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p-Integrality of canonical coordinates
by

DANIEL VARGAS-MONTOYA

Abstract. Let L be a differential operator with coefficients in Q(z) of order n > 2
with maximal unipotent monodromy at zero. We are interested in determining when the
canonical coordinate of L belongs to Zy[[z]]. For this purpose, motivated by a recent
conjecture due to P. Candelas, X. de la Ossa and D. van Straten (2021), we study the
situation when L has a strong Frobenius structure @ = (¢; j)1<i,j<n € Mn(Zy[[2]]) such
that ¢1,1(0) = 1. We then give a necessary and sufficient condition for the canonical
coordinate of L to belong to Z,[[z]] when L has such a strong Frobenius structure.

1. Introduction. In this paper we study the p-integrality of the canon-
ical coordinate of a differential operator with maxzimal unipotent monodromy

at zero. We recall that

d

L=0"+an1(2)0" 4+ +a1(2)d +ao(z) € Q(2)[d], &= S

has maximal unipotent monodromy at zero (MUM type) if, for all i €
{0,...,n — 1}, a;(2) € Q(z) N zQ[[z]]. By the Frobenius method, we know
that if L is of MUM type and n > 2 then there are unique power series

f(z) € 1+ 2Q[[z]] and g(z) € 2Q][[#]] such that
yo =f(z) and y; =f(2)logz+ g(z)

are solutions of L.
The canonical coordinate of L is the power series

1 n
q(z) := exp(y1/yo) = zexp(g(2)/§(2)) = 2(1 +> F(Q(ZW(Z)) ) € Q[[2]l.
g1
This power series is also often called the g-coordinate of L. We are interested
in determining the p-integrality of yo(z) and ¢(z), that is, we want to know
when yo(z) and ¢(z) belong to Z,|[[z]], where Z), is the ring of p-adic integers.
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Our main source of motivation comes from a recent conjecture formulated by
P. Candelas, X. de la Ossa and D. van Straten [6, Section 4.1] about Calabi—
You differential operators. A typical example of a Calabi—Yau differential
operator is

H =% —52(56 + 1)(55 + 2)(56 + 3)(56 + 4).

This differential operator appears in the work of Candelas et al. [5], where
they study a mirror family for quintic threefolds in P4. The differential op-
erator H satisfies some algebraic properties, MUM being one of them, and
also satisfies some arithmetic properties, namely, Fjy and exp(F;/Fp) belong
to Z[[z]], where Fjy and F} are solutions of H given by

5n)!
Fo:1+z(n) 2" and F) = Fylogz+ G(2),

= (n!)®
with
(5n)! " noo
n>1 ’ =1

It is clear that Fy € Z][z]], and it was proven by Lian and Yau [22] that
exp(F1/Fy) € Z[[z]]. The second fact is very surprising as G(z) is not integral
because it has unbounded denominators. In addition, it seems that for many
differential operators L of MUM type, yo and exp(y1/yo) are N-integral @
These operators are usally called Calabi—Yau operators. We refer the reader
to [4, Definition 6.5] for a precise definition.

So, a natural question is to determine when a differential operator is
of Calabi-Yau type. Almkvist et al. [I] have gathered more than 400 dif-
ferential operators of order 4 which are good candidates to be Calabi—Yau
operators. For many differential operators appearing in this list they also give
the analytic solution yp and it turns out for numerous cases that yy belongs
to Z[[z]]. Moreover, from Krattenthaler and Rivoal [2I] and Delaygue [12],
we also know that the canonical coordinate of some differential operators of
this list belongs to Z][[z]].

It is also expected that every differential operator appearing in [I] can
be obtained as a Picard-Fuchs operator associated with families of Calabi—
Yau threefolds in a one-parameter family. Following [19, Theorem 22.2.1]
or [2| p. 111], if L is a Picard—Fuchs operator then L is equipped with a
matrix @, = (¢;j)i<ij<n With coeflicients in E,,, called a strong Frobenius
structure @ Recently, P. Candelas, X. de la Ossa and D. van Straten [0,

(') A power series f(z) € Q[[2]] is said to be N-integral if there exists a non-zero
N € Q such that f(Nz) € Z[[z]].

(?) The field E,, is the field of analytic elements. In Section [2{ we give the definition
of E, and we also give the definition of strong Frobenius structure there.
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Section 4.1] formulated a conjecture about the strong Frobenius structure
for differential operators associated with a family of Calabi—Yau threefolds
in a one-parameter family.

CoNJECTURE 1.1 ([6]). Let L € Q(z)[d] be a differential operator as-
sociated with a family of Calabi—Yau threefolds in a one-parameter family.
Then, for almost every prime number p, there exists a strong Frobenius struc-
ture @y = (@i j)1<ij<a for L such that @, € My(Zy[[2]]) and ¢11(0) = 1,
$1,2(0) = 0= ¢1,3(0), and ¢1,4(0) = PP, (3), where (,(3) denotes the p-adic
analog of ((3), and X is a rational number independent of p.

As already mentioned, Conjecture [I.1]is expected to be true for the differ-
ential operators appearing in [I] and it is also expected that such differential
operators are of Calabi—Yau type. So, an interesting question is to determine
if Conjecture[L.1)implies the N-integrality of yo(z) and ¢(z). The initial moti-
vation of this paper is to answer a weaker question, namely, whether Conjec-
ture implies the p-integrality of yo(z) and ¢(z). On the one hand, we show
that the existence of a strong Frobenius structure @, € My(Z,[[2]]) implies
yo(2) € 1+ 2Zp|[[z]]. On the other hand, under the assumption ¢ 1(0) = 1,
we give a necessary and sufficient condition for ¢(z) € Z,[[z]]. This con-
dition relies on certain properties of a p-integral Frobenius structure for a
differential operator of order 2.

We point out that, thanks to Proposition if £ € Q(2)[d] is an ir-
reducible MUM Picard—Fuchs operator of order 4 then, for almost every
prime p, there exists a strong Frobenius structure @, = (¢;;(2))1<ij<a €
My(Zyl[2]]) for L such that ||@p|| = 1. Since a strong Frobenius structure
is unique up to a constant (see [I7]), Conjecture says that we should
have ¢1,1(0) = 1. Furthermore, following Dwork [I4, Lemma 6.2, (6.16)], we
know that, for almost every prime p, there is a strong Frobenius structure
I, = (7ij(2))1<ij<a € My(Ep) for £ such that 11(0)* = 1. Since a strong
Frobenius structure is unique up to a constant, Conjecture claims that
we should have &, = mfp.

1.1. Main result. Recall that for a differential operator
L=06"4an 1(2)0" "+ 4 a1(2)d + ap(2)

in Q(2)[0] the companion matriz of L is

0 1 0 0 0

0 0 1 0 0
A(z) =

0 0 0 0 1

—ap(z) —a1(z) —az(z) ... —an—2(2) —an-1(2)
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DEFINITION 1.2 (p-integral Frobenius structure). Let L be a monic dif-
ferential operator of order n in Q(z)[4] and let A(z) be the companion matrix
of L. A p-integral Frobenius structure for L is a matrix & € M, (Zp[[z]]) such
that det(®) # 0 and

0P = A(2)P — pPA(ZP).

This definition is inspired by the definition of a strong Frobenius structure
introduced by Dwork [15]. The reader can find this definition in Section [2|
The relation between both definitions is given by Proposition[5.2] where it is
shown that if L € Q(z)[0] is MUM, irreducible and equipped with a Frobenius
structure for almost every prime p then L has a p-integral Frobenius structure
for almost every prime p.

In order to state our main result, we need to introduce some notations.
With every MUM differential operator L € Q(z)[0] of order n > 2 there is
associated a MUM type differential operator L(2) € Q,[[2]][0] of order 2 which
is uniquely determined by the fact that yo = f(2) and y; = §(z)logz + g(z)
are its solutions at zero. In other words, L) = (§ — t3)(6 — t1), where

- if((;)) ty = 5hh((zz)) with b(z) = F(2) + dg(z) — f19(2).
Finally, we consider the Q,-linear operator A, : Qp[[z]] = Q,[[2]] given by
Ap(X o, >0 a(n)z™) = >, ~pa(np)z™. This Q,-linear operator is often called
the Cartier operator.

We are now ready to state our main result.

t1

THEOREM 1.3. Let L be a differential operator with coefficients in Q(z)
of order n > 2 and of MUM type. Suppose that L € Z,[[z]][6] and that
D = (¢i(2))1<ij<n is a p-integral Frobenius structure for L. Then yo(z) €
1+ 2Zp|[[z]]. Moreover, if |$11(0)| =1 then

(1) the differential operator L) belongs to Z,[[2]][6] and has a p-integral
Frobenius structure ¥ = (1; j(2))1<ij<2 such that ¥(0) = diag(1, p),
(2) the following statements are equivalent:

(a) exp(y1/y0) € Zyp[[]],

(b) yo(2) = ¥11(2)yo(2P) mod p,

(©) Ap(¥1,1(2))y0(2) = Ap(yo(2)) mod p.

