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p-Integrality of canonical coordinates

by

Daniel Vargas-Montoya

Abstract. Let L be a differential operator with coefficients in Q(z) of order n ≥ 2
with maximal unipotent monodromy at zero. We are interested in determining when the
canonical coordinate of L belongs to Zp[[z]]. For this purpose, motivated by a recent
conjecture due to P. Candelas, X. de la Ossa and D. van Straten (2021), we study the
situation when L has a strong Frobenius structure Φ = (ϕi,j)1≤i,j≤n ∈ Mn(Zp[[z]]) such
that ϕ1,1(0) = 1. We then give a necessary and sufficient condition for the canonical
coordinate of L to belong to Zp[[z]] when L has such a strong Frobenius structure.

1. Introduction. In this paper we study the p-integrality of the canon-
ical coordinate of a differential operator with maximal unipotent monodromy
at zero. We recall that

L = δn + an−1(z)δ
n−1 + · · ·+ a1(z)δ + a0(z) ∈ Q(z)[δ], δ = z

d

dz
,

has maximal unipotent monodromy at zero (MUM type) if, for all i ∈
{0, . . . , n − 1}, ai(z) ∈ Q(z) ∩ zQ[[z]]. By the Frobenius method, we know
that if L is of MUM type and n ≥ 2 then there are unique power series
f(z) ∈ 1 + zQ[[z]] and g(z) ∈ zQ[[z]] such that

y0 = f(z) and y1 = f(z) log z + g(z)

are solutions of L.
The canonical coordinate of L is the power series

q(z) := exp(y1/y0) = z exp(g(z)/f(z)) = z

(
1+

∑
j≥1

1

j!
(g(z)/f(z))n

)
∈ Q[[z]].

This power series is also often called the q-coordinate of L. We are interested
in determining the p-integrality of y0(z) and q(z), that is, we want to know
when y0(z) and q(z) belong to Zp[[z]], where Zp is the ring of p-adic integers.
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Our main source of motivation comes from a recent conjecture formulated by
P. Candelas, X. de la Ossa and D. van Straten [6, Section 4.1] about Calabi–
Yau differential operators. A typical example of a Calabi–Yau differential
operator is

H = δ4 − 5z(5δ + 1)(5δ + 2)(5δ + 3)(5δ + 4).

This differential operator appears in the work of Candelas et al. [5], where
they study a mirror family for quintic threefolds in P4. The differential op-
erator H satisfies some algebraic properties, MUM being one of them, and
also satisfies some arithmetic properties, namely, F0 and exp(F1/F0) belong
to Z[[z]], where F0 and F1 are solutions of H given by

F0 = 1 +
∑
n≥1

(5n)!

(n!)5
zn and F1 = F0 log z +G(z),

with

G(z) =
∑
n≥1

(5n)!

(n!)5
(5H5n − 5Hn)z

n and Hn =
n∑

i=1

1/i.

It is clear that F0 ∈ Z[[z]], and it was proven by Lian and Yau [22] that
exp(F1/F0) ∈ Z[[z]]. The second fact is very surprising as G(z) is not integral
because it has unbounded denominators. In addition, it seems that for many
differential operators L of MUM type, y0 and exp(y1/y0) are N -integral (1).
These operators are usally called Calabi–Yau operators. We refer the reader
to [4, Definition 6.5] for a precise definition.

So, a natural question is to determine when a differential operator is
of Calabi–Yau type. Almkvist et al. [1] have gathered more than 400 dif-
ferential operators of order 4 which are good candidates to be Calabi–Yau
operators. For many differential operators appearing in this list they also give
the analytic solution y0 and it turns out for numerous cases that y0 belongs
to Z[[z]]. Moreover, from Krattenthaler and Rivoal [21] and Delaygue [12],
we also know that the canonical coordinate of some differential operators of
this list belongs to Z[[z]].

It is also expected that every differential operator appearing in [1] can
be obtained as a Picard–Fuchs operator associated with families of Calabi–
Yau threefolds in a one-parameter family. Following [19, Theorem 22.2.1]
or [2, p. 111], if L is a Picard–Fuchs operator then L is equipped with a
matrix Φp = (ϕi,j)1≤i,j≤n with coefficients in Ep, called a strong Frobenius
structure (2). Recently, P. Candelas, X. de la Ossa and D. van Straten [6,

(1) A power series f(z) ∈ Q[[z]] is said to be N-integral if there exists a non-zero
N ∈ Q such that f(Nz) ∈ Z[[z]].

(2) The field Ep is the field of analytic elements. In Section 2 we give the definition
of Ep and we also give the definition of strong Frobenius structure there.



p-Integrality of canonical coordinates 231

Section 4.1] formulated a conjecture about the strong Frobenius structure
for differential operators associated with a family of Calabi–Yau threefolds
in a one-parameter family.

Conjecture 1.1 ([6]). Let L ∈ Q(z)[δ] be a differential operator as-
sociated with a family of Calabi–Yau threefolds in a one-parameter family.
Then, for almost every prime number p, there exists a strong Frobenius struc-
ture Φp = (ϕi,j)1≤i,j≤4 for L such that Φp ∈ M4(Zp[[z]]) and ϕ1,1(0) = 1,
ϕ1,2(0) = 0 = ϕ1,3(0), and ϕ1,4(0) = p3λζp(3), where ζp(3) denotes the p-adic
analog of ζ(3), and λ is a rational number independent of p.

As already mentioned, Conjecture 1.1 is expected to be true for the differ-
ential operators appearing in [1] and it is also expected that such differential
operators are of Calabi–Yau type. So, an interesting question is to determine
if Conjecture 1.1 implies the N -integrality of y0(z) and q(z). The initial moti-
vation of this paper is to answer a weaker question, namely, whether Conjec-
ture 1.1 implies the p-integrality of y0(z) and q(z). On the one hand, we show
that the existence of a strong Frobenius structure Φp ∈ M4(Zp[[z]]) implies
y0(z) ∈ 1 + zZp[[z]]. On the other hand, under the assumption ϕ1,1(0) = 1,
we give a necessary and sufficient condition for q(z) ∈ Zp[[z]]. This con-
dition relies on certain properties of a p-integral Frobenius structure for a
differential operator of order 2.

We point out that, thanks to Proposition 5.2, if L ∈ Q(z)[δ] is an ir-
reducible MUM Picard–Fuchs operator of order 4 then, for almost every
prime p, there exists a strong Frobenius structure Φp = (ϕi,j(z))1≤i,j≤4 ∈
M4(Zp[[z]]) for L such that ∥Φp∥ = 1. Since a strong Frobenius structure
is unique up to a constant (see [17]), Conjecture 1.1 says that we should
have ϕ1,1(0) = 1. Furthermore, following Dwork [14, Lemma 6.2, (6.16)], we
know that, for almost every prime p, there is a strong Frobenius structure
Γp = (γi,j(z))1≤i,j≤4 ∈ M4(Ep) for L such that γ1,1(0)2 = 1. Since a strong
Frobenius structure is unique up to a constant, Conjecture 1.1 claims that
we should have Φp =

1
γ1,1(0)

Γp.

1.1. Main result. Recall that for a differential operator

L = δn + an−1(z)δ
n−1 + · · ·+ a1(z)δ + a0(z)

in Q(z)[δ] the companion matrix of L is

A(z) =



0 1 0 . . . 0 0

0 0 1 . . . 0 0
...

...
...

...
...

...
0 0 0 . . . 0 1

−a0(z) −a1(z) −a2(z) . . . −an−2(z) −an−1(z)


.
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Definition 1.2 (p-integral Frobenius structure). Let L be a monic dif-
ferential operator of order n in Q(z)[δ] and let A(z) be the companion matrix
of L. A p-integral Frobenius structure for L is a matrix Φ ∈Mn(Zp[[z]]) such
that det(Φ) ̸= 0 and

δΦ = A(z)Φ− pΦA(zp).

This definition is inspired by the definition of a strong Frobenius structure
introduced by Dwork [15]. The reader can find this definition in Section 2.
The relation between both definitions is given by Proposition 5.2, where it is
shown that if L ∈ Q(z)[δ] is MUM, irreducible and equipped with a Frobenius
structure for almost every prime p then L has a p-integral Frobenius structure
for almost every prime p.

In order to state our main result, we need to introduce some notations.
With every MUM differential operator L ∈ Q(z)[δ] of order n ≥ 2 there is
associated a MUM type differential operator L(2) ∈ Qp[[z]][δ] of order 2 which
is uniquely determined by the fact that y0 = f(z) and y1 = f(z) log z + g(z)
are its solutions at zero. In other words, L(2) = (δ − t2)(δ − t1), where

t1 =
δf(z)

f(z)
, t2 =

δh(z)

h(z)
with h(z) = f(z) + δg(z)− t1g(z).

Finally, we consider the Qp-linear operator Λp : Qp[[z]] → Qp[[z]] given by
Λp(

∑
n≥0 a(n)z

n) =
∑

n≥0 a(np)z
n. This Qp-linear operator is often called

the Cartier operator.
We are now ready to state our main result.

Theorem 1.3. Let L be a differential operator with coefficients in Q(z)
of order n ≥ 2 and of MUM type. Suppose that L ∈ Zp[[z]][δ] and that
Φ = (ϕi,j(z))1≤i,j≤n is a p-integral Frobenius structure for L. Then y0(z) ∈
1 + zZp[[z]]. Moreover, if |ϕ1,1(0)| = 1 then

(1) the differential operator L(2) belongs to Zp[[z]][δ] and has a p-integral
Frobenius structure Ψ = (ψi,j(z))1≤i,j≤2 such that Ψ(0) = diag(1, p),

(2) the following statements are equivalent:

(a) exp(y1/y0) ∈ Zp[[z]],
(b) y0(z) = ψ1,1(z)y0(z

p) mod p,
(c) Λp(ψ1,1(z))y0(z) = Λp(y0(z)) mod p.

Let us make a few comments.
• The condition L ∈ Zp[[z]][δ] is satisfied for almost every prime p because

L has coefficients in Q(z)∩Q[[z]]. Moreover, as a consequence of Theorem 1.3,
we prove in Corollary 5.1 that if L is an irreducible Picard–Fuchs equation
then y0(z) belongs to 1 + zZp[[z]] for almost every prime p.

• An explicit expression for Ψ is given in the proof of Theorem 1.3. This
expression depends on the power series f(z) and g(z).



p-Integrality of canonical coordinates 233

• According to Theorem 6.7, the condition |ϕ1,1(0)|=1 implies exp(y1/y0)p
∈ Zp[[z]].

• Thanks to Lucas’ Theorem, the analytic solution y0(z) at zero of many
differential operators appearing in [1] satisfies Λp(y0(z)) = y0(z) mod p for
almost every prime p. We recall that it is hoped that the differential opera-
tors appearing in [1] are Calabi–Yau operators. In particular, it is expected
that exp(y1/y0) ∈ Zp[[z]] for almost every prime p. Thus, in view of Theo-
rem 1.3, in order to prove exp(y1/y0) ∈ Zp[[z]], it is sufficient to show that
Λp(ψ1,1(z)) = 1 mod p.

• We conjecture that if under the assumptions of Theorem 1.3 we assume
additionally that Λp(y0(z)) = y0(z) mod p then

Ψ mod p =

(
fp(z) mod p 0

δ(fp(z)) mod p 0

)
,

where fp(z) is the p-truncation of f(z) (3). Note that if the conjecture holds
then Theorem 1.3 implies exp(y1/y0) ∈ Zp[[z]] and that y0(z) is p-Lucas (4).

