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A random variable related to the Hurwitz zeta-function
with algebraic parameter

by

MASAHIRO MINE

Abstract. We introduce a certain random variable closely related to the value-
distribution of the Hurwitz zeta-function with algebraic parameter. We prove a version of
the limit theorem, where the limit measure is the law of this random variable. Then we
apply it to show that any complex number can be approximated by values of the Hurwitz
zeta-function for algebraic irrational parameters with finitely many exceptions.

1. Introduction. Let s = o+it be a complex variable. For a real number
« satisfying 0 < a < 1, the Hurwitz zeta-function ((s, «) is defined as

1

(1.1) ((s, ) _nzo e

This series is absolutely convergent for ¢ > 1. The Riemann zeta-function
((s) is a special case of the Hurwitz zeta-function, as obviously ((s, 1) = ((s).
Some properties on ((s) generalize to ((s, «) for every a. For example, ((s, )
can be continued to a holomorphic function on C except for a simple pole at
s = 1. On the other hand, Davenport—Heilbronn [6] proved that ((s,«) has
infinitely many zeros for o > 1 if o # 1/2,1 is rational or transcendental,
while ((s) has no zeros for ¢ > 1 due to the Euler product representation

(12) e =TI(1- 1)1,

pS

where p runs through all prime numbers. The absence of the Fuler product
for the Hurwitz zeta-function causes significant differences in methods for
investigating the value-distributions of ((s) and ((s, «).
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Let X(p) be random variables indexed by prime numbers p, which are
independent and uniformly distributed on the unit circle of the complex
plane. Following (1.2]), we define the random variable {(c,X) as

((0,X) = H<1 — X‘(p))l.

P p°

This infinite product is convergent for ¢ > 1/2 almost surely. Due to the
unique factorization of integers, the complex numbers p~* for ¢ € R behave
as if they were independent random variables. Therefore we expect that the
value-distribution of ((o + it) in the t-aspect can be approximated by using
((0,X). In fact, we have the following limit theorem proved essentially by
Jessen-Wintner [9]. Let ¢ > 1/2 be a fixed real number. Then the probability
measure

Pyr(A) = %meas (te[0,T]|Clo+it) € A}, AeB(C),

converges weakly as T" — oo to the law of ((o,X). Here, meas S stands for
the one-dimensional Lebesgue measure of a set S, and B(C) is the algebra
of Borel sets of C. See Laurin¢ikas [I5] for more information about the limit
theorem for ((s).

For the Hurwitz zeta-function, we consider another random variable to
obtain the limit theorem. For 0 < a < 1, we define

o Xa(n)
1.3 Xa) = B
( ) C(U) a) nz:;) (n + a)o-)
where X,(n) are some random variables indexed by integers n > 0. Our
first purpose is to suitably choose X,(n) and to show that the probability

measure
1
(14)  Proar(4) = 7 meas {t €[0,T]|¢(c+it,a) € A}, A€ B(C),

converges weakly as T — oo to the law of the random variable ((o,X,).
This is already known when « is a transcendental number. In this case, we
choose X, (n) to be independent random variables uniformly distributed on
the unit circle of C. Then we obtain the desired limit theorem for {(s, «) as a
consequence of [9, Theorem 29|. Here, we remark that it is necessary for the
proof to use the fact that the real numbers log(n+«) are linearly independent
over Q if « is transcendental. The linear independence of log(n + «) is not
necessarily valid when « is algebraic. For example, Dubickas [7] proved that
the equation

(1 + @) (z2 + a)(x3 + @) = (u+ @) (v + )

has a solution in positive integers x1, 2, 3, u, v > ng for any ng € Z~q if a is
an algebraic integer of degree 2, which shows the Q-linear dependence of the
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real numbers log(n 4+ «). Therefore we must change the choice of X,(n) to
obtain the result for an algebraic parameter «.. The first main result provides
suitable random variables X, (n).

THEOREM 1.1. Let o be an algebraic number satisfying 0 < o < 1. Then
there exist random variables Xo(n) for n > 0 with values on the unit circle
such that

(1.5)  E[Xa(n1)® - Xo(ng)%] = {1 if (N + Q) - (ng + )% =1,

0 otherwise
for any integers ny,...,np >0 and ey, ..., e, € Z.

The precise construction of X, (n) is explained in Section [2} Note that we
have X, (n) = X, (n)~! since X, (n) have values on the unit circle. Therefore
the random variables X, (n) of Theorem are orthonormal in the sense
that

1 if m=n,

0 otherwise.

E[Xo(m)Xo(n)] = {

Then we apply the Men’shov—Rademacher theorem [I1, Theorem B.10.5] to
see that (|1.3)) is convergent for o > 1/2 almost surely due to
o
log n)?
Z (,i f 032(; <0
n=0

With the above choice of X,(n), we prove the following limit theorem of
((s,a) for any algebraic irrational number a.

THEOREM 1.2. Let a be an algebraic number satisfying 0 < a < 1, and
let Xo(n) be the random variables as in Theorem . Then, for any fized real
number o > 1/2, the probability measure P, o1 defined as converges
weakly as T — oo to the law of ((0,Xy).

REMARK 1.3. The first version of the limit theorem for (s, a) contain-
ing the case of algebraic irrational parameters was established by Laur-
inc¢ikas [I4]. Let 0 > 1/2 be a fixed real number. He proved that the proba-
bility measure Py, 7 defined in converges weakly to some probability
measure for any 0 < a < 1. However, the limit measure was not given
explicitly. Laurin¢ikas—Steuding [16] attempted to present the limit mea-
sure in terms of random variables for an algebraic irrational number a. Let
L(a) = {log(n + a) | n € Z>o}. Then fix a maximal Q-linearly independent
subset I(a) of L(c). Put

M(a) = {m € Z>o | log(m + «) € I(a)},
N(a)={n € Z>y|log(n+ a) ¢ I(a)}.