Let us make a few comments.

e The condition L € Z,[[2]][d] is satisfied for almost every prime p because
L has coefficients in Q(z)NQ[[z]]. Moreover, as a consequence of Theorem|1.3
we prove in Corollary [5.1] that if L is an irreducible Picard—Fuchs equation
then yo(2) belongs to 1+ 2Zy[[z]] for almost every prime p.

e An explicit expression for ¥ is given in the proof of Theorem This
expression depends on the power series f(z) and g(z).
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e According to Theorem(6.7] the condition |¢1 1 (0)| =1 implies exp(y1/yo)?
€ Z,[[2]).

e Thanks to Lucas’ Theorem, the analytic solution yy(z) at zero of many
differential operators appearing in [I] satisfies A,(yo(z)) = yo(z) mod p for
almost every prime p. We recall that it is hoped that the differential opera-
tors appearing in [I] are Calabi-Yau operators. In particular, it is expected
that exp(y1/y0) € Zy[[2]] for almost every prime p. Thus, in view of Theo-
rem [1.3] in order to prove exp(y1/yo) € Zp[[z]], it is sufficient to show that
Ap(W1.1(2)) = 1 mod p.

e We conjecture that if under the assumptions of Theorem [I.3] we assume
additionally that A,(yo(2)) = yo(z) mod p then

fp(z) mod p 0>
(fpo(2)) mod p 0/

where f,(2) is the p-truncation of f(z)|(°)} Note that if the conjecture holds
then Theorem |1.3implies exp(y1/yo) € Zy[[2]] and that yo(z) is p-Lucas|(*)

¥ mod p = (6

1.2. Strategy of the proof. Let us briefly explain the strategy of the
proof of Theorem The p-integrality of yo(z) is a direct consequence of
Proposition and Theorem Proposition [3.3] is proven in Section
and Theorem is proven in Section [5} In Section [4] we use the theory of
p-adic differential equations in order to prove some results that are crucial
in the proof of Theorem Items (1) and (2) of Theorem are proven in
Section[7} For this purpose, we prove in Section[6]some results on p-integrality
of certain power series with coefficients in Q,.

1.3. Previous results and comparison. It has been shown, in nu-
merous cases, that the canonical coordinate belongs to Z[[z]]. For example,
from the works of Lian and Yau [22] Theorem 1.2|, Zudilin |26, Theorem 3],
Krattenthaler and Rivoal |20, Theorem 1| and Delaygue [12], we know that
the canonical coordinate for a large class of MUM hypergeometric opera-
tors belongs to Z[[z]]. Furthermore, Delaygue, Rivoal and Roques [13] gave
a characterization of the hypergeometric operators whose canonical coor-
dinate belongs to Z[[z]]. The works of Krattenthaler and Rivoal [2I] and
Delaygue [12] provide examples of canonical coordinate in Z[[z]] for some
non-hypergeometric operators. The technique used by Krattenthaler and
Rivoal and by Delaygue is based on a multi-variate version of Dwork’s formal
congruences [16, Theorem 1.1]. In the work of Vologodsky [25] there is an
approach using p-adic cohomology to prove the integrality of the canonical

(3) The p-truncation of a power series > >0 Cnz" is the polynomial Sl cpz™
(*) A power series t(z) € Zp[[2]] is p-Lucas if t(z) = t,(2)t(2") mod p, where t,(z) is
the p-truncation of ¢(z).
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coordinate of Picard—Fuchs operators coming from families of Calabi—Yau op-
erators. We do not know the real status of [25] since it has not been published
in any journal yet. In contrast, the present work offers a more elementary ap-
proach which is based on the theory of p-adic differential equations. The idea
of using p-adic tools for proving the integrality of the canonical coordinate
goes back to Stienstra [23]. Finally, let us mention a result due to Beuk-
ers and Vlasenko [3]. Let L € Z,][[z]][0] be a differential operator of order n.
Those authors show that if there exists A = Y"1 | A;(2)6" ! € Z,[[2]][0] with
A1(0) = 1 such that, for every solution y of L, the composition A(y(zF)) is
a solution of L, then yo,exp(y1/y0) € Zp[[z]]. Nevertheless, according to
Remark below, Theorem implies that exp(y1 /Y0) € Zy|[2]] if and
only if there exists B = Bi(z) + Ba(2)d € Zy| ] with B1(0) = 1 and
B3(0) = 0 such that, for every solution y of Lé92 the composition B(y(zP))
is a solution of L(%).

2. Frobenius structure and MUM operators. Let Q, be the field of
p-adic numbers and @p be an algebraic closure of Q. It is well-known that
the p-adic norm of Q, extends uniquely to @p. Let C, be the completion of
Qp with respect to the p-adic norm. The field C,(z) is equipped with the
Gauss norm which is defined as follows:

= OaZ

‘2:] Ob ZJ

The field of analytic elements, denoted E,, is the completion of C,(z) with
respect to the Gauss norm. The field F, has a derivation § = z - d . It is easily
seen that F, C W, where

_ sup{lailhi<icn
sup {|bj[}1<j<m

W, = {Z anz" i ap € Cp, hm lan| =0, and sup |a,| < oo}

neZ ne’l

The ring W, is usually called the Amice ring. This ring is also equipped with
the Gauss norm
>0

nel

We let W, denote the elements of W, with coefficients in Q. Likewise, Wz,
is the set of elements of YW, with coefficients in Z,,. Notice that Zy[[z]] C Wz, .
The following definition is due to Dwork [15].

= sup {[an|}nez.

DEFINITION 2.1 (Strong Frobenius structure). Let L be a monic differ-
ential operator of order n in Q(z)[d] and let A be the companion matrix of L.
We say that L has a Frobenius structure if there exists & € GLy(Ep) such
that

0P = AP — PpA(2P).
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According to [19, Theorem 22.2.1| or |2, p. 111], if L is a Picard—Fuchs
operator then L is equipped with a strong Frobenius structure for almost
every prime number.

DEFINITION 2.2 (MUM differential operator). Let L be a monic differ-
ential operator in Q[[2]][0]. We say that L is MUM if its coefficients belong

to Qp(2) N 2Qp|[2]]-

REMARK 2.3. (1) Let A(z) € M,(Qp[[z]]) and let N = A(0). If the
eigenvalues of N are all zero then, from [I8, Chap. III, Proposition 8.5|, the
differential system 0. X = A(z)X has a fundamental matrix of solutions of the

shape Y42, where Y4 € GL,,(Qp[[2]]), Ya(0) = I and 2V = >i>0 Nj(lof%y.
The matrix Y42V will be called the fundamental matriz of solutions of 6X =
A(z)X, and the matrix Y, will be called the uniform part of solutions of the
system 60X = AX.

(2) Let L be a MUM differential operator of order n with coefficients in
Qp[[z]], let A(z) be the companion matrix of L and let N = A(0). Since L
is MUM, the eigenvalues of N are all zero. We denote by X; = Y72V the
fundamental matrix of solutions of 6X = A(z)X, where the matrix Y7, is
the uniform part of this system. Since the eigenvalues of N are all zero, we

have N™ = 0. For this reason, 2V = Z?:_& NI (lofi,zy Consequently, there are
unique power series f(z) € 14 2Q,[[2]] and g € 2Q,[[2]] such that f(z) and
f(z)log z + g(z) are solutions of L. Moreover, since log z is transcendental
over Q,[[2]], it follows that if t(2) € Q,[[2]] is a solution of L then t(z) = cf(z),

where ¢ = ¢(0).

REMARK 2.4. We can now show that if L € Qp(2)[d] is a MUM differ-
ential operator of order n equipped with a p-integral Frobenius structure
given by @ = (¢ j)1<i j<n then ® = Y7&(0)Y(2P)~! and ¢(0) is an upper
triangular matrix with diagonal entries ¢11(0), pp1.1(0), ..., p" 1¢11(0). In
fact, let Y72 be the fundamental matrix of solutions of §X = A(z)X, where
N = A(0) and A(z) is the companion matrix of L. Then Y7 (2P)2PY is the
fundamental matrix of solutions of §X = pA(zP)X. We know that

0P = AD — pDA(ZP),

and thus there exists C' € M,,(C,) such that & = Y2V C(2PV)~1y, (2P) L.
Since

(sz)_l = diag(1,1/p, ..., 1/p"_1)(zN)_1 diag(1,p,... ,p”_l),

and log z is transcendental over W,, and since moreover & € M,(Wz,),
it follows that zVC(2PN)~! = C. In addition, from this equality it is not
hard to see that C is an upper triangular matrix with diagonal entries
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[y Pty - -, p" L for some p € C,. Consequently, ¢ = Y,CYr(2P)~! and
C = @(0). Therefore, the matrix @(0) is as expected.

3. p-Integrality of yy and radius of convergence. In this section we
describe our strategy to prove that yo € 1+ 2Zp[[z]]. This strategy relies on
Proposition [3.3]and Theorem [3.4] In order to state these results, we recall the
definition of radius of convergence of a differential operator with coefficients
in W,NC,p[[2]]. For a real number r > 0 we have the following ring of analytic
functions:

A(z,r) = {Z aj(x —z)? € W[z — 2]] : for all s < r, lim |a;|gs’ = 0}.
- j—o0o
Jj=0
In other words, A(z,r) is the ring of power series with coefficients in W,
that converge in the open disk D(z,r) :={z € Wy : |z — 2| <r}.
Now, let us consider 7 : W, N C,[[z]] = A(z,1) given by

rif) = S

|
j>0 J:

The map 7 is well-defined because ‘d/dzi ‘g < |f|g for all f € W,NC,][[2]]

and all 7 > 0. It is clear that 7 is a homomorphism of rings.

REMARK 3.1. (1) According to [10, Proposition 1.2|, a non-zero element
[ =2 nez anz™ € Wy is a unit of W, if and only if there is ng € Z such that
|flg = |an,|- In particular, every non-zero element of Zy[[z]] is a unit of W,.

