™) | f(x) = 0 in a neighborhood of K} in M?'(R™). Then
Jp(K) is the smallest closed ideal I in FLL(R"™) with Nyer ff{o}) = K
(see [32, Proposition 2.4.5]). Similarly, Jys(K) is the smallest closed ideal
I in MP'(R™) with Nyer F71({0}) = K (see Theorems [5.1) and . Thus
Proposition [6.6]implies that I (K) = Jy(K) if and only T 15 (K) = Jp(K).
Therefore, K is a set of spectral synthesis for MY ’1(R”) if and only if K is
a set of spectral synthesis for FLL(R").

6.3. Examples. As an application of Theorem [6.3] we show some con-
crete examples of sets of spectral synthesis for MY ’I(R”).

EXAMPLE 6.9 (cf. [32, Theorem 2.7.6]). Let 1 < p < 2. Then a circle
in R? is a set of spectral synthesis for MP'(R2) if 0 < s < 1/2, but not if
s>1/2.

EXAMPLE 6.10 (cf. [32, Theorem 2.7.7]). Let 1 <p <2 and s > 0. Then
the sphere S"~! C R” is not a set of spectral synthesis for MY ’1(R”) if
n > 3.

EXAMPLE 6.11 (cf. [32] Theorem 2.7.9]). Let 1 < p < 2. Single points of
R” are sets of spectral synthesis for Mf’l(R”), ifo0<s<1.

EXAMPLE 6.12 (cf. [32] Theorem 2.7.10]). Let 1 < p < 2 and s > 0.

Then a closed ball in R™ is a set of spectral synthesis for M} ’I(R") and so
is the complement of an open ball in R™.

7. Spectral synthesis revisited. As mentioned in Section if 1<
p < 2and 0 < s < 1, then single points of R™ are sets of spectral synthe-
sis for MP'(R™). In this section we will prove this directly without using
Theorem [6.3] and also for p > 2.

THEOREM 7.1. Let 1 <p < o0, 0<s <1 andxy € R". Then {xo} is a
set of spectral synthesis in MP(R™).

7.1. Technical lemmas

LEMMA 7.2. For anyty € R™ and R > 0, there exist pM), () € C2(R™)
such that 1 = Y xp@) satisfies h(x) = 1 on Br(to) and supp 1) C Bsg(to).

Proof. Let g € C2°(R™) be such that g(x) > 0 (x € R"), g(z) =1 on
Br(0) and supp g C Bag(0). Define 1M, (2 € C2(R™) by

W) =g(5) and v = 2gle - ),




76 H. G. Feichtinger, M. Kobayashi and E. Sato

respectively, and set 1) = (1) %)) Then 1) satisfies the desired conditions.
Indeed,

2" T —y
o) = | 00— = ég( 3 )atey - ) d.

Moreover, if x € Br(t) and |2(y—tg)| < 2R, then |x;y| < ‘x;to‘ - |t°2_y| <R,
and thus g(*5¥) = 1. Therefore,

= Hznh | g2y —t0))dy =1
Rn

on Bp(to). Furthermore, supp ") C {z € R" | |#| < 4R} and supp¢® C
{z € R" | |z — ty| < R}, and consequently supp ¢ C supp 1/J(1) + supp ¢(2) -
{z eR" ||z —1t)| <5R}. =

LeEmMA 7.3. Let (W ) € C®(R™) be such that suppy¥) C Bg(0)
for some R >0 (j = 1,2). Define ¢ = v « @) Then for 0 < s < 1 and
9 e R,

s it 1=s
| ()15~ 0) — 9(©)]de < Oyl (mac]e™ ~ 1)
RTL
Proof. We first note that since w ¢ ) 2) we have

V(€ =) —b(€)

= (€ = 0) — ()P (€ — 0) + P (E) (PR (€ — 9) — P)(€)).