1.2. Strategy of the proof. Let us briefly explain the strategy of the
proof of Theorem 1.3. The p-integrality of y0(z) is a direct consequence of
Proposition 3.3 and Theorem 3.4. Proposition 3.3 is proven in Section 3
and Theorem 3.4 is proven in Section 5. In Section 4 we use the theory of
p-adic differential equations in order to prove some results that are crucial
in the proof of Theorem 3.4. Items (1) and (2) of Theorem 1.3 are proven in
Section 7. For this purpose, we prove in Section 6 some results on p-integrality
of certain power series with coefficients in Qp.

1.3. Previous results and comparison. It has been shown, in nu-
merous cases, that the canonical coordinate belongs to Z[[z]]. For example,
from the works of Lian and Yau [22, Theorem 1.2], Zudilin [26, Theorem 3],
Krattenthaler and Rivoal [20, Theorem 1] and Delaygue [12], we know that
the canonical coordinate for a large class of MUM hypergeometric opera-
tors belongs to Z[[z]]. Furthermore, Delaygue, Rivoal and Roques [13] gave
a characterization of the hypergeometric operators whose canonical coor-
dinate belongs to Z[[z]]. The works of Krattenthaler and Rivoal [21] and
Delaygue [12] provide examples of canonical coordinate in Z[[z]] for some
non-hypergeometric operators. The technique used by Krattenthaler and
Rivoal and by Delaygue is based on a multi-variate version of Dwork’s formal
congruences [16, Theorem 1.1]. In the work of Vologodsky [25] there is an
approach using p-adic cohomology to prove the integrality of the canonical

(3) The p-truncation of a power series
∑

n≥0 cnz
n is the polynomial

∑p−1
n=0 cnz

n.
(4) A power series t(z) ∈ Zp[[z]] is p-Lucas if t(z) = tp(z)t(z

p) mod p, where tp(z) is
the p-truncation of t(z).
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coordinate of Picard–Fuchs operators coming from families of Calabi–Yau op-
erators. We do not know the real status of [25] since it has not been published
in any journal yet. In contrast, the present work offers a more elementary ap-
proach which is based on the theory of p-adic differential equations. The idea
of using p-adic tools for proving the integrality of the canonical coordinate
goes back to Stienstra [23]. Finally, let us mention a result due to Beuk-
ers and Vlasenko [3]. Let L ∈ Zp[[z]][δ] be a differential operator of order n.
Those authors show that if there exists A =

∑n
i=1Ai(z)δ

i−1 ∈ Zp[[z]][δ] with
A1(0) = 1 such that, for every solution y of L, the composition A(y(zp)) is
a solution of L, then y0, exp(y1/y0) ∈ Zp[[z]]. Nevertheless, according to
Remark 7.1 below, Theorem 1.3 implies that exp(y1/y0) ∈ Zp[[z]] if and
only if there exists B = B1(z) + B2(z)δ ∈ Zp[[z]][δ] with B1(0) = 1 and
B2(0) = 0 such that, for every solution y of L(2), the composition B(y(zp))
is a solution of L(2).

2. Frobenius structure and MUM operators. Let Qp be the field of
p-adic numbers and Qp be an algebraic closure of Qp. It is well-known that
the p-adic norm of Qp extends uniquely to Qp. Let Cp be the completion of
Qp with respect to the p-adic norm. The field Cp(z) is equipped with the
Gauss norm which is defined as follows:∣∣∣∣∑n

i=0 aiz
i∑m

j=0 bjz
j

∣∣∣∣
G
=

sup {|ai|}1≤i≤n

sup {|bj |}1≤j≤m
.

The field of analytic elements, denoted Ep, is the completion of Cp(z) with
respect to the Gauss norm. The field Ep has a derivation δ = z d

dz . It is easily
seen that Ep ⊂ Wp, where

Wp =
{∑
n∈Z

anz
n : an ∈ Cp, lim

n→−∞
|an| = 0, and sup

n∈Z
|an| <∞

}
.

The ring Wp is usually called the Amice ring. This ring is also equipped with
the Gauss norm ∣∣∣∑

n∈Z
anz

n
∣∣∣
G
= sup {|an|}n∈Z.

We let WQp denote the elements of Wp with coefficients in Qp. Likewise, WZp

is the set of elements of Wp with coefficients in Zp. Notice that Zp[[z]] ⊂ WZp .
The following definition is due to Dwork [15].

Definition 2.1 (Strong Frobenius structure). Let L be a monic differ-
ential operator of order n in Q(z)[δ] and let A be the companion matrix of L.
We say that L has a Frobenius structure if there exists Φ ∈ GLn(Ep) such
that

δΦ = AΦ− ΦpA(zp).
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According to [19, Theorem 22.2.1] or [2, p. 111], if L is a Picard–Fuchs
operator then L is equipped with a strong Frobenius structure for almost
every prime number.

Definition 2.2 (MUM differential operator). Let L be a monic differ-
ential operator in Qp[[z]][δ]. We say that L is MUM if its coefficients belong
to Qp(z) ∩ zQp[[z]].

Remark 2.3. (1) Let A(z) ∈ Mn(Qp[[z]]) and let N = A(0). If the
eigenvalues of N are all zero then, from [18, Chap. III, Proposition 8.5], the
differential system δX = A(z)X has a fundamental matrix of solutions of the
shape YAzN , where YA ∈ GLn(Qp[[z]]), YA(0) = I and zN =

∑
j≥0N

j (log z)
j

j! .
The matrix YAzN will be called the fundamental matrix of solutions of δX =
A(z)X, and the matrix YA will be called the uniform part of solutions of the
system δX = AX.

(2) Let L be a MUM differential operator of order n with coefficients in
Qp[[z]], let A(z) be the companion matrix of L and let N = A(0). Since L
is MUM, the eigenvalues of N are all zero. We denote by XL = YLz

N the
fundamental matrix of solutions of δX = A(z)X, where the matrix YL is
the uniform part of this system. Since the eigenvalues of N are all zero, we
have Nn = 0. For this reason, zN =

∑n−1
j=0 N

j (log z)
j

j! . Consequently, there are
unique power series f(z) ∈ 1 + zQp[[z]] and g ∈ zQp[[z]] such that f(z) and
f(z) log z + g(z) are solutions of L. Moreover, since log z is transcendental
over Qp[[z]], it follows that if t(z) ∈ Qp[[z]] is a solution of L then t(z) = cf(z),
where c = t(0).

Remark 2.4. We can now show that if L ∈ Qp(z)[δ] is a MUM differ-
ential operator of order n equipped with a p-integral Frobenius structure
given by Φ = (ϕi,j)1≤i,j≤n then Φ = YLΦ(0)YL(z

p)−1 and Φ(0) is an upper
triangular matrix with diagonal entries ϕ1,1(0), pϕ1,1(0), . . . , pn−1ϕ1,1(0). In
fact, let YLzN be the fundamental matrix of solutions of δX = A(z)X, where
N = A(0) and A(z) is the companion matrix of L. Then YL(z

p)zpN is the
fundamental matrix of solutions of δX = pA(zp)X. We know that

δΦ = AΦ− pΦA(zp),

and thus there exists C ∈ Mn(Cp) such that Φ = YLz
NC(zpN )−1YL(z

p)−1.
Since

(zpN )−1 = diag(1, 1/p, . . . , 1/pn−1)(zN )−1 diag(1, p, . . . , pn−1),

and log z is transcendental over Wp, and since moreover Φ ∈ Mn(WZp),
it follows that zNC(zpN )−1 = C. In addition, from this equality it is not
hard to see that C is an upper triangular matrix with diagonal entries
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µ, pµ, . . . , pn−1µ for some µ ∈ Cp. Consequently, Φ = YLCYL(z
p)−1 and

C = Φ(0). Therefore, the matrix Φ(0) is as expected.

3. p-Integrality of y0 and radius of convergence. In this section we
describe our strategy to prove that y0 ∈ 1 + zZp[[z]]. This strategy relies on
Proposition 3.3 and Theorem 3.4. In order to state these results, we recall the
definition of radius of convergence of a differential operator with coefficients
in Wp∩Cp[[z]]. For a real number r > 0 we have the following ring of analytic
functions:

A(z, r) :=
{∑
j≥0

aj(x− z)j ∈ Wp[[x− z]] : for all s < r, lim
j→∞

|aj |Gsj = 0
}
.

In other words, A(z, r) is the ring of power series with coefficients in Wp

that converge in the open disk D(z, r) := {x ∈ Wp : |x− z| < r}.
Now, let us consider τ : Wp ∩ Cp[[z]] → A(z, 1) given by

τ (f) =
∑
j≥0

(d/dz)j(f)

j!
(x− z)j .

The map τ is well-defined because
∣∣ (d/dz)j(f)

j!

∣∣
G ≤ |f |G for all f ∈ Wp∩Cp[[z]]

and all j ≥ 0. It is clear that τ is a homomorphism of rings.

Remark 3.1. (1) According to [10, Proposition 1.2], a non-zero element
f =

∑
n∈Z anz

n ∈ Wp is a unit of Wp if and only if there is n0 ∈ Z such that
|f |G = |an0 |. In particular, every non-zero element of Zp[[z]] is a unit of Wp.

(2) Let f be in Wp ∩ Cp[[z]]. If f is a unit of Wp then τ (f) is a unit of
A(z, 1). Indeed, write

τ (f) = f(1 + g), where g =
∑
j≥1

(d/dz)j(f)

j!f
(x− z)j .

We have g ∈ A(z, 1) because
∣∣ (d/dz)j(f)

j!

∣∣
G ≤ |f |G for all j ≥ 1 and, by

assumption, 1/f ∈ Wp. Further, 1 + g is a unit element of A(z, 1) because

(1 + g)
(∑
k≥0

(−1)kgk
)
= 1 and

∑
k≥0

(−1)kgk ∈ A(z, 1).

Thus,
1

f

∑
k≥0

(−1)kgk ∈ A(z, 1).

Finally, it is clear that

τ (f)

(
1

f

∑
k≥0

(−1)kgk
)

= 1.
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For all f ∈ Wp ∩ Cp[[z]], we have

(3.1) τ

(
d

dz
f

)
=

d

dx
(τf).

The ring (Wp ∩ Cp[[z]])[[x− z]] is equipped with the endomorphism

F
(∑
j≥0

aj(z)(x− z)j
)
=

∑
j≥0

aj(z
p)(xp − zp)j .

Since

xp − zp = τ (zp)− zp =

p∑
i=1

(d/dz)i(zp)

i!
(x− z)i,

we have
(3.2) τ ◦ F = F ◦ τ .
Let L be a monic differential operator of order n with coefficients in Wp ∩
Cp[[z]] and let A be the companion matrix of L. Then the differential system
δxX = τ (A)X (δx = x d

dx) has a unique solution U ∈ GLn(Wp[[x− z]]) such
that U(z) = I. Moreover,

U =
∑
j≥0

Aj

j!zj
(x− z)j ,

where A0 = I and Aj+1 = δAj +Aj(A− jI) for j ≥ 0. Following [18, Chap.
III, p. 94], the radius of convergence of L is the radius of convergence of
the matrix U in Wp. We let r(L) denote the radius of convergence of L. So,
U ∈Mn(A(z, r(L))). For a matrix C = (ci,j)1≤i,j≤n with coefficients in Wp,
we set ∥C∥ = max {|ci,j |G}1≤i,j≤n. So

1

r(L)
= lim sup

j→∞

∥∥∥∥Aj

j!