202 M. Mine

Then we define random variables X, (m) for m € M(a) and X, (n) for n €
N (a) as follows. Let X, (m) be independent random variables for m € M(«)
which are uniformly distributed on the unit circle. For n € N'(«a), there exist
mj € M(a) and r; € Q for j =1,...,k such that

(1.6) log(n + ) = rqlog(my + a) + - - - + ri log(my + «)

since M(a) U {log(n + «)} is linearly dependent over Q. This implies that
n+a=m +a)t---(mg+a),

and following this identity, we define X, (n) for n € N(«) as

(1.7) Xa(n) = Xo(mp)™ - - Xqo (myg)"™*

with the principal values of the roots. Laurin¢ikas—Steuding [16, Theorem 1]
claimed that the probability measure P, , v converges weakly as T" — oo to
the law of the random variable (o, X,) defined as . However, it appears
that the proof has a serious gap. They actually used the formula

(TL + a)it — ((ml + a)m . (mk + a)rk)it
= ((m1+a)")™ - ((my, + a)™)"™
for all t € R; see [16], p. 423, 1. 2]. Observe that the second equality fails when

the rational numbers 7; are not integers since the principal values of the
roots were used, e.g. for any 0 € (7, 27) we have § — 27 € (—m,7) and

(610)1/2 _ (ei(9727r))1/2 — ei(9727r)/2 _ _(61/2)1'6’ 75 (61/2)1'0'

If one can confirm that all rational numbers r; in are integers for any
n € N(a), then this issue does not occur and the proof of [16] is valid.
However, it seems quite difficult to show the integrality for r;. The present
paper avoids using the integrality for ;, and we present another construction
of the random variables X, (n). Then Theorem is the first result on the
limit theorem for ((s, ) with algebraic parameter o whose limit measure is
explicitly presented in terms of the random variables.

Let o be a fixed real number with 1/2 < o < 1. Bohr—Courant [3] proved
that the set {((o0 +it) | t € R} is dense in C. Furthermore, this denseness
result was generalized to the Hurwitz zeta-function (s, o) by Gonek [§] if a
is rational or transcendental. More precisely, we have

1
(1.8) liminf — meas {t € [0,T] | |¢(o + it,a) — 20| < €} >0
T—oo T

for any zg € C and € > 0 for such . Gonek derived his result as a consequence
of the so-called universality theorem for ((s,a). He further conjectured in
[8] that the universality theorem remains true if « is an algebraic irrational
number. We also believe that is true for any algebraic irrational «, but
this is still open. Some evidence was recently presented by Lee-Mishou [18]
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and Sourmelidis—Steuding [20]. In the following, we denote by A the set of all
algebraic irrational numbers « satisfying 0 < oo < 1. We prove the following
result which supports (1.8) for a € A.

THEOREM 1.4. Let f : A — Ry be as defined later in . Then the
set Ag = {a € A | f(a) < d} contains infinitely many algebraic irrational
numbers for d > 5 and has the following property. Fix 1/2 < o < 1. Then, for
any d > 5, zg € C, and € > 0, there exists a finite subset Eg = E4(0, 20,€) C
Ay such that holds for any a € Ag\ &q4.

Unfortunately, the exceptional subset £; depends on zy and €. This pre-
vents us from proving completely that {((c + it,«) | t € R} is dense in C.
One can just deduce from Theorem [1.4]that {((c +it,a) |t € R, a € Ay} is
dense for any d > 5. This is far from expected, but it makes progress toward
Gonek’s conjecture by the probabilistic approach.

REMARK 1.5. Theorem is similar to the recent result by Sourmelidis—
Steuding [20]. The advantage of their result is that it is effective: one can
effectively find a real number 7' > 0 such that |((o + it,a) — 20| < € with
some t € [T, 2T]. Furthermore, they proved a weak form of the universality
theorem for ((s, «) for an algebraic irrational parameter « as a consequence
of joint denseness results for ((s,«) and its derivatives. As remarked in [20),
Section 1], their results are meaningful only when o > 1—¢ with £ &~ 0.00186.
Theorem of the present paper is not an effective result, but we do not
need such restriction for o.

Organization of the paper. This paper consists of five sections.

e Theorem [I.1] is proved in Section [2] We construct certain random vari-
ables X, (n) such that condition is satisfied. Then we prove several
properties of X, (n), which are used in the proof of Theorems and

e Theorem [I.2]is proved in Section 3} A key step in the proof is to associate
the complex numbers (n1+a)~%, ... (ng+a) % for t € R with the random
variables X (n1), . ..,Xq(ny) by applying (L5)).

e The remaining sections are devoted to the proof of Theorem [I.4] The pur-
pose of Section is to show a variant of the Cassels lemma [5], which asserts
that at least 51 percent of elements in L(a) = {log(n+ «a) | n € Z>(} are
linearly independent over QQ in the sense of density.

e Finally, the proof of Theorem is completed in Section [5l To show
, we apply the limit theorem proved in Section (3| and the Cassels
lemma proved in Section [ The method is partially similar to that of
Sourmelidis-Steuding [20].

2. Certain random variables. Throughout this paper, a random vari-
able means a measurable map X : 2 — C from a probability space ({2, F, P)
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to the Borel measurable space (C, B(C)). Denote the expectation of X' by

E[X] = | X(w) P(dw)
2

as usual. Furthermore, the law of X is the measure on (C, B(C)) defined as
PXcA)=PH{we 2| X(w)e A}) for A € B(C).