Then it follows from the Cauchy—Schwarz inequality and the Plancherel the-
orem that

J (©°10(€ —0) = D(&)] dé
Rn
< (§ 100 - 0) - oD (©2dg) (| (>0~ )2dg)
Rn Rn

+ (] 0P —0) - w2 de) (| @i - o) ae)

R” R»
= [ Famsel(€” = D)o @))(€) ]2 mp) (9)°1(6)° b (¢ ) z2my)
[ Famel (¢ = 1@ (@)](6) | 2z (9)°146) 0 DD ()] 2 ®R?)-

We note that [¢?’* — 1| < min {2, |92|}, and for j = 1,2, it follows from the
Plancherel theorem that

IFomsel (e = DV @) (€)ll 2 rp) = 2m)" (1™ = 1)y (@)] 2 ryp) -
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Moreover, since supp 1Y) € Br(0) (j = 1,2), we obtain

[ Foel(e™ = 19D @) 2grg) (1 + [91°)
max |et* _ 1—s . 0 12 S
< <‘x|33\eﬁ 1\) (én e — 15| (2)]) dx) 1+ [9))

< (gl = 1) § e @)

Rn
+ 2°|9)° (max |eiVe — 1\)1_S< S W) (2))? dac) 1/27
R~

which yields the desired inequality. m

Now we prepare a lemma which corresponds to a weighted version of
Bhimani-Ratnakumar’s [3, Proposition 3.14].

LEMMA 7.4. Let 0 < s < 1, f € MY (R"), 29 € R™ and € > 0. Then
there exists ¢ € C°(R™) such that

@) 10 = Flao))dllyn < e,
(ii) ¢(x) =1 in some neighborhood of xy.

Proof. Take ¢ = (M) xp(2) € C®(R™) as in Lemmawith to = 0 and
R =1,1ie., 9¢(z) =1on Bi(0) and suppy C Bs(0). Define ¢)(z) = ¢(Ax)
and h(z) = (f(z) — f(20))¥r(z — 20) for A > 0. We note that if A > 5 and
x € supp h*, then ¥ (x — 2¢) = 1. Thus h*(z) = h*(z)(x — 20).

Without loss of generality, we may assume zg = 0 (see Remark . Let
go(t) = e 1P/2 (t e R") and A > 5. By (2.1, we have

1M1 p20 = [[14€)° Voo h* (2, )]

RY)
= (2m) " I4E) Va RN E ~2)ls el s gy
Since gy = (277)”/290, g6 = go and hM(x) = b (z)y(z), by we obtain
Va hAE, —2) = (2m) ™2V (WA # 9)(€, )
= (2m) 2 (B 5 g x M g0)(€).
Thus by the Fubini theorem and the Minkowski inequality for integrals,

113520 = @m) 7 [146) Vi A€ ~2) oy 1 g
~ || I1€) hA“/J*M—xgo)( )HLl(R?)HLI(Rg)
< K6 BA (&) 2 ey 1) (D * M_g0) Ol | 11 ey
= [ B L 19 gy
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Since B (C) = (27) (W * F)(C) — FO)IA(C) and $a(C) = = (C/N), we

have

O = e | T =mdn = s (§ Foman) (0
R7 R"
= o L T (5(557) = 0(5) )

Rn
and thus we obtain by Lemma choosing ¥ = /A and A > 5,

Pl < § (55§ ©[5(557) = 8(5)|ac) Fmian

R" R"
<X | ( j @(5 - Z) - zZ(é)‘ d€> [Fn)] dn
R *R"
s i%t B 1-s ~
s i (max | = 11) 1)l dn
We note that M} (R") = FLL(R"), and also (max < [e3 = 1)) < 2

1=s 5 0 as A — oo. Therefore the Lebesgue con-

and (maxj<4 '3t — 1))
vergence theorem yields ||<->SEX||L1(Rn) — 0 (A = o0). Therefore, for any
e > 0, there exists A\g > 0 such that Hh)\OHMSl,l < €. Hence, by putting
() = i, (x), we arrive at the desired result. =

Next we prepare a lemma, which corresponds to a weighted version of
Bhimani’s [2, Proposition 4.7].