∥∥∥∥1/j .
Remark 3.2. Let L be a differential operator with coefficients in Zp[[z]].

If r(L) ≥ 1 then limj→∞ ∥Aj∥ = 0. Indeed, as r(L) ≥ 1, we have
lim supj→∞ ∥Aj/j!∥1/j ≤ 1. Therefore, limj→∞ ∥Aj∥ = 0.

Proposition 3.3. Let L be a differential operator with coefficients in
Zp[[z]] and having a p-integral Frobenius structure. Then r(L) ≥ 1.

Proof. Let A be the companion matrix of L. We put A0 = I and Aj+1 =
δAj +Aj(A− jI) for j ≥ 0. We want to see that r(L) ≥ 1. Since L belongs
to Zp[[z]][δ], we have ∥A∥ = 1, and thus ∥Aj∥ ≤ 1 for all j ≥ 0. So, r(L) ≥
|p|1/p−1. We know that δx(U) = τ (A)U , and thus

F (U) =
∑
j≥0

Aj(z
p)

j!zjp
(xp − zp)j

is a solution of the system δxX = pF (τ (A))X.
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We now prove that F (U) ∈ Mn(A(z, r(L)1/p)). As the Gauss norm is
non-Archimedean, this is equivalent to showing that if |x0 − z|G < r(L)1/p

then limj→∞
∥∥Aj(z

p)
j!zjp

∥∥ |xp0 − zp|jG = 0. Indeed, if |x0 − z|G < r(L)1/p then

|x0 − z|pG < r(L) but (x0 − z)p = xp0 − zp +
∑p−1

i=1 (−1)i
(
p
i

)
xp−i
0 zi and∣∣∣∣p−1∑

i=1

(−1)i
(
p

i

)
xp−i
0 zi

∣∣∣∣
G
≤ 1

p

because the Gauss norm is non-Archimedean and, by Lucas’ Theorem,
∣∣(p

i

)∣∣
≤ 1/p for all 1 ≤ i < p. Furthermore, 1/p < |p|1/p−1 ≤ r(L). Thus,

|xp0 − zp|G ≤ max {|x0 − z|pG , 1/p} < r(L).

As the radius of convergence of U is r(L), we have limj→∞
∥∥ Aj

j!zj

∥∥ |xp0 − zp|jG
= 0. As

∥∥ Aj

j!zj

∥∥ =
∥∥Aj(z

p)
j!zjp

∥∥, we obtain limj→∞
∥∥Aj(z

p)
j!zjp

∥∥ |xp0 − zp|jG = 0. Thus
F (U) ∈Mn(A(z, r(L)1/p)), where n is the order of L. Now, by assumption,
there is Φ ∈ Mn(Zp[[z]]) such that det(Φ) ̸= 0 and δΦ = AΦ − pΦA(zp).
Hence, by (3.1) and (3.2), we obtain

δx(τ (Φ)) = τ (A)τ (Φ)− pτ (Φ)F (τ (A)).

So, τ (Φ)F (U) is a solution of the system δxX = τ (A)X. Since det(Φ) ̸= 0
and det(Φ) ∈ Zp[[z]], it follows from Remark 3.1(1) that det(Φ) is a unit
of Wp. So, by Remark 3.1(2), we conclude that τ (Φ) ∈ GLn(A(z, 1)). Con-
sequently, τ (Φ)F (U) ∈ Mn(A(z, r)), where r = min {1, r(L)1/p}. Since
U ∈ GLn(Wp[[x − z]]) is a solution of δX = τ (A)X, there is C ∈ GLn(Wp)
such that τ (Φ)F (U) = UC. As the radius of convergence of UC is still r(L),
we have r(L) ≥ r. Consequently, r(L) ≥ 1.

It follows from Remark 2.3 that for a MUM differential operator L ∈
Qp[[z]][δ] of order n ≥ 2 there are unique power series f(z) ∈ 1 + zQp[[z]]
and g(z) ∈ zQp[[z]] such that y0 = f and y1 = f log z + g are solutions of L.
The main ingredient to prove Theorem 1.3(1) is the following result.

Theorem 3.4. Let L ∈ Zp[[z]][δ] be a MUM differential operator. If
r(L) ≥ 1 then y0(z) ∈ 1 + zZp[[z]].

4. p-Adic differential equations. The crucial ingredient in the proof
of Theorem 3.4 is Proposition 4.4, which is recursively obtained from Lem-
ma 4.1. The proof of this lemma relies on the theory of p-adic differential
equations.

We recall that the Cartier operator Λp : Cp[[z]] → Cp[[z]] is given by
Λp(

∑
i≥0 a(i)z

i) =
∑

i≥0 a(ip)z
i. From the definition it is clear that if f(z)

and g(z) belong to Cp[[z]] then Λp(f(z)g(z
p)) = Λp(f)g(z). Given a matrix
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B ∈Mn(Cp[[z]]), Λp(B) is the matrix obtained by applying Λp to each entry
of B.

Lemma 4.1. Let L be a MUM differential operator of order n in Zp[[z]][δ],
let A be the companion matrix of L, and let YL be the uniform part of δX =
AX and let N = A(0). If r(L) ≥ 1 then there exists a MUM differential
operator L1 of order n in Zp[[z]][δ] such that

(a′) the fundamental matrix of solutions of δX = B1X is given by

diag(1, 1/p, . . . , 1/pn−1)Λp(YL) diag(1, p, . . . , p
n−1)zN ,

where B1 is the companion matrix of L1,
(b′) the matrix

H1 = YL(Λp(YL)(z
p))−1 diag(1, p, p2, . . . , pn−1)

belongs to Mn(Zp[[z]]) ∩GLn(WQp ∩Qp[[z]]), ∥H1∥ = 1, and

δH1 = AH1 − pH1B1(z
p),

(c′) r(L1) ≥ 1.

In order to prove Lemma 4.1, we first prove Lemma 4.2, via an argument
based upon the ideas found in [9].

Lemma 4.2. Let L be a MUM differential operator of order n in Zp[[z]][δ],
let A be the companion matrix of L, and let YL be the uniform part of δX =
AX and let N = A(0). If r(L) ≥ 1 then

(1) the matrix H0 = (Λp(YL)(z
p))Y −1

L (z) belongs to GLn(Zp[[z]]),
(2) there is F ∈Mn(WQp ∩Qp[[z]]) such that

δH0 = pF (zp)H0 −H0A,

(3) the fundamental matrix of solutions of δX = FX is given by Λp(YL)z
N/p.

Proof. (1) Consider the sequence {Aj(z)}j≥0, where A0(z) = I is the
identity matrix and Aj+1(z)=δAj(z)+Aj(z)(A(z)−jI). As A∈Mn(Zp[[z]]),
we have Aj(z) ∈Mn(Zp[[z]]) for all j ≥ 0. Since Xp−1 = (X−1)((X−1)p−1

+pt(X)) with t(X) ∈ Z[X], it follows that if ξp = 1 then |ξ−1| ≤ |p|1/(p−1).
Furthermore, for all integers j ≥ 1, we have |p|j/(p−1) < |j!| and thus
|(ξ−1)j/j!| < 1. Since the norm is non-Archimedean and

∑
ξp=1(ξ−1)j/j

is a rational number, we conclude that, for all j ≥ 0,
∣∣∑

ξp=1
(ξ−1)j

j!

∣∣ ≤ 1/p,

thus
∣∣∑

ξp=1
(ξ−1)j

pj!

∣∣ ≤ 1 and so
∑

ξp=1
(ξ−1)j

pj! ∈ Zp. Therefore, for all j ≥ 0,
the matrix

Aj

(∑
ξp=1

(ξ − 1)j

pj!

)
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belongs to Mn(Zp[[z]]). We set

H0 =
∑
j≥0

Aj(z)

(∑
ξp=1

(ξ − 1)j

pj!

)
.

Let us show that H0 ∈Mn(Zp[[z]]). This is equivalent to

(4.1) lim
j→∞

∥Aj∥
∣∣∣∣∑
ξp=1

(ξ − 1)j

pj!

∣∣∣∣ = 0

because Zp[[z]] is complete with respect to the Gauss norm and the latter is
non-Archimedean. Indeed, as r(L) ≥ 1, by Remark 3.2, limj→∞ ∥Aj∥ = 0.
Therefore, (4.1) follows immediately since

∣∣∑
ξp=1

(ξ−1)j

pj!

∣∣ ≤ 1 for all j ≥ 0.

Now, we are going to prove that H0 = Λp(YL)(z
p)Y −1

L . Write YL =∑
j≥0 Yjz

j . We have Nn = 0 because L is MUM, and thus it follows from [9,
p. 165] that H0YL =

∑
j≥0 Yjpz

jp. So, H0YL = Λp(YL)(z
p). Therefore, H0 =

Λp(YL)(z
p)Y −1

L . Finally, H0 ∈ GLn(Zp[[z]]) because H0(0) is the identity
matrix.

(2) Now, we set

(4.2) F (z) =

[
δ(Λp(YL)) +

1

p
Λp(YL)N

]
(Λp(YL))

−1.

As H0YL = Λp(YL)(z
p), from (4.2) we obtain

pF (zp) =
[
p
(
δ(Λp(YL))

)
(zp) +H0YLN

]
[Y −1

L H−1
0 ].

We also have

δ(H0)YL +H0(δYL) = δ(H0YL) = δ(Λp(YL)(z
p)) = p

(
δ(Λp(YL))

)
(zp).

Since δ(YLzN ) = AYLz
N , it follows that δYL = AYL − YLN . Thus,

p
(
δ(Λp(YL))

)
(zp) = δ(H0)YL +H0[AYL − YLN ].

Therefore,

pF (zp) =
[
p
(
δ(Λp(YL))

)
(zp) +H0YLN

]
[Y −1

L H−1
0 ]

= [(δH0)YL +H0AYL][Y
−1
L H−1

0 ] = (δH0)H
−1
0 +H0AH

−1
0 .

Consequently,
δH0 = pF (zp)H0 −H0A.

Since pF (zp) = (δH0 + H0A)H
−1
0 ∈ Mn(Zp[[z]]), we deduce that F (z) ∈

Mn(WQp ∩Qp[[z]]).
(3) Finally, we show that the matrix Λp(YL)X

N/p is the fundamental ma-
trix of solutions of δX = FX. It is clear that Λp(YL)(0) = I, and from (4.2)
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we obtain F (z)Λp(YL) = δ(Λp(YL)) + Λp(YL)
1
pN . Thus,

δ(Λp(YL)X
N/p) = δ(Λp(YL))X

N/p + Λp(YL)
1

p
NXN/p

=

(
δ(Λp(YL)) + Λp(YL)

1

p
N

)
XN/p = F (z)Λp(YL)X

N/p.

This completes the proof of Lemma 4.2.

The following result is known as the “Dwork–Frobenius” Theorem and
it is usually proven for differential operators with coefficients in Ep (see [7,
Proposition 8.1]). For completeness we prove it following the same lines.

Proposition 4.3. Let L = δn + an−1(z)δ
n−1 + · · ·+ a1(z)δ+ a0(z) be a

differential operator with ai(z) ∈ Wp ∩ Cp[[z]] for all 0 ≤ i < n. If r(L) ≥ 1
then |ai|G ≤ 1 for all 0 ≤ i < n.

Proof. For every r < 1, the ring A(z, 1) is equipped with the absolute
value ∣∣∣∑

n≥0

fn(x− z)n
∣∣∣
r
= sup {|fn|Grn}n≥0.