Let A be a countable set. Then it is well-known that there exist in-
dependent random variables X'(\) indexed by A € A which are uniformly
distributed on the unit circle on C, i.e. the law of every X'(\) satisfies

t—s
P(X(\) € A(s,t)) =
(¥ € Al 1)) =
for any 0 <t — s < 2w, where A(s,t) is the arc of the unit circle such that
(2.1) A(s,t) = {e | s < 6 < t}.

See [I5] Section 5.1 for an example of such random variables when A is the
set of prime numbers.

Let « be an algebraic number satisfying 0 < a < 1. Then we define
random variables X, (n) indexed by integers n > 0 as follows. Let K = Q(«)
and denote by O the ring of integers of K. For any y € K with y > 0, the
fractional principal ideal (y) has the decomposition

(2.2) (y) g p(fl PPN pzk7
where p; are prime ideals of K, and a; are rational integers uniquely deter-

mined by y. Let h be the class number of K. Since a” is a principal ideal for
any ideal a of K, we know that the set

Sp = {mp € Ok | p" = (wp)}
is non-empty for any prime ideal p. Then we take an element w = (wy)y

in the set Hp Sp, where p runs through all prime ideals of K. By (2.2)), we
obtain

h h
(y)h = p1a1 " 'pkak = (ngl T Wg,f),

which yields the formula

for some u € O. Here, the unit u is uniquely determined by y if the choice
of w = (wy), is fixed. Furthermore, we can choose w so that every wy is
positive. Then we see that u is positive due to y" > 0. Let U = (u, ..., uq)
be a fundamental system of units of Og. We can also choose U so that every
u; is positive. With the above choices of w and U/, we obtain

h _ ay ag by ba
(2.3) Y=yl mpiugt g
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where b; are rational integers uniquely determined by y. Let
(2.4) A= {wy | pis a prime ideal of K} U {uy,...,uq}.
Using the expression of y" as in (2.3), we define ord(y, \) for A € A as

aj if A =y, for some wy; in (2.3),
ord(y,A) = ¢ b; if A = u; for some u; in (2.3),
0  otherwise.

By the uniqueness of a; and b;, we have the formula
(2.5) ord(y1y2, A\) = ord(y1, A) + ord(y2, A)

for any y1,y2 € K with y1,y2 > 0 and A € A. Let X'(\) be independent
random variables for A € A uniformly distributed on the unit circle. We
finally define X, (n) for n > 0 as

(2.6) H X ord (n+a, )\)
AeA

In the following, we always denote by X,(n) the random variables defined
in the above way. First, we show that they fulfill the desired condition of
Theorem [L11

Proof of Theorem . By definition, the random variables X, (n) have
values on the unit circle. Thus it remains to show that condition (1.5) is
satisfied for any integers ni,...,ni > 0 and eq,...,ex € Z. Put

y=(n+a) - (ng+a)%*
Then y € K and y > 0. Using (2.5)), we calculate ord(y, A) for A € A as
ord(y,\) = ejord(ny + a, A) + - - + egord(ng + a, A).
Therefore we obtain

Xa(nl)el . Xa(nk:)ek _ H X()\)el ord(ni+a,\)+---+ey ord(ng+a,\)
AeA

_HX ordy)\

AeA

by the definition of X,(n;). Since the random variables X'(\) are indepen-
dent,

E[Xq(n1) - - Xqo(ng)] H E[X Ord (v, A)]
AeA

Note that E[X(\)°"d®N)] equals 1 if ord(y,\) = 0 and 0 otherwise since
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X (A) is uniformly distributed on the unit circle. Hence we arrive at

1 iford(y,A) =0 for any A € 4,
0 otherwise.

(2.7) E[Xa(n1) -+ Xo(ng)*] = {

The condition that ord(y,\) = 0 for any A\ € A is equivalent to y" = 1 by
the expression of g in (2.3)). Furthermore, y* = 1 if and only if y = 1 due
to y > 0. Hence we see that (2.7)) is precisely (1.5). =

For a random variable X, the characteristic function of X is defined as

9(w; X) = Ethy (X)]
for w € C, where 1,(z) = exp(i Re(2w)) is an additive character of C ~ R2,
Then the law of X" is uniquely determined by g(w; X) (see [2, Section 29]).
For example, a random variable X is uniformly distributed on the unit circle
if and only if its characteristic function can be represented as

o S Y
ot )= 3 i (51) = e

m=

where Jy(z) is the Bessel function of the first kind of order zero. In the
remainder of this section, we prove several properties of X, (n).

LEMMA 2.1. Let a be an algebraic number satisfying 0 < a < 1. Then
the random variables Xy (n) are uniformly distributed on the unit circle.
Proof. Since the additive character 1,,(z) is represented as
i 0o 00 (l‘)/ﬂrv
28 bule) = o gewt ) =33 O

pn=0r=0

HZVwtw”
wy!

for any z,w € C, we calculate the characteristic function of X, (n) as

29) PR

pn=0rv=0
Applying (I.5) with the identity X, (n) = Xq(n)~t, we have
v {1 if(n+a)*(n+a)™ =1,

u+V
m ()P Ka(n) @,

ElXa(n)Xa(n) ] = 0 otherwise

Note that (n 4+ a)*(n + «)™ = 1 if and only if y = v since n + o # 1 for
0 < a < 1. Therefore off-diagonal terms in (2.9) disappear, and we obtain

0o w 21
(20) st o) = 3 CHr (151) 7 = i,

= W)’

This shows that X, (n) is uniformly distributed on the unit circle. m
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REMARK 2.2. For a = 1, we have X, (0) = 1 by definition. It is obviously
not uniformly distributed on the unit circle.

