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Kida’s formula for graphs with ramifications
by

TAKENORI KATAOKA

Abstract. Recently Iwasawa theory for graphs is being developed. A significant
achievement includes an analogue of Iwasawa’s class number formula, which describes
the asymptotic growth of the numbers of spanning trees for Z,-coverings of graphs. More-
over, an analogue of Kida’s formula concerning the behavior of the A- and p-invariants is
obtained for unramified coverings. In this paper, we establish Kida’s formula for possibly
ramified coverings.

1. Introduction

1.1. Classical Iwasawa theory. We begin with a brief review of clas-
sical Iwasawa theory. Let p be a prime number. In classical Iwasawa theory,
we mainly deal with a Z,-extension K, /K of number fields, that is,

K:KOCK1CK2C"',

where K,,/K is a Z/p"Z-extension. Iwasawa’s class number formula [5, The-
orem 11] (see also Washington [16, Theorem 13.13]) states that

ordy(#Cl(Ky)) =An+pp" +v, n>0,

for some integers A = AM(Koo/K) > 0, p = p(Ks/K) > 0, and v, which are
called the Iwasawa invariants. Here, C1(K,) denotes the class group of K,
and ord,(—) denotes the p-adic valuation that is normalized by ord,(p) = 1.

Kida [9] obtained a formula that describes the behavior of the Iwasawa
invariants when K, /K varies. To be concrete, let G be a finite p-group and
Ko /K be another Zy-extension such that K, /K is a Z/p"7Z x G-extension
for any n > 0. Then conceptually the formula states that p(Ko/K) =0 is
equivalent to p(Ks/K) = 0, in which case A(Ko/K) can be described by
using A(K o /K) together with the ramification information in Ko /Koo. (To
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be precise, Kida’s original formula only concerns the minus components for
the cyclotomic Z,-extensions of CM-fields.)

Kida’s formula is of interest since it serves as an analogue of the Riemann—
Hurwitz formula. Analogues of Kida’s formula have also been established in
various branches of Iwasawa theory. A typical example is the one for elliptic
curves by Hachimori-Matsuno [4]. For other previous works and various proof
methods, we refer the reader to the author’s paper [8, §1.2].

1.2. Iwasawa theory for graphs. The main objects of this paper are
graphs, which we assume to be finite and connected in this introduction. For
a graph X, let x(X) be the number of spanning trees of X. By Kirchhoff’s
theorem, x(X) is equal to the order of the Jacobian group Jac(X) of X
(see §2.1). Note that Jac(X) is also known as the Picard group of degree 0
divisors, the sandpile group, or the critical group. This interpretation enables
us to study k(X) by an algebraic investigation of Jac(X).

Let Xoo/X be an unramified (or unbranched) Z,-covering of graphs, that
is, we are given a family of graphs

X=Xo+ X1+ Xo -+,
where X, /X is an unramified Z/p"Z-covering. This X, is called the nth layer
of Xoo/X. Note that we do not regard X, as a single graph but rather as a
family of graphs. Then an analogue of Iwasawa’s class number formula, due

to Gonet [2, Theorem 1.1] or McGown—Valliéres [10, Theorem 6.1] (see also
the author’s article [7, §8.1]), states that

ord,(k(Xp)) = An+pp" +v, n>0,
for some integers A = A(Xoo/X) >0, 1t = u(Xoo/X) > 0, and v.
To discuss Kida’s formula, let G be a finite p-group. Let )N(OO/)NC be an-
other unramified Zy-covering such that the nth layer )?n is an unramified

Z/p"Z x G-covering of X for any n > 0. The situation is described by a
diagram

Xo X, X,
|
Xo X, X5

Then the analogue of Kida’s formula, due to Ray—Valliéres [12] Theorem 4.1]
(see also [7], §8.2]), says that u(Xo/X) = 0 is equivalent to pu(X/X) =0,
in which case we have

)‘(jzoo/jz) +1= [Xoo : Xoo](A(Xoo/X) + 1)

(see Remark below for the meaning of [Xo : Xuo]). Compared to the
original formula of Kida, the ramification terms disappear naturally because
Xoo/Xoo is assumed to be unramified.
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1.3. Main theorem. As we have emphasized, Iwasawa theory for graphs
has been developed mainly for unramified coverings so far. In a recent pa-
per [I], Gambheera—Valliéres initiated an Iwasawa-theoretic study of ramified
(or branched) coverings of graphs (see below). As a fundamental result,
for a possibly ramified Z,-covering X /X, they proved that the aforemen-
tioned analogue of Iwasawa’s class number formula is still valid literally (see
Theorem [4.1)).