LEMMA 7.5. Let 1 <p < o0, 0<s <1, fe MPR"), zg € R" and
€ > 0. Then there exists T € C°(R™) such that
6) 10F = Fa))rl g <=,

(ii) 7(z) =1 in some neighborhood of xy.

Proof. Let ¢ € C°(R™) be such that ¢¥(z) = 1 on some neighborhood
of xg, and set h(z) = (f(x) — f(xo))y(x). We note that h(zg) = 0. Since
h e MY (R, Lemma implies that there exists ¢ € C2°(R"™) such that
[(h = h(x0))¢|l 10 < € and ¢ = 1 on some neighborhood of x. Now we
define 7 = ¢ € C(R"™). Then 7 = 1 on some neighborhood of zy, and
from M (R") < MP'(R™) we have

1(f = f(@o))Tllyma = (A = h(z0)) @l pyra S || (B — B(20))[ py10-
Hence we obtain the desired result. =

REMARK 7.6. Recall that M?!(R") is a Banach algebra. Then it follows
from Lemma that M?'(R™) satisfies the condition of Wiener-Ditkin (see
[16], |31, Ch. 2, §4.3|, [32, Definition 2.4.7|), i.e., for every point xg € R",
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any function f € MY ’1(R”) vanishing at xy and any neighborhood Uy of 0
in MP'(R™), there exists 7 € M?'(R") such that (i) 7 is constant 1 near
xo, and (i) f -7 € Up.

7.2. The proof of Theorem We first observe that Jo({zo}) C
I({xo}). Since J({xo}) is the smallest closed ideal containing Jo({zo}), it
follows from Lemma [4.3] that J({zo}) C I({zo}). We next prove I({zo}) C
J({xo}). Since I({xo}) is a closed ideal with Jy({zo}) C I({zo}), it suffices
to prove that I({zo}) C Jo({zo}). Let f € I({zo}) and € > 0. We note that
f(zo) = 0. By Lemma , there exists 7 € C2°(R™) such that [|7f[[}p1 <&
and 7(xr) = 1 on some neighborhood of zy. Now we set ¢ = (1 — 7)f.
Then g = f — 7f € MP*(R™), g(z) = 0 on some neighborhood of zy and
1f = gllppr = [T fllyp1 < &. Hence we obtain the desired result.

8. Inclusion relation between M?!' and FA,. In this section, we
consider the inclusion relation between the modulation space MP!(R) and
the Fourier Segal algebra FA,(R). Here, FA,(R) is the space defined by the
norm R

1fll 2, = [[fllze + 1 F N 21

We note that since FA,(R) is the Fourier image of the Segal algebra A,(R)
which is defined by the norm

1flla, = 1A llze + [ f1] 1
(see [8, B} 32, [40] for more details), FA,(R) is an (abstract) Segal algebra
in A(R)(= FL{(R)) in the following sense.

(i) FAp(R) is a commutative Banach algebra with pointwise multiplication
and the norm || f||za,, .
(ii) FAp(R) is a dense subset of the Fourier algebra A(R).
(iii) FA,(R) is isometrically invariant under modulation operators:

| Me fllza, = I1fll 72, V€ €R.

Moreover, FA,(R) has similar properties to A(R) (see [25] 26]). On the

other hand, Lemmas and imply that MP'(R) < FA,(R) for
1 < p < 2. Therefore, it is natural to ask whether MP!(R) is a proper

subset of FA,(R).

THEOREM 8.1. For 1 < p < 2 we have the proper, dense inclusion
MPH(R) C FAp(R).

We remark that Losert’s [28, Theorem 2| implies that Theorem holds
for p=1.