For random variables Xj,..., X}, their joint characteristic function is
defined as

g(w; X, .. 7‘)(/6) = Ele (Xl) e wwk(‘){k)]

for w = (w1, ..., w) € C*¥. By using the inversion formula [2, Section 29],
we find that A}, ..., Xy are independent if and only if

g(w; Xy, ..., X)) = g(wy; A1) - - - g(wg; Xi)
for any w = (w1, ..., wy) € CF. Using this fact, we prove the following result.
LEMMA 2.3. Let a be an algebraic number satisfying 0 < o < 1, and let
L(N)={n€Z|N <n<NlogN},
M(N)={ne€Z|0<n<NlogN}

for N > 3. Define Ko(N) as the subset of L(N) consisting of all integers n
such that (n + a)a is divisible by a prime ideal p not dividing (m + «)a for
any m € M(N) with m # n, where a denotes the ideal denominator of c.
Put

Ko(N)={n1,...,n} and M(N)\ Ko(N) = {ngs1,...,n0}.
Then the random variables
Xa(nl)a s aXa(nk)v Ck+1Xa(nk+1) + 4+ Cﬁxa(nﬁ)
are independent for any complex numbers cx+1, ..., Cy.

Proof. Define Y = cp11Xo(ng41) + - - - + ceXq(ng). Then

g(w; Xo(n1), ..., Xa(ng), V)
= E[Yu, (Xa(n1)) - ¢y, (X a(nk))wwkﬂ 8%]
= E[pu, (Xa(n1)) -+ Yuy, (Xa(nz))
X Yy (Cr1Xa (k1)) - wwarl(CfX ()]
for w = (wi,...,wk41) € C*1. Expanding v, (2) by using (28], we have
211)  glw;Xa(m > Xo(ne).Y) =

[ee) [e'e] ,u1 +vit+-tuetre

Yy iyl

u1=0v1=0  pp=0v,=0

Hl4+-1———Vp 41 He—Vp
& Ck+1 Gy Oy
H1,V15-- e Ve +
,Ul'Vl + pelvy! bt ¢

X wflﬂlwll’l .. .Wk#kwl’;kmuk+1+---+wwl’:l_c:ll‘f‘“'-*‘l/e7
where Gy yowe = EXa(n1)Xa(n1) " - Xa(ng)*Xo(ng) ‘). By the
definition of KCo(N), there exists a prime ideal p; for j € {1,...,k} such
that p; is a prime divisor of (n; + a)a but not dividing (m + «)a for any
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m € M(N) with m # n;. Hence, for \; = wy, € A as in (2.4), we have
ord(nj+a, A;) > 0 but ord(m+a, ;) = 0 for any m € M(N) with m # n;.

Note that Ay, ..., Ay are distinct. Since every X, (n;) can be represented as
Xo (n]) — X()\j)ord(nfra,)\j) H X()\)Ord(anra,)\)
AEA, AAN,

by (2.6]), we obtain

k
Xa(m)“liXa(nl)” - Xa(ng)*X - H (urug)ord(nﬁa Aj)

< I« (A)(’“‘”l Ord(”1+av)‘)+"‘+(uz—w)ord(ne+a,A).
AEANEAL Ak
By the independence of X'()), it follows that

u —vj)ord(nj+a,\;)
GM17V17"'7/'LZ7V[ H E ’ 7 7 ]

X H E[X()\)(,UII*VI)Ord(ﬂl+0&,k)+---+(#gfljg)Ord(n2+a7)\)]'
NEA, AENL .k

As aresult, Gy, 1y, e, = 01if 1 # v for some 1 < j < k. Hence the terms
in (2.11)) with p; # v; for some 1 < j < k disappear. Furthermore,

Gy vreopiove = E[X, (ng1)"*+1 X, (”/’chl)VkJrl e 'Xoc(nf)wxa(nf)w]
if pj = v for all 1 < j < k by definition. Thus we deduce from (2.11)) that

( 1)M1+---+uk (%)“k+1+"k+1+'“+w+ve

:ii i Z ”'Zi(ﬂjy)z...(uk!)z

Pt 1 Wl pelvg!

X =
ic
PR
Q
—~
S
e
+
=
~—
x
ES
£
PR
—~
S
o
+
=

2p 24k
1] [ et Viet1 . Vprm——pit 1t ey VE+1 e
S re B e Clt1 Ck+1 ey e W (N

= g(w1; Xa(n1)) - - - g(wk; Xa (nk)) g(wrt1)

by using , where we put
= Y Y -y

He+1=0vg41=0 te=0vp=0
x B[Xa(nps1)" 1 X (1) e X (ne) X (ne)

T Vk+1

uk+1 FVgp1+ o F et

Mk+1'Vk+1 < gyl

l/g]

W1t Fhey, V1+te

vy
X Ck:—i—l Chk+1 w0 T Wt W41
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Here, we can confirm the identity g(wg+1) = g(wiy1;Y) by using the expan-
sion of 1,,(z) as in (2.8)). Therefore

g(w;Xa(nl)a cee 7Xa(nk)7y) = g(wl; Xa(nl)) i 'g(wk;xa(nk))g(wk-l—l;y)v

and we obtain the desired result. m

3. Proof of the limit theorem. Let ¢ > 1/2 be a fixed real number,
and let « be an algebraic number satisfying 0 < a < 1. For T' > 0, we define

T

(3.1) gr(w;0,0) = 1 | bulCo +it,a) dr,
0

where 1, (z) = exp(i Re(zw)) for z,w € C as before. In this section, we show
that the function gr(w;o, ) converges to

g(w;0,Xa) = E[thy(((0,Xa))]

as T" — oo uniformly in the region |w| < R for any R > 0, where ((0,X,)
is the random variable of (1.3). For this, we truncate the series ((s,«) and
((0,Xy) as

N N x (n)
3.2 = —_— d Xa) = —
62 e =) g and OneXa) =) R
with an integer N > 0, and define
1 T
(3.3) grn(w;o,a) = 7 S Uw(Cn (o + it, a)) dt,
0

gN(w; g, Xa) = E[ww(CN(O'v XO&))]?

similarly to the above. Then we have the following propositions.

