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Characterization of decay rates
for discrete operator semigroups

by

MAsASHI WAKAIKI

Abstract. Let T be a power-bounded linear operator on a Hilbert space X, and
let S be a bounded linear operator from another Hilbert space Y to X. We investigate
the non-exponential rate of decay of [|[T"S| as n — oo. First, when X = Y and S
commutes with 7', we characterize the decay rate of |7"S|| in terms of the growth rate of
(AT —T)7%S|| as |A| | 1 for some k € N. Next, we provide another characterization by
means of an integral estimate of || (A\I —T)~*S/||. The second characterization is then applied
to asymptotic estimates for perturbed discrete operator semigroups. Finally, we present
some results on the relation between the decay rate of ||T"S|| and the boundedness of the
sum > f(n)||T"Sy||? for all y € Y in the Banach space setting, where f: N — (0, 00)
and p > 1.

1. Introduction. Let X and Y be complex Banach spaces. We denote
by L(Y,X) the space of bounded linear operators from Y to X, and set
L(X) = L(X,X). Let T € L(X) be such that the spectral radius r(T")
of T is at most 1, and let S € L(Y, X). In this paper, we investigate the
asymptotic behavior of ||[T"S| as n — oo and relate it to the growth of
(A —T)7%S| as |A| | 1 for k € N.

To motivate our problem, we consider the following sampled-data system
with sampling period 7 > O:

2(t) = Az(t) + Bu(t), t>0; 2(0)=z€ X;
u(t) = Fz(nt), nt <t < (n+1)1, n € Ny,

(1.1)

where X and U are complex Banach spaces, A is the generator of a Cy-
semigroup ()0 on X, B € L(U,X), F € L(X,U), and Ny := NU {0},

In the context of control systems, z is the state of the plant and is sampled
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at time ¢ = n7 for each n € Ny. The control input v is generated from the
sampled state z(nT).
Let z4(n) := z(n7) for n € Ng, and define T' € L(X) by
T
T¢=eV¢+ e BFEdt, (€ X.
0

Then the discrete trajectory zq satisfies
zan+1) =Tz(n), neNy 2(0) ==x.

This discrete-time system can be regarded as a discretized version of the
following continuous-time system:

(1.2) Z(t) = (A+ BF)z.(t), t>0; 2.(0)==x.

Intuitively, the sampled-data system approximates the continuous-time
system ([1.2) when the sampling period 7 is sufficiently small. However, the
asymptotic behavior of may differ from that of when X is an
infinite-dimensional space. In fact, even exponential stability is not preserved
for a certain system; see [39, Remark 3.3] and [57]. This motivates us to find
sufficient conditions for preservation of stability, and such conditions were
developed for exponential stability in [39, [58], for strong stability in [68], and
for polynomial stability in [69]. Here we are interested in the decay rate of
the solution z of with a smooth initial state z € D(A). For simplicity,
assume that A is invertible. Then the domain D(A) of A coincides with
the range of A~!. Since there exists a constant M > 0 such that ||z(¢)]| <
M]||zq(n)|| for all ¢ € [n7,(n + 1)7) and n € Ny, uniform rates of decay for
the solutions z with initial states z € D(A) are obtained by investigating
the quantitative behavior of ||[T™A™Y.

We begin by reviewing the existing literature in the case S = I. It is
well known that the following discrete analogue of one implication in the
Hille-Yosida theorem for Cp-semigroups holds: If T is power-bounded, i.e.,
satisfies sup,en, [|7"|| < oo, then r(7) < 1 and there exists a constant
M > 0 such that
M

(1Al = 1)

for all £ € N and || > 1; see, e.g., [40]. However, the converse implication
is not true; see [43] for a counterexample.

We call T' € L(X) a Kreiss operator if r(T) < 1 and there exists M > 0
such that holds for k = 1. If T' is a Kreiss operator, then [|[T"| = O(n) as
n — 00, i.e., there exist constants K > 0 and ng € Ny such that ||T"| < Kn
for all n > ng; see [40]. This growth rate n cannot in general be improved,
as shown in [64]. If T € £(X) satisfies r(T") < 1 and if there exist constants

(1.3) [(M = T)7%|| <
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a > 0 and M, > 0 such that
MO(
(IA[ = 1)
for all 1 < |A| < 2, then [|[T"| = O(n®) as n — oo. Conversely, if | T"|| =
O(n®) as n — oo for some « > 0, then

IA =)~ <

Ma+1
(IA] = 1)t

for all 1 < |A\] < 2 and some constant M,4+1 > 0; see [23] for these
two implications. In the Hilbert space setting, a Kreiss operator T' satis-
fies |[T"|| = O(n/+/logn) as n — oo, which was independently proved in
[13, 10]. For a UMD space X, the estimate ||T"| = O(n/(logn)?) was ob-
tained in [I7], where 5 € (0,1/2] is the reciprocal of the minimum of the
finite cotypes of X and its dual.

We call T' € L(X) a strong Kreiss operator if r(T') < 1 and there exists
M > 0 such that holds for all k£ € N. If T' is a strong Kreiss operator,
then ||T"| = O(y/n) as n — oo; see [43, [40]. Moreover, the growth rate /n
cannot in general be replaced by a better one; see [40]. It was proved in
[13] that a strong Kreiss operator 7" on a Hilbert space satisfies ||[T"| =
O((logn)?) as n — oo, where 3 > 0 is a constant dependent on T'. Other
estimates were obtained in [I] for the case where X is the LP-space with
1 < p < oo and in [I8] for the case where X is a UMD space. A survey on
Kreiss operators and strong Kreiss operators can be found in [I5].

Next, we review existing studies in the case S = I —T. We call T' € L(X)
a Ritt operator if r(T') < 1 and there exists a constant M > 0 such that

M
A= 1]
for all [A| > 1. The estimate ([1.4) on the sector
{Ae C\ {1}: |larg(A—1)| < w/2+ 6}

for some 0 € (0,7/2) implies that T" is power-bounded and || T"(I — T')|| =
O(n~1') as n — 0o, as shown in [36]. The converse statement was also true;
see [45]. It was later proved independently in [44] 4] that T is a Ritt operator
if and only if T is power-bounded and || T"(I — T)|| = O(n~!) as n — oo.
Since the estimate ||T"(I — T)|| = O(n~!) as n — oo does not imply that T'
is power-bounded (see [33]), power-boundedness cannot be omitted from the
above characterization of Ritt operators. Estimates for (A—1)(A[—T)~! were
also studied in connection with maximum regularity problems for discrete-
time evolution equations; see, e.g., [9, [8, B34], 35]. In [24], a generalization of
Ritt operators and Kreiss operators was introduced and applied to derive
norm estimates for 7. See [15] for further information on Ritt operators.

I(A = 1)~ 1| <

(1.4) I(A = 1)~ <
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In [46], it was shown that if T" is a Kreiss opeator and if there exist
constants M > 0 and a € (0, 1] such that

M

1.5 MN-T)1 < —
(1.5) I( ) II_M_HI/Q

for all 1 < |A| < 2, then
n 1
(16) 7 =1 = 0 i )

as n — oo. The following characterization for the specific decay rate n~
was obtained in [I9]: T is power-bounded and satisfies |7"(I — T)| =
O(n~Y2) as n — oo if and only if T = ¢l + (1 — ¢)S for some con-
stant ¢ € (0,1) and power-bounded operator S. In [20], the decay estimate
|IT"(I —T)|| = O(n™%) as n — oo in the case 1/2 < o < 1 was also charac-
terized in terms of norm estimates for all powers of the resolvent.

Given a power-bounded operator T" and a constant a € (0, 1], the esti-
mate holds for all 1 < |A] < 2 and some constant M > 0 if and only
if the intersection of the spectrum of T and the unit circle is contained in
{1} and ||(e®T —T)~'|| = O(|A|~"/*) as # — 0, which can be obtained from
[62, Theorem 3.10 and proof of Lemma 3.9|; see also [53] [14]. Using this
equivalence, we see from [6I], 62] that the estimate can be improved to

(L.7) 1T =Dl = O((loin>a>

as n — 00. It was also shown in [62] that the upper bound given in is
sharp for 0 < a < 1/2 in general. The growth rate |9~/ of ||(e!T —T)~!||
as 8 — 0 can be generalized to a continuous non-increasing function; see
[61], [62] for details. As also shown in [62], when X is a Hilbert space, the
estimate can be strengthened to ||T"(I—T)|| = O(n™%) as n — oo. This
result in the Hilbert space setting was extended from the polynomial case
to the wider class of functions having reciprocally positive increase in [47].
The above-mentioned results of [61] [62] [47] are discrete analogues of those
established for Cy-semigroups in [6, (11}, [60]; see also the survey article [12]
for the Cp-semigroup results. For more information on estimates for the rate
of decay of ||T"(I —T)||, we refer to [7], which also includes a survey on the
asymptotic behavior of || T™ f(T')|| for bounded holomorphic functions f on D.