This absolute value extends in a natural way to M(z, 1) := Frac(A(z, 1))
and, for all g ∈ M(z, 1), |δxg/g|r ≤ 1/r. Let us now introduce the ring

W =
{
f ∈ M(z, 1) : lim sup

r→1
|f |r ≤ 1

}
.

Thus, for all g ∈ M(z, 1), δxg/g ∈ W. Further, the ring W is closed under
derivation because for any f ∈ W, |δxf |r ≤ 1

r |f |r. Consider the differential
operator L = δnx + τ (an−1)δ

n−1
x + · · · + τ (a1)δx + τ (a0). By assumption,

there are f1, . . . , fn ∈ A(z, 1), linearly independent over Frac(Wp), such
that L(fi) = 0 for every 1 ≤ i ≤ n. By induction, we set g1 = f1 and
gi = Li−1◦· · ·◦L1(fi) with Li = δx−δxgi/gi. So, g1, . . . , gn belong to M(z, 1)
and f1, . . . , fn are solutions of Ln ◦ · · · ◦ L1. Since Ln ◦ · · · ◦ L1 = δnx + · · · ,
the differential operator L − Ln ◦ · · · ◦ L1 has order at least n − 1 and has
f1, . . . , fn as solutions. Thus, L = Ln ◦ · · · ◦ L1. As δxgi/gi ∈ W and W is
closed under derivation, we obtain τ (ai) ∈ W for every 0 ≤ i < n. Finally,
since ai ∈ Wp ∩ Cp[[z]], we have

∣∣ (d/dz)j(ai)
j!

∣∣
G ≤ |ai|G for all j ≥ 0, and

therefore, |τ (ai)|r = |ai|G . Consequently, lim supr→1 |τ (ai)|r = |ai|G . Never-
theless, since τ (ai) ∈ W, we have lim supr→1 |τ (ai)|r ≤ 1. Thus, |ai|G ≤ 1
for all 0 ≤ i < n.

Proof of Lemma 4.1. By Lemma 4.2, there is an F ∈Mn(WQp ∩Qp[[z]])
such that

(4.3) δH0 = pF (zp)H0 −H0A,
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with H0 = Λp(YL)(z
p)Y −1

L ∈ GLn(Zp[[z]]). Write F = (bi,j)1≤i,j≤n. We set

L1 := δn − bn,nδ
n−1

− 1

p
bn,n−1δ

n−2 − · · · − 1

pn−i
bn,iδ

i−1 − · · · − 1

pn−2
bn,2δ −

1

pn−1
bn,1.

It is clear that the coefficients of L1 belong to WQp ∩ Qp[[z]]. Actually,
we are going to see at the end of this proof that L1 ∈ Zp[[z]][δ]. From (4.3),
we deduce that pF (0) = N . Since L is MUM, the last row of N is equal to
zero. So bn,i(0) = 0 for all i ∈ {1, . . . , n− 1}, and L1 is MUM.

(a′) Let B1 be the companion matrix of L1. We are going to see that

T = diag(1, 1/p, . . . , 1/pn−1)Λp(YL) diag(1, p, . . . , p
n−1)zN

is the fundamental matrix of solutions of δX = B1X. We split the proof into
three steps.

First step. Write YL = (fi,j)1≤i,j≤n. Then, for all i ∈ {1, . . . , n − 1}
and k ∈ {1, . . . , n}, fi,k−1 + δfi,k = fi+1,k. Indeed, for all i, j ∈ {1, . . . , n},
we set

ϕi,j =

j∑
k=1

fi,k
(log z)j−k

(j − k)!
.

Notice that YLzN = (ϕi,j)1≤i,j≤n. Since YLzN is the fundamental matrix
of δX = AX and A is the companion matrix of L, it follows that, for all
i ∈ {1, . . . , n− 1} and j ∈ {1, . . . , n}, ϕi+1,j = δϕi,j . Therefore,

j∑
k=1

fi+1,k
(log z)j−k

(j − k)!
= ϕi+1,j = δϕi,j

= δ(fi,1)
(log z)j−1

(j − 1)!
+

j∑
k=2

(fi,k−1 + δ(fi,k))
(log z)j−k

(j − k)!
.

As log z is transcendental over Qp[[z]], it follows from the previous equality
that, for all k ∈ {1, . . . , n}, fi,k−1 + δfi,k = fi+1,k.

Second step. For every j ∈ {1, . . . , n}, we set

θj =

j∑
k=1

pk−1Λp(f1,k)
(log z)j−k

(j − k)!
.

We are going to show that θj is a solution of L1 for every 1 ≤ j ≤ n.
Write Λp(YL)X

N/p = (ηi,j)1≤i,j≤n. Then, for all i, j ∈ {1, . . . , n},

ηi,j =

j∑
k=1

Λp(fi,k)
(log z)j−k

pj−k(j − k)!
.
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On the one hand, we are going to see that, for all j, l ∈ {1, . . . , n},
1

pn−l
δl−1θj =

1

pn−j
ηl,j .

To prove this, we use induction on l ∈ {1, . . . , n}. For l = 1, it is clear
that 1

pn−1 θj = 1
pn−j η1,j . Now, suppose that for some l ∈ {1, . . . , n − 1}, we

have 1
pn−l δ

l−1θj = 1
pn−j ηl,j . So, 1

pn−l δ
lθj = 1

pn−j δ(ηl,j). We prove now that
δ(ηl,j) =

1
pηl+1,j . In fact, as Λp ◦ δ = pδ ◦Λp and, according to the first step,

fl,k−1 + δ(fl,k) = fl+1,k for all k ∈ {1, . . . , n}, we have

δ(ηl,j) =

j∑
k=1

δ(Λp(fl,k))
(log z)j−k

pj−k(j − k)!
+ Λp(fl,k)

(log z)j−k−1

pj−k(j − k − 1)!

=

j∑
k=1

1

p
Λp(δ(fl,k))

(log z)j−k

pj−k(j − k)!
+

1

p
Λp(fl,k)

(log z)j−k−1

pj−k−1(j − k − 1)!

=
1

p

[
Λp(δ(fl,1))

(log z)j−1

pj−1(j − 1)!
+

j∑
k=2

Λp(fl,k−1 + δ(fl,k))
(log z)j−k

pj−k(j − k)!

]

=
1

p

[
Λp(fl+1,1)

(log z)j−1

pj−1(j − 1)!
+

j∑
k=2

Λp(fl+1,k)
(log z)j−k

pj−k(j − k)!

]
=

1

p
ηl+1,j .

Thus,
1

pn−l
δlθj =

1

pn−j
δ(ηl,j) =

1

pn−j

(
1

p
ηl+1,j

)
.

Hence,
1

pn−l−1
δlθj =

1

pn−j
ηl+1,j .

So, for all j, l ∈ {1, . . . , n}, 1
pn−l δ

l−1θj =
1

pn−j ηl,j .

On the other hand, by Lemma 4.2, we know that Λp(YL)X
N/p is the

fundamental matrix of δX = FX. Hence, for every j ∈ {1, . . . , n},

F


η1,j

η2,j
...

ηn,j

 =


δ(η1,j)

δ(η2,j)
...

δ(ηn,j)

 .

In particular, for every j ∈ {1, . . . , n},

bn,1η1,j + bn,2η2,j + · · ·+ bn,kηk,j + · · ·+ bn,nηn,j = δ(ηn,j).

Multiplying the previous equality by 1/pn−j and using the fact that, for
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every l ∈ {1, . . . , n}, 1
pn−j ηl,j =

1
pn−l δ

l−1θj , we get

1

pn−1
bn,1θj +

1

pn−2
bn,2δθj + · · ·+ 1

pn−k
bn,kδ

k−1θj + · · ·+ bn,nδ
n−1θj = δnθj .

Therefore, θj is a solution of L1.

Third step. We are going to see that T = (δi−1θj)1≤i,j≤n. As we have
seen already, for all i, j ∈ {1, . . . , n},

1

pn−i
δi−1θj =

1

pn−j
ηi,j ,

and hence

δi−1θj =
pj

pi
ηi,j =

pj

pi

j∑
k=1

Λp(fi,k)
(log z)j−k

pj−k(j − k)!
=

j∑
k=1

Λp(fi,k)

pi−k

(log z)j−k

(j − k)!
.

But

diag(1, 1/p, . . . , 1/pn−1)Λp(YL) diag(1, p, . . . , p
n−1) =

(
Λp(fi,k)

pi−k

)
1≤i,k≤n

.

By definition

T = diag(1, 1/p, . . . , 1/pn−1)Λp(YL) diag(1, p, . . . , p
n−1)zN .

Thus, T is as expected.
Finally, notice that θ1, . . . , θn are linearly independent over Qp because

log z is transcendental over Qp[[z]]. Since B1 is the companion matrix of L1

and, according to the second step, θ1, . . . , θn are solutions of L1, it follows
that (δi−1θj)1≤i,j≤n is a fundamental matrix of solutions of δX = B1X.
Since T = (δi−1θj)1≤i,j≤n, we conclude that T is the fundamental matrix of
δX = B1X.

(b′) From Lemma 4.2, we know that H−1
0 = YL(Λp(YL)(z

p))−1 belongs
to GLn(Zp[[z]]). Thus,

H1 = YL(Λp(YL)(z
p))−1 diag(1, p, . . . , pn−1)

∈ GLn(WQp ∩Qp[[z]]) ∩Mn(Zp[[z]]).

Since H−1
0 ∈ Mn(Zp[[z]]) and H−1

0 (0) is the identity matrix, we find that
∥H−1

0 ∥ = 1. Therefore, ∥H1∥ ≤ 1. But H1(0) = diag(1, p, . . . , pn−1), and
thus ∥H1∥ = 1. Now, we are going to show that

δ(H1) = AH1 − pH1B1(z
p).

We infer from (a′) that

T (zp) = diag(1, 1/p, . . . , 1/pn−1)Λp(YL)(z
p) diag(1, p, . . . , pn−1)XpN

is the fundamental matrix of solutions of δX = pB1(z
p)X. Furthermore,

H1T (z
p) = YL diag(1, p, . . . , pn−1)XpN .
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But
diag(1, p, . . . , pn−1)XpN = zN diag(1, p, . . . , pn−1).

Consequently,
H1T (z

p) = YLz
N diag(1, p, . . . , pn−1).

Thus, H1T (z
p) is a fundamental matrix of δX = AX, so

AH1T (z
p) = δ(H1T (z

p)) = δ(H1)T (z
p) +H1δ(T (z

p))

= δ(H1)T (z
p) +H1(pB1(z

p))T (zp).

Hence,

(4.4) δ(H1) = AH1 − pH1B1(z
p).

This completes the proof of (b′).

(c′) From (3.1), (3.2), and (4.4) we get

(4.5) δx(τ (H1)) = τ (A)τ (H1)− pτ (H1)F (τ (B1)).

We set C0 = I and Cj+1 = δCj + Cj(B1 − jI) for j ≥ 0. We want to see
that r(L1) ≥ 1. By definition, this is equivalent to proving that for all r < 1,
limj→∞

∥∥Cj

j!

