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ON PRIME NUMBERS p, ¢, AND
SUCH THAT pq, pr, AND ¢ ARE PSEUDOPRIMES

BY

K. SZYMICZEX (KATOWICE)

Rotkiewicz [5] has shown that for every prime number P 5t 2, 8,

5, 7,13 there exists a prime ¢ > p such that pq is a pseudoprime (1),
This theorem implies that there exist infinitely many pseudoprimes of
the form M, M,, where M, = 2" 1 and p, ¢ are distinet primes (ef. [6]).
- The purpose of this paper is to prove that for infinitely many primes

p of the form 8k-1 there exist primes ¢ and » such that pgq, pr and gr

are all pseudoprimes. The proof of this theorem is based on deep results -

concerning fourth power residues [2], quadratic forms [10] and the
existence of two prime primitive divisors of the number a®— b" [7].

From our theorem we conclude that there exists an infinity of
pseudoprimes of the form M, M,M,, where p, ¢ and » are distinet primes.
We also remark that there is an infinity of pseudoprimes M, M,, where ¢
is a composed number.

The following notation is used: ¢(n) is Fuler’s totient function;
[m,n,l] — the least common multiple of My, n, Ly A(m) — the least
natural number A such that m|2?—1.

It may be easily seen that an odd composed number m is pseudo-
prime if and only if A(m)m—1.

Leymva 1. If m, n, 1 are pairwise relatively prime, then A(mnl)
= [4(m), A(n), 4(1)].

LEMMA 2. A(M,) =n. If (m,n) =1, then A(M,M,,) = ma.

LeMMA 3. If p, q are primes and p < q, then the Jollowing conditions
are equivalent:

(a) pq|2™—2,

(b) p|29—2 and ¢|2"—2,

(c) pgl2*?—1.

1) A number m is said to be a pseudoprime if it is composed and m|2™— 2,
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Lemma 1 is known (ef. [1], p. 144, or [9], lemma 4). Lemma 2 results
from the definition of A(m) and from Lemma 1.

Proof of Lemma 3. The equivalence of (a) and (b) was proved
by Jeans [3] (see also [4]). In order to prove that (b) implies (¢) we
observe that if A(p)lg—1 and A(g)|p—1, then A(p) and 4(q) are divisors
of ¢g—p = (¢—1)—(p—1), because A(p)|p —1 &nd A(g)lg—1 in view
of Fermat’s little theorem. Thus pg|2° " —1. On the other hand, if (c)
holds, then A(p)lg—p = (g—1)—(p—1) and 4(p)[p—1, hence A(p)lg—1.
Similarly 4(¢)lp—1 and we obtain (b).

TuEOREM 1. Let p be a prime number of the form 8k--1. If the number 2
is a fourth power residue mod p, then there exist prime numbers q and r
(p # q # 1 # p) such that all the numbers pg, pr and qr are pseudoprimes.

Remarks. 1. The assumption that 2 is a fourth power residue
mod p may be replaced by the equivalent condition pl2®-DA_1.

2. Gauss [2] has proved that 2 is a fourth power residue mod p
if and only if p is of the form - 64y

3. From a theorem of Dirichlet and Weber [10] we conclude that
there is an infinity of primes of the form 2464y All these numbers
are clearly of the form 8k-1.

Hence from Theorem 1 follows

TaEorREM 2. For infinitely many primes p of the form 8k-+1 there
exvist primes q and v (p # q #r % p) such that all the numbers pq, pr
and qr are pseudoprimes. :

Proof of Theorem 1. Let p = 8k+1 be a prime. According to
the first remark we may suppose that p|2®~D*—1.

We first consider the case when p is of the form lﬁk +1. In view of
a theorem of Zsigmondy [11] there exist primes ¢ and r such that 4(q)
= (p—1)/2, A(r) =p—1 and (p—1)/2|¢g—1, p—1lr—1. We shall prove
that p —1|¢g—1. Contrary to this let us suppose that

p—1

g—1 === (2t+1).

Then ¢ = 8k(2t4+1)-+1 and the number 2 is a quadratic residue mod g.
Thus

gl Ve 1 = gP-DEHs_q

and we obtain

4@ =2~

p—1
2 4

~(2t+1)
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Thus e.g. the numbers My M My, MyMyMgy, My MM,y
are pseudoprimes.

We may also state fthe following

COROLLARY 2. There exist infinitely many triplets of distinet primes
Py 4, r such that all the numbers pq, pr, qr, pgr, My M,, M, M,, M M., M,,,
Mpyry Mgpy Mpo M,y Mp My, Mo My, My, MM M, are pseudoprimes.

Proof. Let us suppose that p,q,r are distinet primes and the
numbers pq, pr, ¢r are pseudoprimes. Thus A(p)lg—1 and A(p)lr—1,
which simultaneously with A(p)|p—1 yields 4(p)|pgr—1. Similarly A(q)

~and A(r) are divisors of pgr—1. Hence, by Lemma 1, A(pgr) = [4(p),

A(q), A()]lpgr—1 and pgr is a pseudoprime. The numbers M,M,,
M,M,, M, M, are pseudoprimes in view of [6]. It is known that if m
is a pseudoprime, then J7,, is also a pseudoprime (see [8]), thus the
numbers Mp,, M,., M,., M,, are pseudoprimes. In view of Theorem 3
the number M, M, M, is a pseudoprime and it remains to prove that
Mp M, is a pseudoprime. By our agsumption p|M,—1 and ¢| M,—1, thus
pg|M,—1. The number M,, is a pseudoprime, so pg|M,,—1. Thus pg|
M, M,—1. In an analogous way we obtain »|M,,M,—1. Since (pg,?) =1
we have (M,,, M,) =1 and so, by Lemma 1, A(M,,M,) = [4(M,,),
A(M,)] = pgr. Finally we have pgr|M,,M,—1 and M, M, is a pseudo-
prime. By the symmetry M,,.M, and M, M, are also pseudoprimes, which
completes the proof.

We also remark that if p = 43, ¢ = 127, r = 337, s = 5419, then
all the numbers pgq, pr, ps, qr, ¢s, s are pseudoprimes.

Corollary 2 implies that there exist pseudoprimes of the form M, My,
where ¢ is a composed number. In this connection we shall prove

THEOREM 4. If p = 8k-+7 is a prime and t = 27P DB {hen the
number My M, is a pseudoprime.

Proof. It is known that 2 is a quadratic residue of primes p of the
form 8%+ 7. According to Fuler’s criterion we have p|2?~V*_1, Putfing
m = max(p,t), n = min(p,t) we get m £ n and (m,n) = 1.

Since m—mn = £[(27*-D)_1)—(p—1)], we can write (p—1)/2|
m—mn. Then p|2™ "—1, and either p|2™—2 or p|2"—2, and so, by
2?2&___277’&712,_1 — 2??&_2_(2??1,7%_1) - 2mﬁn(2n_2)+2mmn¥1’ we h&VB

p|2mf_ 27?1*?3_1 i

Because @((p~1)/2)<% we obtain  mn|2"(2"—2™""—1), which
gives mn|M,M,—1. By Lemma 2 we have A(M,,M,) = mn, and thus
M, M, is a pseudoprime, which completes the proof.

Tor example, (27—1)(2'—1), (226—1)(2:"°—1), (2% —1)(22*—1) are
pseundoprimes, -