We characterize the decay rate of [|[T"S/|| in terms of the growth rate of
(M —T)7%S| as || | 1 for some k € N when X = Y and S commutes
with T. A special case of this characterization is stated as follows.

THEOREM 1.1. Let X be a Hilbert space. Let T € L(X) be power-bounded,
and suppose that S € L(X) commutes with T. Then the following statements
are equivalent for fired o > 0 and k € N satisfying k > a:

1/2




Decay rates for operator semigroups 151

(i) |IT™S]| =0(1/n%) as n — oo.
(ii) There exists a constant M > 0 such that
M

I = T)7*8) < = yema

for all [N > 1.

We also present a simple example showing that the estimates given in
Theorem [I.T] cannot in general be improved. Although the special case above
is limited to polynomials, the proposed approach can be extended to a class
of functions called a-bounded regularly varying functions for o > 0, which
are variants of regularly varying functions; see Theorem for the extended
case. Regularly varying functions are products of polynomials and slowly
varying functions, and give natural refinements of polynomial scales. This
class of functions has been extensively applied in various areas of analysis,
including asymptotic estimates for Cy-semigroups in [5].

We provide another characterization of the decay rate of ||T"S|| through
an integral estimate for resolvents. While here we state the polynomial case,
it can also be extended to a-bounded regularly varying functions; see The-
orem [£.2] for the extended case.

THEOREM 1.2. Let X be a Hilbert space, and let Y be a Banach space.
Let T € L(X) be power-bounded, and let S € L(Y,X). Then the following
statements are equivalent for fized o > 0 and k € N satisfying k > o + 1/2:

(i) |IT™S]| =0(1/n%) as n — oo.
(ii) There exists a constant M > 0 such that

27
(1.8) sup (r — 172271 | |R(re®, T)*Sy|* d6 < M|ly|>
1<r<2 0

forallyeY.

The integral estimate is rooted in the characterization of bounded
Co-semigroups established in |27, [63]; see also [16] and |21, Theorem I1.1.12]
for its discrete analogue. Theorem [I.2] can be viewed as an extension of the
case k = 1 obtained in [69], which considered the norms ||7"Sy/|| of individual
orbits rather than the operator norm ||7"S|| as in statement (i).

We apply the second characterization to robustness analysis for semi-
group stability. The robustness problem we study is stated as follows: As-
sume that a power-bounded operator 7" on a Hilbert space satisfies |77 S| =
O(1/f(n)) as n — oo for some a-bounded regularly varying function f.
Given a perturbation D € £(X), does the perturbed operator 7'+ D re-
main power-bounded and satisfy ||[T"S| = O(1/f(n)) as n — o7 For Cy-
semigroups, several conditions for preservation of non-exponential stability
were developed; see [48],[49, 50, [56) [3] for polynomial stability and [51} 52, 56]
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for strong stability. For discrete operator semigroups, robustness of strong
stability was also explored in [53]. In Corollary we present a class of per-
turbations preserving the power-boundedness of T' and the decay property
of || T™S].

Finally, we examine the relation between the decay rate of ||77S]| and the
following summability condition on orbits weighted by a function f: N —
(0,00): There exist constants C' > 0 and p > 1 such that

(1.9) > fmITsylP < Cly|l?
n=1

for all y € Y. While it is assumed in Theorems[I.I]and [I.2]that X is a Hilbert
space, here we consider the Banach space setting. It was shown in [76] that
when X =Y, S =1, and f(n) = 1, the condition implies 7(T") < 1,
see [55] for a different proof. This result was strengthened to the case of weak
orbits |¢p(T"x)|P in [72], where z € X and ¢ is a bounded linear functional
on X; see also [67) 26] for further generalizations. We show in Proposition
that if a power-bounded operator 1" satisfies the summability condition ,

then
1
8 =0(——r
81 = 0( 5777

as n — 00, where
Fn):= " f(m), nenN.
m=1

Moreover, we prove that the converse statement is true in the case when T'
is a multiplication operator on L%-space with 1 < ¢<p<oo, S=1-1T,
and f(n) = n® for some a > 0; see Proposition [6.3] This is established by
using intermediate properties between Kreiss and Ritt operators investigated
in [42]. The summability condition with f(n) = 1 can be regarded as
a discrete counterpart to the Cp-semigroup case discussed in |70, [54].

This paper is structured as follows. In Section [2| we give preliminaries on
Parseval’s equality and a-bounded regularly varying functions. Section [3|is
devoted to characterizing the decay rate of ||7™S]| in terms of the growth rate
of ||(\M—T)~%S|| for some k € N. In Section |4, we present an integral estimate
for resolvents to characterize the rate of decay of ||7"S]|, and in Section
this result is applied to asymptotic estimates for perturbed discrete operator
semigroups. Finally, in Section[6] we connect the decay rate of | T"S]| to the
summability condition (1.9)).

NOTATION. Let Z and N denote the set of integers and the set of positive
integers, respectively. Define Ny := NU {0}. We write

T={XeC:|A\|=1}, D={AeC:|\<1}, E={AecC:|\>1}.
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The closure of a subset {2 of C is denoted by §2. Given functions f, g: [a, 00)—
(0,00) for some a > 0, the notation f(t) = O(g(t)) as t — oo means that
there exist constants M > 0 and ¢ty > a such that f(¢) < Mg(t) for all
t > to. Similar notation is employed for other types of asymptotic behavior.
We denote by I' the gamma function.

Throughout this paper, we assume that all Banach spaces are complex.
Let X and Y be Banach spaces. We denote by £(X,Y") the space of bounded
linear operators from X to Y, and write £(X) := £(X, X). Let T € L(X).
We denote the spectrum of T" by o(T'), the resolvent set of T' by o(7T'), and the
spectral radius of T by r(T). For A € o(T), we write R(\,T) == (A\[ —T)~ L.

2. Preliminaries. In this section, we first recall the vector-valued ver-
sion of Parseval’s equality. Next, we introduce the notion of a-bounded reg-
ularly varying functions and give some properties of this class of functions.

2.1. Parseval’s equality. First, we recall the well-known resolvent rep-
resentation of the power T™ for a bounded linear operator 1T'. This represen-
tation in the case k = 1 can be obtained from the Dunford-Riesz functional
calculus, and then the case k > 2 follows by applying integration by parts
to the case k = 1; see also [43] p. 2|.

LEMMA 2.1. Let X be a Banach space, and let T € L(X). Then

1 ntk 2T .
n+k ™ — r S ez@(n-{-k)R(rezH’ T)k do
k—1 2m 5

for alln,k € N and r > r(T).

Let Y be a Hilbert space. If f € L%((0,27);Y), then the following Par-
seval’s equality holds:

27 00
1
o VIFo2dao = > Jeal?,
0 n=—oo
where
1 27
—in
o=\ e f(0)do, nel.
2T 0

Let X be a Banach space. Let T € £(X) and S € £(X,Y). Lemma
and Cauchy’s theorem show that for all k € N, r > (T, and = € X,

| 2 (n — 1) ST kg 0>k
— S e ™ SR(re Tz df = k-1 o ’

T
0 0, n < k.
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Applying Parseval’s equality to f(0) := SR(re™® T)*z, we obtain the fol-
lowing lemma, which is also called Parseval’s equality throughout this paper.

LEMMA 2.2. Let X be a Banach space, and let Y be a Hilbert space. Let
TeL(X)and S e L(X,Y). Then for allk e N, r > r(T), and z € X,

2m 00 2
il T — E atinliiied
ot §) HSR(T@ ’ ) $” do —~ < k—1 ) rntk

2.2. Special class of functions

2.2.1. Definition of a-bounded regularly varying functions. A measurable
function f: (0,00) — (0,00) is called regularly varying of index o € R if

lim FA) = \“

t—00 f(t)
for all A > 1. For simplicity, let f: (0,00) — (0,00) be continuously differ-
entiable. If

!/

lim 280)
t—o0 f(t)
for some a € R, then f is regularly varying of index «, and conversely if f is
regularly varying of index o € R and f’ is non-decreasing or non-increasing,
then holds; see, e.g., [59, Proposition 0.7]. Motivated by this property
of regularly varying functions, we consider the following variant of regularly
varying functions.