In this paper, we establish Kida’s formula for graphs with ramifications.
As above, we let G be a finite p-group and consider Z,-coverings X, /X and
Xoo/X such that X,,/X is a Z/p"Z x G-covering for any n > 0. Let us stress

that we allow the ramifications both in )Zoo /X and in Xo/X. The main
theorem is the following:

THEOREM 1.1. We have u()?oo/)z) =0 if and only if W(X/X) =0 and
(%) holds, where

(%) any vertex of X that is unramified in Xoo/X remains unramified in
Xoo/X.
If these equivalent conditions hold, then

MXoo/X) + 1= [Xoo : Xoo] MXoo/X) + 1)
- Z nv(XOO/X)(mv(XOO/XOO) - 1).

veVx
Here, Vx denotes the set of vertices ofX My ( oo/Xoo) denotes the ramifi-
cation index of v in Xoo/Xoo, and ny(Xoee/X) denotes the number of vertices
of XOO lying over v.
REMARK 1.2. Theorem is formulated symbolically, and to be precise

it is better to rephrase it by using only finite graphs X,, and X,, instead of
X and Xo. The degree [Xo : Xoo] is understood to be #G (which equals
the degree [X,, : X,,] for any n). Let v be a vertex of X.

e Using the ramification indices m,(X,/X) > 1, we say v is ramified in
Xoo/X if my(X,,/X) > 1 for some n.

e Using the ramification indices m, (Xn/Xn) > 1, which are decreasing with
respect to n, we define my(Xoo/Xoo) as their limit. We say v is unramified
in Xoo)Xoo if my( C>O/X )=1.

e Using the numbers n,(X,,/X) of vertices of X, lying above v, which are
increasing with respect to n, we define n,(Xs/X) as their limit.

In general, n,( oo/X) can be infinite, but then v is unramified in X /X, so
(%) implies my(Xoo/Xoo) = 1 and we set 1y (Xoo /X ) (14 (Xoo/Xoso) — 1) = 0.
Consequently, the formula makes sense.
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REMARK 1.3. (1) If Xoo/ X is unramified, then condition () holds, no
matter how X, /X is ramified. Therefore, we have the equivalence between
=0 for Xoo/X and for Xo/X, in which case

A Xoo/X) 4+ 1= [Xoo : Xoo] AM(Xoo/X) +1).

This formula is of the same form as the previous one for the unramified case.

(2) In Kida’s original formula concerning class groups, the terms corre-
sponding to nv()?oo /X) are automatically finite since we deal with cyclo-
tomic Z,-extensions of number fields, in which all finite primes are finitely
split. By contrast, Iwasawa [0, Theorem 1| constructed Z,-extensions of num-
ber fields with > 0 by using the anti-cyclotomic Z,-extensions of imaginary
quadratic fields, in which finite primes often split completely. Moreover, Iwa-
sawa [6, Theorem 2| also showed that p = 0 is retained as long as a condition
like (x) holds. These observations imply that condition (%) is natural.

1.4. Organization of this paper. In §2] we introduce basic notations
concerning graphs. In §3] we study precise functoriality properties of Picard
groups, which is essential to prove the main theorem. Then in §4] the main
theorem is proved. Finally, in we record very simple examples.

2. Preliminaries. In §2.1] we fix our convention concerning graphs and
then define the Jacobian groups. In §2.2] we define Galois coverings of graphs
with ramifications. In §§2.3}2.4] we show that Galois coverings arise as the
derived graphs of voltage graphs.

2.1. Graphs and Jacobian groups. We first recall the notions of
graphs and their Jacobian groups. See [I], §§2.1-2.2] or 7, §2] for the details.
We use Serre’s formalism of (undirected) graphs [13, Chapter I, §2.1].

DEFINITION 2.1. A finite graph X consists of a finite set Vx of vertices,
a finite set Ex of edges, an involution on Ex without fixed points, denoted
by e — €, and two maps s,t : Ex — Vx satisfying

s(e) =t(e) and t(e) = s(e).

Each edge e € Ex is regarded as an edge that connects s(e) to t(e), and
€ is the reverse of e. Although each edge has a direction in this formalism,
conceptually we often identify an edge with its reverse, treating the structure
as an undirected graph. For each v € Vx, we write Ex ,, for the set of e € Ex
such that s(e) = v. Note that we allow multi-edges and loops, so our graphs
may be called multi-graphs. We will usually study connected graphs, which
means that the vertex set is non-empty and any two vertices can be connected
by a path of edges.
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DEFINITION 2.2. Let X be a finite connected graph. We define the divisor

group of X as the free Z-module on the set Vyx, i.e.,

Div(X) = @ Z[v].

veVx
We define a Z-homomorphism Lx : Div(X) — Div(X), called the Laplacian
operator, by
Lx(Wh)= > (W -[e)], veVx.

GGEXVU
We define the Picard group Pic(X) of X as the cokernel of Lx.

Let degy : Div(X) — Z be the degree map, i.e., degy is the Z-homo-
morphism that sends any [v] to 1. We clearly have degy o Lx = 0, so degx
factors through Pic(X). Then we define the Jacobian group Jac(X) as the
kernel of the induced map degy : Pic(X) — Z.