8.1. A technical lemma. To prove Theorem [8.I] we prepare the fol-
lowing lemma.
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LEMMA 8.2. Let K be a compact subset of R. Then for any € > 0, there
exist a discrete measure p € M(R) and m, N € N for which the following
conditions hold:

(1) llellamwy =1 and ||l <e.
(ii) supp p consists of 2™ different points and is expressed as

m
SUpp p = {37 €R ‘ z=Y ajNj,a; =0,1, N; = 2j_1N},
j=1

(iii) The sets {—z + K | x € supp p} are mutually disjoint.

Proof. Our proof is based on the argument due to Kahane [20, pp. 34—
36|, which is also known as the Rudin—Shapiro method. Let ¢ > 0 and take

m € N such that 22~ % < e. We choose N € N such that the sets
m
{-> N+ K ‘ aj =0,1, Nj = 27! N}
j=1
are mutually disjoint for different choices of o; € {0,1}, and then define
Wiy Vj GM(R) (]Z 1,...,m) by po = v9 = dg and
= pj-1 +vji-1 % 0N, vi=pio1 —vixon,  (G=1,...,m).
We note that the set { 3°7"; ;N | aij = 0,1} consists of 2™ different points,
and thus || pm||aprr) = 2™ Moreover, it follows from
(o1 % 11 % 0,) () = Fi(6) £ 771N (G =1,...,m)
that
| (&) + [7m (€)1 = 2(|itm—1 () * + [7m—1(€)?)
= 2" ([ (€)1 + [ (§)F) = 2"
This implies that
— — — m+1
Bm(E)] < (Am@P + 17m(€)P)/? <2727
Now we set 1 = 27" i, Then we can easily see that ||ulpm) =1 and

~ _ m+1 1_m
|Gl <27™m2%2 = 2275 <e.
Hence, we obtain the desired result. m

REMARK 8.3. We note that p can also be expressed as

_ —m
p=2 Z C(al,~~-,012m)5041N1+-~~+a2msza
a;=0,1
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where each term C(q, | . a,,,) is equal to 1 or —1. For the sake of simplicity,
we simply write u = 23:1 ajdy;) with supppu = {£(j) e N | j=1,...,2™},
where a; =27 or a; = —27"™.
REMARK 8.4. Let 1 < p < 2 and choose r € N such that o1/2-r(1/p—1/2)

< e. In the same way as above, we define v € M(R) by

2T

v =2 =Y Do)

j=1
Then 25;1 b;|P =1, ||P|| = < € and the sets {—N(j) + K | N(j) € suppv}
are mutually disjoint.

8.2. The proof of Theorem (i) We first consider the case 1 <
p < 2. As mentioned at the beginning of Section [8, MP1(R) C FA,(R).
Let ¢ € C°(R) \ {0} be such that K = supp¢ C [—1/10,1/10]. Then
Lemma implies that for any € > 0, there exist p € M(R) and m € N
such that [[ul[prry = 1, 1]l < € and

suppp={l(j) e N |j=1,...,2™}
where the sets {—¢(j) + K | £(j) € supp u} are mutually disjoint. It follows
from Remark that p can be represented as p = Z:j:l a;jdy;) with £(j) €
supp pr and aj = 27" or aj = —27™. Moreover, since ¢ € LP(R), we see that
for any n > 0, there exists a compact subset K, = [-R, R] C R for some
R > 0 such that SR\K,, |p(£)|P d§ < n. Furthermore, by Remark there
exist r, N € N and v = 25;1 bjon() € M(R) such that 232;1 |b;|P =1,
|7]| L < e and
suppy = (N(j) €N | j=1,...,2'},
where the sets {—N(j) + K, | N(j) € suppr} are mutually disjoint, and
bj = 27"/P or bj = —2T/p,
Now we define f by f = px (Vo).
STEP 1. Firstly, we estimate ||f||3m1. Let ¢ € S(R) be such that
Yorez (€ —k) =1, suppy C [-1,1] and p(§) = 1 on [~1/10,1/10]. Since