(2.1)

DEFINITION 2.3. Let > 0. A function f: (0,00) — (0,00) is called a-
bounded regularly varying if there exists a constant ¢y > 0 such that f is non-
decreasing on [tg, 00), is absolutely continuous on each compact subinterval
of [tp, ), and satisfies

tf'(t)
f) -

a

for a.e. t > ty.

Functions of positive increase introduced in [60] are related to a-bounded
regularly varying functions. We say that a measurable function f: (0,00) —
(0,00) has positive increase if there exist constants «,ty > 0 and ¢ € (0, 1]
such that

f(At)

L > e\

f(#)
for all A > 1 and ¢t > tg. For simplicity, here we again assume that f is
continuously differentiable on (0, 00), and define

(2.2) ot) = L

OB t>0.
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Then

(23 F(t) = F(1)exp (S o) ds)

for all £ > 0. Therefore, if

imin tf,(t)
i it =3

then there exist «,tg > 0 such that

8 (Yl o
W = exp(§ Sds> > A

for all A > 1 and ¢ > ty, and hence f has positive increase.
There exist functions that are a-bounded regularly varying but are nei-
ther regularly varying nor of positive increase.

= llg£f¢<t) > 0,

EXAMPLE 2.4. Let f: (0,00) — (0,00) be absolutely continuous on each
compact subinterval of (0,00), and let ¢ be as in (2.2)). Suppose that ¢ can
be written as

0, 27 <t < 2m+)?-1
¢(t) = n41)2—1 n+1)2
1, 201 <y < o(n+1)*

for n € Ny. Then f is 1-bounded regularly varying. Let A > 1 and take
no € N such that 2270 > )\ If t = 27 for some n > ng, then A\t < 2(n+1)2—1

and hence
At
exp(x ¢(s)ds> =1.
s
t

This and (2.3) yield
(2.4) lim inf

From [60, Lemma 2.1], we see that f does not have positive increase. On the
other hand, if t = 2(n+1)?=1 f61 some n € Np, then for all A > 2,

exp Gt ¢(SS) ds> > 9,

t

and hence by (2.3,
: f(at)
2.5 lim su > 2.
(2.5) msup o =
From (22.4) and (2.5)), we see that the limit of f(\t)/f(t) as ¢ — oo does not

exist for A > 2. Hence, f is not regularly varying.
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REMARK 2.5. Let @ > 0 and let f: (a,00) — (0,00) be continuously
differentiable such that f/(¢) > 0 for all ¢ > a. Then

!
lim sup L) < oo or equivalently liminf 1)
t—00 f(t) t—00 tf/(t)
appears as a necessary condition for the function f to be of class P in [22]
Lemma 2.2(iv)]. This condition was used there in the proof of a subsequential
ergodic theorem.

>0

2.2.2. Properties of a-bounded reqularly varying functions. We begin
with simple properties of a-bounded regularly varying functions.

LEMMA 2.6. Let f: (0,00) — (0,00) be a-bounded regularly varying for
some o > 0. Then the following statements hold:

(a) f(t) =0(t*) ast — oo.
(b) Let v > 0, and define h(t) = f(t)Y fort > 0. Then h is (ay)-bounded
regularly varying.

Proof. Since f is a-bounded regularly varying, there exists ¢ty > 0 such
that

tf'(t)

f(@)

<«

for a.e. t > tg.
(a) Define g(t) == f(t)/t* for t > 0. Then
tf'(t) —af(®)
W) ="—ga <
for a.e. t > to. Hence, g(t) < g(to) for all t > to. This implies that f(t) <
fto)(t/to)™ for all t > to.
(b) Since

0

th'(t) __tf'(t)

no e S

for a.e. t > tg, we see that h is (ay)-bounded regularly varying. m

The following proposition will be used to characterize rates of decay for
discrete operator semigroups.

PROPOSITION 2.7. Let « > 0 and > a— 1. Let f: (0,00) = (0,00) be
a-bounded regularly varying. If ¢: Ng — (0,00) satisfies

e(n) = 0(%)
as n — 0o, then

o) _ !
20 e =)
asr | 1.
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The estimate in the case when f(¢) = 1 and 0 < 8 < 1 can be
obtained from [14, Lemma 5.3]. To derive in the general case, we need
the following integral estimate. This is an extension of [70, Lemma 4.2.a)],
which concerned the case where § = 0 and f(t) = tP(logt)? with 0 < p < 1
and ¢ > 0.

LEMMA 2.8. Leta > 0 and 8 > a—1. If f: (0,00) — (0,00) is a-bounded
reqularly varying, then there exist constants M, tq > 0 such that
Tthest M
¢ <
)T A

for all s € (0,1/tg).

Proof. Define g(t) = f(t)/t? for t > 0. By assumption, there exists
to > 0 such that for a.e. t > tg,

tf'(t)
s =
Hence,
tg'(t) _ tf'(t)
) = — —B=4
(27) G
for a.e. t > ty. Let s € (0,1/tp). Since f is non-decreasing, it follows that
T thest 1T
(2.8) dt < tPest at
) rw =g
_ 1 T B8 —t re+1)
= e ) S

We also have
1/s 1B st 1/s 1

(2.9) | dt< | —dt.
IO R 70

Integration by parts yields

1/s 1/s

1 1
Vaw =) wwre

1 1/s to 18 (1) — 619 g (1))
<g )) i o

T 1-6\g(1/s) gt -5, g(t)?

1 1 1/s

tg'(t) B 5
< (1_5)59(1/8)+1_5 tSO <g(t)2 g(t))dt.




158 M. Wakaiki

Since gives
tg'(t) ) 0 )
g0 g(t) ~ g(t)  g(t)
for a.e. t > ty, it follows that
1/s

1 1
(2.10) S o0 = T ysg(1/s)

Combining the estimates and -, we derive

1/s
the—st 1
2.11 dt < .
210 5 @ S T e
By the estimates and (| -,
Ttlest M 1

) 10 dtgﬁ“f(l/s)’ where M =I(8+1)+

Note that the constant M does not depend on s. =

1-46°

Proof of Proposition [2.7. By assumption, there exist My and ng € N
such that

Monﬂ
f(n)
for all n > ng. By Lemma there exist M, ty > 0 such that

(2.12) c(n) <

< tﬁe_St M,
@ = s

for all s € (0,1/ty). Let ny € N satisfy n; > max {ng, to}. We have

(2.13)

ni

(2.14) Z eln) < (n1+1) max c(n)

rn 0<n<n;
n=0
forallr > 1. If n <t <n+1 for some n € N, then
(n+1)P _ (t+1)7°
rtf(n+1) T rtf(R)
for all » > 1. From this and the estimate |} we obtain

o

(2.15) Z

n=ni+1 n=ni

o0 B

dt
r”*lf n+1 0 s rtf(t)
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for all r > 1. Moreover, if 0 < logr < 1/n;, then the estimate (2.13)) gives

N (t + 1)'8 ni+1 B oo tBe—(logr)t
(2.16) nsl rtf(t) dt < ( n ) nSl ENTONE dt

ny +1\° 1
= AIl( n ) (log N)PFLf(1/logr)’

7<logr<1
2 r—17—

for all r € (1,3), we deduce from the estimates (2.15)) and (2.16) that

= ¢(n) ny 4+ 1\° 20+1
(2.17) n:%;rl T S MOMl( n > (r=1)FHLf(1/(r = 1))

whenever 7 € (1,e'/™). By Lemma (a), f(t) = O(t*) as t — oo, and
by assumption, 3 + 1 > a. Therefore, s°*1f(1/s) — 0 as s | 0. Thus, the
estimate (2.6) follows from (2.14]) and (2.17)). =

Since

—_

3. Relation between semigroup decay and resolvent growth. In
this section, we study the relation between decay rates of discrete operator
semigroups and growth rates of resolvents. First, we state and prove the
main theorem of this section. Next, we give some examples showing that the
estimates obtained cannot in general be improved. Finally, we investigate
the decay rate of [|[T"(I — T')|| as a special case.

3.1. Main result. The following theorem shows that rates of decay of
discrete operator semigroups on Hilbert spaces can be characterized in terms
of rates of growth of resolvents in a neighborhood of T.

THEOREM 3.1. Let X be a Hilbert space. Let T € L(X) be power-bounded,
and suppose that S € L(X) commutes with T. Let « > 0 and k € N sat-
isfy k > a. If f:(0,00) = (0,00) is a-bounded regularly varying, then the
following statements are equivalent:

() 7S] = O(1/£(n)) as n — oo.
(ii) There exists a constant M > 0 such that
M
(Al =DFFA/(Al = 1))

(3.1) IR(X, T)*S] <

for all A € E.