PROPOSITION 3.1. Let o > 1/2 be a fized real number, and let o be an
algebraic number satisfying 0 < a < 1. Take any integer N > 2. For any
R > 0 and € > 0, there exists a positive real number Ty = To(a, N, R, €) such
that for oll T > Ty,

lgr,n(w; 0, a) — gy (w;0,Xy)| < €

in the region |w| < R.
Proof. Let M be any positive integer. Recall the asymptotic formula

0 _ "™ m 1 M
e = Zme +0<M!|e| >

m<M
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for all € R with an absolute implied constant. Then we obtain
(%)M—’—V UV, V 1 M
Uy (2) = Z Wz z'wtw” + O M!zw|
pHrv<M
for all z,w € C. Applying this, we calculate the right-hand side of (3.3]) as
(34) grn(w;o,a)

() (17 e
= Z 2 <TSCN(a+it,a)“CN(a+it,a) dt)w“w”JrEl,
0

17!
utrv<M pevs
where the error term is evaluated as
T
RM 1 ,
By < 5o S ICn (o + it ) |M dt

for |w| < R with an absolute 1mphed constant. By definition, we have
1
IEn (o + ity a)| < 271/2 <o VN

for any o > 1/2. Hence E; < (c(a)RvVN)M /M! with a positive constant
¢(a) depending only on «. As a result, for each € > 0 there exists an integer
M = M(a, N, R, €) such that |Eq| < €/3. We can choose M > 2. Then the
main term of is evaluated as follows. We have

T

{on(o +it, ) Cn(o T ita) dt

0N N N N 1
m;O m§0nlz=omnuz=o (m1+a)7 - (my, + a)°
« 1 1§<(m1+a)...(mu+a)>—itdt

(n1+a)7 - (m,+a)7 T )\ (n1 +a) - (n, +a)

T

N N N N 1 1
m;o n;o ,;::o ”;O (m1 4+ )7 - (my, + )7 (ny + )7 - (n, + )°
(mi4a)--(my+a)=(ni1+a)--(n,+a)
N N N N 1
+ “ e e
m20 m;o mZ::O nuzz:o (ml + a)" o (mu * OZ)U
(mi4a)--(my+a)#(ni+a)---(n,+a)

1 1 (mta)(mu )T
X<n1+a>v---<ny+a>wT{1 ((n1+a)---(nu+a)> }
(m1 + ) (m, +a)| "

(n1+a)"'(nu+a)

X |log
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say. Recall that the random variables X, (n) satisfy (1.5]). Then

N N N N 1
(3.5) SlZZ"'Z Z"'Z(m1+a)0-~(mu+a)"

m1=0 myu=0n1=0 n,=0
1
E[X, X Xo(ni) ™t Xo(ny) !
Xl (st ey Eam) + Xa(mu) Xa(m) () 7"]

= E[(x (0, Xa)Cn (0, Xa) .
On the other hand, the second term S5 is evaluated as follows. Put
P(x)=(mi+x)---(my+x)—(n1+2x)-(ny, + ),
and denote its degree and height by deg(P) and ht(P), respectively. For
p+v < M, deg(P) is at most M. For mq,...,myu,n1,...,n, < N, we also
find that ht(P) is less than the height of (N + )M, which is at most (2N).

We also denote by deg(«) and ht(«a) the degree and height of «, respectively.
Then we obtain

|P(a)] > (deg(P) + 1)) (deg(ar) + 1)~ 48P/
x ht(P)' 48t ()~ des(P)
> <2N)fw(a)M
by applying [4, Theorem A.1], where w(«) is a positive constant that depends
only on «. Hence we derive
(mi1+a)---(my +a)
(n1+a) - (ny, + )
(m1+a) - (my+a) = (1 +a) - (n, + a)|

T max{(mi +a) - (my+a),(n+a) - (n,+a)}

> (2N)—(w(a)+1)M.
Therefore we arrive at

S 1 S| 1M
(36) SQ <K <Z W) T(QN)(W(O{)+ )

log

n=0
< %(d(a)N) (w(a)+1)M

with a positive constant d(a) depending only on «. Combining (3.5) and
(3.6), we deduce the formula

T
1 - ., \V
T S (n(o+it, o) (n(o +it, o) dt
0
1

= E[(n (0, Xo)"Cn (0, Xa) ]+ O (T

<d<a>N><w<a>+1>M),
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where the implied constant is absolute. Furthermore, it yields