∥∥rj = 0. We know that

Ũ =
∑
j≥0

Cj(z)

j!zj
(x− z)j ∈ GLn(Wp[[x− z]])

is a solution of δxX = τ (B1)X. Therefore, δxF (Ũ) = pF (τ (B1))F (Ũ).
By (4.5), we find that τ (H1)F (Ũ) is a solution of δxX = τ (A)X. Since
H1 ∈ GLn(WQp∩Qp[[z]]), we have τ (H1) ∈ GLn(A(z, 1))∩GLn(Wp[[x−z]]).
As F (Ũ) ∈ GLn(Wp[[x−z]]), we deduce that τ (H1)F (Ũ) ∈ GLn(Wp[[x−z]])
and since τ (H1)F (Ũ) is a solution of δxX = τ (A)X, there is C ∈ GLn(Wp)

such that τ (H1)F (Ũ) = UC. Thus, F (Ũ) = UCτ (H1)
−1. By assumption, U

belongs to Mn(A(z, 1)) and we know that τ (H1) belongs to GLn(A(z, 1)).
Hence, F (Ũ) ∈Mn(A(z, 1)). By definition,

F (Ũ) =
∑
j≥0

Cj(z
p)

j!zjp
(xp − zp)j .

Thus, for all r < 1, limj→∞
∥∥Cj(z

p)
j!zjp

∥∥rj = 0. So, for all r < 1, limj→∞
∥∥Cj

j!

∥∥rj
= 0 since

∥∥Cj(z
p)

j!zjp

∥∥ =
∥∥ Cj

j!zj

∥∥. Consequently, r(L1) ≥ 1.
Finally, we are in a position to apply Proposition 4.3 to L1 and we con-

clude that the coefficients of L1 have norm less than or equal to 1. But we
know that these coefficients belong to Qp[[z]] and so L1 ∈ Zp[[z]][δ].

Proposition 4.4. Let L be a MUM differential operator of order n in
Zp[[z]][δ], let A be the companion matrix of L, let N = A(0), and let YLzN
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be the fundamental matrix of solutions of δX = AX. If r(L) ≥ 1 then, for
every integer m > 0, there exists a MUM differential operator Lm of order
n in Zp[[z]][δ] such that

(a) the fundamental matrix of solutions of δX = BmX is

(4.6) YLmz
N

= diag(1, 1/pm, . . . , 1/pm(n−1))Λm
p (YL) diag(1, p

m, . . . , pm(n−1))zN ,

where Bm is the companion matrix of Lm,
(b) for Hm = YL(Λ

m
p (YL)(z

pm))−1 diag(1, pm, . . . , pm(n−1)) we have

Hm ∈Mn(Zp[[z]]) ∩GLn(WQp ∩Qp[[z]]),

∥Hm∥ = 1, and

(4.7) δ(Hm) = AHm − pmHmBm(zp
m
),

(c) r(Lm) ≥ 1.

Proof. We proceed by induction on m ∈ Z>0. For m = 1 we can apply
Lemma 4.1, and thus there is a MUM differential operator L1 of order n
in Zp[[z]][δ] satisfying conditions (a)–(c). Now, suppose that for some inte-
ger m > 0 there is a MUM differential operator Lm of order n in Zp[[z]][δ]
satisfying (a)–(c). Then we can apply Lemma 4.1 to the differential opera-
tor Lm, and thus there exists a MUM differential operator Lm+1 of order n
in Zp[[z]][δ] such that

diag(1, 1/p, . . . , 1/pn−1)Λp(YLm) diag(1, p, . . . , p
n−1)zN

is the fundamental matrix of solutions of δX = Bm+1X, where Bm+1 is the
companion matrix of Lm+1. So, by (4.6), the fundamental matrix of solutions
of δX = Bm+1X can be written as follows:

diag(1, 1/pm+1, . . . , 1/p(m+1)(n−1))Λm+1
p (YL)

× diag(1, pm+1, . . . , p(m+1)(n−1))zN .

By invoking Lemma 4.1 again, the matrix

H1 = YLm(Λp(YLm)(z
p))−1 diag(1, p, . . . , pn−1)

belongs to Mn(Zp[[z]]) ∩ GLn(WQp ∩ Qp[[z]]), ∥H1∥ = 1, and δ(H1) =
BmH1 − pH1Bm+1(z

p). Thus,

(4.8) δ(H1(z
pm)) = pmBm(zp

m
)H1(z

pm)−H1(z
pm)pm+1Bm+1(z

pm+1
).

We put Hm+1 = Hm(z)H1(z
pm). Then Hm+1 ∈ Mn(Zp[[z]]) ∩ GLn(WQp ∩

Qp[[z]]) and

Hm+1 = YL(z)((Λ
m+1
p YL)(z

pm+1
))−1 diag(1, pm+1, . . . , p(m+1)(n−1)).



p-Integrality of canonical coordinates 247

Furthermore, from (4.7) and (4.8), we obtain

δ(Hm+1) = AHm+1 − pm+1Hm+1Bm+1(z
pm+1

).

Finally, ∥Hm+1∥ = 1 because ∥H1∥ = 1 = ∥Hm∥ and

Hm+1(0) = diag(1, pm+1, . . . , p(m+1)(n−1)).

Therefore, conditions (a) and (b) also hold true for m + 1. Finally, by
Lemma 4.1(c′), we obtain r(Lm+1) ≥ 1. For this reason condition (c) also
holds true for m+ 1.

5. Proof of Theorem 3.4. Write y0(z) =
∑

j≥0 fjz
j . In order to prove

that y0(z) ∈ 1 + zZp[[z]], it is sufficient to show that, for all integers m > 0,
f0, f1, . . . , fpm−1 ∈ Zp. Let m > 0 be an integer and let A be the companion
matrix of L. By hypothesis, r(L) ≥ 1. Therefore, by Proposition 4.4(b),
there exist Bm ∈ Mn(Zp[[z]]) and Hm ∈ Mn(Zp[[z]]) ∩ GLn(WQp ∩ Qp[[z]])
such that ∥Hm∥ = 1 and

(5.1) δ(Hm) = AHm − pmHmBm(zp
m
).

We set ỹ0 = Λm
p (y0(z)). Thanks to Proposition 4.4(a), the vector (ỹ0, δỹ0,

. . . , δn−1ỹ0) is a solution of δy⃗ = Bmy⃗. Hence, it follows from (5.1) that

Hm


ỹ0(z

pm)

(δỹ0)(z
pm)

...
(δn−1ỹ0)(z

pm)


is a solution of the system δy⃗ = Ay⃗. If we put Hm = (hi,j(z))1≤i,j≤n then

h1,1(z)ỹ0(z
pm) + h1,2(z)(δỹ0)(z

pm) + · · ·+ h1,n(z)(δ
n−1ỹ0)(z

pm)

is a solution of L because A is the companion matrix of L. Furthermore, this
solution belongs to Qp[[z]] because Hm ∈ Mn(Zp[[z]]) and y0(z) ∈ Qp[[z]].
Thus, according to Remark 2.3, there exists c ∈ Qp such that

(5.2)

h1,1(z)ỹ0(z
pm) + h1,2(z)(δỹ0)(z

pm) + · · ·+ h1,n(z)(δ
n−1ỹ0)(z

pm) = cy0(z).

As y0(0)=1 and, for all integers j > 0, (δj ỹ0)(zp
m
)(0)=0, we have h1,1(0)=c.

But, by Proposition 4.4(b), we conclude that h1,1(0) = 1, so c = 1. By using
Proposition 4.4(b) again, we infer that, for all j ∈ {2, . . . , n}, h1,j(0) = 0
and it is clear that, for all integers j > 0, (δj ỹ0)(zp

m
) ∈ zp

mQp[[z]]. Hence,
from (5.2), we obtain

(5.3) h1,1(z)(Λ
m
p (y0))(z

pm) ≡ y0(z) mod zp
m+1Qp[[z]].

Write h1,1(z) =
∑

j≥0 hjz
j . Then, by (5.3), we conclude that, for every
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k ∈ {1, . . . , pm − 1}, hk = fk. But h1,1(z) ∈ Zp[[z]] since Hm ∈ Mn(Zp[[z]]).
Consequently, fk ∈ Zp for every k ∈ {1, . . . , pm − 1}.

We end this section by proving the following observation.

Corollary 5.1. Let L be an irreducible Picard–Fuchs equation with co-
efficients in Q(z) and y0(z) ∈ 1+ zQ[[z]] a solution of L. If L is MUM then
y0(z) ∈ 1 + zZp[[z]] for almost every prime p.

In order to prove this corollary, we need another result:

Proposition 5.2. Let L be an irreducible MUM differential operator
with coefficients in Q(z). If L has a Frobenius structure for almost every
prime p then L has a p-integral Frobenius structure for almost every prime p.
Moreover, if n is the order of L then, for almost every prime p, there is a
Φp = (ϕi,j)1≤i,j≤n ∈ Mn(Zp[[z]]) ∩ GLn(Ep) such that Φp is a p-integral
Frobenius matrix for L and ∥Φp∥ = 1.

To prove this proposition, we first recall that Ax–Sen–Tate’s Theorem
ensures that if ξ ∈ Cp and σ(ξ) = ξ for any σ ∈ Gal(Cp/Qp) then ξ ∈ Qp.

Proof of Proposition 5.2. Let P be the set of prime numbers. By as-
sumption, there is a set S1 of prime numbers such that P \ S1 is finite and,
for all p ∈ S1, L has a Frobenius structure for p. Thus, according to [8,
Propositions 4.1.2, 4.6.4, 4.7.2], for all p ∈ S1,

(a) the radius of convergence of L is greater than or equal to 1.

Hence, following [18, Chap. III, Proposition 5.1, Theorem 6.1], the sin-
gularities of L are all regular and the exponents of L are rational numbers.
Thus, there is a set S2 of primes such that P \ S2 is finite and

(b) if α, β are two different singularities of L then |α−β|p = 1 for all p ∈ S2,
(c) if γ is an exponent of L then |γ|p = 1 for all p ∈ S2.

We set S = S1 ∩ S2. Then P \ S is finite. We are going to see that,
for all p ∈ S, L has a p-integral Frobenius structure. Let p be in S. Then
there exists Gp ∈ GLn(Ep) such that δGp = AGp − pGpA(z

p). Write Gp =
(gi,j)1≤i,j≤n and suppose that ∥Gp∥ = |gk,l|G . Since gk,l is a non-zero element
of the field Ep and Ep ⊂ Wp, we deduce that gk,l is a unit element of Wp.
So, by Remark 3.1(1), there is c ∈ Cp such that c is a coefficient of gk,l
and |gk,l|G = |c|. Note that c is not zero because gk,l is not zero. We put
Φp = 1

cGp. So δΦp = AΦp − pΦpA(z
p), ∥Φp∥ = 1, and 1 is a coefficient

of 1
cgk,l. Furthermore, it is clear that Φp ∈ GLn(Ep). Let σ be in Gal(Cp/Qp).

Then σ naturally extends to Wp as an endomorphism of rings, given by
σ(
∑

n∈Z anz
n) =

∑
n∈Z σ(an)z

n. Further, σ(Ep) = Ep and δ ◦ σ = σ ◦ δ.
For a matrix T ∈ Mn(Ep), the matrix T σ is obtained by applying σ to
each entry of T . Since δΦp = AΦp − pΦpA(z

p) and A ∈ Mn(Q(z)), we have
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δ(Φσ
p ) = AΦσ

p − pΦσ
pA(z

p). As L is irreducible and conditions (a)–(c) are
satisfied because p ∈ S, we can apply [17, Lemma], and therefore Φσ

p = dΦp

for some d ∈ Cp. But 1 is a coefficient of 1
cgk,l, and thus 1 = σ(1) = d. So,

Φσ
p = Φp. Since σ is an arbitrary element of Gal(Cp/Qp), by Ax–Sen–Tate’s

Theorem, we conclude that Φp is a matrix with coefficients in WQp . But
we know that ∥Φp∥ = 1, and consequently Φp ∈ Mn(WZp). We also have
det(Φp) ̸= 0 because det(Gp) ̸= 0 and c ̸= 0.