Recall that if T' is a power-bounded operator on a Banach space, then T’
is a strong Kreiss operator, which gives a better decay rate of ||R(\, T)*S)||
as |A| — oo than the estimate (3.1); see (1.3]). Hence, Theorem shows
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that the growth rate of |[R(\, T)*S|| in a neighborhood of T characterizes
the decay rate of ||T"S||.
Before proceeding with the proof, we recall a series representation of

powers of resolvents. Let T' be a bounded linear operator on a Banach space.
If 7(T) <1, then

(3.2) RAT) =) XT:
n=0

for all A € E; see, e.g., |4, Proposition 9.28.c)|. Hence,

R\, T)=1) - (n + k- 1) "

(—DF1L(k— 1) nz:% k—1 )antk

for all A € E and k € N. Using this representation, we first show that the
semigroup estimate is transferred to the resolvent estimate.

LEMMA 3.2. Let X, Y, and Z be Banach spaces. Let T € L(X) satisfy
r(T) < 1, and let S1 € L(X,Z) and Sz € L(Y,X). Suppose that o > 0
and k € N satisfy k > o, and let f: (0,00) — (0,00) be a-bounded regularly
varying. If

(3.3) R\, T)F =

1
A4 " = —
(3.4 17521 = 0( 75 )
as n — 0o, then there exists a constant M > 0 such that
M
(3.5) [1S1 RN T) S| <

(Al = D*FA/(IA = 1))
for all A € C with 1 < |\| < 2.

Proof. 1t follows from (3.3)) that

= /n+k—1\ST"S
SlR(AvT>k52:Z< k-1 ) T

n=0

From this, we obtain

ISR T S <3 T;Q
n=0

for all A € E, where

n+k—-1 "
c(n) Z:< k1 >||5'1T SQH, TLGNU.

The assumption (3.4) yields
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as n — oo. By Proposition 2.7 with 8 = k —1 > a — 1, there exists M > 0
such that the desired estimate (3.5) holds whenever 1 < [A\| < 2. =

Next, we establish the converse transference. To this end, we work in
the Hilbert space setting for Parseval’s equality and use the commutativity
of S and T under the assumption that X = Y. The technique employed
here originates from [5, Theorem 4.7|, which concerned rates of decay for
Co-semigroups.

LEMMA 3.3. Let X be a Hilbert space. Let T € L(X) be power-bounded,
and suppose that S € L(X) commutes with T. For a fized k € N, if F': (0, 00)
— (0,00) satisfies

(3.6) IR, T)*S|| < F(IAl - 1)

for all X € E, then there exists a constant M > 0 such that
n MF(1/n

(3.7 s < MEC/M

for all n € N.

Proof. Let x € X, k € N, and K := sup,¢y, |[7"]]. By the inequality
(3.6) and the commutativity of S,

IR )M S| < [ROL TS| RN, Tzl < F(Al = D[RO, T)a|
for all A € E. This and Parseval’s equality give

2w s
| IR(re®, T)F S22 do < F(r — 1)* | |R(re”, T)z||* do
0 0
||T wll o F(r—1)2 o
<27wF(r Z =2rK ﬁ”fﬂn
for all » > 1. Using Parseval’s equality agaln we obtain
= (m+E\ TSz 2F( ) 9
D) || <K ]
m=0
for all » > 1. Hence,
n n m
2% 2 +h+1))2 m+k\ TSz
M (P E=
m=0 m=

F(r —
< (k!Kr(”+k+1))27(2 - 1) |1

forall » >1 and n € N. If we fix n € N and set

1
r=1+—,
n
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then

n

D (m+ 1T S| < (KK)? <
m=0

Since

1>2(n+k+1) 2F(1/n) o ||2

2n+1

1 2(n+k+1)
<1 n > < 92(k+2)
n

for all n € N, we have

(38) S (m + DHIT™Sz)? < MinF(1/n)]a]?
m=0
for all n € N, where M; = (k!K)222k+3,
Define

pr(n) = Z(m+1)k, n € N.
m=0
Let n € N and y € X. Since

n

m+ )T mTm Sy
p(n) mZ:O( :

the Cauchy—Schwarz inequality yields

T"Sx =

39)  (T"S2a)] = s S0+ VAT (1))

< (3 (mo+ 17 zmsal?) (3 e y-myl?)
m=0

m=0

n

From sup,,cn, [[(7%)"| = sup,en, [|T"] = K, we obtain

n

(3.10) DTy )P < K2+ 1yl

m=0
vn(n+1)F (1/n)
(T"Sz,y)| < K/ M (| [yl
pr(n)
Since py is a polynomial of degree k + 1 with positive leading coefficient, the
desired inequality (3.7]) holds for some constant M > 0. m

Proof of Theorem[3.1 The implication (i)=(ii) follows from Lemma
and the resolvent estimate (|1.3|) for power-bounded operators. Suppose that
statement (ii) holds. Define

M
F(S) ::W, s> 0.
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Then
F(l/n) M
nk f(n)
for all n € N. Hence, Lemma [3.3| shows that statement (i) holds. =
Lemma with f(n) = n yields an estimate for R(\, T)* for k > 2.
The following proposition gives an estimate for R(A,T') in the case where
f(n) = n(logn)® for some o > 0, although Lemma [3.3| does not provide the
converse statement.

PROPOSITION 3.4. Let X, Y, and Z be Banach spaces, and let o > 0. If
TeL(X)withr(T)<1, S € L(X,Z), and Sy € L(Y, X) satisfy

1
[|S1T" Ss| = O()
n

(logn)e
as n — 00, then there exists a constant M > 0 such that
(3.11) 1S1ROLT)Ss | < MH (A = 1)

for all \ € C with 1 < |\ < 4/3, where

logs|'™@, 0<a<l,
(3.12) H,(s) = log|logs|, a=1,

1, a>1,

for0<s<e L
Proof. By [0, Lemma 4.2.b)], there exist M > 0 and to > e such that

e—st

tso t(logt)™

for all s € (0,1/ty), where H, is defined by (3.12)). The same argument as
in the proof of Proposition shows that if ¢: Ny — (0, 00) satisfies

=0 (o)

3y M) _ o(H,(r— 1)

TTL

dt < M H,(s)

as n — 00, then

n=0
as r | 1. Except that this fact is used instead of Proposition the rest of
the proof proceeds in the same way as the proof of Lemma (3.2 so we omit
the details. =

3.2. Examples. The first example shows that the decay rate of | T"S||
and the growth rate of |R(\,T)*S|| in Theorem cannot in general be
replaced by better ones in the case of polynomial decay and growth.
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EXAMPLE 3.5. Let X := ¢?(N) and a > 0. Define T, S, € L(X) by

1 .
Tx = ((1 — >mj) and S,x = (ﬁ) ,
J jEN J7/ jeN

where x = (2;)jeny € X. Then

(3.13) lim sup n®||[T"Sq|| > 0
n—oo
and
1
(3.14) 750l =0 ()

as n — oo. Indeed, since

1 1\" 1 1\"
HW%wmﬂ.@—) z@—)
jeN [J¢ J n n

for all n € N, the estimate (3.13)) holds. Define f, o(s) == s*(1 — s)" for
0 < s <1. Since

Fra(s) =711 = 5)""Ha — (n+ a)s),

we obtain

« o “ o "
| all < 0S<1;21 Jn.a(s) f”’a<n+a> <n+a) ( n+04)

for all n € N. This implies that the estimate (3.14]) holds.
First, we consider the case o = 1/2. We will show that

(3.15) limsup vr — 1[|R(r, T)S 2|l >0
rll
and that there exists a constant M7 > 0 such that
M
(3.16) 1RO\ T)Sysl| < ——2

VIAl=1
for all A € E. From @ 7, we see that the estimates in statements
(i) and (ii) of Theorem [3.1] with k£ = 1 cannot in general be improved in the
polynomial case.

For all A € E, we have

1 1
3.17 RAT)S = sup - - ‘ =sup ——,
G170 IRADS 2l = 0| 1) | = SR 160
where \ )
s — 8+
= —— > 1.
g)\(S) \/g 5 s 2

If \=r€(1,2), then

. 1
;Izlg lgr ()| —gr<r_ 1) =2vr—1.