(2) Let f be in W, N C,[[2]]. If f is a unit of W, then 7(f) is a unit of
A(z,1). Indeed, write

7(f) = f(1+g), where g:ZW(x—z)j.
j>1

We have g € A(z,1) because !Cl/dzi‘g < |f|lg for all j > 1 and, by

assumption, 1/f € W),. Further, 1 + ¢ is a unit element of A(z, 1) because
(1+g)(Z( DFgE) =1 and Y (~1)tg" € A(z,1).
k>0 k>0
Thus,
7 Z gk e A(z,1).
k>0

Finally, it is clear that
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For all f € W, NCy[[z]], we have

d d
(3.1 r(1) = 5,
The ring (W, N Cp[[z]])[[x — z]] is equipped with the endomorphism

F(Y a()w = 2)) = 3 ay(7)(a? = 2.

Jj=0 Jj=0
Since » ‘
(d/dz)"(2") ;
xp—zp:T(zp)—zpzzii! (x —2)",
i=1
we have
(3.2) ToF=ForT.

Let L be a monic differential operator of order n with coefficients in W, N
C,[[2]] and let A be the companion matrix of L. Then the differential system
6:X = T(A)X (6, = z4-) has a unique solution U € GL,(W,[[z — 2]]) such
that U(z) = I. Moreover,

A .

U= Z ]'—ij(w —z)7,

Jj>0

where Ag =1 and A1 =0A4;+ Aj(A—jI) for j > 0. Following [18, Chap.
III, p. 94|, the radius of convergence of L is the radius of convergence of
the matrix U in W,. We let 7(L) denote the radius of convergence of L. So,
U e M,(A(z,7(L))). For a matrix C' = (¢; j)1<4,j<n With coefficients in W,
we set ||CH = HlaX{|Ci7j‘g}1§i7j§n. So

A; 1/j
——— = limsup ‘
T(L) j—o0 .7!
REMARK 3.2. Let L be a differential operator with coefficients in Z,[[2]].
If #(L) > 1 then limj [|A4j]] = 0. Indeed, as r(L) > 1, we have

limsup;_, |A; /41119 < 1. Therefore, lim; . || 4] = 0.
PROPOSITION 3.3. Let L be a differential operator with coefficients in
Zp|[z]] and having a p-integral Frobenius structure. Then r(L) > 1.

Proof. Let A be the companion matrix of L. We put Ag = I and A1 =
0A; + Aj(A —jI) for j > 0. We want to see that r(L) > 1. Since L belongs
to Zy[[2]][0], we have ||A|| = 1, and thus ||A4;|| <1 for all 7 > 0. So, (L) >
Ip|'/P=1. We know that 6,(U) = 7(A)U, and thus

R

j129P
i>0 J

is a solution of the system 6, X = pF(7(A4))X.
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We now prove that F(U) € M,(A(z,r(L)"/P)). As the Gauss norm is

non-Archimedean, this is equivalent to showing that if |zg — z|g < r(L)Y/?
Zp) — 2P| = 0. Indeed, if |zg — 2]g < r(L)Y/P then

o || 176

lzo — 2| < (L) but (z0 — 2)P =z — 2P + Zf;ll(—l)i(}g)xg%zi and

pi(—w' <1;) Dl

i=1

then lim; H

AG

< 1/p for all 1 < i < p. Furthermore, 1/p < |p|*/?~1 < r(L). Thus,
|zh — 2P|g < max {|zo — z\g, 1/p} <r(L).

As the radius of convergence of U is (L) we have limjﬁooH%H |zh — zp|é
=0. As HJ‘%H H ,ZJP ,sz H |z, zp|é = 0. Thus

FU) e M, (A(z,r(L )l/p)), where n is the order of L. Now, by assumption,
there is @ € M,(Z,][[z]]) such that det(®) # 0 and @ = AP — pPA(2P).

Hence, by and , we obtain
02(7(2)) = T(A)7T(P) — p7(D)F(7(A)).

So, T7(P)F(U) is a solution of the system 0, X = 7(A)X. Since det(P) # 0
and det(®) € Zp[[z]], it follows from Remark [3.1[1) that det(®) is a unit
of W,. So, by Remark [3.1)(2), we conclude that 7(®) € GLy(A(z,1)). Con-
sequently, (@) F(U) € M,(A(zr)), where r = min{1,7(L)"/?}. Since
U € GL,(W,|[[z — #]]) is a solution of éx = T(A)X, there is C € GL,(W),)
such that 7(®)F(U) = UC. As the radius of convergence of UC is still (L),
we have (L) > r. Consequently, (L) > 1. =

It follows from Remark that for a MUM differential operator L €
Qyp[[#]][0] of order m > 2 there are unique power series f(z) € 1 + 2Qp[[z]]
and g(z) € 2Q,][[z]] such that yo = f and y; = flogz + g are solutions of L.
The main ingredient to prove Theorem [1.3(1) is the following result.

THEOREM 3.4. Let L € Zp[[z]][6] be a MUM differential operator. If
r(L) > 1 then yo(z) € 1 + 2Z,][2]].

4. p-Adic differential equations. The crucial ingredient in the proof
of Theorem [3.4] is Proposition [£.4] which is recursively obtained from Lem-
ma [£.I] The proof of this lemma relies on the theory of p-adic differential
equations.

We recall that the Cartier operator A, : Cp[[z]] — Cpl[z]] is given by
A,(Xispali)zt) = D i>0a a(ip)z’. From the deﬁmtlon it is clear that if f(z)

and g(z) belong to Cp[[z]] then A,(f(2)g(2P)) = Ay(f)g(2). Given a matrix
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B € M, (C,[[#]]), Ap(B) is the matrix obtained by applying A, to each entry
of B.

LEMMA 4.1. Let L be a MUM differential operator of order n in Zy[[2]][6],
let A be the companion matriz of L, and let Y, be the uniform part of X =
AX and let N = A(0). If (L) > 1 then there exists a MUM differential
operator Ly of order n in Z,[[2]][] such that

(&) the fundamental matriz of solutions of 60X = B1X is given by
diag(1,1/p, ..., 1/p" ) A,(Yz) diag(1,p,...,p" )Y,

where By is the companion matriz of L,
(b") the matrix

Hy = Yo(Ap(V2) (7)) diag(1,p, 7,57 )
belongs to My(Zy[[2]]) N GL,(Wg, N Qyl[z]]), |Hi|| =1, and
0H, = AH; — pHB;(ZP),
() r(Ly) >1

In order to prove Lemma[f.1] we first prove Lemma[f.2] via an argument
based upon the ideas found in [9].

LEMMA 4.2. Let L be a MUM differential operator of order n in Zy[[2]][6],
let A be the companion matriz of L, and let Y, be the uniform part of X =
AX and let N = A(0). If r(L) > 1 then

(1) the matriz Hy = (Ay(Y7)(2P))Y; *(2) belongs to GL,(Z,[[2]]),
(2) there is F' € M,,(Wq, N Qy[[z]]) such that
0Hy = pF(2P)Hy — HyA,

(3) the fundamental matriz of solutions of X = FX is given by Ap(YL)zN/p.

Proof. (1) Consider the sequence {A;(z)};>0, where Ag(z) = I is the
identity matrix and A;1(2) =04;(2)+A;(2)(A(z)—jI). As Ae M, (Zy][[=]]),
we have A;(z) € My(Zp|[[z]]) for allj > 0. Since XP—1 = (X —1)((X —1)P~1
+pt(X)) with t(X) € Z[ ], it follows that if £&» = 1 then |€ — 1| < [p|*/ =D,

Furthermore, for all integers j > 1, we have Ip|?/®P=1) < |;!| and thus
|(€—1)7/5!] < 1. Since the norm is non-Archimedean and ng 1(E=1) /4

*1)]\ <1/p,
€ Zyp. Therefore, for all j > 0,

is a rational number we conclude that for all j>0, |Z£p 1

1)
thus ‘ng 1 (gm, ‘ < 1 and so ng 1
the matrix

P]'

)

er=1
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belongs to M, (Zy[[2]]). We set

HOIZA]'(Z)<Z (i;j!l)j)-

>0 gr=1

Let us show that Hy € M, (Zy[[2]]). This is equivalent to

¥

1l
&= vt

(4.1) lim | A
j—o0

because Z,|[2]] is complete with respect to the Gauss norm and the latter is
non-Archimedean. Indeed, as r(L) > 1, by Remark lim; ;0 [|4;]| = 0.

Therefore, (4.1)) follows immediately since ‘ngzl (51;1!)1 ! <1 forall j > 0.

Now, we are going to prove that Ho = A,(Y7)(2P)Y; ! Write Y, =
>i>0 YjzJ. We have N™ = 0 because L is MUM, and thus it follows from [9,
p. 165] that HoY, = 3,5 Y;p2'P. So, HyYy, = Ap(YL)(2P). Therefore, Hy =
Ap(YD)(2P)Y, 1. Finally, Hy € GL,(Zp[[2]]) because Hp(0) is the identity
matrix.

(2) Now, we set

(4.2) F(2) = [8(4,(Y2)) + A, (V)N | (4,(Y2) ™

As HoYr, = Ap(Y)(2P), from (4.2)) we obtain
PF(2") = [p(8(4Ap(YL))) (27) + HoYLN][Y, " Hy '].
We also have
§(Ho)Yr + Ho(6Yr) = 6(HoYr) = 8(Ap(YL)(2P)) = p(6(Ap(Y1))) (2P).
Since 6(Yz2N) = AY72", it follows that §Y; = AY; — Y7 N. Thus,
p(6(Ap(Y1)))(2P) = 6(Ho)YL + Ho[AY, — YL N].
Therefore,
PF(2) = [p(3(Ap(Y2))) (%) + HoYp N[V, Hy ']
= [(0Ho)Yz + HoAYL][Y; 'Hy Y = (6Ho)Hy ' + HoAH

Consequently,

(5H0 = pF(Zp)HO - H()A
Since pF(2P) = (§Hy + HoA)Hy' € M,(Z,[[2]]), we deduce that F(z) €
M (Wa, 0 Qp[2]])-

(3) Finally, we show that the matrix A,(Y7)X™V/? is the fundamental ma-
trix of solutions of X = FX. It is clear that A,(Y7)(0) = I, and from (4.2)
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we obtain F(2)A,(Yz) = 6(Ap(Yr)) + Ap(Y) 3 N. Thus,
(A (YE)XN/P) = 6(4, (Y1) X VP 1 4, (ve) LN XN
p

_ (5(AP(YL)) + A (YD) ;N> XN = P(2) A (Vi) XN/,

This completes the proof of Lemma 4.2. u

The following result is known as the “Dwork—Frobenius” Theorem and
it is usually proven for differential operators with coefficients in E,, (see [T,
Proposition 8.1]). For completeness we prove it following the same lines.