Now, we are going to see that Φp ∈Mn(Zp[[z]]). Let YLzN be the funda-
mental matrix of solutions of δX = AX, where A is the companion matrix of
L and N = A(0). Then, by Remark 2.4, Φp = YLCYL(z

p)−1 ∈ Mn(Cp[[z]]),
where C ∈ Mn(Cp). So, Φp ∈ Mn(Cp[[z]]) ∩ Mn(WZp). Therefore, Φp ∈
Mn(Zp[[z]]) and we have already seen that Φp ∈ GLn(Ep).

Proof of Corollary 5.1. Since L is a Picard–Fuchs equation, it follows
from [19, Theorem 22.2.1] that L has a strong Frobenius structure for al-
most every prime p. Thus, according to Proposition 5.2, for almost every
prime p, L has a p-integral Frobenius structure. Then, by Proposition 3.3
and Theorem 3.4, y0(z) ∈ 1 + zZp[[z]] for almost every primer p.

6. Some p-integrality properties. In order to prove (1) and (2) of
Theorem 1.3, we need some additional results that deal mainly with the
p-integrality of some power series with coefficients in Qp. In particular, in
Theorem 6.7 we prove that exp(y1/y0)

p ∈ zZp[[z]].

Lemma 6.1. Let A := a0+
a1
p δ+ · · ·+ an−1

pn−1 δ
n−1 with a0(z), . . . , an−1(z) ∈

Zp[[z]] and let u ∈ 1 + zQp[[z]]. If A(u(zp)) = u then u ∈ 1 + zZp[[z]].

Proof. We set ω0 = 1 and ωi+1 = A(ωi(z
p)) for i ≥ 0. Then, for all

integersm ≥ 1, ωm ∈ 1+zZp[[z]] because, for all integers j ≥ 1, δj(ωi(z
p)) =

pj(δjωi)(z
p). We are going to see that, for all integers m ≥ 0, ωm ≡ u mod

zp
mZp[[z]]. As u(0) = 1, we have ω0 ≡ u mod zZp[[z]]. Now, we suppose that

ωm ≡ u mod zp
mZp[[z]] for some integer m ≥ 0. Then ωm(zp) ≡ u(zp) mod

zp
m+1Zp[[z]]. Further,

ωm+1 − u = A(ωm(zp))− A(u(zp)) =

n−1∑
i=0

ai[(δ
iωm)(zp)− (δiu)(zp)].

Since ωm(zp)− u(zp) ∈ zp
m+1Zp[[z]], for all integers i ≥ 0 we have

δi(ωm(zp)− u(zp)) ∈ p(m+1)izp
m+1

Zp[[z]].

Nevertheless, δi(ωm(zp)) = pi(δi(ωm))(zp), and similarly δi(u(zp)) =
pi(δi(u))(zp). Thus,

pi[(δiωm)(zp)− (δiu)(zp)] = δi[ωm(zp)− u(zp)] ∈ p(m+1)izp
m+1

Zp[[z]].
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Hence,

(δiωm)(zp)− (δiu)(zp) ∈ pmizp
m+1

Zp[[z]] ⊂ zp
m+1

Zp[[z]].

Therefore, ωm+1 − u ∈ zp
m+1Zp[[z]]. We conclude, for all integers m ≥ 0,

that ωm ≡ u mod zp
mZp[[z]]. Consequently, u ∈ 1 + zZp[[z]] because for all

integers m ≥ 1, ωm ∈ 1 + zZp[[z]].

Lemma 6.2. Let L and D be MUM differential operators in Qp[[z]][δ] of
order n and let A and B be the respective companion matrices of L and D.
Let y0 = f(z), y1 = f(z) log z + g(z) be solutions of L and let ỹ0 = f1(z),
ỹ1 = f1(z) log z + g1(z) be solutions of D, with f(z), f1(z) ∈ 1 + zQp[[z]]
and g(z), g1(z) ∈ zQp[[z]]. Suppose that there is an H = (hi,j(z))1≤i,j≤n ∈
Mn(Qp[[z]]) such that δH = AH − pHB(zp). Then

ω̃(zp)α0y0 + (δω̃)(zp)r2 + · · ·+ (δn−1ω̃)(zp)rny0 = y0(pα0ω + α1),

where ω̃ = ỹ1/ỹ0, ω = y1/y0, α0 = h1,1(0), α1 = h1,2(0), and for 2 ≤ j ≤ n,
rj =

∑n
i=j

(
i−1
i−j

)
h1,i(z)(δ

i−j ỹ0)(z
p).

Proof. Since ỹ0 is a solution of D, it follows from δH = AH − pHB(zp)
that

∑n
i=1 h1,i(z)(δ

i−1ỹ0)(z
p) is a solution of L. It is clear that

n∑
i=1

h1,i(z)(δ
i−1ỹ0)(z

p) ∈ Qp[[z]].

So, according to Remark 2.3, there is c ∈ Qp such that
n∑

i=1

h1,i(z)(δ
i−1ỹ0)(z

p) = cf(z).

Therefore, c = h1,1(0) = α0. In a similar way, since ỹ1 is a solution of D, it
follows from δH = AH−pHB(zp) that

∑n
i=1 h1,i(z)(δ

i−1ỹ1)(z
p) is a solution

of L. As
∑n

i=1 h1,i(z)(δ
i−1ỹ1)(z

p) ∈ Qp[[z]] + Qp[[z]] log z, it follows from
Remark 2.3 that there are c0, c1 ∈ Qp such that

∑n
i=1 h1,i(z)(δ

i−1ỹ1)(z
p) =

c0y0 + c1y1. Now, for all integers m ≥ 1,

δmỹ1 = δm(f1(z)) log z +mδm−1f1(z) + δmg1(z).

So,
n∑

i=1

h1,i(z)(δ
i−1ỹ1)(z

p) =
[ n∑
i=1

ph1,i(z)(δ
i−1f1)(z

p)
]
log z

+
n−1∑
i=0

h1,i+1(z)(iδ
i−1f1 + δig1)(z

p)

= c0y0 + c1y1 = c1f(z) log z + c0f(z) + c1g(z).
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Thus,
n∑

i=1

ph1,i(z)(δ
i−1f1)(z

p) = c1f(z),

n−1∑
i=0

h1,i+1(z)(iδ
i−1f1 + δig1)(z

p) = c0f(z) + c1g(z).

From the second equality, we have c0 = h1,2(0) because g(0) = 0 = g1(0)
and f(0) = 1 = f1(0). So, c0 = α1. Further, we have already seen that∑n

i=1 h1,i(z)(δ
i−1f1)(z

p) = α0f. Thus c1 = pα0.
We put ω̃ = ỹ1/ỹ0. Then ω̃ỹ0 = ỹ1 and

n∑
i=1

h1,i(z)(δ
i−1(ω̃ỹ0))(z

p) = α1y0 + pα0y1.

Since, for all integers m ≥ 1, δm(ω̃ỹ0) =
∑m

i=0

(
m
i

)
δm−iω̃ · δiỹ0, we obtain

n∑
i=1

h1,i(z)(δ
i−1(ω̃ỹ0))(z

p) = ω̃(zp)
[ n∑
i=1

h1,i(z)(δ
i−1ỹ0)(z

p)
]

+ (δω̃)(zp)

[ n∑
i=2

(
i− 1

i− 2

)
h1,i(z)(δ

i−1ỹ0)(z
p)

]

+ (δ2ω̃)(zp)

[ n∑
i=3

(
i− 1

i− 3

)
h1,i(z)(δ

i−2ỹ0)(z
p)

]
+ · · ·+ (δn−1ω̃)(zp)h1,n(z)(ỹ0)(z

p).

We know that
n∑

i=1

h1,i(z)(δ
i−1ỹ0)(z

p) = α0y0,

and, for every j ∈ {2, . . . , n}, we set rj =
∑n

i=j

(
i−1
i−j

)
h1,i(z)(δ

i−j ỹ0)(z
p). So,

n∑
i=1

h1,i(δ
i−1(ω̃ỹ0))(z

p) = ω̃(zp)α0y0 + (δω̃)(zp)r2 + · · ·+ (δn−1ω̃)(zp)rn.

Consequently,

ω̃(zp)α0y0 + (δω̃)(zp)r2 + · · ·+ (δn−1ω̃)(zp)rn

= α1y0 + pα0y1 = y0(pα0ω + α1).

This finishes the proof of Lemma 6.2.

Theorem 3.4 and Lemma 4.1 are essential in the proof of the following
two propositions.
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Proposition 6.3. Let L be a MUM differential operator of order n with
coefficients in Zp[[z]]. Let y0 = f(z) and y1 = f(z) log z + g(z) be solutions
of L such that f(z) ∈ 1 + zQp[z]] and g(z) ∈ zQp[[z]]. Suppose that L has
a p-integral Frobenius structure given by the matrix Φ = (ϕi,j(z))1≤i,j≤n. If
|ϕ1,1(0)| = 1 then δω̃ ∈ 1+ zZp[[z]], where ω̃ = ỹ1/ỹ0 with ỹ0 = Λp(f(z)) and
ỹ1 = Λp(f(z)) log z + pΛp(g(z)).

Proof. Let YLzN be the fundamental matrix of solutions of δX = AX,
where A is the companion matrix of L. Since L has a p-integral Frobenius
structure, according to Proposition 3.3, r(L) ≥ 1. As L ∈ Zp[[z]][δ] is MUM
and r(L) ≥ 1, we can apply Lemma 4.1(a′), and thus there is a MUM
differential operator L1 ∈ Zp[[z]][δ] of order n such that the fundamental
matrix of solutions of δX = B1X is given by

diag(1, 1/p, . . . , 1/pn−1)Λp(YL) diag(1, p, . . . , p
n−1)zN ,

where B1 is the companion matrix of L1. Therefore,

ỹ0 := Λp(f(z)) and ỹ1 := Λp(f(z)) log z + pΛp(g(z))

are solutions of L1. Set

T = diag(1, 1/p, . . . , 1/pn−1)Λp(Φ)YL(z)(Λp(YL)(z
p))−1 diag(1, p, . . . , pn−1).

We are going to see that δT = B1T−pTB1(z
p). In fact, from Lemma 4.1(b′),

we deduce that δ(H−1
1 ) = pB1(z

p)H−1
1 −H−1

1 A, where

H1 = YL(z)(Λp(YL)(z
p))−1 diag(1, p, . . . , pn−1).

By the hypotheses, we know that δΦ = AΦ− pΦA(zp). Thus,

δ(H−1
1 Φ) = pB1(z

p)H−1
1 Φ− pH−1

1 ΦA(zp).

As Λp ◦ δ = pδ ◦ Λp, we get

δ(Λp(H
−1
1 Φ)) = B1Λp(H

−1
1 Φ)− Λp(H

−1
1 Φ)A.

By invoking Lemma 4.1(b′) again, we have δ(H1) = AH1−pH1B1(z
p). Thus,

δ(Λp(H
−1
1 Φ)H1) = B1Λp(H

−1
1 Φ)H1 − pΛp(H

−1
1 Φ)H1B1(z

p).