Decay rates for operator semigroups 165

For j € N, define r; > 1 by

Then

1
=j and limr; =1
rj—1 j—00

Hence, the estimate ([3.15]) holds.
To prove the estimate (3.16)), let A = re? for some r € (1,2) and 0 €
[, 7). Then

(r? —2rcosf +1)s? +2(rcosf — 1)s + 1
s

(3.18)  loa(s)* =

for all s > 1. The derivative h/ , is given by

= hr,@(s)

(r? —2rcosf +1)s? — 1
2 9y

;1,9(5) =

and therefore we define

S

1
Spp = }
i Vr2 —2rcosf + 1

Then, for all s > 1,

) ¢r(cosh), 1 <2cosb,
= r > 2cos0,

(3.19) hr’g(s) > fir ( 516
ro(1)
where
w) =212 = 2rw+142(rw—1)
for w € [r/2,1]. Since ¢, decreases on [r/2,1], we obtain
(3'20) ¢r(w) > ¢r(1) =4(r — 1)
for all w € [r/2,1]. The estimates (3.19) and (3.20)) yield
hrg(s) > min {4(r — 1), r*}

for all s > 1. Combining this with (3.17)) and (3.18)), we see that the estimate
holds whenever 1 < |A| < 2. The case |[A\| > 2 follows from the power-
boundedness of T'; see .

Let k € N. In the case a = k/2, we have

1
FFEN = (1= 1/5))k
Therefore, (3.15) and (3.16]) yield, respectively,
limsup (r — 1)*2||R(r, T)* Sy, ol > 0
rll

IR\, T)* S} o] = sup = [|[R(\, T)S, o "
J
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and
My,

(IA] = 1)R/2
for all A € E and some constant My, > 0. Hence, for each k € N, the estimates

in statements (i) and (ii) of Theorem cannot in general be improved in
the polynomial case.

[ R(A, T>ksk/2H <

Let X and Y be Banach spaces. Let T' € £L(X) be power-bounded, and
let S € £(X,Y). Assume that |ST"|| = O(n™!) as n — co. By Lemma
there exists a constant M; > 0 such that ||[SR(\,T)?|| < My/(|]A| — 1)
for all A € E. Moreover, we see from Proposition that ||[SR\,T)| <
Mslog(|A] — 1) for all A € E and some constant My > 0. One may ask
whether supycg [[SR(A, T)|| < oo holds in the Hilbert space setting. The
second example shows that the answer to this question is negative.

EXAMPLE 3.6. Let X := ¢?(N). Define T € £(X) and S € £L(X,C) by

1 =z
Ty = <<1 — ).’L‘) and Sz = 7:77
\/5 ! JEN Jz; J

where = (z;)jeny € X. We will prove below that there exist constants
Ki, Ky, My, M5 > 0 such that

K K.
(3.21) =L<sTr| < =2,
n mn

for all n € N and

(3.22) Mi+/|log(r —1)| < ||SR(r,T)|| < May/|log(r — 1)

for all » € (1,2). These estimates show that ||ST"| = O(n~!) as n — oo
does not in general imply supyeg [|[SR(A, T)|| < oo.

Let n € N. Then
1 1\"
.(1—.)
j Vi

If j <s<j+1 for some j € N with 7 > 2, then

[e.e]

IST™* =

Jj=2

2

1<1_1>”<1<l_1)”<2<1_1>"
2(s—1) Vs—=1) T J Vi) T s NZY
Therefore,

151 1\ | 1\
2 SN (1 =) as< st <4\ =(1-—) ds.
v ATH L) s )
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In addition, we have

') 1

1 1\*" — 1
(3.24) §82<1—\/§> ds:2§)7-(1—7-)2 dr = CERTERE

By (3.23) and (3.24)), there exist K, Ko > 0 such that the estimate (3.21])
holds for all n € N.
Let r € (1,2). We have

2 _ .- L
ISR(r,T)||* = ; ((r =17 +75)*

If j <s<j—+1for some j € N, then
1 1 2

C—Dstvs -0 -Djtv) - T-Ds+vs

Hence,
§((r—1)s+\/§) ds < [ISR(r, TII" < § r—ls-i—\f)
Since
T 1 T 2
§ ((r—1)s++/s)? ds = § ((r—17+1)%7 dr

1
= 2<logr —log(r—1) — >,
”
there exist Mj, My > 0 such that the estimate (3.22) holds for all r € (1,2).

Finally, we give an example showing that the estimate in Proposition [3-4]
cannot in general improved.

EXAMPLE 3.7. Let X = ¢o(N) and let T" be the left shift operator on X,
that is, To = (2j41)jen for z = (25)jen € X. Then we have ||T] < 1
and lim, o ||7"| = 0 for all € X. Let b = (b;) en be a non-increasing
sequence of positive real numbers. Define S € L(X) by

Sz = (bjrj)jen, = (zj)jen € X.
Since
T"Sz = (bjtnTjin)jen, T = (j)jen € X,
for all n € N, it follows immediately that
17" S]] = O(bn)
as n — 00. Let a > 0. When
1

o) " ol + )

JeN,



168 M. Wakaiki

there exists ¢ > 0 such that

(3.26) |R(r,T)S|| > cHq(r — 1)

for all r € (1,4/3), where H, is defined by ({3.12)).
To prove (3.26)), let » € (1,4/3) and define

m
xm:xm-N::<, >
(@) je Jrm) e
for m € N. Then 2™ € ¢p(N) and ||z™| <1 for all m € N. Moreover,
(3.27) lim 2" =1

m—ro0 J

for all j € N. Since (3.2)) yields

[e.@]
™8
R(r, T)S = Z L
n=0
the first entry of R(r,T)Sz™ is given by
n=1 ™
Using (3.27) and the dominated convergence theorem, we obtain
lim -~ bniy = 3 bn
m—00 rn rn’
n=1 n=1

Let b = (b;)jen be given by (3.25) for some o > 0. Then

[e.e] o0 o0

log r)t log r)t

bn 6_( e_(

— >\ —dt >\ ——dt
nz::lr” - § t(log(t+1))>  — § t(logt)e
Moreover,

1/logr —(log 1)t 1/logr 1
T B L
5 t(logt)e 5 t(logt) 5 t(logt)

We have

oo _
e (logr)t

dt.

1/logr 1

—1 -
c § t(log )

dt > cH,(logr)

for some ¢ > 0 independent of r. Since logr < r — 1, we obtain H,(logr) >
H,(r —1). Therefore,

sup ||R(r,T)Sz™| > cHq(r — 1).

meN
Recalling that ||z™|| < 1 for all m € N, we conclude that (3.26]) holds for all
r e (1,4/3).
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3.3. The special case when S = I —T. Now we focus on the case when
S = I —T. In this subsection, we often use the following simple relation: Let
T be a bounded linear operator on a Banach space. Then

(3.28) RANTYI-T)=1—(A—-1)R(\,T)
for all A € o(T).
We recall the following result on Ritt operators; see [44] 4] for the proof.

THEOREM 3.8. Let X be a Banach space, and let T € L(X). Then the
following statements are equivalent:

(i) T is a Ritt operator.
(i) T is power-bounded, and |T™(I — T)|| = O(n™!) as n — .

We characterize Ritt operators on Hilbert spaces in terms of the powers
of resolvents as a corollary of Theorem [3.1]

COROLLARY 3.9. Let X be a Hilbert space. Let T € L(X) and k € N.
Then the following statements are equivalent:

(i) T is a Ritt operator.

(ii) T is power-bounded, and there exists a constant M > 0 such that
M

A= 1(A = DF

(3.29) IR T <

forall X € E.

Proof. Suppose that statement (i) holds. By Theorem (3.8, T is power-
bounded. The estimate (3.29) follows immediately from the definition of Ritt

operators and
1 1

<
A= 1FT A=T[(A] - 1)

for all A € E.
Suppose that statement (ii) holds. Since T is a Kreiss operator, there
exists M7 > 0 such that

My
(3:30) 1RO < v
(Al = 1)
for all A € E. From (3.28))—(3.30), we obtain
M, +M
IR =TI < IR TYM |+ (= DR T < (|/\Ti—1)k

for all A € E. Theorem shows that ||[T™(I —T)|| = O(n~!) as n — oo.
Thus, statement (i) holds by Theorem (3.8 =

For ¢,6 > 1, define
1= AP
(3.31) 59 = {AE]D): ‘1_|A|| <C}U{1},




170 M. Wakaiki

Following [42], we call S9 the §-Stolz domain. It is worth noting that a closely
related concept was previously introduced in [2], where it was referred to
as a generalized Stolz domain with parameter §. The (3/2)-Stolz domain is
illustrated in [42] Fig. 3]. The 1-Stolz domain coincides with the Stolz domain
studied in [28)].

By [14, Proposition 2.6], if a power-bounded operator 7" on a Banach
space satisfies ||T™(I —T)|| = O(n™%) as n — oo for some o € (1/2,1), then
o(T) is contained in a certain quasi-Stolz set. Here we show that a similar
implication is true for o € (0,1), by using (1/«)-Stolz domains instead of
quasi-Stolz sets. A short discussion of comparison between quasi-Stolz sets
and 0-Stolz domains can be found in [42, Remark 2.7].