IAY axd T
(3.7) > (3) (1 \Cv(o +it, ) (o +it, a)” dt)w“w”
0

W \T
ptv<M v T
()" RS I
= D QM,V, E[(n(0,Xa)"Cn (0, Xa) [uMw” + Ey,

prv<M

where the error term is estimated as

ptv
By < Ld@)ne@my 3 L <w|>

1!
T iy MV 2
1 (w(a)+1)M
< T(d(a)N) exp(R)

for |w| < R. Thus, there exists a positive real number Ty = To(«, M, N, R, €)
such that |Es| < ¢/3 for all T' > Tp. Finally, we obtain

iyHtv }
(38) gn(w;oXa)= Y (2), —E[(v(0,Xa)" (v (0, X,) [t e’ + B
pv<M pev:
similarly to (3.4), where
RM (c(@)RVN)M

By < MEHCN(@ Xa)|M] < M)

with absolute implied constants. Then we again obtain |E3| < €/3 by recall-
ing the choice of M. The desired result follows from (3.4)), (3.7), (3.8]) with

the above error estimates. m

PROPOSITION 3.2. Let o > 1/2 be a fized real number, and let o be an
algebraic number satisfying 0 < a < 1. For any R > 0 and € > 0, there exists
an integer Ng = No(o, R, €) > 0 such that for all N > Ny,

limsup [gr(w; o, @) — gr.n(w; 0, Q)| <,
T—00
‘g(wa g, XOL) - gN(wa g, XO&)’ <e€
in the region |w| < R.
Proof. Since \ewl — er] < 101 — 05| for all 61,60, € R, we have

(3.9) [Yw(z1) = Pu(22)| < |21 — 22f [w]
for all z1, z9,w € C. By (3.1)), (3.3), and |, (2)| < 1, we obtain
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(3.10)  [gr(w;o,a) — grN(w;0o,a)

R ¢ 4m
<= ; _ ) 4r
= T2Sﬂ\€(0+zt,oc) Cn (o it o) dt + -

for lw| < R. We evaluate this integral as follows. If o > 2, then we have
((s,a) = (n(s,a) + O(N71) by applying (1.1)). This yields the estimate

L 7
(3.11) =V IClo+it, ) = ¢ (o + it @) dt < N7V

T
2

If 1/2 < 0 < 2, then we apply the formula [I0, Theorem 1, p. 78|

1—s

((s,a) = Z( L T 0@

n—+ «a)’ s—1
0<n<x + )

for 27 < |t| < wx. Taking = = T'/m, we obtain

T
% \ [¢(o +it,0) = (v (o +it, a)| dt
2

17 1 2 N2
<K (T S Z W dt> + T(log T)Ilia + I’ig
0 'N<n<lzx

due to the Cauchy—-Schwarz inequality. Furthermore,

T 1 2
S Z W dt << (T + $)N1_20
0 'N<n<lzx

by [19, Corollary 2|, where the implied constant depends only on o. Hence

T
1
(312) V [¢(o+it,a) — Cv(o +it, @) dt <o NY?77 + T~ log T
2m

in this case. Using (3.11)) for o > 2 and (3.12) for 1/2 < o < 2, we obtain

lim sup ’gT('w; o, a) — gT,N(’w; o, a)‘ Ly RNmax(—l,l/z—a)
T—o00

by (3.10]). This yields the first inequality of the result.
Now, we prove the second inequality. By (3.9) and the Cauchy—Schwarz
inequality, we have
g9(w; 0,Xa) — gy (w;0,Xo)| < RE[|((0,Xs) — (N (0, Xa)]]
< RE[|((0,Xa) — (v (0, Xa) P12,
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Here, we recall that (1.3)) is convergent for ¢ > 1/2 almost surely. Thus

E[((0,Xa) — (n(0. X)) = Y E[Xq(m)Xa(n)] :Z( 1

2
sy M+ Q)7 @)7 - S (nd @)

by applying (|1.5)). Therefore we obtain
lg(w; 0, X)) — gy (w; 0,Xy)| < RNY27°
with the implied constant depending only on ¢, which completes the proof. »

Proof of Theorem[1.4 Let Ny = No(o, R, €) be the integer as in Propo-
sition Let Ty = To(o, a, Ng, R, €) be the positive real number of Propo-
sition [3.1] Then for all T' > Ty,

lgr(w; 0, 0) — g(w; 0, Xo)| < |gr(w; o, @) — g1 Ny (W 0, @)
+ lgr,no (w3 0, @) — g (w3 0, Xq) |
+ lgn, (w; 0, X)) — g(w; 0,X,)|
< 3e
in the region |w| < R. Denote by P, . 1 the probability measure defined as
in (1.4), and denote by P, , the law of the random variable ((o,X,). The

characteristic functions of these probability measures are

T

[0 (2) Prar(dz) = = b (C(o +it,0)) db = gr(ws o, a),
C 0
| tu(2) Pra(dz) = B[ (¢(0,Xa))] = g(w; 0, %)

C

Thus the characteristic function of P, , 7 converges to that of P, for any
w € C. Hence Py o 1 converges weakly to P, o as T' — oo by Lévy’s criterion
(see |11, Theorem B.5.1]). m

4. A variant of the Cassels lemma. Let a € A, and denote by a the
ideal denominator of « in the algebraic field K = Q(«). Then (n + «)a is
an integral ideal of K for any rational integer n. The following lemma by
Cassels [] is fundamental for the study of the Hurwitz zeta-function with
algebraic irrational parameter.

CASSELS LEMMA. Let o € A. Then there exists an integer Nog = No(«)
> 10 depending on o with the following property. Suppose that N > Ny and
put M = [107ON|. Then at least 51M /100 integers in N < n < N + M
are such that (n + «)a is divisible by a prime ideal p which does not divide
(m + a)a for any integer 0 < m < N + M with m # n.
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As in Lemma [2.3] we put L(N) = {n € Z | N < n < NlogN}, and
define K, (N) as the subset of L£(NN) consisting of all integers n such that
(n+ a)a is divisible by a prime ideal p not dividing (m + «)a for any integer
0 <m < Nlog N with m # n. The ultimate goal of this section is to prove
the following result which is a weighted version of the Cassels lemma.