PROPOSITION 4.3. Let L = 6"+ a,_1(2)0" 1+ +a1(2)6 + ao(2) be a
differential operator with a;(z) € W, N Cy[[2]] for all 0 <i<n. Ifr(L) > 1
then |a;|lg <1 for all0 < i < n.

Proof. For every r < 1, the ring A(z, 1) is equipped with the absolute

value
> fale—2)"

n>0

= sup {|fulgr" }n>0-

T

This absolute value extends in a natural way to M(z,1) := Frac(A(z, 1))
and, for all g € M(z,1), |929/9lr < 1/r. Let us now introduce the ring

W = {f € M(z,1) : limsup|f], < 1}.
r—1

Thus, for all g € M(z,1), d,9/g9 € W. Further, the ring W is closed under
derivation because for any f € W, |0, f|» < 2|f|,. Consider the differential
operator £ = 6% + 7(a,—1)07" 1 + -+ + 7(a1)d; + 7T(ap). By assumption,
there are fi,...,f, € A(z,1), linearly independent over Frac(WV,), such
that L(f;) = 0 for every 1 < i < n. By induction, we set g; = f1 and
gi = Li—10---0Ly(f;) with £; = 6, —929i/gi- S0, g1, . - ., gn belong to M(z, 1)
and f1,..., f, are solutions of £, 0---0L;. Since L, 0---0L; =02 + -,
the differential operator £ — L, o --- o £1 has order at least n — 1 and has
fi,-.., fn as solutions. Thus, L = L, 0---0Ly. As ,9;/g9; € W and W is
closed under derivation, we obtain 7(a;) € W for every 0 < ¢ < n. Finally,
since a; € W, N Cp[[2]], we have ’WCI'ZM g < lailg for all j > 0, and
therefore, |7(a;)|» = |ailg. Consequently, limsup,_,; |7(a;)|, = |a;|g. Never-
theless, since 7(a;) € W, we have limsup,_,; |7(a;)|, < 1. Thus, |ailg <1
forall0<i<n. nm

Proof of Lemma . By Lemma , there is an F' € M,(Wg, N Q,[[2]])
such that

(43) 5H0 = pF(Zp)HO - H()A,
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with Hy = A, (Y1) (2P)Y, ! € GL,(Zp[[2]]). Write F = (b; j)1<ij<n. We set

Li:=6"— bmnénfl
1 1 ; 1 1
- *bn,n—léni2 - ﬁbn,iélil . an 25 n— 1b 1-
p p p p
It is clear that the coefficients of L1 belong to Wg, N Qp[[2]]. Actually,

we are going to see at the end of this proof that L; € Z,[[2]][0]. From ({4.3),
we deduce that pF'(0) = N. Since L is MUM, the last row of N is equal to
zero. So by, i(0) =0 for all i € {1,...,n — 1}, and L; is MUM.

(a’) Let By be the companion matrix of Lj. We are going to see that
T = diag(1,1/p,..., 1/p”_1)Ap(YL) diag(1,p,...,p" 1V

is the fundamental matrix of solutions of § X = B X. We split the proof into
three steps.

FIRST STEP. Write Y; = (fi,j)lgi,j§n~ Then, for all i € {1, Lo, = 1}
and k € {1,...,n}, fix—1+0fir = fit1- Indeed, for all i,5 € {1,...,n},
we set

J

Zf logzj k
Wk N

Notice that Y7z = (¢i,5)1<i,j<n. Since Y; 2N is the fundamental matrix
of X = AX and A is the companion matrix of L, it follows that, for all
1€ {1, e, = 1} and j € {1, ey n}, qu_Lj = 5¢i,j- Therefore,

(log = —k
Zfz—i—lk: 82)! = Qit1,j = 00ij

(7 = F)! ,
(log z)7 1 (log 2)7
G- 1) +Z fije— 1+5(fzk)>W'

As log z is transcendental over Q,[[2]], it follows from the previous equality
that, for all k € {1,...,n}, fix—1 +0fix = fitik-

—k

=o0(fir) 7

SECOND STEP. For every j € {1,...,n}, we set
Zj: () o8 z)i=*
P (J —k)!

We are going to show that 6; is a solution of L; for every 1 < j < n.
Write AP(YL)XN/p = (ni,j)lgi,jg'm Then, for all Z,] € {1, ceey TL},

10 z
771,]—2/1 fzk g )

i—k
PG — k)
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On the one hand, we are going to see that, for all 5,1 € {1,...,n},

1
-1
lé GJ = pinfj nl,j'

P
To prove this, we use induction on [ € {1,...,n}. For [ = 1, it is clear
that = 10J = nl ——M,j.- Now, suppose that for some [ € {1,...,n — 1}, we
have pr= lél 10 ,}]m’] So, 100, = pl -0(m,j). We prove now that

(5(77173) m+1 j- In fact, as A, 0 5 = pd o A, and, according to the first step,
fig—1+ 5(fl,k) fiyrp forall k € {1,. n} we have

J j—k k-1
(log z)?~ (log z)7™
6(”[,]) ;5( p(fl,k»pj_k(j — k) (f k) (] k- 1)[
J i—k j—k—1
B 1 (log z)? (log z)?
= kzl pAp(é(fl,k))p],k(] _ k?)' + Ap(fl,k)pjfkfl(j — k- 1)!
1 A (s logz -1 J A 5( (log z)7—*
= »( (fl,l))pj I +kZ:2 p(fik—1+ flk))m
1 logz -1 ! (log z)i=* 1
= P [Ap(fl—&-l 1)p] +k22/1p Jrr1k) pi—k(j — k)! = 2;77“'1,]"
Thus,
1 1 1 /1
pn_,5 0 = Wfs(m,j) = <p771+1,j)-
Hence,
| 1
W(S 0; = WnlJrl,j-

So, for all 5,1 € {1,...,n}, pnl_ldl_IHj = ﬁm’j.

On the other hand, by Lemma we know that A,(Y7)XN/P is the
fundamental matrix of 6X = FX. Hence, for every j € {1,...,n},

Mm.,j 6(m,5)
2,5 d(n2,5
N I En
M, j (1.5
In particular, for every j € {1,...,n},

buamij +bnoamg + -+ bu Ny + o+ buntng = (N0 j).
Multiplying the previous equality by 1/p" 7 and using the fact that, for
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every l € {1,...,n}, e ]771,3 s

1 1
——bp10; + 2 ——bp200; + - + ﬂbn,k(s’Hej ot by 60 = 570
p

n—1
Therefore, Gj is a solution of L.

THIRD STEP. We are going to see that T = (5i_19j)1§7;7j§n. As we have
seen already, for all 7,5 € {1,...,n},

1 1
=0 7 g

and hence
j—k

P P (log 2) Lo Ay(fi) (log 2
5t 104:7‘ i = — : — P. > :
I T ; Pk = = ; AN RS

it
ol

But
A(F:
diag(1,1/p,...,1/p" ") A,(Yy) diag(1,p,...,p" ") = <p5)_2kk)> :
p 1<i,k<n
By definition
T = diag(1,1/p,..., 1/p"_1)Ap(YL) diag(1,p,...,p" 12V,
Thus, T is as expected.

Finally, notice that 61,...,0, are linearly independent over Q, because
log z is transcendental over Q[[z]]. Since By is the companion matrix of L
and, according to the second step, 61,...,60, are solutions of L1, it follows
that (', )1<m<n is a fundamental matrlx of solutions of 6X = B; X.

Since T = (51_ 6;)1<i j<n, we conclude that 7" is the fundamental matrix of
0X =B X.

(b’) From Lemma we know that Hy ' = Y7,(4,(Y2)(27)) ! belongs
to GLy(Zy[[#]]). Thus,

H| = YL(AP(YL)(ZP))_l diag(1,p,... ,p”_l)
& GL,(Wa, NQyl[=])) N M (Z,[[2]).

Since Hy' € M, (Z,[[2]]) and H;'(0) is the identity matrix, we find that
|Hy || = 1. Therefore, |[H1| < 1. But Hy(0) = diag(1,p,...,p" '), and
thus ||Hy|| = 1. Now, we are going to show that

0(Hy) = AH; — pH 1By (ZP).
We infer from (a’) that
T(2P) = diag(1,1/p, ..., 1/p" V) A, (Y7)(zP) diag(1,p, ..., p" 1) XPN
is the fundamental matrix of solutions of X = pBj(2P)X. Furthermore,
H\T(zF) = Y diag(1,p,...,p" 1) XPV.
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But
diag(1,p,...,p" HXPN = 2N diag(1,p,...,p" ).
Consequently,
H\T(ZF) = v 2 diag(1,p,...,p" b).
Thus, H,T(zP) is a fundamental matrix of 6X = AX, so
AH\T(2P) = §(H1T(2P)) = 0(Hy)T(2P) + H16(T'(2P))

= 0(H1)T (") + Hi(pB1(2"))T(2").
Hence,
(4.4) 0(Hy) = AH; — pH By (2P).
This completes the proof of (b’).