LEMMA 3.10. Let X be a Banach space. Let T € L(X) satisfy r(T) < 1.
Then the following statements hold:
(a) If |[T"(I =T)|| = O(n™%) as n — oo for some a € [0,1), there ezists a
constant M > 0 such that
M
(3.32) [R(A, T <

A=Al = 1)t

for all x € C with 1 < |A\| < 2.
(b) Let a € (0,1). If there exists a constant M > 0 such that T satisfies
(13-32)) for all A € C with 1 < || <2 and

M
3.33 AD|| < ——
(3.33) IR < 5
for all A € E, then
(3.34) o(T) C S
for some constant ¢ > 2, where S is the (1/a0)-Stolz domain defined
by (3.31)).
Proof. (a) By Lemma[3.2] there exists M; > 0 such that

M,y
IRAT)I =T < 75— s
=
for all A € C with 1 < |A| < 2. Combining this with (3.28]), we obtain
M1 14 Ml

1
AT <L <
”R( ’ )H = |)\_ 1‘ + ’)\_ 1|(‘)\‘ _ 1)1—a — ‘)\_ 1|(|)\‘ _ 1)1—a

for all A € C with 1 < |\| < 2.
(b) By the estimates (3.32) and (3.33)), there exists M; > 0 such that

M| AP~
S -
A= 1Al = 1)
for all A € E. Hence, [42], Theorem 2.6| yields the desired inclusion (3.34)). =

(3.35) RN, T
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If T is a power-bounded operator on a Hilbert space, then the converse
of Lemma [3.10(a) also holds.

PROPOSITION 3.11. Let X be a Hilbert space, and let T € L(X) be power-
bounded. Then the following statements are equivalent for a fixred o € (0,1):
i) |IT™(I —=T)|| =O0(n™%) as n — 0.

(ii) There exists a constant M > 0 such that
M
(A= 1(]A] = 1)t

1RO T <

for all X € C with 1 < |\| < 2.
Proof. The implication (i)=-(ii) follows from Lemma [3.10(a). Suppose
that statement (ii) holds. Then yields
1+ M
(Al =Dt
for all A € C with 1 < |A| < 2. Combining this with the fact that T is a
Kreiss operator, we see that there exists M; > 0 such that
My
(1Al = 1)t
for all A € E. Hence, Theorem [3.1] shows that |T"(I — T)|| = O(n™®) as
n—00. m

REMARK 3.12. The implication (ii)=>(i) of Proposition[3.11]can be proved
alternatively by using the results in [62, [42]. Let «, 5 > 0. Following [42]
Definition 1.1, we say that T € £(X) is an (o, 3)-RK operator if T' satisfies
r(T) <1 and

1RO TYI =T)| <

IR\ TYI =T)| <

M|)\|a+ﬁ—1
(A =1 (Al = 1)
for all A € E and some constant M > 0. As seen in the proof of Lemma(3.10{(b),
if a power-bounded operator T on a Banach space X satisfies the estimate
given in Proposition i), then T"is a (1,1 — o)-RK operator. It follows
from |42 Lemma 2.1| that o(T) N'T C {1}. Moreover,
(3.36) IR(e”, T)|| = O(1/16]/*)
as # — 0 by [42) Proposition 2.2|. Therefore, [62, Corollary 3.1] shows that

IT*(I = T)|| = O((log n)* /n®)

as n— 00; see also [42, Theorem 3.5]. When X is a Hilbert space, | T"(I—T)||
=0(n~%) as n — oo by [62, Theorem 3.10].

Let T be a normal contraction on a Hilbert space, and let o € (1/2,1).
In [14, Corollary 2.7|, the decay rate |T™(I — T)|| = O(n™%) as n — oo
was characterized in terms of the property that o(7') is contained in some

1RO T <
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quasi-Stolz set. Using the §-Stolz domain and Lemma we obtain an
extended characterization in the Banach space case with a € (0,1).

PROPOSITION 3.13. Let X be a Banach space, and let T € L(X) be a
Kreiss operator. Assume that there exist constants C > 1 and ng € N such
that

3.37 ™I-T)<C A1 = A
(337) |71~ T)|| < € mas AL~

for all n > ng. Then the following statements are equivalent for a fized
aec(0,1):
1) |T™(I =T)|| =O(n™%) as n — oo.
(ii) There exists a constant M > 0 such that
M

RIS =g

for all X € C with 1 < |\| < 2.
(i) o(T) C Sl for some constant ¢ > 2, where S s the (1/ax)-Stolz
domain defined by (3.31)).
Proof. The implications (i)=-(ii) and (ii)=-(iii) follow from Lemma
It remains to prove the implication (iii)=(i).
Let n > ng. By assumption, [1—A| < ¢*(1—|A|)* for all A € o(T"). Hence,
(3.38) 1777 = T)|| < e Cmax | A(1 — [A)°,
AeD

Define f(s) :== s"(1 — s)® for 0 < s < 1. Then
fls)=s""(1 9 n— (n+a)s)
for all s € [0,1). Therefore,

e o =r(5) = () ()

From (3.38) and (3.39)), we conclude that statement (i) holds. =

The estimate is satisfied for operators similar to quasi-multiplica-
tion operators studied in [47, Section 5]. Typical examples of quasi-multipli-
cation operators are normal operators on Hilbert spaces and multiplication
operators on LP-spaces with 1 < p < oo. An analytic Toeplitz operator on
H?(T), which is not normal in general, is also a quasi-multiplication opera-
tor, as shown in [47, Example 5.1].

4. Integral estimate for resolvents. An integral estimate for resol-
vents that characterizes bounded Cy-semigroups on Hilbert spaces was given
in [27, 63]. This characterization has the following discrete analogue; see [10]
and |21, Theorem I1.1.12] for the proof.
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THEOREM 4.1. Let X be a Hilbert space, and let T € L(X) satisfyr(T) < 1.
Then the following statements are equivalent:

(i) T is power-bounded.
(ii) There exists a constant M > 0 such that

2T
13152(7“ = 1) VURre?, 1)) + | R(re®, T*)a|?) d6 < M ||
T 0

forallz e X.

The following theorem gives an integral estimate to characterize rates
of decay for discrete operator semigroups on Hilbert spaces. This result is
a generalization of [69, Proposition 4.3], where the case f(n) = n® with
0 < o < 1/2 was considered for the rate of decay of an individual orbit.

THEOREM 4.2. Let X be a Hilbert space, and let' Y be a Banach space.
Let T € L(X) be power-bounded, and let S € L(Y,X). Suppose that o > 0
and k € N satisfy k > a+1/2. If f: (0,00) — (0,00) is a-bounded reqularly
varying, then the following statements are equivalent:

(i) [IT™S]| = O/ f(n)) as n — oo.
(ii) There exists a constant M > 0 such that

2
sup Fi(r® = 1) | [R(re”, T)*Sy|* do < M|ly|>
1<r<2 0
for all y € Y, where
(4.1) Fi(s) = s*71f(1/s)%,  s>0.

The transference from the semigroup estimate to the integral estimate in
Theorem [£.2) is obtained from the following lemma.

LEMMA 4.3. Let X andY be Banach spaces, and let Z be a Hilbert space.
Let T € L(X) satisfy r(T) < 1, and let S; € L(X,Z) and Sy € L(Y,X).
Suppose that « > 0 and k € N satisfy k > a+1/2, and let f: (0,00) — (0, 00)
be a-bounded regularly varying. If ||[S1T"S2|| = O(1/f(n)) as n — oo, then
there exists a constant M > 0 such that

2
sup Fi.(r® — 1) | [S1R(re®, T)* Say||* d6 < M]|y*
1<r<2 0

for ally € Y, where Fy; is as in Theorem [£.2]
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Proof. Parseval’s equality yields

27
1 .
(42 o HSlR(reW’T)kSQyH?dO_
0

Z

Tn+k

<n + k- 1) SlT"SQy H

forall > 1 and y € Y, where

o= ("5 ) i)

for n € Ny. Define h(t) :== f(t)? for t > 0. Since ||S1T™S2||> = O(1/h(n)) as
n — oo by assumption, we have

as n — oo. Lemma [2.6b) shows that h is (2a)-bounded regularly varying.
By the estimate and Proposition With B =2(k—-1)>2a—1, there
exist M > 0 and r1 > 1 such that

21

| [1S1R(re, T)* Syy||* do <

0

Mly|*
Fk(TQ - 1)

for all r € (1,71) and y € Y. Thus, the desired estimate holds. m
Next, we show that the integral estimate leads to the semigroup estimate.