It is known that Jac(X) is a finite abelian group. Indeed, by Kirchhoft’s
theorem, the order of Jac(X) is equal to the number x(X) of spanning trees
of X (see, e.g., Sunada [15, Theorem 10.8]). It also follows that the kernel
of Lx is a free Z-module of rank 1 with a basis > .y, [v]. Therefore, we
have two fundamental exact sequences:

(2.1) 0 — Z 5 Div(X) =5 Div(X) — Pic(X) — 0,

where tx sends 1 to > [v], and

veVx
(2.2) 0 — Jac(X) — Pic(X) X85, 7 0.

2.2. Galois coverings of graphs. We introduce the notion of (possibly
ramified) Galois coverings, basically following [II, §3.1]. We begin with the
definition of morphisms of graphs. Let X and Y be finite graphs.

DEFINITION 2.3 (|1, Definition 2.1]). A morphism f:Y — X of graphs
consists of maps fy : Vyy — Vx and fg : Ey — Ex such that

fv(s(e)) = s(fele)),  fv(t(e)) =t(fele)), fe(e) = fele)
for any e € Ey.

DEFINITION 2.4 ([, Definition 3.1 or [15, p. 69]). A (ramified) covering
f Y — X is a morphism of graphs such that fy : V3 — Vx is surjective
and the following condition is satisfied:

For each vertex w € Vy, there is a positive integer my,(f) such
that the map fg : Eyw — Ex f, (w) i8 muw(f)-to-one.

We often write Y/ X for this covering, making f implicit.

A vertex w € Vy is said to be lying above v € Vx if fy(w) = v. The
number my,(Y/X) = my(f) is referred to as the ramification index of w.
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Naturally we say w is unramified if m,,(Y/X) = 1, and a vertex v of X is
unramified if all vertices of Y lying above v are unramified. An unramified
covering is by definition a covering ¥ — X such that any vertex of Y is
unramified.

Now we turn to the definition of Galois coverings. The general definition
was not explicitly written in [I]; instead, that paper only deals with derived
graphs associated to voltage graphs (see below). In this paper, we intro-
duce a reasonable definition of Galois coverings, which agrees with the one
given by Shirane [I4, Definition 2.1]. We will see in Proposition that
actually all of them can be constructed as derived graphs.

DEFINITION 2.5. Let I" be a finite group. A I'-covering Y/ X (or a Galois
covering with Galois group I) is a morphism f : Y — X equipped with an
action of I" on Y satisfying the following:

e The action of I" on Y respects f : Y — X, so the fibers f‘;l(v) C Vy and
fgl(e) C Ey are I'-stable for each v € Vx and e € Ex.

e For each v € Vy, the action of I" on f;,!(v) is transitive.

e For each e € Ey, the action of I" on fg '(e) is transitive and free.

In other words, the action of I" on Ey is free and f induces an isomor-
phism between the quotient graph I'\Y, defined in an obvious way, and X.

It is easy to see that a I'-covering Y/X is actually a covering (see [I,
Proposition 3.3(1)]). The ramification index m,,(Y/X) coincides with the
order of the stabilizer subgroup Stabr(w) of w. This depends only on the
vertex v = fi/(w) € Vy since the action of I on f;'(v) is transitive. We
then define the ramification index of v € Vx as m,(Y/X) = my(Y/X) by
using any w € Vy lying above v.

Finally, let us introduce the notion of infinite Galois coverings.

DEFINITION 2.6. Let I' be a profinite group. The set of open normal
subgroups of I is naturally equipped with a direct set structure: the order
< is defined by U X V if U D V. A I'-covering of a finite graph X is then
an inverse system (X )y of graphs, indexed by the open normal subgroups
U of I', equipped with an action of I" that induces a I'/U-covering structure
on Xy /X for any U.

For instance, for I = Z,,, the open subgroups are precisely {I" p" tn>0, SO
a I'-covering of X consists of a system of graphs

X=Xog+ X1+ Xo+---
such that X,,/X is a Z/p"Z-covering.

2.3. Voltage graphs and derived graphs. To deal with (finite or
infinite) Galois coverings, it is convenient to use voltage graphs and derived
graphs. In the unramified case, detailed explanation can be found in the
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classical work of Gross-Tucker [3, Chapter 2|, while [7, §5] provides a brief
account of our formalism. For the general (possibly ramified) case, we refer
to [1I, §4].

Firstly, we introduce the voltage graphs.

DEFINITION 2.7. A woltage graph (X, I',«) consists of a finite graph X,
a group I', and a map « : Ex — I’ satisfying

a@) = a(e)™!

for any e € Ex. To handle the ramifications, we consider an extra structure
Z = (I, C I')yevy, which is a family of subgroups. By abuse of notation, we
also call (X, I',a,Z) a voltage graph.

DEFINITION 2.8. Let (X, I',a,Z) be a voltage graph. Let H be a normal
subgroup of I'. Then the induced voltage graph (X,I'/H, am,Zy) is defined
as follows. Letting 7 : I' — I'/H be the natural projection, we define ay =
moa : Ex — I'/H and Ty = (IyH)vevy with I, g = n(l,) = I,LH/H
CI'/H.

Now we introduce the derived graphs.