¢') From (1), (B:2), and (4) we get
(4.5) bz(7(H)) = T7(A)T(H1) — pr(H1)F(7(B1)).
We set Cy = I and Cjy1 = 0C; + C;(By — jI) for j > 0. We want to see
that r(Ll) > 1. By definition, this is equivalent to proving that for all » < 1,
hrn]nOOH Hr] = 0. We know that

U=3. (’;?,(Z’j)(a: —2)) € GL, (W, [z — 2]])
J20
is a solution of §,X = 7(B;)X. Therefore, 6, F(U) = pF(r(B.))F(U).
By (4.5)), we find that 7(H)F(U) is a solution of §,X = 7(A)X. Since
Hy € GL,(Wg,NQy|[2]]), we have 7(H1) € GL,(A(2,1))NGL, (W, [[z—2]]).
As F(U) € GL, (Wp|[z—~2]]), we deduce that T(H\)F(U) € GL, Wp[[z—2=]])
and since 7(H,)F(U) is a solution of 6, X = 7(A)X, there is C € GL,(W,)
such that 7(Hy)F(U) = UC. Thus, F(U) = UCT(H;)~*. By assumption, U
belongs to M, (A(z,1)) and we know that 7(H;) belongs to GL,,(A(z,1)).
Hence, F(U) € M,(A(z,1)). By definition,
~ (P
FU) = Z CJJ'SP) (aP = 2P).
§>0

5 (2P)
§120P

Thus, for all r < 1, hm]HOOH

|[r? = 0. So, for all r < 1, hrnjﬁ\ooH £

= 0 since ‘ H Consequently, r(L1) >

'ZJP “ “ gl27
Finally, we are in a posmon to apply Proposition to L1 and we con-
clude that the coefficients of L; have norm less than or equal to 1. But we

know that these coefficients belong to Q,[[z]] and so Ly € Zy[[z]][6]. =

PROPOSITION 4.4. Let L be a MUM differential operator of order n in
Zp[[2]][0], let A be the companion matriz of L, let N = A(0), and let Y2V
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be the fundamental matriz of solutions of 0X = AX. If (L) > 1 then, for
every integer m > 0, there exists a MUM differential operator Ly, of order
n in Zp|[2]][0] such that

(a) the fundamental matriz of solutions of 6X = B X is
(4.6) v, 2N
= diag(1,1/p™, ..., 1/p" ") A"(Yy) diag(1, p™, ..., pm Y)Y,

where By, is the companion matriz of L,

(b) for Hy, = YL(/1;”(YL)(ZPW))_1 diag(1,p™, ..., p™™ 1) we have
Hy € My (Zp[[2]]) N GLn(Wg, N Qpl[z]]),

|Hm| =1, and
(4.7) §(Hp) = AH,, — p™ Hppy B (277,
(¢) v(Lm) > 1.

Proof. We proceed by induction on m € Z~g. For m = 1 we can apply
Lemma [£.1], and thus there is a MUM differential operator Ly of order n
in Z,[[2]][0] satisfying conditions (a)-(c). Now, suppose that for some inte-
ger m > 0 there is a MUM differential operator Ly, of order n in Zy[[z]][d]
satisfying (a)—(c). Then we can apply Lemma to the differential opera-

tor Ly,, and thus there exists a MUM differential operator L., 1 of order n
in Zp[[2]][6] such that

diag(1,1/p,...,1/p" 1 A(Y1,,) diag(L,p,...,p" )"

is the fundamental matrix of solutions of § X = B,,11X, where B,,41 is the
companion matrix of Ly,+1. So, by (4.6)), the fundamental matrix of solutions
of 0X = By,41X can be written as follows:

diag(L, 1/p™ ... 1/ptm D) A (v
x diag(1,p™ ™, ... ,p(m+1)(”_1))zN.
By invoking Lemma [£.1] again, the matrix
Hy =Y, (4p(Yz,,)(27) " diag(L,p,...,p" ")

belongs to M, (Zy|[z]]) N GL,(Wg, N Ql[z]]), [|H1l| = 1, and 6(H1) =
BmHl — leBm+1(Zp). ThllS7

(4.8)  S(H1(z"")) = p" B ) Hi(27") — Hi(z"" )p" ' B (2.

We put Hp1 = Hp(2)H1(27"). Then Hppq € My (Zy[[2]]) N GL,(Wg, N
Qp[[2]]) and

Hypp1 = Yo (2) (A1) (27" )) "  diag(1,p™ . pm i Dn=D),

m—+1
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Furthermore, from (4.7) and (4.8]), we obtain
§(Hmi1) = AHpy1 — p™  Hypp 1 By (29
Finally, ||Hp+1] = 1 because ||Hi|| =1 = ||Hp|| and
Hm+1(0) = dia‘g(lﬂpm+l7 s ,p(TTH*l)(n*l)).

Therefore, conditions (a) and (b) also hold true for m + 1. Finally, by
Lemma [£.1|¢), we obtain 7(Ly,4+1) > 1. For this reason condition (c) also
holds true for m + 1. =

m—+41

).

5. Proof of Theorem Write yo(2) = >_ 50 f;#7. In order to prove
that yo(z) € 1+ 2Z,|[2]], it 1s sufficient to show that, for all integers m > 0,
fo, f1,.-., fpm—1 € Zp. Let m > 0 be an integer and let A be the companion
matrix of L. By hypothesis, (L) > 1. Therefore, by Proposition [4.4(b),
there exist By, € My, (Zp[[z]]) and Hy, € My (Zp[[2]]) N GL,(Wg, N Qypl[[2]])
such that |H,,|| =1 and
(5.1) §(Hp) = AH,y — p™ Hpy B (277).

We set yo = A7*(yo(z)). Thanks to Proposition (a), the vector (Yo, Yo,
...,0" 95) is a solution of 67 = B,,%. Hence, it follows from ([5.1)) that

Yo(zF")
(650) (27")

(0" 'g0) (")
is a solution of the system 0y = Ay. If we put Hy, = (hi ;(2))1<i j<n then
ha(2)50(2"") + h12(2)(850) (22") + - - + hap(2) (6" 150) (27"
is a solution of L because A is the companion matrix of L. Furthermore, this

solution belongs to Qp[[z]] because H,, € M,(Zy[[2]]) and yo(z) € Qp[[2]].
Thus, according to Remark 2.3} there exists ¢ € Q) such that

(5.2)
h11(2)50(Z"") + h12(2)(680) (27" ) + -+ 4 han(2) (8" 50) (27") = cyo(2).

As yo(0)=1 and, for all integers j > 0, (67go) (2" )(0) =0, we have hy 1(0) =ec.
But, by Proposition (b), we conclude that hy1(0) =1, so ¢ = 1. By using
Proposition [£.4[b) again, we infer that, for all j € {2,...,n}, h1;(0) = 0
and it is clear that, for all integers j > 0, (6770)(z") € 27" Q,[[2]]. Hence,

from ([5.2), we obtain
(5.3) h1(2) (45" (40)) (27") = yo(2) mod 22" 1 Qy|[2]].
Write hi,1(2) = X250 hjzl. Then, by (5.3)), we conclude that, for every
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Ee{l,....p™ — 1}, hy = fi. But hi1(2) € Zp][[2]] since Hy, € M, (Zp[[=]]).
Consequently, f, € Z, for every k € {1,...,p" —1}. =

We end this section by proving the following observation.

COROLLARY 5.1. Let L be an irreducible Picard—Fuchs equation with co-
efficients in Q(z) and yo(z) € 1+ 2Q[[2]] a solution of L. If L is MUM then
yo(2) € 14 2Zy|[z]] for almost every prime p.

In order to prove this corollary, we need another result:

PROPOSITION 5.2. Let L be an irreducible MUM differential operator
with coefficients in Q(z). If L has a Frobenius structure for almost every
prime p then L has a p-integral Frobenius structure for almost every prime p.
Moreover, if n is the order of L then, for almost every prime p, there is a
Dy = (¢ij)i<ij<n € Mn(Zp[[z]]) N GLy(Ep) such that @, is a p-integral
Frobenius matriz for L and ||®,| = 1.

To prove this proposition, we first recall that Ax—Sen-Tate’s Theorem
ensures that if £ € C,, and o(§) = ¢ for any o € Gal(C,/Q,) then & € Q,,.

Proof of Proposition [5.4 Let P be the set of prime numbers. By as-
sumption, there is a set Sy of prime numbers such that P \ S is finite and,
for all p € &1, L has a Frobenius structure for p. Thus, according to [8,
Propositions 4.1.2, 4.6.4, 4.7.2], for all p € Sy,

(a) the radius of convergence of L is greater than or equal to 1.

Hence, following [18, Chap. III, Proposition 5.1, Theorem 6.1], the sin-
gularities of L are all regular and the exponents of L are rational numbers.
Thus, there is a set Sp of primes such that P \ Sg is finite and

(b) if a, 5 are two different singularities of L then |o— 3|, = 1 for all p € S,
(c) if v is an exponent of L then |y[, =1 for all p € Ss.