From Remark 2.4, we know that Φ = YLΦ(0)YL(z
p)−1. Hence,

Λp(Φ) = Λp(YL)Φ(0)YL(z)
−1,

and consequently
Λp(H

−1
1 Φ)H1 = T.

Let us write T = (ti,j(z))1≤i,j≤n. We have T ∈ Mn(Qp[[z]]) because YL ∈
GLn(Qp[[z]]) and, by assumption, Φ∈Mn(Zp[[z]]). As δT = B1T−pTB1(z

p),
by Lemma 6.2 we deduce that

ω̃(zp)α0ỹ0 + (δω̃)(zp)r2 + · · ·+ (δn−1ω̃)(zp)rn = ỹ0(pα0ω̃ + α1),

where α0 = t1,1(0), α1 = t1,2(0) and rj =
∑n

i=j

(
i−1
i−j

)
t1,i(z)(δ

i−j ỹ0)(z
p).
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Since |ϕ1,1(0)| = 1 and ∥Φ∥ = 1, we have ∥Λp(Φ)∥ = 1. In addition, by
Lemma 4.2, we know that YL(z)(Λp(YL)(z

p))−1 ∈ GLn(Zp[[z]]). Therefore,
t1,2, . . . , t1,n ∈ pZp[[z]], and consequently r2, . . . , rn ∈ pZp[[z]] and α1 = pβ
with β ∈ Zp. So, rj = psj with sj ∈ Zp[[z]] and we obtain

ω̃(zp)
α0

p
+ (δω̃)(zp)

s2
ỹ0

+ · · ·+ (δn−1ω̃)(zp)
sn
ỹ0

= α0ω̃ + β.

As r(L) ≥ 1, by Theorem 3.4, y0 = f(z) ∈ 1+zZp[[z]]. Thus, ỹ0 ∈ 1+zZp[[z]]
and, for every j ∈ {2, . . . , n}, γj := sj/ỹ0 ∈ Zp[[z]]. We put ω = δω̃. Then

ω̃(zp)
α0

p
+ ω(zp)γ2 + · · ·+ (δn−2ω)(zp)γn = α0ω̃ + β.

By applying δ to this equality we obtain

δ(ω̃(zp))
α0

p
+ δ(ω(zp)γ2) + · · ·+ δ((δn−2ω)(zp)γn) = α0ω.

As δ(ω̃(zp)) = p(δω̃)(zp), we have δ(ω̃(zp))1p = ω(zp). Therefore,

α0ω(zp) + δ(ω(zp)γ2) + · · ·+ δ((δn−2ω)(zp)γn) = α0ω.

Now, δ((δiω)(zp)γi+2) = p(δi+1ω)(zp)γi+2+(δiω)(zp)δ(γi+2). Further, α0 ∈
Z∗
p since α0 = t1,1(0) = ϕ1,1(0) and by hypotheses |ϕ1,1(0)| = 1. Thus, there

are a0, . . . , an ∈ Zp[[z]] such that
a0ω(zp) + a1(δω)(zp) + · · ·+ an−1(δ

n−1ω)(zp) = ω.

Finally, we set A := a0+
a1
p δ+ · · ·+ an−1

pn−1 δ
n−1. So, A(ω(zp)) = ω. Therefore,

from Lemma 6.1, we obtain δω̃ = ω ∈ 1 + zZp[[z]].

Proposition 6.4. Let L be a MUM differential operator of order n with
coefficients in Zp[[z]]. Let y0 = f(z) and y1 = f(z) log z+g(z) be solutions of L
with f(z) ∈ 1 + zQp[[z]] and g(z) ∈ zQp[[z]]. Suppose that L has a p-integral
Frobenius structure given by the matrix Φ = (ϕi,j)1≤i,j≤n. If |ϕ1,1(0)| = 1
then δω ∈ 1 + zZp[[z]], where ω = y1/y0.

Proof. Let YLzN be the fundamental matrix of solutions of δX = AX,
where A is the companion matrix of L. Since L has a p-integral Frobenius
structure, by Proposition 3.3, we get r(L) ≥ 1. As L ∈ Zp[[z]][δ] is MUM
and r(L) ≥ 1, we can apply Lemma 4.1, and thus, from Lemma 4.1(a′),
there is a MUM differential operator L1 such that ỹ0 = Λp(f) and ỹ1 =
Λp(f) log z + pΛp(g) are solutions of L1. By Lemma 4.1(b′), we know that
H1 = YL(z)(Λp(YL)(z

p))−1 diag(1, p, p2, . . . , pn−1) belongs to Mn(Zp[[z]])
and δH1 = AH1−pH1B1(z

p), where B1 is the companion matrix of L1. Addi-
tionally, from Lemma 4.2, we have YL(z)(Λp(YL)(z

p))−1 ∈ GLn(Zp[[z]]). So,
if we put H1 = (wi,j(z))1≤i,j≤n then w1,j(z) ∈ pj−1Zp[[z]] for all 1 ≤ j ≤ n.
Since H1 ∈ Mn(Zp[[z]]) and H1(0) = diag(1, p, . . . , pn−1), from Lemma 6.2
we get

ω̃(zp)y0 + (δω̃)(zp)r2 + · · ·+ (δn−1ω̃)(zp)rn = py0ω,
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where ω̃ = ỹ1/ỹ0 and rj =
∑n

i=j

(
i−1
i−j

)
w1,i(z)(δ

i−j ỹ0)(z
p). As w1,2, . . . , w1,n

∈ pZp[[z]], we obtain r2, . . . , rn ∈ pZp[[z]]. So, rj = psj with sj ∈ Zp[[z]]. For
this reason,

ω̃(zp)
1

p
+ (δω̃)(zp)

s2
y0

+ · · ·+ (δn−1ω̃)(zp)
sn
y0

= ω.

We know that r(L) ≥ 1, and thus, by Theorem 3.4, y0 = f(z) ∈ 1+ zZp[[z]].
So, 1/y0 ∈ 1 + zZp[[z]] and, for every j ∈ {1, . . . , n− 1}, tj := sj/y0 belongs
to Zp[[z]]. We put ω = δω̃. Then

ω̃(zp)
1

p
+ (ω)(zp)t2 + · · ·+ (δn−2ω)(zp)tn = ω.

By applying δ to this equality we obtain

δ(ω̃(zp))
1

p
+ δ((ω)(zp)t2) + · · ·+ δ((δn−2ω)(zp)tn) = δω.

As δ(ω̃(zp)) = p(δω̃)(zp), we have δ(ω̃(zp))1p = ω(zp). Therefore,

ω(zp) + δ((ω)(zp)t1) + · · ·+ δ((δn−2ω)(zp)tn−1) = δω.

According to Proposition 6.3, δω̃ = ω belongs to 1 + zZp[[z]]. Therefore, δω
belongs to 1 + zZp[[z]].

To prove Theorem 6.7, we also recall the following classical lemma.

Lemma 6.5 (Dieudonné–Dwork’s Lemma). Let p be a prime number and
let f(z) be in 1 + zQp[[z]]. Then f(z) ∈ 1 + zZp[[z]] if and only if f(z)p

f(zp) ∈
1 + pzZp[[z]].

For a proof of this lemma we refer the reader to [18, Chap. II, Theo-
rem 5.2]. As a corollary we have

Corollary 6.6. Let p be a prime number and let f(z) be in zQp[[z]].
Then exp(f(z)) ∈ 1 + zZp[[z]] if and only if 1

pf(z
p)− f(z) ∈ zZp[[z]].

Theorem 6.7. Let L be a MUM differential operator of order n with
coefficients in Zp[[z]]. Let y0 = f(z) and y1 = f(z) log z+ g(z) be solutions of
L with f(z) ∈ 1+zQp[[z]] and g(z) ∈ zQp[[z]]. Suppose that L has a p-integral
Frobenius structure given by the matrix Φ = (ϕi,j)1≤i,j≤n. If |ϕ1,1(0)| = 1
then exp(y1/y0)

p ∈ Zp[[z]].

Proof. We set h = pg(z)f(z) . Since exp(y1/y0)
p = z exp(h), according to

Corollary 6.6, it is sufficient to show that 1
ph(z

p) − h(z) ∈ Zp[[z]]. By as-
sumption, there is Φ = (ϕi,j(z))1≤i,j≤n ∈ Mn(Zp[[z]]) such that δΦ = AΦ −
pΦA(zp). We put ω = y1

y0
, where y1 = f(z) log z + g(z) and y0 = f(z). It

follows from Lemma 6.2 that

ω(zp)α0y0 + (δω)(zp)r2 + · · ·+ (δn−1ω)(zp)rn = y0(pα0ω + α1),

where rj =
∑n

i=j

(
i−1
i−j

)
ϕ1,i(z)(δ

i−jy0)(z
p), α0 = ϕ1,1(0), and α1 = ϕ1,2(0).
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Consequently,

ω(zp)α0 + (δω)(zp)
r2
y0

+ · · ·+ (δn−1ω)(zp)
rn
y0

= pα0ω + α1.

By Proposition 3.3 and Theorem 3.4, we know that y0 = f(z) ∈ 1+ zZp[[z]].
So, 1/y0 ∈ 1 + zZp[[z]]. Then, for every j ∈ {2, . . . , n}, rj/y0 belongs to
Zp[[z]]. As |ϕ1,1(0)| = 1, by Proposition 6.4, we have δω ∈ 1+zZp[[z]]. Thus,
we obtain ω(zp)α0− pα0ω ∈ zZp[[z]]. Further, α0 ∈ Z∗

p because α0 = ϕ1,1(0)
and |ϕ1,1(0)| = 1. Hence, ω(zp)− pω ∈ zZp[[z]]. But

ω(zp)− pω =

[
pf(zp) log z + g(zp)

f(zp)

]
−
[
pf(z) log z + pg(z)

f(z)

]
=

g(zp)

f(zp)
− p

g(z)

f(z)
=

1

p
h(zp)− h(z).

7. Proof of Theorem 1.3. Given that, by assumption, L has a p-
integral Frobenius structure, it follows from Proposition 3.3 that r(L) ≥ 1.
Thus, by Theorem 3.4, we get y0(z) ∈ 1 + zZp[[z]]. Let us now prove (1)
and (2).

(1) By definition, L(2) = (δ − t2)(δ − t1), where

t1 =
δf(z)

f(z)
, t2 =

δh(z)

h(z)
with h(z) = f(z) + δ(g(z))− t1g(z).

As |ϕ1,1(0)| = 1, by Proposition 6.4, δ(y1/y0) ∈ 1+zZp[[z]]. In particular,
δ(g(z)/f(z)) belongs to Zp[[z]]. Since

δ

(
g(z)

f(z)

)
=

(δg(z))f(z)− g(z)(δf(z))

f(z)2

and f(z) ∈ 1 + zZp[[z]], we obtain (δg(z))f(z)− g(z)(δf(z)) ∈ Zp[[z]]. Notice
that

h(z) = f(z) + δ(g(z))− t1g(z) = f(z) + δ(g(z))− δf(z)

f(z)
g(z)

=
f(z)2 + (δg(z))f(z)− (δf(z))g(z)

f(z)
.

So, h(z) ∈ 1 + zZp[[z]]. Consequently, t1 and t2 belong to zZp[[z]]. Hence,
L(2) ∈ Zp[[z]][δ] and it is clear that L(2) is MUM.

We now proceed to show that L(2) has a p-adic Frobenius structure. We
set

(7.1) Θ = J(z) diag(1, p)J(zp)−1, with J(z) =

(
f(z) g(z)

δf(z) f(z) + δg(z)

)
.