DEFINITION 2.9. Let (X, I, «,Z) be a voltage graph with I" finite. We
construct a finite graph X (I',Z) (the map « is implicit), called the derived
graph, as follows. The sets of vertices and edges are defined by

Vyirn = [ (/L x {v}), Exrg =TI xEx.

veVyx

For an edge (v, e), we set

S((V? 6)) = (’7—[3(6)7 3(6))7 t(('% 6)) = (’Ya<e)jt(e)7t(e))7 (77 6) = ("}/Oé(e),é).

The group I" acts on the graph X (I',Z) from the left in the natural way.
We also have a natural morphism X (I',Z) — X by projections to the second
components. It is quite easy to see that this morphism is indeed a I'-covering.
More generally, given a normal subgroup H of I', setting (X, I'/H, am,Zx)
as in Definition we have an H-covering X (I'Z) — X(I'/H,Zy).

DEFINITION 2.10. Let (X, I a,Z) be a voltage graph with I" profi-
nite. For each open normal subgroup U of I', we have a voltage graph
(X, I'/U,ay,Zy) by Definition so we can construct the derived graph
X(I'JU,Zyy) by Definition We write X(I',Z) = (X(I'/U,Iy))u for the
I'-covering of X obtained in this way.

2.4. Galois coverings from voltage graphs. Now let us show that
any Galois covering arises from a voltage graph. We begin with the finite
case.
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ProrosITION 2.11. Let f: Y — X be a I'-covering with I' finite. Then
there is a wvoltage graph structure (X,I,a,T) such that Y ~ X(I,Z) as
I'-coverings of X.

Proof. We construct a voltage graph (X, I a,Z) in the following way.
The construction depends on two choices:

e For each v € Vx, choose a vertex v € Vy such that fy (v) = v.
e For each e € Ex, choose an edge € € Ey such that fg(€) = e and s(e) =

s(e).
Note that the number of choices for the edge € is the ramification index
M(ey(f), s0 it is unique if the covering Y/ X is unramified. Then we define o
and Z = (Iy)yevy as follows:

e Let a(e) € I' be the unique element such that a(e) -€ = e. Here, € is the
lift of the reverse of e, while € is the reverse of the lift of e.
e Let I, C I' be the stabilizer of v.

Note that a(e) exists uniquely because both € and € are in the fiber of &
with respect to f and the action of I' on such a fiber is free and transitive.

Then we have t(e) = a(e)t/(\e/) by
t(8) = 5(2) = s(a(e) -€) = a(e)s(@) = a(e)s(e) = ale)t(e).
We construct a morphism ¢ = (¢pv, ¢r) : X(I,Z) = Y by
ov((vIv,v)) =0,  ¢r((y,e)) = 7e.
The well-definedness of ¢y follows from the definition of I,,. It is straight-
forward to see that ¢ is indeed a morphism:
by (s(7,€) = ov (Vs(e), 5(€))) = v5(e) = 75(2) = 5(12) = s(¢x((7¢))),
ov (t(y,e)) = dv((va(e) Ly, t(e)))
= ya(e)t(e) = ~t(e) = t(ve) = t(dr((7, €))),
9E((7,€)) = 7€ = 7€ = ya(e)e = ¢e((vale),e)) = dr((7,¢)).
Moreover, by the definition of the I'-coverings, both ¢y and ¢ are bijective,
SO ¢ is an isomorphism. m

PROPOSITION 2.12. Let I" be a profinite group and (Xy )y be a I'-covering
of X. Then there is a voltage graph structure (X, I, T) such that (Xy)u
is isomorphic to X (I',Z) as I'-coverings of X.

Proof. As in the proof of Proposition [2.11], we first make two choices:

e For each vertex v of X and U C I, choose a vertex vV of Xy that goes
to v. Moreover, we impose the compatibility with respect to U, that is,
v goes to vV whenever U D V.



Kida’s formula for graphs 279

e For each edge e of X, choose an edge eV of Xy that goes to e and satisfies
—U
s(eV) = s(e) . Moreover, we impose the compatibility with respect to U,
that is, € goes to eV whenever U D V.

Then, for each U, we define ay : Ex — I'/U and I,y C I'/U as in the proof
of Proposition applied to X/ X. It is straightforward to see that oy
and [, y are compatible with respect to U, so we may define o : Ex — I'
and I, C I' as the limits. By the proof of Proposition [2.11] for any U, we
have Xy ~ X(I'/U,Zy) as I'/U-coverings. Therefore, (Xy)y ~ X(I,Z) as
I'-coverings. m

3. Functorialities of Picard groups. The behavior of the Picard
groups with respect to coverings plays an important role in the proof of
Theorem [I.1} We first consider general coverings in §3.1 Then we consider
finite and infinite Galois coverings in and §3.3] respectively.