LEMMA 4.4. Let X be a Hilbert space, and let' Y be a Banach space. Let
T € L(X) be power-bounded, and let S € L(Y,X). If there exist a function
F:(0,00) = (0,00) and constants M > 0 and k € N such that

2
(4.3) sup F(r? —1) | |R(re", T)"Sy||* db < M |y|?
1<r<2 0
forally €Y, then
n 1
(4.4) IS = O<nk’—1/2F(1/n)1/2>

as n — 0Q0.

Proof. Let n € N, x € X, and y € Y. Define

pr(n) = (n Z k)
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By Lemma
pntktl 2 '
(T"Sy,x) = < S VTR R(re TSy d@,x>
27pr(n) 5
kLA i0(n+k+1) i0 ok —i6
= 27Tpk(n)<§) e R(re”,T)*Sydf, R(re ", T )x>
Theorem [£.7] shows that
2m
(4.5) sup (r—1) S |R(re= T*)x||? do < M, ||z|?
1<r<2 0

for all x € X and some constant M; > 0. Combining the Cauchy—Schwarz
inequality with the estimates (4.3]) and (4.5)), we obtain

[(T"Sy, )]
prthtt 0 vk Q|2 12 7 —i0 ey, ()2 1/2
< g ( | (e 7)"50) o) (§ |R(re=", 7%)z|*do)
Tn+k+1 ]\41\41
< - 5— [yl =]
2rpp(n) \| (r—1D)F(r2 —1)
for all r € (1,2). Set
1\ /2
r= <1+ > .
n
Then
1> L
r—lzg-.

Since pi(n) > n¥/k!, we obtain the desired estimate (4.4). =
Combining Lemmas [£.3] and [£:4] we prove Theorem [£.2]
Proof of Theorem[4.4 The implication (i)=>(ii) follows from Lemma
Since the function F} defined by (4.1) satisfies
1 1
nk=12E(1/n)2  f(n)
for n € N, Lemma 4.4 with F' = F}, yields the implication (ii)=-(i). =

We conclude this section by presenting a characterization of Ritt opera-
tors on Hilbert spaces as a corollary of Theorem

COROLLARY 4.5. Let X be a Hilbert space. Let T € L(X) and k € N.
Then the following statements are equivalent:
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(i) T is a Ritt operator.
(ii) T is power-bounded, and there exists a constant M > 0 such that

2m
sup (r —1)%1 S |(re? — 1)R(re®, T 2|2 do < M|z
1<r<2 0

forallx € X.

Proof. By Theorems [3.§ and [£.2] it suffices to prove that the following
statements are equivalent under the assumption that 71" is power-bounded:

(ii-a) There exists M; > 0 such that

2m
(4.6) sup (r —1)%F1 S |(re® — 1) R(re®, T 2|2 do < M| z||?
1<r<2 0
for all z € X.
(ii-b) There exists Ma > 0 such that
2
(4.7) sup (r —1)%1 S |R(re®, TYETY(I — T ||? d§ < M)z
1<r<2 0
for all x € X.

Since (a + b)? < 2(a? +b?) for all a,b > 0, we deduce from (3.28) that
IR T)HI = Tal* < 2/|(A = DR, T)* || + 2| RN, T) 2%,
I = DR, T | < 2| RO TN = Tz + 2| RN, T) |

for all A € E and = € X. Moreover, since 1" is a Kreiss operator, it follows
that there exists M3 > 0 such that

Ms||R(A, T)|
RO\ T)Fg|| < =222l
|| ( ’ ) $H = (|A|—-1>k_1
for all A € E and « € X. Combining this with Theorem we see that
27
sup (r— 1% | [[R(re”, ) a||* df < M|
1<r<2 0

for all x € X and some constant My > 0. Thus, statements (ii-a) and (ii-b)
are equivalent. m

5. Decay rates of perturbed discrete semigroups. We use the fol-
lowing Sherman—Morrison—-Woodbury formula as in the robustness analysis
for strong stability of discrete operator semigroups established in [53]. This
formula can be obtained from a direct calculation, and hence the proof is
omitted.
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LEMMA 5.1. Let X and Y be Banach spaces. Let A € L(X), B €
LY, X), C € L(X,Y), and X € o(A). If 1 € o(CR(\, A)B), then \ €
0(A+ BC) and

(5.1)  R(M\ A+ BC)=R(\A)+ R(\A)B(I —CR(\A)B)ICR() A).

The following corollary of Theorem [£.1] provides a condition for the
preservation of boundedness and decay properties under perturbations. Sim-
ilar conditions were obtained for polynomial stability and strong stability of
Co-semigroups in [56, Theorems 4.1 and 4.2].

COROLLARY 5.2. Let X be a Hilbert space, and let Y be a Banach space.
Let T € L(X) be power-bounded, and let S € L(Y,X). If D € L(X) com-
mutes with T' and satisfies supycg || R(A, T)D|| < 1, then the following state-
ments hold:

(a) T + D is power-bounded.
(b) Let f: (0,00) — (0,00) be a-bounded regularly varying for some a > 0.
If TS| = O(1/f(n)) as n — oo, then [|(T' + D)"S|| = O(1/f(n)) as

n — 0.

Proof. Define ¢ := sup,cg ||R(2,T)D|| < 1, and let A € E. Since 1 €
o(R(\, T)D), the Sherman—Morrison-Woodbury formula (5.1 gives

(5.2) R\, T+ D)=R\T)+ R\T)D(I - R\T)D)" 'R\ T).

Moreover,

(53) IROLT)DY (1~ RO T)D) | < .
(a) By and (j5.3),

(5.4) |ROT + D)l < ——[| RO, T

for all x € X. Since D commutes with R(z,T") for all z € E, we have
sup || R(z, T%)D*|| = sup [ DR(2,T)|| = 6.
z€E z€RE

As in (5.4), it follows that
* * 1 *
(55) IROT* + D*)al) < - IR\ T)a]

for all x € X. By Theorem there exists M7 > 0 such that

2T

1iu52(7“ — 1) VUIR@e®, T)a|)? + |R(re’®, T%)z|1*) d6 < M |||
r 0
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for all x € X. This, together with the estimates (5.4 and (5.5)), yields

2m
sup (r—1) S (||R(re®, T + D)x||® + | R(re, T* + D*)z||?) df
1<r<2 0
<
< ol

for all z € X. Using Theorem again, we deduce that T + D is power-
bounded.
(b) From the commutativity of D and T', we see that R(\,T") commutes
with
H(\) == R\, T)D(I — R(\,T)D)~ L.

Let k € N satisfy £ > a+ 1/2. Since (5.2)) yields
RO\, T+ D)* = (1+ H\)*R(\, T),
by (5.3) we have

1
(5.6) IR(A, T + D)*Sy|| < m||R(>\aT)kSy||
for all y € Y. By Theorem [1.2] there exists My > 0 such that
27

sup Fy(r? —1) | |[R(re”, T)"Sy||* db < Ms|y|?
1<r<2 0

for all y € Y, where F}, is as in that theorem. Combining this with (5.6)), we
obtain

21
2 i0 ka2 2 2
sup Fjp(r®—1 R(re*, T + D)*Syl||“ df <

for all y € Y. Thus, Theorem 4.2 shows that ||(T + D)"S|| = O(1/f(n)) as
n—00. m

6. Relation between semigroup decay and summability condi-
tions. Now we study the relation between the rate of decay of discrete
operator semigroups and summability conditions.