GE ((ijaj%) « (99))(€) = S a36)(E - (),
j=1 j=1

we have

p(& — £(k) F(€) = an (D) (€ — L(k))
and

o(D = k)f(z) = 2= [ 09)(¢ — (k)€™ dg = are™ M F 1 () (a).
R
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Therefore,

(D = k) fllee = lag [F @)l = lar] v+ (F~1¢)| 1.
On the other hand, since v = Z?;l bjdn (), we have

y
v (F)ler = | Y0 (F10) = N ()
j=1

Moreover, since {—N(j) + K,} are mutually disjoint and

27 27 27
p_ 1 P 1
‘AWL E 1: Bj‘ > §|A\p - ‘ E lBj) > 27|A|p -2 E 1:|Bj|p7
= i= i=

we obtain

\Zb F6)(w - NG|
= Z b ((xxc, - (F7'o) (@ = N(5)) + (xmyk, - (F 1)@ = N(5))

.
> 50 S lae, - (F )@ — NG
7=1
,
=27 Y Pl ek, - (F L)) @ — NG)P
j=1

Since 23;1 b;|P = 1, we have
v+ (F~ o) 7
2”‘
1 _ )
> S0 (5§l - (F 1) = NP o
j=1 R

— 27 | |(xm, - (F10)) (@ - N(j))\pdw)

R

,
=S (g VIF P27 | 17 e i)
j=1

Ky R\Ky
1 — T
= o IF 6l = (1 +27)n.

Putting n = | F~ 1o} ,, we obtain

2p+1( 1+2W

I (F71) o 2 IF =4 o

- 21+1/p
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Hence from ||ul[prr) = S22 ag| = 1 we have

s = S 160D = B)fleo 2 5 (Z o )IIF 61|

kEZ
1 -1
= WHJ: llrs

STEP 2. Secondly, we show that Hf||L1 < 6H¢HL1 Since f = p * (U9),
2m 2m
I7]|Lee < € and p = Z] 1(1]54(]) with ||,u||M = Z] 1 laj| =1, we find
that

1l < Z @i (o) (- = LGl < [Plres ]l Z laj| < ellgllr-

J=1 J=1
STEP 3. Thirdly, we show that || f|r» < el|F1¢|/Lr. We note that

f(@) = F~ (s (76)) (Z% 76)(- — (7)) ) (@)
= % a; (|96 — 0G)a(€ - e5))e* de)
Jj=1 R

-
=" 0™ D F T (59)(2) = (=) (1 + (F~'6))(@)):
j=1

Therefore,
e < Pllzeollie* (F7 o)ze < P poe vl anery IF Sllze < el F 1)z,

STEP 4. We note that if MP'(R) = FA,(R) set-theoretically, then the
closed graph theorem implies that the norms on both spaces are equivalent.
Therefore

1 _
pyesyrL ol < I fllawa S 11y ry

=l + 1f e < e(lllze + 17 ll10).

Since ¢ # 0, this is impossible. Hence we obtain the desired result.

(ii) Finally, we consider the case p = 2. Set I, = [k — 1/(logk)?, k +
1/(logk)? (k € N) and define f by f(¢) = S22 10 x1,.(€)/k, where xp
denotes the characteristic function of a set E C R. Moreover, let ¢ € S(R)
be such that » , ., 0({ — k) =1 (£ € R) and ¢(§) = 1 on [-1/10,1/10].
Then

o0

171z < DNl = k)l < Y k:<1g2k> =

keZ k=el0
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and
wm = NS 2 V2
e == (32 08) " = ( 2 o) <

Therefore f € FA2(R). On the other hand, it follows from the Plancherel
theorem that

oo 00
7 Ixz 2 2
[z =D (= k) Flle= ) e =y = =
keZ k=el0 k k—el0 k(loge k)

Thus f € M>'(R). Hence f € FA3(R) \ M*'(R).
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