3.1. Coverings. Let f:Y — X be a covering (Definition between
finite connected graphs. We define the degree of the covering Y/X as the
number

Y : X]:= Z muy(f),
wefy, ! (v)

which is independent of v € Vx (see [1, §3.1]; here we need the connectedness
of X). Note that, for any edge e € Ex, we have

Y2 X] = #(fz (o)),
that is, the fiber of an arbitrary edge of X consists of [V : X| edges of Y.
As in [T}, §3.2], let

fes fr : Div(Y) — Div(X)
be the Z-homomorphisms such that
fe(w]) = [fv(w)],  fel[w]) = muw(f)[fv(w)]
for each w € Vy.

PROPOSITION 3.1. The exact sequences (2.1) for X and Y fit into a
commutative diagram

0——Z "5 Div(Y) 2 Div(Y) — Pic(Y) —— 0

S

0 —— Z — Div(X) — Div(X) — Pic(X) —— 0

where the rightmost vertical map between the Picard groups is induced by fx.
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Proof. This proposition follows from direct computations. The commu-
tativity of the left square follows from

() = Y muDF@]= > (X mul))

weVy weVy vEVY wef‘;l(v)
=[V:X] ) [l
veVy

The commutativity of the middle square is [I, Proposition 3.4]. Indeed, for
each w € Vy, setting v = fy(w) € Vx, we see that

fooly(w) = £.( 32 (wl-eD) = 3 (fv(w)] - [frie)

€Ey e€Ey,
= 3 (- BN
e€ly,w

and

Lx o fe([w]) = mu(HLx () = mu(f) D (0] = [te))

3€EX,'U

Since fg : Ey,w — Ex,y is my,(f)-to-one, these coincide. m

3.2. Finite Galois coverings. Let (X, I, «,Z) be a voltage graph with
I finite.

Set Z[I'/I,] = Z[I'| ®g1,] Z, which we regard as a left Z[I']-module. Then
we have an isomorphism

(3.1) Div(X (I, 1)) ~ €P Z[I'/ 1]

veEVy
by sending (vI,,v) to the class of v in Z[I'/I,] at the v-component. To
the endomorphism Lx 7y on Div(X (I, Z)), we associate an endomorphism
Lx rz on ®vevx ZI'/1,). In other words, Lx 7 is defined by a commuta-
tive diagram

Div(X(I, 7)) —X2, Div(X (I, 7))
EX T l
@ Z[I'/L]) ———— @ ZI'/L]
vEVY vEVY

REMARK 3.2. It is straightforward to see that Lx r7 may be explicitly
defined by

Lxrz(W]) =Np, - Y (W] —ale)lte)]), veVx.

EGIEX,U
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Here, for each v € Vx, we write [v] for the element of @,y Z[I'/I,] whose
v-component is 1 and the other components are 0. Also, Ny, = > 1,0 €
Z[I,] denotes the norm element of I,,. However, this explicit formula will not
be used.

ProPOSITION 3.3. Let (X, I, a,Z) be a voltage graph with I" finite. Sup-
pose that X (I',T) is connected (so X is also connected).

(1) We have an exact sequence

0= 72— @ zIr/1] 225 @ ZIr/1] — Pie(X(I,1)) = 0.

veVX veVx

(2) Let H be a normal subgroup of I'. We introduce the wvoltage graph
(X,I'/H,ap,Zyg) as in Definition . Then we have a commutative
diagram

0572 — @ Z[I/L,] —2X0T o @ 2[1/1,] —— Pic(X(ILT)) — 0

vEVx veVx
H
’ J o] Jpe |

07— @ ZI/LH —2"21, @ 7(r/1,H)] — Pie(X(I/H,Ii)) — 0

veEVx veEVx

Here, the map proj is the natural projection, and the map B sends 1 €
Z[I'/ 1] to #(HN 1,) € Z[I'/ 1, H].

Proof. (1) This is simply a reformulation of ([2.1]).
(2) Let f: X(IN'Z) — X(I'/H,Zx) be the H-covering. It is quite easy
to see that the following diagrams commute:

@ zZ[r/1,] —=— Div(X(I,T))

veVx
% lf,

@ Z[r/I,H)—— Div(X(I'/H,Iy))

vEVY

@ Z[I/I,]——Div(X(I,T))

veVyx
projl ‘/f*

@ zZ[I'/I,H| —— Div(X(I'/H,Tx))

veVyx

where the horizontal isomorphisms are (3.1)). Then the claimed diagram is
simply a reformulation of Proposition applied to f. m

The description of £ in this proposition will be crucial in what follows.
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3.3. Infinite Galois coverings. As in [7, §5.2|, we shall define the
Picard group of an infinite Galois covering by using the projective limit. Let
A be a compact flat Z-algebra; in applications we will set A = Z,,. This A
will be used to make the projective limit functor exact.

DEFINITION 3.4. Let (X, I, a,Z) be a voltage graph with I" profinite.
Suppose that X (I'/U,Zy) are connected for all U. By Proposition [3.3(2),
the Picard groups Pic(X (I'/U,Zy)) form a projective system. We define

Pic(X(I,1)) = lim A @7 Pie(X (I/U, Iy))).
U

This is a module over the Iwasawa algebra

Al = 1im AT/
U

For any profinite group I', we define an ideal A of A by
rA=(II:U]4A
U

where U runs over the open normal subgroups of I'. For instance, if A = Z,,
we have rA = 0 if and only if the order of I" is divisible by p*> (i.e., for any
n > 0, there is an open normal subgroup U of I" with p™ | [[": U]).