First, we prove that δΘ = A2Θ − pΘA2(z
p), where A2 is the companion

matrix of L(2). Notice that
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Θ = J(z)

(
1 log z

0 1

)
diag(1, p)

(
1 −p log z
0 1

)
J(zp)−1.

So,

(7.2) ΘJ(zp)

(
1 p log z

0 1

)
= J(z)

(
1 log z

0 1

)
diag(1, p).

It is clear that the matrix J(z)
(
1 log z
0 1

)
diag(1, p) is a solution of the

system δX = A2X and that J(zp)
(
1 p log z
0 1

)
is a solution of the system δX =

pA2(z
p)X. Consequently, we deduce from (7.2) that

(7.3) δΘ = A2Θ − pΘA2(z
p).

By (7.1), we have

Θ =

(
θ1,1(z) θ1,2(z)

θ2,1(z) θ2,2(z)

)
,

where

θ1,1(z) =
f(z)((f+ δg)(zp))− pg(z)((δf)(zp))

∆
,

θ1,2(z) =
pg(z)(f(zp))− f(z)(g(zp))

∆
,

θ2,1(z) =
(δf(z))((f+ δg)(zp))− p(f(z) + δg(z))(δf(zp))

∆
,

θ2,2(z) =
p(f(z) + δg(z))(f(zp))− (δf(z))(g(zp))

∆
.

with ∆ = (f(f+δg)−g(δf))(zp). We next prove that θ1,1(z), θ1,2(z) ∈ Zp[[z]].

Note that ∆ = (hf)(zp). As h(z), f(z) ∈ 1 + zZp[[z]], we see that ∆ ∈
1 + zZp[[z]]. From Theorem 6.7, we have exp(y1/y0)

p ∈ Zp[[z]] and, by
Corollary 6.6, this is equivalent to saying that g(zp)

f(zp) − pg(z)f(z) ∈ zZp[[z]].
Since f(z) ∈ 1 + zZp[[z]], we obtain pg(z)f(zp) − f(z)g(zp) ∈ Zp[[z]]. Thus,
θ1,2 ∈ zZp[[z]]. Furthermore, it is clear from (7.3) that

θ1,1(z)(f(z
p)) + θ1,2(z)((δf)(z

p)) = f(z).

In particular,

θ1,1(z) =
f(z)− θ1,2(z)((δf)(z

p))

f(zp)
.

We have already seen that θ1,2(z) ∈ Zp[[z]] and we know that f(z) ∈ 1 +
zZp[[z]]. Therefore, θ1,1(z) ∈ 1 + zZp[[z]].
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Let us write L(2) = δ2 + a1(z)δ + a2(z) with a1(z), a2(z) ∈ zZp[[z]]. Put

Ψ =

(
ψ1,1(z) ψ1,2(z)

ψ2,1(z) ψ2,2(z)

)

=

(
θ1,1(z) θ1,2(z)

δθ1,1(z)− pθ1,2(z)a2(z
p) δθ1,2(z) + pθ1,1(z)− pθ1,2(z)a1(z

p)

)
.

Consequently, Ψ ∈M2(Zp[[z]]). We now show that

(7.4) δΨ = A2Ψ − pΨA2(z
p).

Let y be a solution of L(2) in Qp[[z]] + Qp[[z]] log z. Then, from (7.3), it
follows that

r = θ1,1(z)(y(z
p)) + θ1,2(z)((δy)(z

p))

is a solution of L(2). Since, by definition, θ1,1(z) = ψ1,1(z) and θ1,2(z) =
ψ1,2(z), we deduce that

(7.5) r = ψ1,1(z)(y(z
p)) + ψ1,2(z)((δy)(z

p))

is a solution of L(2). So, by applying δ to the previous equality and by using
the fact that δ2y = −a1(z)δy − a2(z)y, we get

δr = ψ2,1(z)(y(z
p)) + ψ2,2(z)((δy)(z

p)).

For this reason,

Ψ

(
y(zp)

(δy)(zp)

)
=

(
r

δr

)
.

Thus, by applying δ, we get

δΨ

(
y(zp)

(δy)(zp)

)
+ ΨpA2(z

p)

(
y(zp)

(δy)(zp)

)
= A2

(
r

δr

)
= A2Ψ

(
y(zp)

(δy)(zp)

)
.

Since y is an arbitrary solution of L(2), this implies δΨ = A2Ψ − pΨA2(z
p).

(2) (a)⇒(b). Suppose that exp(y1/y0) ∈ zZp[[z]]. According to Corol-
lary 6.6, this is equivalent to saying that 1

p
g(zp)
f(zp) −

g(z)
f(z) ∈ zZp[[z]]. By applying

Lemma 6.2 to L(2) and Ψ , we deduce that

(7.6)
1

p

g(zp)

f(zp)
− g(z)

f(z)
= −(δ(y1/y0))(z

p)
ψ1,2

p

f(zp)

f(z)
.

From Proposition 6.4, we have δ(y1/y0) ∈ 1+zZp[[z]] and we also know that
f(z) ∈ 1 + zZp[[z]]. Thus, from (7.6), we get ψ1,2(z) ∈ pZp[[z]]. In addition,
from (7.5) it follows that r = ψ1,1(z)y0(z

p) +ψ1,2(z)((δy0)(z
p)) is a solution

of L(2). Note that r ∈ 1+zQp[[z]]. Thus, according to Remark 2.3(2), we get

r = ψ1,1(z)y0(z
p) + ψ1,2(z)((δy0)(z

p)) = y0(z).

Hence, ψ1,1(z)y0(z
p) = y0(z) mod p.
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(b)⇒(c). Suppose that ψ1,1(z)y0(z
p) = y0(z) mod p. Then, by apply-

ing Λp, we get Λp(ψ1,1(z))y0(z) = Λp(y0(z)) mod p.
(c)⇒(a). Assume that Λp(ψ1,1(z)) =

Λp(y0(z))
y0(z)

mod p. By construction,

ψ1,1(z) = θ1,1(z) =
y0(z)− θ1,2(z)(δy0(z))(z

p)

y0(zp)
.

Hence,

Λp(ψ1,1(z)) =
Λp(y0(z))−

(
Λp(θ1,2(z))

)
(δy0(z))

y0(z)
.

Therefore,
Λp(y0(z))−

(
Λp(θ1,2(z))

)
(δy0(z))

y0(z)
=
Λp(y0(z))

y0(z)
mod p.

Hence, we obtain Λp(θ1,2(z)) ∈ pZp[[z]].
It follows from (7.4) that δΨ = A2Ψ mod p. Since A2 is the companion

matrix of L(2), we deduce that ψ1,2(z) mod p is solution of L(2) mod p. Given
that L ∈ Zp[[z]][δ]L

(2), we then find that ψ1,2(z) mod p is a solution of
L mod p. We now want to prove that ψ1,2 mod p = 0. Suppose, for the sake
of contradiction, that ψ1,2 mod p ̸= 0. Given that L is MUM, the exponents
of L mod p at zero are equal to zero, and thus [24, Lemma 6.7] implies that
ψ1,2(z) mod p = P (z)c(zp), where c(z) ∈ Fp((z)) and P (z) is a non-zero
polynomial with coefficients in Fp. By applying the Cartier operator, we
obtain

ψ1,2(z) mod p =
P (z)

(Λp(P ))(zp)
(Λp(ψ1,2 mod p))(zp).

But Λp(ψ1,2(z)) mod p = 0 because θ1,2(z) = ψ1,2(z) and we have already
seen that Λp(θ1,2(z)) ∈ pZp[[z]]. Hence, ψ1,2 mod p = 0, which contradicts
our assumption ψ1,2 ̸= 0 mod p. Therefore, ψ1,2 mod p = 0.

So θ1,2 ∈ pZp[[z]] because θ1,2 = ψ1,2 and we know that

θ1,2(z) =
pg(z)(f(zp))− f(z)(g(zp))

∆
,

where ∆ ∈ 1 + zZp[[z]]. So pg(z)(f(zp))− f(z)(g(zp)) ∈ pZp[[z]]. Thus, since
f(z) ∈ 1 + zZp[[z]], we get

1

p

g(zp)

f(zp)
− g(z)

f(z)
∈ zZp[[z]].

Consequently, Corollary 6.6 implies exp(y1/y0) ∈ Zp[[z]].

Remark 7.1. Assume that L satisfies the assumptions of Theorem 1.3.
In this remark we show that exp(y1/y0) ∈ zZp[[z]] if and only if there exists
B = B1(z) + B2(z)δ ∈ Zp[[z]] with B1(0) = 1 and B2(0) = 0 such that, for
every solution y of L(2), B(y(zp)) is a solution of L(2). Indeed, according to (1)
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of Theorem 1.3, L(2) has a p-integral Frobenius structure Ψ = (ψi,j(z))1≤i,j≤2

such that Ψ(0) = diag(1, p). Suppose that exp(y1/y0) ∈ zZp[[z]]. Thus, by
following the proof of (a)⇒(b) in (2) of Theorem 1.3, we know that ψ1,2(z) =
pt1,2(z) with t1,2(z) ∈ Zp[[z]]. Moreover, ψ1,2(z)((δy)(z

p)) = t1,2(z)δ(y(z
p)).

Therefore, if we set B = ψ1,1(z) + t1,2(z)δ then from (7.5) we deduce, for
every y of L(2), that

B(y(zp)) = ψ1,1(z)(y(z
p)) + t1,2(z)δ(y(z

p))

= ψ1,1(z)(y(z
p)) + ψ1,2(z)((δy)(z

p))

is a solution of L(2). Further, by construction, ψ1,1(0) = 1 and t1,2(0) = 0
because ψ1,2(0) = 0.

We now assume that there exists B = B1(z) + B2(z)δ ∈ Zp[[z]] with
B1(0) = 1 and B2(0) = 0 such that, for every solution y of L(2), B(y(zp)) is
a solution of L(2). Therefore, for every solution y of L(2),

B1(z)y(z
p) + pB2(z)((δy)(z

p))

is a solution of L(2). Let us write L(2) = δ2 + a1(z)δ + a2(z). According to
(1) of Theorem 1.3, a1(z), a2(z) ∈ zZp[[z]]. We now put

Γ =

(
B1(z) pB2(z)

δB1(z)− p2B2(z)a2(z
p) δB2(z) + pB1(z)− p2B2(z)a1(z

p)

)
.

Then Γ ∈ M4(Zp[[z]]) and it is not hard to see that Γ = A2Γ − pΓA2(z
p).

Hence, following Remark 2.4, we have Γ = YL(2)Γ (0)(YL(2)(zp))−1. It is clear
that Γ (0) = diag(1, p). We already know that Ψ is a p-integral Frobenius
structure forL(2), and hence, by Remark 2.4 again, Ψ=YL(2)Ψ(0)(YL(2)(zp))−1

and we know that Ψ(0) = diag(1, p). So Γ = Ψ , and thus ψ1,2 ∈ pZp[[z]].
Further, from (7.5) it follows that

r = ψ1,1(z)y0(z
p) + ψ1,2(z)((δy0)(z

p))

is a solution of L(2). Note that r ∈ 1 + zQp[[z]]. Thus, according to (2) of
Remark 2.3, we get

r = ψ1,1(z)y0(z
p) + ψ1,2(z)((δy0)(z

p)) = y0(z).

So, ψ1,1(z)y0(z
p) = y0(z) mod p. Consequently, according to Theorem 1.3,

exp(y1/y0) ∈ zZp[[z]].
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