PROPOSITION 6.1. Let X and Y be Banach spaces. Let T € L(X), S €
L(Y,X), and p > 0. Then the following statements hold:

(a) Assume that T is power-bounded. If there exist functions f,G: N —
(0,00) such that

(6.1) Y )T SylP < Gn)ly|”
m=1



Decay rates for operator semigroups 179

foralln e N andy €Y, then
KG(n)'/?
6.2 ™8| < —/——F—,

for alln € N, where K = sup,,cy, ||T"| and

(6.3) F(n):=Y_ f(m).
m=1

(b) Let f,g: (0,00) — (0,00) be a-bounded regularly varying for some con-
stant o > 0. Define

n

F(n)= 3 fmgm) and Gln) = 3" —L
m=1

4= mg(m)

forn € N. If |[T"S|| = O(1/F(n)'/?) as n — oo, then there exists a
constant C' > 0 such that

D Fm)|T™Sy|P < CGn)ly|?
m=1

forallneNandyeY.
Proof. (a) For alln e Nand y €Y,

Fm)|T"Sy|? < Y fm)|T*™|[PIT™Sy|P < KP Y f(m)|T™Sy|”.
m=1

_ m=1
From this and (6.1]), we obtain the desired estimate (6.2]).
(b) By assumption, there exists ¢y > 0 such that
tf'(t tqg' (¢
(6.4) f()ga and g()ga
f(t) 9(t)

for a.e. t > tg. For all t; > tg, integration by parts yields

| F(0)g(t) dt =t f(t1)g(t1) — tof (to)g(te) — {t(f (£)g(t) + f(t)g(£)) dt
> t1f(t)g(tr) — tof (to)g(to) — 2a | f(t)g(t) dt.
If tl 2 2t0, then 0
t1f(t1)g(t1) > 2tof(to)g(to),
and hence

(6.5) § r(0g(t)dt >

to

t1f(t1)g(ty)
2(1+2a)
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By assumption, there exist My > 0 and ng € N such that for all n > ny,

(6.6 HT"SH_.Ff%ﬁm
Let n; € N satisfy n; > max {ng, 2tp}. By (6.5 , we have
T T mf (m)g(m)
Fwwzéf@awﬁ+if@mwwzﬂyﬁm)
for all m > n1 This gives
(6.7) m%;ﬂ o < 2(1+20) mzmjﬂ mgl(m) < 2(1 + 20)G(n)

for all n > ny + 1. Using the estimates and (6.7]), we obtain

;f(m)HTmSyHPS(n;f(m)!\TmSII“ng > %)IIMIP

m=ni1+1
< (32 HEITSIP + 201+ 20) MEG(n) ) "

foralln > n1 + 1 and y € Y. Thus, the desired conclusion holds. =

The following result is a special case of Proposition

COROLLARY 6.2. Let X and Y be Banach spaces. Let T € L(X), S €
L(Y,X), and p > 0. Let f: (0,00) — (0,00) be a-bounded regularly varying
for some a > 0, and define F' by (6.3). Then the following statements hold:

(a) Assume that T is power-bounded. If there exists a constant C' > 0 such
that

(6.8) > fmTSy|P < Clly|l?

for ally €Y, then ||[T™S| = O(1/F(n)"/?) as n — co.
(b) If|T"S|| = O(1/F(n)'/?) asn — oo, then there exists a constant C' > 0
such that

(6.9) > fm)|T™Sy|lP < Clogn)ly||”

forallneNandyeY.

Proof. Statement (a) follows from Proposition [6.1(a) with G(n) = C. If
g(t) =1 in Proposition [6.1|(b), then

n

Gn) =Y % < 2log(n+1)
m=1

for all n € N. Hence, Proposition [6.1b) shows that statement (b) is true. m
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There is a logarithmic gap between and . However, in the spe-
cial case when S = I — T and f(n) = n®~!, this gap can be bridged for a
multiplication operator T' on Li-space with 1 < ¢ < p < oco. An analogous
result for Cy-semigroups was obtained under the condition ap = 1 in [70,
Theorem 3.8]. For discrete semigroups, we use the spectral property based
on #-Stolz domains.

PROPOSITION 6.3. Let (£2, ) be a o-finite measure space. Let ¢: 2 — C
be measurable with essential Tange Gess(£2) in D. Let 1 < ¢ < p < oo, and
let T be the multiplication operator induced by ¢ on LI(£2, ), i.e., Tx = ¢z
for x € LYU(§2, ). Then the following statements are equivalent for a fized

€ (0,1):

(i) |[T™(I = T)|| =O0(n~*) as n — cc.
(ii) There exists a constant C' > 0 such that

o0
> 0TI = T)al|” < Clal|?

n=1

for all x € LY(2, ).

Proof. Since ¢p(w) € ¢ess(12) for pra.e. w € §2 (see, e.g., [37, Chapter VII,
Exercise 19]), T is power-bounded. The implication (ii)=(i) is obtained from
Proposition (a) with f(n) =n?~1 G(n) = C, and S = I —T. It remains
to prove the implication (i)=-(ii).

Recall from [25, Proposition 1.4.10] that o(T") = ¢ess(£2). Since o(T') C
Sl/a

by Lemma [3.10} we obtain

(6.10) p(w) € S for p-a.e. w € 2.
Define 8 = ap — 1. For all x € L1(£2, ) \ {0},

(6.11) ZnﬂHTn (I—T)z|P

S B @)\
-3 (S (1= oI du >) |

| Hp

Since p/q > 1, Jensen’s inequality yields

(w4 p/q
(6.12) (S |¢(w)™ (1 — ¢(w))!q‘ H(xn)q‘ du(w)>
2

< [ o)1 — plap 2

) Jalle

dpu(w)
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for allm € N and z € L9(£2, ) \ {0}. From (6.10)—(6.12)), we now investigate
1= AP nfIAe
n=1

for A € SY/® \ {1}. Since SYeAT = {1}, it follows that A € Sale \ {1}
satisfies |\| < 1. If X € S/ satisfies IA| < el then

|1—A|pznﬂ|x|np< Zn P —: O < oo

n=1

Suppose that A € S satisfies el < |A| < 1, and define r = 1/|A|. If
n <t <n+1 for some n € N, then
n th

oY 4B~ (plogr)(t-1)
o S e t’e .

Therefore,
Z 5‘)\’% — Z Lﬁ < osotﬁ —(plogr)(t=1) 1¢
n < e
n= 1 1
eP T .5 ePI'(B+1)
<\ Petdt < —E 2
= (plogr)?t! [S) © T (plogr)F
Since r — 1 < 2logr, we have
" 2 B+1
Zn5|)\| P < )6+1’ where Cy = ePI'(5 + 1)<p> .
From )\ € 5’01/ ¢ it follows that
1= A < e(1 =),
Recalling that g + 1 = ap, we obtain
1- /\|pz:1n5|/\\ P<c™(1—A]) pm < 0.
We have shown that
(6.13) 1= AP nPIA" < C3 = max {C1, ¢*PCa}

n=1
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for all A € S&/° \ {1}. Let 29 .= 2\ {w € 2: ¢(w) = 1}. Then

Zn J o - ot >\p'”(°‘,">q'q ()

=3 S )1 — o) P2 )

eIk

forall z € L9(£2, 1)\ {0}. Using (/6.10)), (6.13)), and the monotone convergence

theorem, we obtain

ZnS )1 = )Pl dute)

20

J o) du) < O
2

for all x € L9(2, ) \ {0}. Thus, statement (ii) with C' = Cj5 holds. =

We have seen the relation between semigroup decay and summability
conditions. On the other hand, the relation between semigroup decay and
resolvent growth has been investigated in Section [3] The following propo-
sition shows how summability conditions can be transferred to resolvent
estimates.

PROPOSITION 6.4. Let X, Y, and Z be Banach spaces. Let T € L(X)
satisfy r(T) < 1, and S1 € L(X,Z) and Sy € L(Y,X). Let f: (0,00) —
(0,00) be a-bounded regularly varying for some o > 0, and assume that
there exist constants C' > 0 and p > 1 such that

(6.14) Y f@)ISIT" Say|? < Clly|?

for ally € Y. Then for all k € N with k > (a+ 1) /p, there exists a constant
M >0 such that

M
(IAJ2 = 1)k=1/p f(1/(JA]a — 1))1/P

for all \ € C with 1 < |\| < 2, where ¢ > 1 satisfies 1/p+1/q = 1.

1S1 RN, T)FSs| <

Proof. Let k € N satisfy k > (o + 1)/p. Using (3.3), we obtain

SS +k—1 S1T"S
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< (i f(n)||SlTn52pr)1/p <§’: ﬁf@) 1/q
n=1

n=1

Holder’s inequality yields

i n+k—1 SlT”Sgy
k—1 AR

n=1

(6.15)

for all A € E, where
(k—=1)q
c(n) = (nt ko1 ,
F(nyilv

By Lemma (b), h = f4/? is (aq/p)-bounded regularly varying. Since
k> (a+1)/p is equivalent to

oq
k—1)g>——1
(k—1) )

as n — 0o, Proposition [2.7] shows that

-~ c(n) L
(6.16) Z g O((Tq — 1)(k=Da+1p(1/(ra — 1)))

n=1

n € N.

and since

as r | 1. Applying (6.14) and (6.16) to (6.15)), we derive the desired esti-
mate. m

REMARK 6.5. It is legitimate to ask if the converse of Proposition is
true. When p = 2 and f(n) = n® for a > 0, the answer to this question is
affirmative for some classes of operators, as shown in the literature on admis-
sible observation operators; see [29] [74] [73| [75], 32), 38| B1]. The systematic
study of admissible observation operators can be traced back to the work
[71] by Weiss for Cp-semigroups. We refer to the survey article [30] and the
books [65], [66] for more information on admissibility for Cp-semigroups.
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