PRrROPOSITION 3.5. Let (X, I',a,Z) be a voltage graph with I" profinite.
Suppose that X (I'/U,Iy) are connected for all U.

(1) We have an exact sequence

0= rd— @ L AITVL] =225 @ AlL/L]] = Piea(X(1,T)) = 0,
veEVY vEVY
where Lx 1 1s introduced in the proof below.

(2) Let H be a closed normal subgroup of I'. Let (X, I'/H,a,Zy) be as in
Definition 2.8 Then we have a commutative diagram

Lx rz

0—=rd— @ rAll/L] ————— @ Alll/L]] — Pica(X(I31)) — 0

* - |

05 rymd= @ naAlll/LH] —2"20 0 @ A[T/1,H]) » Piea(X (I/H, Tar)) - 0

veVyx veEVx

Here, all the vertical arrows are the natural ones; the left two are induced
by the inclusions

pA‘—)p/HA and LJA(_>IUHA-
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Proof. By Proposition (2), for open normal subgroups V, U of I" with
U DV, we have

Lx,r/v,zy
_—

07— @ Z[I'/L,V] @ Z[I'/1,V] — Pic(X(I'/V,Iy)) — 0

veVy veVx
[U:V] ﬁl lpmj l
L

0-Z— @ ZII/IL,U "% @ z[[/1,U] — Pic(X (I'/U, T7)) — 0
veVx veVx

Here, 8 on the v-component sends 1 to
#(U/V)N(LV/V))=[UNILV :V].

By taking the tensor product with A over Z and then taking the projective
limit with respect to U, we obtain claim (1). For claim (2), we only have
to take the limit of the above diagram (after A ®z (—)) with the restriction
UDH. =

4. Kida’s formula. In §4.1] we review the analogue of Iwasawa’s class
number formula in our settings. Then, in we prove our main theorem
(Theorem [1.1]).

4.1. Iwasawa’s class number formula. From now on, we fix a prime
number p and work over A = Z,,.

Let I' be a profinite group that is isomorphic to Z,. For a finitely gen-
erated torsion Z,[[I']]-module M, we have the A, u-invariants A(M), p(M),
which are non-negative integers. They are usually defined by using the struc-
ture theorem for Z,[[I']]-modules (see Neukirch-Schmidt-Wingberg |11} Def-
inition (5.3.9)]). Instead of the usual definition, we only recall the follow-
ing properties (see [11, Exercise 2(c), p. 300 and Remark 3 after Definition

(5.3.9)]):

e We have p(M) = 0 if and only if M is finitely generated over Z,,.
e We have A(M) = dimg, (Qp ®z, M).

Now the analogue of Iwasawa’s class number formula is the following:

THEOREM 4.1 (Gambheera—Valliéres [I, Theorem Al). Let Xoo/X be a
Zy-covering of finite connected graphs and X,, be its nth layer. Then

ordy(k(Xp)) =An+pup" +v, n>0,
with
A= )\<XOO/X) = /\(PiCZp(Xoo)) -1, H= M(XOO/X) = :U'(PiCZp(Xoo))

and some integer v = V(X /X).
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Proof. The original result [I, Theorem A] claims the formula with A =
A(Jacz,(Xoo)) and p = p(Jacz, (X)), where Jacz, (Xoo) is defined as the
projective limit of Z, ®z Jac(X,) (cf. Definition [3.4). We have an exact
sequence

0 — Jacz, (Xoo) — Picz,(Xoo) = Zp — 0

induced by ([2.2). This implies
AJacz, (Xoo)) = MPicz, (Xoo)) — 1, i(Facz, (Xuo)) = (Picz, (Xoo))
so Theorem [.1]is also valid. =

4.2. Kida’s formula. A key to prove the main theorem is the following
algebraic proposition.

PROPOSITION 4.2 (|7, Proposition 8.5|). Let I' be a profinite group that

is isomorphic to Z,, and G be a finite p-group. Let M be a finitely generated
torsion Zy|[I']]|G]-module. Write M for the G-coinvariant of M (i.e., the
mazximal quotient on which G acts trivially). Then the following hold:

(1) w(M) =0 if and only if u(Mg) = 0.
(2) Suppose that szp[[F]][G](M) < 1, where pd denotes the projective dimen-
sion. If the equivalent conditions in (1) hold, then A(M) = (#G)A\(Mg).