PROPOSITION 4.1. Let f : A — Rsg be as defined in (4.3)) below. Then
the set Ag = {a € A | f(a) < d} has the following property. Let o be a
fized real number with 1/2 < o < 1. For any d > 5, there exists an integer
Ny = Ni(d, o) depending only on d and o such that

1 o1 1
> mTar 100 2 oy
lea e
nelq(N) (n t Oé) 100 neL(N) (1’L + Oé)
for all € Ay and N > Ny.

Observe that the integer Ny of Proposition [4.1] is uniform for « in the
set Ag. This fact is used essentially to prove Theorem in Section
The following proof of Proposition is largely based on the method of
Cassels [5], Worley [22], Mishou [I7], and Lee-Mishou [I8], but we make
some modifications. See Remark for the details of the modifications.

For any rational integer n > 0, we have

(n+a)a = H pun(P),
peJa
where J, denotes the set of all prime ideals of K, and u,(p) are non-negative
integers. Define P, as the subset of J, consisting of those prime ideals p
that are of the first degree and unambiguous, i.e. N(p) = p and p? { (p) for
a rational prime p. Then we rewrite the factorization of (n + «)a as

(4.1) (n+a)a=b, [] p™®,

peP
where b, is the integral containing all prime factors of (n+a)a which are not
in P,. In the following, the norm of a prime ideal p € P, is always denoted

by p.

4.1. Preliminary lemmas. We begin by showing preliminary lemmas
toward the proof of Proposition Let L denote the Galois closure of K
over Q. Choose f € Ok and ¢ € Z>1 so that & = /c. Note that we can
specify them uniquely from « by fixing ¢ as the minimum one with this
property. Take an algebraic field M such that Q € M C L and o ¢ M. Put
S = O\ q for a prime ideal q of M. Then S~10; is a free S~1O)-module
of rank p := [L : M] since S71O) is a principal ideal ring (see [I3, Ch. I,
Theorem 1|). Taking a basis {z1,...,2,} of ST1OL over S~1O);, we have

(4.2) l=az1+--+ar, and B=0bxi+- - +byz,
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with some constants agz,by € S~1Op;. Then we define g(q) as the integral
ideal of S™1O); generated by all elements a;by — agby, with k # .

LEMMA 4.2. The ideal g(q) C S~ Oy is independent of the choice of
the basis {x1,...,x,}. Furthermore, g(q) = SO for all but finitely many
prime ideals q.

Proof. Take another basis {y1,...,y,} of S7*O over S7'Oy;. Then
there exists a matrix P = (p;;) € GL,(S7'Oy) such that z; = pijy1 +
-+ ppjyp, for any j = 1,..., p. Therefore, if

1:a’1y1+...+a;yp and B:bllyl+“'+b;,yp

with af, b € S~10)s, then

P P
ay = Zpgjag and b = Zpgjbg.
=1 =1

Hence ajb; — a;b}; belongs to the ideal of S ~1Oys generated by all elements
apbp — agby, with k #£ £. It can be similarly shown that aibs — agby belongs to
the ideal generated by all elements ajb; — a;b; with i # j, which completes
the proof of the first assertion of the lemma.

Now we prove the second assertion. By the assumption « ¢ M, we can
take an M-basis {z1,...,2,} of L such that z; = 1 and 29 = 8. Furthermore,
we take r € Z>1 such that {rz,...,rz,} C Or. Denote by X the set of all
prime ideals of M containing Ay, /y/(rz1,...,72,), where we define

Apm(wy, ..., wp) = det(Try pn (wiwy))

for wy,...,w, € L. Then, for any q ¢ X1, we see that {rzi,...,rz,} is a
basis of S71Op, over S71Oy; with S = Oy \ g. Indeed, by taking a basis
{z1,...,2,} of ST1OL over 71Oy, we have 72; = pjpa1 + - - - + pipT, With

some matrix P = (p;;). Then

AL/M(T,Zl, oo, 12) = (det P)2AL/M(331, Ce Tp).
Since the prime ideal q does not contain the left-hand side, we find that det P
is a unit of S71Oyy, that is, P belongs to GL,(S™1Op). Hence {rz1,...,rz,}
is a basis of ST1Or, over S~'O)s. Denote by Xy the set of all prime ideals
of M containing r. Then 1/r is a unit of S~10); for any q ¢ ¥5. Note that

XY = X1 U X}y is a finite set. From the above, we see that g(q) = S~1O,, for
any q ¢ Y. Indeed, using the basis {rz1,...,rz,}, we have the representations

of 1 and § as in (4.2)), where
1 if ¢ =1 1 if ¢ =2
ag:{/r ! ’ and bg:{/r ! ’

0 otherwise, 0 otherwise,
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due to rz; = r and rze = rf3. Hence we conclude that g(q) is a principal
ideal generated by 1/r2, which is equal to S~10); as desired. =

Denote by Gq(e; M) the norm of g(q). By Lemma [£.2] we see that
G(a; M) = [ Gqla; M)
q

is well-defined, where q runs through all prime ideals of M. Then we define
the function G : A — R-g by G(a) = maxy; G(a; M), where the maximum
is taken over all algebraic fields such that Q C M C L and o ¢ M. We also
define the function H : A — Ryq as