We set § = &1 N'Sy. Then P\ S is finite. We are going to see that,
for all p € §, L has a p-integral Frobenius structure. Let p be in §. Then
there exists G, € GL,(E,) such that 0G, = AG, — pG,A(2P). Write G), =
(9i,j)1<i,j<n and suppose that ||Gp|| = |gk|g. Since gi; is a non-zero element
of the field E, and E, C W,, we deduce that g;; is a unit element of W,.
So, by Remark (1), there is ¢ € C, such that c is a coeflicient of gy ;
and |grilg = |c[. Note that c¢ is not zero because g, is not zero. We put
@, = 1G,. So 6@, = AP, — pP,A(2P), ||Dp]| = 1, and 1 is a coefficient
of ;1. Furthermore, it is clear that ®, € GLy(E)). Let o be in Gal(Cp/Q,).
Then o naturally extends to W, as an endomorphism of rings, given by
oD ez n2™) = Y ez 0(an)2". Further, o(E,) = E, and o0 = 0090,
For a matrix T' € M,(E,), the matrix T is obtained by applying o to
each entry of T'. Since 09, = AP, — pP,A(zP) and A € M, (Q(z)), we have
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6(®5) = Ady — pPJ A(2P). As L is irreducible and conditions (a)—(c) are
satisfied because p € S, we can apply [17, Lemma|, and therefore D) = dPy
for some d € C,. But 1 is a coefficient of 1g;, and thus 1 = o(1) = d. So,
@9 = @, Since o is an arbitrary element of Gal(C,/Q,), by Ax-Sen-Tate’s
Theorem, we conclude that &, is a matrix with coefficients in Wg,. But
we know that [|®,]| = 1, and consequently &, € M, (Wz,). We also have
det(®,) # 0 because det(Gp) # 0 and ¢ # 0.

Now, we are going to see that @, € M, (Z[[2]]). Let Y2 be the funda-
mental matrix of solutions of § X = AX, where A is the companion matrix of
L and N = A(0). Then, by Remark @, = YL,CYL(2P) ™t € M, (C,[[2]]),
where C' € M, (Cp). So, &, € M,(C,[[z]]) N M,(Wz,). Therefore, &, €
M, (Z,|[]]) and we have already seen that @, € GL,(E,). =

Proof of Corollary [5.1] Since L is a Picard—Fuchs equation, it follows
from [19, Theorem 22.2.1| that L has a strong Frobenius structure for al-
most every prime p. Thus, according to Proposition [5.2] for almost every
prime p, L has a p-integral Frobenius structure. Then, by Proposition [3.3
and Theorem yo(z) € 14 2Z,[[2]] for almost every primer p. =

6. Some p-integrality properties. In order to prove (1) and (2) of
Theorem [1.3], we need some additional results that deal mainly with the
p-integrality of some power series with coefficients in Q,. In particular, in

Theorem [6.7| we prove that exp(y1/yo)? € 2Zp[[#]].
LEMMA 6.1. Let A := ag+ 0+ '—l-ZZ—iH”_l with ag(2), ..., an—1(2) €
Zp|[2]] and let uw € 1+ 2Qp[[2]]. If A(u(2P)) = u then u € 1+ 2Z,[[2]].

Proof. We set wy = 1 and w;11 = A(w;(2P)) for ¢ > 0. Then, for all
integers m > 1, wy, € 1+27Z,|[z]] because, for all integers j > 1, 67 (w;(2P)) =
P’ (07w;)(2P). We are going to see that, for all integers m > 0, w,, = u mod
27" Zp[[2]]. As u(0) = 1, we have wy = u mod 2Z,[[2]]. Now, we suppose that
Wy, = umod 2P Z,|[2]] for some integer m > 0. Then wy,(2P) = u(2P) mod
zpmHZp[[z]]. Further,

n—1
W1 = u = Wwn () = A(u(=") = Y a;[(§'wn) (") = (8'u)(2"))-
=0

Since wyy, (2P) — u(2P) € zpm+1Zp[[z]], for all integers i > 0 we have

6 (wm () —ul2)) € pr DT, [[2]].

Nevertheless, S (wm(zP)) = p'(6%(wm))(zP), and similarly & (u(2P)) =
p(8%(u))(2P). Thus,

P[(0'wn) (") = (07u)(27)] = 8'[wm(27) — u(zP)] € p 2" 7, (2],

m—+1
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Hence,

m—+1 m—+1

(8'wm)() — (8'u)(zP) € p™2P

m—+41

Zp(lz]l € 2 Zy[[2].

Therefore, w11 —u € 2P Zy[[2]]. We conclude, for all integers m > 0,
that w,, = u mod 27" Z,[[2]]. Consequently, u € 1 + 2Z,][[2]] because for all
integers m > 1, wy, € 14 2Zp[[z]]. =

LEMMA 6.2. Let L and D be MUM differential operators in Qp[[2]][0] of
order n and let A and B be the respective companion matrices of L and D.
Let yo = (2), y1 = f(2)logz + g(z) be solutions of L and let yy = fi(2),
y1 = fi(z)logz + gi1(z) be solutions of D, with f(z),fi(z) € 1+ 2Qp[[z]]
and g(z),91(z) € 2Qp[[2]]. Suppose that there is an H = (h; j(2))1<ij<n €
M, (Qp[[z]]) such that H = AH — pHB(2P). Then

(7)o + (6D) (2P)ry + - + (8" @) (2P)rayo = yo(paow + 1),
where @ = Y1 /Y0, w = y1/y0, a0 = h1,1(0), a1 = h12(0), and for 2 < j <n,
rj =i () a(2) (07950 ().

Proof. Since 7 is a solution of D, it follows from 6H = AH — pH B(zP)
that 1" | h1,(2)(0" '90)(2P) is a solution of L. It is clear that

zhu )@ G0)() € QL]

So, according to Remark 2.3} there is ¢ € Q, such that

Zhlz )50} () = ef(2).

Therefore, ¢ = h11(0) = ap. In a similar way, since y; is a solution of D, it

follows from 6 H = AH —pH B(2P) that Y1 | h1;(2)(6°191)(2P) is a solution

of L. As Y7 hyi(2)(6" 1) (2P) € Qul2]] + Qp[z ]]logz, it follows from
Remark [2.3[ that there are cp,c; € Q, such that > 1, hy;(2)(6 1) (2P) =
coyo + c1y1. Now, for all integers m > 1,

0"y1 = 0" (f1(2)) log z + mém_lfl(z) +0™Mg1(z2).
So,

Zh“ (V 7 [th“ 5’ 1 f1)(2P)| log z

+ Z hi i1 (2) (1071 + 6'g1) (2P)

= coYo + c1y1 = c1f(z) log z + cof(2) + c19(2)-
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Thus,

thu )6 H1)(2P) = ef(2),

Z hiiv1(2)(i0° 11 4 6g1) (2P) = cof(2) + c19(2).

From the second equality, we have ¢y = hy2(0) because g(0) = 0 = g1(0)
and f(0) = 1 = §1(0). So, ¢ = aj. Further, we have already seen that
S h1i(2)(677H1)(2P) = aof. Thus ¢1 = pay.

We put w = 91 /90. Then wyy = 71 and

Z h,i(2) (8" (@50)) (27) = aryo + paoy:.
Since, for all integers m > 1, 6™ (@wyo) = >_ivy (')6™ '@ - 6o, we obtain

Zh“ 6" (@i0)) () = B() [Zhu (6" 50) (")

n

) S B IR E It AR

=2

(%) () [Z( )12

o (8"D) (2P han (2) (o) (21).
We know that

Zhu )(6"150)(27) = aoyo,

and, for every j € {2,...,n}, we set r; = Y 1 (z l)hl +(2) (877 50) (2P). So,

> b6 @50)) (27) = B )aogo + (6D)(F)ra + - + (6" D) ().
i=1
Consequently,
B(P)aoyo + (00) (2 )ra + -+ + (8" 1@) (2" )rn
= a1yo + paoy1 = Yo(paow + a1).
This finishes the proof of Lemma[6.2] =

Theorem and Lemma are essential in the proof of the following
two propositions.
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PROPOSITION 6.3. Let L be a MUM differential operator of order n with
coefficients in Zy[[z]]. Let yo = §(z) and y1 = §(z)logz + g(2) be solutions
of L such that §(z) € 1+ 2Qp[2]] and g(z) € 2Qp[[z]]. Suppose that L has
a p-integral Frobenius structure given by the matriz @ = (¢;j(2))1<ij<n- If
1611(0)] = 1 then 63 € 1+ 2Z,[2]], where & = /5o with Go = Ap(f(2)) and
U1 = Ap(f(2)) log z + pAy(a(2)).

Proof. Let Y7,z be the fundamental matrix of solutions of 6X = AX,
where A is the companion matrix of L. Since L has a p-integral Frobenius
structure, according to Proposition r(L) > 1. As L € Zp[[z]][0] is MUM
and r(L) > 1, we can apply Lemma a’), and thus there is a MUM
differential operator L; € Z,[[z]][6] of order n such that the fundamental
matrix of solutions of X = B1X is given by

diag(1,1/p, ..., l/pnfl)/lp(YL) diag(1,p,...,p" 12",
where Bj is the companion matrix of L. Therefore,
Jo = A(i(2) and G = Ap(f(=)) log = + pAy(a(2))
are solutions of Lj. Set
T = diag(1,1/p, ..., 1/p" ) Ay (@) YL(2)(Ap(YL)(2F)) " diag(1, p, ..., p" ).
We are going to see that 67 = BT —pT By (2P). In fact, from Lemma[4.1|(b'),
we deduce that §(H; ') = pBy(2P)H; ' — H{ ' A, where
Hy = Y1,(2)(Ap (Y1) (2F)) " diag(1, p, ..., p" ).
By the hypotheses, we know that 6@ = AP — p®A(2P). Thus,
S(H{'®) = pBy(2P)H['® — pH{ ' ®A(2P).
As A, 00 = pdo Ay, we get
S(A(H ' ®)) = ByAy(HT'®) — A (H ' 9)A.
By invoking Lemmal[4.1(b’) again, we have §(Hy) = AH; —pH; By (2P). Thus,
S(Ap(H{'®)Hy) = By Ay(H; ' ®)Hy — pAy(H; ' ®)Hy By (2F).
From Remark we know that & = Y, &(0)Y,(2P) L. Hence,
4(®) = A, (VL) P(0)Yi(2) 7,

and consequently

A (H{'®)H, =T.