Proof. Because of its importance, we include a rough sketch of the proof.
Claim (1) follows from Nakayama’s lemma over the local ring Z,[G]. Under
the assumptions in claim (2), the Z,[G]-module M is indeed free of finite
rank. Then the equality A(M) = (#G)A(Mg) is clear. m

We are in a position to prove Theorem [I.I} By Proposition [2.12] the
situation in Theorem [LT] can be realized by a voltage graph. To be precise,
let I" be a profinite group of the form

I'=IxG

with I" isomorphic to Z, and G a finite p-group. We regard G as a closed
normal subgroup of I' in the usual ‘way, and we identify I /G = TI'. Let
(X,I',a I) be a voltage graph with Z = (I, C F)veVX Let us assume that

(I’ /U, IU) is connected for any open normal subgroup U of I'. We also
obtain (X, I',a, 7) (write Z = (I, C I')yevy ) by using Deﬁnition applied
to the subgroup G of I'. We set

Xoo = X(IN'T), Xoo=X(I,1).

Now Theorem [T.1] can be rephrased as follows:

THEOREM 4.3. We have u(Picz, (Xso)) = 0 if and only if p(Picz, (X))
= 0 and (%) holds, where

(%) for any v € Vx, if I, is trivial, then I, is trivial.
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If these equivalent conditions hold, then

A(Picz, (X)) = (#G)A(Picz, (X)) = D [T LI#(G N L) - 1).

veVX

As in Remark , if [f : I~U] is infinite, condition (%) implies I, is trivial,
so we set [I": I,|(#(G N I,) — 1) = 0 in this formula.

Proof of Theorem . Set V¥ = {v € Vx | I, is trivial}. Note that

I, is trivial <= I, is finite <= I:, is finite,

where the first equivalence holds since I, is p-torsion-free. The motivation
for this definition is that, for A = Z,, we have j,A = A =0 if (and only if)
v & VY. We also have pA = 74 = 0. Then, by applying Proposition (2)
to G C I'in place of H C I', we obtain a commutative diagram

x,I'T

0= @ ZT/L) —T0 @ 2,(F/E)] - Picg, (%) =0

’UGV)% veVx
BJ lpmj L

0— @ ZI]—2" @ Z,[[IVL] — Picz, (Xao) 0

UEV)% veVx

Here, 8 on the v-component sends 1 to A#INU By taking the G-coinvariant of
the upper sequence, and noting Z,[[I'/I,]|c =~ Zp[[I'/I,]], we obtain

Lx 57

0= @ Z,[[I) ——— @ Z,[[['/1] = Picz,(Xoc) =0

UEV)(} veEVX
(4.1) ﬁﬂ l

0 @ Z[I) "% @ Z,[[I/L] — Picz, (Xoo) —0

’UEV)(} veEVY

Here, 3 is the injective homomorphism that is the multiplication by #ﬂ) on
the v-component. This also explains why the induced homomorphism £
is injective. By the snake lemma, we obtain an exact sequence

0— €D (Zp/#1,)[[I']] = Picz, (Xo)g — Picz, (Xo) = 0.

UEV)%

X, I T

By the property of the p-invariants recalled at the beginning of we have
w((Zy/#1,)[[I']]) = 0if and only if I, is trivial. Thus, we have u(Picz, (X))
= 0 if and only if u(Picz, (X)) = 0 and I, is trivial for any v € V2. Thanks
to Proposition (1), this shows the first claim on the equivalence concerning
w=0.
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In what follows, we assume the equivalent conditions hold. Then the B8
in (4.1) is the identity map, so Picz,(Xwo)a = Picz, (X ). However, Propo-
sition (2) is not applicable to Picz, (Xs), because the condition pd < 1
does not hold in general (see Lemma below). To remedy this, we use a
slightly modified version of the Picard groups that satisfies pd < 1.

As we are assuming (), we have V)% = {v € Vx | I, is trivial}. We define

XFI @Z = @Zp[[ﬂ]

0 0
veVy veVy

as the composition of EXFf with the projection to the V)?—components.

Define PICZP( Xoo) as the cokernel of this £/ 77 Clearly we have an exact
sequence n

(42) 0= €P 2I/L)] - Picz, (Xo) = Picy (Xoo) — 0.
UEVX\V)%

Here, for each v € Vx \ V2, the index [I" : I,] is finite. Therefore,

MPicz, (X)) = A(Picy, (X)) + . [[:1]
vEVX\VY

and p(Picy, (X)) = ,u(Pich()A(: )) = 0. We also define Pic (Xo) in the

same way: we introduce EXFI that is the projection of Lx r7 to the VX

components and then define PchP (Xoo) as its cokernel. Then the same rea-
soning shows

A(Picz,(Xo)) = MPicy, (Xoo)) + Y [I: L]
vEVX\VY

Recall that Ly 77 : D, eve Z [[f]] = Doevy Z [[f/f]] is injective. We

observe that the homomorphism E’X7 F7 is still injective since @Uevo Zp|[T Al

is torsion-free and ®UEVX\V§ Zy [I"/1,] is torsion as Zp[[F ]]-modules. There-
fore,

pdy 7y (Pics, (Xo)) < 1.