Let us write T' = (¢; j(2))1<i j<n. We have T' € M,(Q,][[z]]) because Y7, €
GL,(Qyp[[#]]) and, by assumption, & € M,,(Zy][[z]]). As 6T = BiT—pT B;(2P),
by Lemma [6.2] we deduce that

@(2P) oo + (6@) (2P )ra + -+ + (6" 7' @) (2P)rn = Ho(poo@ + 1),
where o = t1,1(0), a1 = t1,2(0) and r; = E?:j (Z:;)tl,i(z)(5i_7§0)(zp).
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Since |¢1,1(0)] = 1 and ||@|| = 1, we have ||4,(®)|| = 1. In addition, by
Lemma we know that Y7,(2)(A,(Y2)(2P))™ € GL,(Zy[[2]]). Therefore,
t1,2,...,tin € pZp[[2]], and consequently ro, ..., 7, € pZy[[z]] and oy = pf
with 8 € Zp. So, r; = psj with s; € Zp[[z]] and we obtain

(zp)— + (6% )(zp)yi ot (0MR) (2 )7 = g + B.

Asr(L)>1, by Theorem-, 3.4, yo = f(2) € 1427y, [[z]] Thus Yo € 1+2Zy][2]]
and, for every j € {2,...,n}, v, :==s;/yo € Z [ ]]. We put w = 6w. Then

pl
)+ @& (37 w) () = 20D + 6
By applying § to this equality we obtain
5(@(27’))% +0(w(2P)y2) + -+ 6((0"2w) (2P) ) = agw.
As §(w(zP)) = p(6w)(zP), we have 6(@(zp))% = w(zP). Therefore,
apw(zP) +8(w(2F)y2) + -+ 6((0"2w) (")) = agw.
Now, 6((0°w)(2P)yit2) = p(0"" w)(2P)Yir2 + (6'w) ()8 (vi42). Further, ag €

Zy, since ag = t1,1(0) = ¢1,1(0) and by hypotheses |¢1,1(0)| = 1. Thus, there
are ao, . .., an € Zy[[2]] such that

agw(2P) 4 a1 (6w)(2P) + -+ + ap_1(6" ' w) (2P) = w.
Finally, we set % := ag+ 0+ -+ ;Z:{ 6", So, A(w(zP)) = w. Therefore,
from Lemma [6.1] we obtain 6w = w € 1+ 2Z,[[2]]. =

PROPOSITION 6.4. Let L be a MUM differential operator of order n with
coefficients in Zyp|[z]]. Let yo = f(z) and y1 = §(z) log z+g(z) be solutions of L
with §(z) € 1+ 2Qp[[z]] and g(z) € 2Qp][z]]. Suppose that L has a p-integral
Frobenius structure given by the matriz @ = (¢;j)i<ij<n- If |$11(0)] = 1
then dw € 1+ 2Z,|[2]], where w = y1/yo.

Proof. Let Y7,z be the fundamental matrix of solutions of 6X = AX,
where A is the companion matrix of L. Since L has a p-integral Frobenius
structure, by Proposition we get (L) > 1. As L € Z,][[2]][d] is MUM
and r(L) > 1, we can apply Lemma and thus, from Lemma (a’ ),
there is a MUM differential operator L; such that go = A,(f) and y1 =
Ap(f)log z + pA,(g) are solutions of L;. By Lemma [1.1[b'), we know that
Hy = Y1(2)(Ap(Y2)(P) " diag(1,p, p%, ..., p"") belongs to Ma(Z,[[2]])
and 0H, = AH,—pH1B;(zP), where Bj is the companion matrix of L;. Addi-
tionally, from Lemma we have Y7,(2)(A,(YL)(2P)) ™ € GL,(Zy][[2]]). So,
if we put H; = (wi’j(z))lgi,jgn then ij(z) S pjflzp[[z]] for all 1 <j3<n.
Since Hy € M,(Zy[[2]]) and Hy(0) = diag(1,p,...,p" ), from Lemma

we get

G(2P)yo + (0)(2P)rz + -+ + (8"71B) (2P)rn = pyow,



254 D. Vargas-Montoya

where @ = 71 /90 and r; = Y ;" y (Z 1)w11( )(6TG0)(2P). As wi2,..., Wiy
€ pZyl[z]], we obtain 7o, ..., 1, € pZy, [[ 1. So, 7; = ps;j with s; € Zy[[2]]. For
this reason,

ml > 52 . n—1~y,m 5 _
w(z )p+(5 )(z )y0+ + (0" w)( p)yo -

We know that r(L) > 1, and thus, by Theorem [B.4] yo = f(2) € 1+ 2Zp|[[2]].
So, 1/yo € 1+ 2Zy[[#]] and, for every j € {1,...,n— 1}, t; := s /yo belongs
to Zy[[z]]. We put w = dw. Then

(=P) ; b (@)(P)a 4 -+ (7 2w) (P = .
By applying & to this equality we obtain
5(07(273)); +0((w)(2P)tg) + -+ + 6((6"*w) (2")tn) = dw.
As 8(@(27)) = p(33) ("), we have 6(H(:7)) = w(z?). Therefore,
W) + (@) (P)) + - - + (5" %w) (P)tnr) = b

According to Proposition 0w = w belongs to 1+ 2Zy[[2]]. Therefore, dw
belongs to 1 + 2Zy[[z]]. =

To prove Theorem we also recall the following classical lemma.

LEMMA 6.5 (Dieudonné-Dwork’s Lemma). Let p be a prime number cmd
let f(z) be in 1+ 2Qp[[z]]. Then f(z) € 1+ 2Zp[[z]] if and only if L4 T Zp)
1+ pzZyp][2]].

For a proof of this lemma we refer the reader to [I8, Chap. II, Theo-
rem 5.2|. As a corollary we have

COROLLARY 6.6. Let p be a prime number and let f(z) be in 2Qp[[z]].
Then exp(f(z)) € 1+ 2Zy[[2]] if and only if %f(zp) — f(z) € 2Z,[[#]].

THEOREM 6.7. Let L be a MUM differential operator of order n with
coefficients in Zp|[z]]. Let yo = f(z) and y1 = f(2) log z + g(z) be solutions of
L with §(z) € 14+2Qp[[2]] and g(z) € 2Qy[[2]]. Suppose that L has a p-integral
Frobenius structure given by the matric @ = (¢ij)i1<ij<n- If [¢1,1(0)] = 1
then exp(y1/yo)? € Zy|[2]].

Proof. We set h = p?((z)) Since exp(y1/yo)? = zexp(h), according to
Corollary it is sufficient to show that %b(zp) — h(2) € Zy[[#]]. By as-
sumption, there is @ = (¢; j(2))i<ij<n € Mn(Zp[[2]]) such that 6¢ = AP —
pPA(2P). We put w = z—é, where y1 = f(z)logz + g(z) and yo = f(z). It
follows from Lemma [6.2] that

w(2P)agyo + (6w)(2P)ra + - + (8" w) (2P)ra = yo(paow + a),

where r; = > 1 (:::;)¢1,i(2)(5i_j90)(2p)a ag = ¢1,1(0), and a1 = ¢12(0).
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Consequently,
r T
w(z")ag + (5w)(?«”1”)?72 ++ (5”_160)(2’3)?7" = pagw + a.
0 0

By Proposition [3.3| and Theorem we know that yo = f(2) € 1+ 2Z][[2]].
So, 1/yo € 1 + 2Zy[[2]]. Then, for every j € {2,...,n}, r;/yo belongs to
Zy|[z]]. As |¢11(0)| = 1, by Proposition 6.4, we have 0w € 1+ 2Z,[[z]]. Thus,
we obtain w(2”)ag — pagw € 2Zy|[z]]. Further, ag € Z; because g = ¢1,1(0)
and |¢1,1(0)] = 1. Hence, w(2?) — pw € 2Zy[[2]]. But

Py e — | PIE) logz +8(zP) ] [pi(2)log = +pa(z)
S e I s
= 92 -8 = 25 ).

7. Proof of Theorem Given that, by assumption, L has a p-
integral Frobenius structure, it follows from Proposition that (L) > 1.
Thus, by Theorem we get yo(z) € 1+ 2Zp[[2]]. Let us now prove (1)
and (2).

(1) By definition, L®) = (§ — t5)(8 — t1), where

_ 5f(2) _ob(x) _ B
t1 = ) to = b(2) with h(z) = f(2) + d(g(2)) — t19(2).
As |¢1,1(0)] = 1, by Proposition[6.4, §(y1/y0) € 14 2Zy[[2]]. In particular,
d(g9(2)/§(2)) belongs to Zy[[z]]. Since
5(9(@) _ (09(2))f(2) — 9(2)(6f(2))
f(2) f(2)?
and f(z) € 1+ 2Z,][2]], we obtain (dg(z))f(z) — 9(2)(df(2)) € Zp[[z]]. Notice
that

h(z) =(2) +6(a(2)) — tr8(z) = f(2) + d(a(2)) —

_ §(2)? + (69(2))f(2) — (6§(2))a(2)
f(z) '
So, h(z) € 1+ 2Z,[[2]]. Consequently, t; and ty belong to 2Zy[[2]]. Hence,
L®) € 7,[[2]][0] and it is clear that L(?) is MUM.
We now proceed to show that L(?) has a p-adic Frobenius structure. We
set

(7.1) © = J(2)diag(1,p)J ()"}, with J(z) = (f(z) al2) >
6f(z) §(z) + dg(z)
First, we prove that 6@ = A20 — pOAs(zP), where A is the companion
matrix of L(?). Notice that
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6 =J(z) (1 lof Z> diag(1,p) (1 —plog Z> J(zP) L,

0 0 1
So,

1 pl 11
(7.2) 6.J (=) (0 P jgz> = J(2) (0 sz) diag(1, p).

It is clear that the matrix J(z)((l) IO%Z) diag(1,p) is a solution of the

system 6X = Ay X and that J(z)( é pl‘igz) is a solution of the system 6.X =
pAs(2P)X. Consequently, we deduce from (7.2) that

(73) 06 = AQ@ — p@AQ(Zp).
By , we have

where

0y 1(2) = f(2)((F + 69)(27)) — pa(2)((§)(zF))

) A ’
pg(2)(f(z")) — §(2)(a(z"))

O12(2) = A ;

0 1(2) = (61(2))((F + 6g)(2")) — p(§(2) + dg(2))(5f(=))
5 A )

0 a(2) = p(f(2) +98(2))(F(=")) — (67(2)) (a(="))
’ A

with A = (f(f+9g) — g(6f))(2”). We next prove that 0y 1(2),012(2) € Zy[[2]].

Note that A = (hf)(2P). As h(2),§(z) € 1+ 2Z,[[2]], we see that A €
1 + 2Z,[[#]]. From Theorem we have exp(y1/yo)’ € Zp[[z]] and, by
Corollary this is equivalent to saying that ?((ZZ;)) - p% € z2Zpl[2]].
Since f(z) € 1+ 2Zy|[[z]], we obtain pg(z)f(z*) — f(2)a(z") € Zp|[[z]]. Thus,
61,2 € 2Zp[[#]]. Furthermore, it is clear from that

01,1(2)(F(2")) + 012(2)((6F)(2")) = §(2)-

In particular,
f(z) — 01.2(2)((6f)(z"))
f(z?) '

We have already seen that 61 2(z) € Zy[[2]] and we know that f(z) € 1 +
2Zp|[#]]. Therefore, 01 1(z) € 1+ 2Z,[[2]].

0171(2) =




p-Integrality of canonical coordinates 257

Let us write L(?) = 6% + a;1(2)6 4 az(2) with a1(2),a2(z) € 2Z,][[2]]. Put

_ (1(2) ¢12(2)
w_<1/1271(2) ¢2,2(Z))

B ( 011(2) 01 2(2) )
~ \8011(2) — phra(2)aa(2P)  661.9(2) + pb11(2) — pbyo(2)ai(zP))
Consequently, ¥ € M(Zy[[#]]). We now show that
(7.4) O = AW — pW Ay (2P).

Let y be a solution of L& in Qp[[#]] + Qp[[#]]log z. Then, from (7.3), it
follows that

r=011(2)(y(2")) + 01,2(2)((0y)(2"))
is a solution of L(?). Since, by definition, 0 1(z) = t1.1(2) and 61 2(2) =
11,2(2), we deduce that
(7.5) r = 01 (2) (")) + 61.2(2)((69) (7))
is a solution of L(?. So, by applying é to the previous equality and by using
the fact that 6%y = —a1(2)dy — az(2)y, we get

or = ¥21(2)(y(2")) + ¥2.2(2)((6y) ("))

L”((éyy(x)Q B <5)

Thus, by applying J, we get

W((éif)??p)) A <(5yy(>z<?p)> - <5Tr> - ((5y;>z(i)f”>>'

Since y is an arbitrary solution of L(?), this implies 6@ = AoW — p¥ Ag(2P).

(2) (a)=(b). Suppose that exp(yi/yo) € 2Zy[[2]]. According to Corol-
lary @ this is equivalent to saying that %?((j:)) — % € 2Zpl[#]]. By applying
Lemma to L&) and ¥, we deduce that

Lo(z") _al2) _ )
P ) - W /m))

For this reason,

P12 f(2P)
p f(z)

(7.6)

From Proposition we have 6(y1/yo) € 1+ 27Z,][z]] and we also know that
f(z) € 14 2Zy[[#]]. Thus, from (7.6, we get 11 2(2) € pZp[[z]]. In addition,
from (7.5)) it follows that r = 11 1(2)yo(2P) + ¥1,2(2)((0y0)(2P)) is a solution
of L®) Note that r € 1+ 2Q,[[2]]. Thus, according to Remark [2.3(2), we get
r=111(2)y0(2") + ¥1,2(2)((650) (")) = yo(2)-

Hence, 11,1(2)yo(2") = yo(z) mod p.
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(b)=(c). Suppose that (2 ) 0(2?) = yo(z) mod p. Then, by apply-
ing A, we get Ay(t11(2))y0(2) = Ay(yo(2)) mod p.

(c)=(a). Assume that A,(¢11(2)) = Apy E’())) mod p. By construction,

P11(2) = 011(2) = yo(z) — O12(2 )(5y0(z))(zp)'

Yo(2P)
Hence,
Ap(11(2)) = Ap(yo(2)) — (Ap(91,2(2)))(6y0(z))'
yo(2)
Therefore,
Ap(yo(2)) = (Ap(012(2))) (B90(2)) _ Ap(yo(2)) "
Yo(2) yo(z) p.

Hence, we obtain A (01 2(2)) € pZy[[#]].

It follows from ) that 0¥ = Ao¥ mod p. Since A, is the companion
matrix of L), we deduce that 1 2(2) mod p is solution of L) mod p. Given
that L € Zp[[z]][é]L(Q), we then find that ;2(2) mod p is a solution of
L mod p. We now want to prove that 11 2 mod p = 0. Suppose, for the sake
of contradiction, that 11 2 mod p # 0. Given that L is MUM, the exponents
of L mod p at zero are equal to zero, and thus |24, Lemma 6.7] implies that
Y12(2) mod p = P(z)c(2P), where ¢(z) € Fp((2)) and P(z) is a non-zero
polynomial with coefficients in IF,. By applying the Cartier operator, we
obtain

_ P(»)
Y1,2(2) mod p = W(Ap(%z mod p)) (7).

But A,(112(2)) mod p = 0 because 0 2(z) = 1 2(2) and we have already
seen that A,(012(2)) € pZy|[z]]. Hence, 11 2 mod p = 0, which contradicts
our assumption 2 # 0 mod p. Therefore, 11 2 mod p = 0.
So 01 2 € pZy|[z]] because 01 2 = 11 2 and we know that
z2)(Ff(2P)) — f(2)(g(=?
) = P (e

whete A € 1+ 2Z,[2]]- So po(2) (7)) — §(2) (6(")) € pZy[2]]. Thus, since
f(z) € 14 2Zyp|[[z]], we get

1g(z") a(2)

— — ——= € 2Zy||7]].
p i) e <
Consequently, Corollary |6.6|implies exp(y1/yo) € Zp[[z]]. u

REMARK 7.1. Assume that L satisfies the assumptions of Theorem [I.3]
In this remark we show that exp(yi1/yo0) € 2Zy[[2]] if and only if there exists
B = Bi(z) + Ba(2)d € Zy[[2]] with B1(0) = 1 and B3(0) = 0 such that, for
every solution y of L(?), B(y(2P)) is a solution of L(?), Indeed, according to (1)
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of Theorem 1.3} L(?) has a p-integral Frobenius structure ¥ = (1 ;(2))1<i j<2
such that ¥(0) = diag(1, p). Suppose that exp(y1/yo) € 2Zp[[z]]. Thus, by
following the proof of (a)=-(b) in (2) of Theorem 1.3, we know that 1 2(z) =
pt12(z) with t12(2) € Zy[[2]]. Moreover, 11 2(2)((dy)(2P)) = t1,2(2)d(y(=P)).
Therefore, if we set B = 11,1(2) + t1,2(2)0 then from we deduce, for
every y of L) that

B(y(z")) = ¥1.1(2)(y(2")) + t12(2)0(y(2"))
= Y11(2)(W(z") + ¥1.2(2)((0y)(z"))
is a solution of L(). Further, by construction, 11 1(0) = 1 and #;2(0) = 0
because 1 2(0) = 0.

We now assume that there exists B = Bi(z) + Ba(2)d € Zy[[2]] with
B1(0) =1 and By(0) = 0 such that, for every solution y of L(?, B(y(2P)) is
a solution of L. Therefore, for every solution y of L),

B1(2)y(2") 4+ pBa(2)((dy) ("))
is a solution of L. Let us write L) = §2 + a1(2)d + az(z). According to
(1) of Theorem a1(z),a2(z) € 2Zy[[2]]. We now put

( Bi(2) pBa(2) >
0B1(z) — p?Ba(2)az(zP) 0Ba(2) + pBi(z) — p?Ba(2)a1(2P)

Then I' € My(Zp[[z]]) and it is not hard to see that I" = Ayl" — pI"Ay(2P).
Hence, following Remark we have I' = Y; 2 I'(0) (Y2 (2P)) L. Tt is clear
that I"(0) = diag(1,p). We already know that ¥ is a p-integral Frobenius
structure for L(?) | and hence, by Remark again, =Y, ¥ (0)(Y 2 (zF))~*
and we know that ¥(0) = diag(1,p). So I' = ¥, and thus 12 € pZy[[z]].
Further, from (7.5 it follows that

r=11(2)y0(2") + ¥1.2(2)((0y0) ("))
is a solution of L), Note that r € 1 + 2Q,][[z]]. Thus, according to (2) of
Remark [2.3] we get

r=P1,1(2)y0(2") + ¥1,2(2)((690) (2")) = yo(2).
So, ¥1,1(2)yo(2P) = yo(z) mod p. Consequently, according to Theorem [1.3
exp(y1/y0) € 2Zy[[2]].
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