Zp[[1]
By the same reasoning as for the original Picard groups, since the homomor-
phism S is the identity, we have

Pic'Zp (Xoo)a =~ Pic’Zp (Xoo)-
Now we are able to apply Proposition (2) to PiC/Zp (Xoo). As a result,

A(Picz, (Xoo)) = (#G)A(Picg, (Xo0))-
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By combining these formulas, we obtain
MPicz, (X)) — > [F: L] = (#G) (A(PicZP(XOO)) - 3 r: L,]).
veVX\VY veVx\V2
An elementary observation shows
#O)T: L) = [T L] = [T : LI#(GNT,) - 1).
This completes the proof of Theorem [£.3] =

To clarify the role of the projective dimension in Kida’s formula, we
record a lemma.

LEMMA 4.4. Assume that condition (x) holds. Then the following are
equivalent:

(i) pdzp[[f”(PiCZp()foo)) <1

(ii) pdzp[[f”(PiCZp(Xoo)) < 00. N
(iii) For any v € Vx, the group G N I, is trivial.
Proof. Since de[[f”(Pic’Zp (Xs0)) < 1 as in the proof of Theorem 4.3
the exact sequence (4.2)) implies that
(i) <= for any v € Vx \ V¥, we have pdzp[[f]](Zp[f/INU]) <1,
(ii) <= for any v € Vx \ V{, we have dep[[f]](Zp[f/f;]) < 00.

By (%), the group IN,, is trivial for v € V)%, so we may impose the restriction
v € Vx \ V¥ in condition (iii). Therefore, it is enough to show that the
following are equivalent for each v € Vy \ V{:

(i) pdzp[[f]](ZP[F/Iv]) <1

(it") depr”(Zp[F/Iv]) < 0.
(iii") The group G N I, is trivial.
These equivalences follow from purely algebraic considerations. Indeed, both
(') and (ii’) are equivalent to Zp[I'/I,] being G-cohomologically trivial,
which is then equivalent to (iii’) because Z,[I"/1I,] is isomorphic to a direct
sum of copies of Z,[G/G N I,,] as a Zy[G]-module. We omit the details. m

5. Examples. Let m be a positive integer. Let X be the cycle graph
with m vertices: the vertices

VX = {Ul,...,’Um}
and the edges
Ex ={e1,..-,em,€1,-.-,€m}
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are such that s(e;) = v; and t(e;) = wvi41 for 1 < i < m (here vp,41 is
understood to be vy).

Let I' ~ Z,,, and G be a cyclic group of order p. Let

oz:JEX%f:FXG

be a voltage assignment such that the components of a(e;) are generators
of I' and G, and a(ez),...,a(ey) are all the unit element.

We consider three choices of Z:

(a) Iz) = @ for any v.
(b) I, = I for any v.
(¢c) I, =TI x G for any v.

Note that condition (x) holds for (b) and (¢) but does not hold for (a). In
each case, we set

Xoo = X(IN,T),
Xoo = X(I",7),

X, = X(/T""  Ippm),
Xp = X (/TP Ippn).

As will be clear, )?n are indeed connected.

To compute the Iwasawa A, y-invariants, it is convenient to prepare a
lemma. For positive integers m and N, we define a graph Y, y as follows.
We set Y, 1 = X, which is the cycle graph with m vertices. Then we set
Y., N to be the “totally ramified” covering of Y,,, 1 of degree N. More precisely,
Y.~ has m vertices, say v1, ..., vy, and mN unoriented edges, and for each
1 <1¢ < m, exactly N edges connect v; and v;41.

LEMMA 5.1. We have k(Y n) = mN™L.
Proof. This is easily proved by counting the number of spanning trees. m

Using this lemma, we can directly compute the Iwasawa A, y-invariants
of Xoo/X and of X /X for cases (a)—(c). The results are summarized in
Table [1l

Table 1
Case (a) Case (b) Case (c)
Xn ~ Yipn 1 ~ Yo pn ~ Yo pn
K(Xn) mp" mp =1 mp™ (M=
(X oo/ X) 0 0 0
AMXoo/X) 1 m—1 m—1
X, ~ Yipn p ~ Yip,pn =Y, pntl
K(f(ﬂ) mp™ - pmp"fl mp - pn(mpfl) m- p(mfl)(nJrl)
11(X oo/ X) m 0 0
MXoo/X) 1 pm—1 m—1
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For example, in case (a), we have X, ~ Y,n1, so k(X,) = mp™ by
Lemma This implies p = 0, A = 1 for Xo,/X. The other entries are
filled in a similar way (note that X, /X for (b) is the same as for (c)). The
towers of graphs with m = 3 and p = 2 are illustrated in Figures

A@@%
AO@%

Fig. 1. Case (

et
AA@%

Fig. 2. Case (

A @% /

AA@

Fig. 3. Case (
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Let us discuss the validity of Theorem In case (a), 4 = 0 is not
retained because condition (x) does not hold, as the theorem predicts. In
case (b), we have

(pm—-1)+1=p-((m—1)+1)

as predicted. In case (c), we have

m

(m—1)+1=p-(m—1)+1)=> 1-(p—1)
=1
as predicted.
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