Ha)= J[ INpoB-89)l,
o¢Gal(L/K)

where o runs through all elements of Gal(L/Q) which are not in Gal(L/K).
Denote by Ay, the absolute value of the discriminant of L over Q. Let lal be
the house of an algebraic number «, that is, the maximum of the absolute
values of all conjugates of a.. From the above, we define

(4.3) f(a) = max {G(a), H(a), Ap, [L : Q],lal, a1}
for a € A, and put Ay ={a € A|f(a) < d}.
EXAMPLE 4.3. For any integer n > 1, we put
ni s 1415

T o+l 2

Then we check that Ay contains «, for alln > 1if d > 5 as follows. Note that
K = Q(ay,) is a Galois extension over Q, and Ok = Z[¢] in this case. We
have oy, = B, /¢, with 8, = n+ ¢ € Ok and ¢, = 2n € Z>;. Furthermore,
if M is an algebraic field such that Q € M C K, then M = Q must be
satisfied. For any rational prime ¢, we see that {1,¢} is a basis of S™1O
over S71Z, where S = 7\ qZ. Then we have

1=1-14+0-¢ and B,=n-1+4+1-¢,

with ¢ =

n

which shows g(qZ) = S~!Z for any rational prime g. Hence G(ay,) = 1 for
all n > 1 by the definition of G. We also obtain

H(aw) = Ngo(Bn — B3) = Ng/g(V5) = 5,

where ¢ € Gal(K/Q) such that o(v/5) = —/5. Obviously, Ax = 5 and
[K : Q] = 2. Finally, we see that

n_ g

0] = max {Ja |, [of [} <2 and ag! = =<

From the above, f(ay,) =5 for all n > 1, and thus ay, € Ay if d > 5.
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LEMMA 4.4. Let d > 5. Then, with the notation as in (4.1)), there ezists
a positive constant C(d) depending only on d such that N(b,) < C(d) for
any o € Ag and n € Z>g.

Proof. Take a prime ideal p € J, and v > 1 such that p¥ | b,,. We consider
an upper bound for the norm of p¥. Let p NZ = pZ for a rational prime p.
Write the factorization of p in L as

(4.4) POL = (Pr---PBy)",

where 1, ..., B, are prime ideals of L with N(;) = p/. Furthermore, we
factorize the prime ideal p in L as

(4.5) pPOL = (B, -+ Pr,,) s

where ki,...,k, € {1,...,9} and 1 <5 < e. Denote by M; the decomposi-
tion field of Py, over Q, and put q; = Px; N Opy;. Then Py, is the unique
prime ideal of L lying over q;. More precisely, we see that

(4.6) N(q;) =p and q;0L =%},

by the properties of decomposition fields (see [I3, Ch. I, Proposition 13|).
Note that a ¢ M; must be satisfied. Indeed, if o € Mj, then q; is a prime
ideal lying over p, and hence N(p) = p by (£.6). In this case, p*> | pOg
must be satisfied due to p ¢ P,. However, this yields %j | pOr by ,
which contradicts . Since o ¢ M;, we also obtain Q C M; C L. Then
we put vn = eq +r with ¢ > 0 and 0 < r < e. From and , we
obtain

(47 p°OL = (Bra - Brn)” = 101 a5,0L - By, - Pi,,-

Hence, taking the norms, we have

(4.8) N(p*)") = N(qf)7---N(qg,)” - N(Br,)" - N(By,.)",

where p = [L : Mj] = ef.

We will evaluate N(q)?---N(q%)? in (4.8) by using the function G(«)
defined above. Note that q{Or -+ qh, Oy divides (n + «)aOr by (4.7) and
p? | b,. Then

(nc+B)0r C (n+a)aOy, C 450

for every j € {1,...,m}, where we choose f € Ok and ¢ € Z>; so that
a = 3/c and c is the minimum with this property. Put S = Oy, \ q;. Then
S~Y((nc+B)Or) and S_l(qg-OL) are integral ideals of the local ring S~1O/,
which satisfy

S~ ((nc+ B)0L) € S~ (q!0L).
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Therefore, nc + 8 € S~'Oy, is represented as

ne+ B =" payx

AeA
for some finite set A, where py € S *1q§- and yy € S~'Op. Furthermore, using
a basis {z1,...,2,} of ST1OL over Sil(’)MJ, we have
YN = VLATL F Y ATy

for any A € A, where v, € Sil(’)Mj for £ € {1,...,p}. From these, we
obtain the formula

nc+ f = (Z pxh,x)m +--t (Z PAVp,A)ZCp.
AeA AeA

On the other hand, we also have
nc+ f = (ncay + b))z + - - + (nca, + b))z,

by (4.2), where ag,by € S *1(’)Mj. Comparing the two formulas, we find that
ncay + by belongs to S*1q§ for any ¢ € {1,..., p}. This implies that

aiby — agby, = ag(ncag + by) — ag(neay, + by) € Sflq?

for any k # £. Hence S*1q3 | 9(q;), where g(q;) is the integral ideal of Sil(’)Mj
generated by all elements agby — apby with k £ £. Then we arrive at

N(qf) = N(57'q?) < G(a)
by the definition of G(«). As a result,
(4.9) N(g?)”---N(q%,)” < G(a)"™ < G(av)[H¥

due to p =ef and [L : Q] = efg. Furthermore, NP, )" - - - N(By,,)" in (4.8)
is evaluated as follows. If e > 2, then we recall that p|Ay. In this case,

N(Bg,)" = plm < A7 If e =1, then N(Bx,;)" = 1 since r must be equal to 0.
As a result, we obtain

(4.10) N(Br,)" - NP, ) < A" < A7
due to [L : Q] = pg. By (1.8)—(4.10), we arrive at
N(p") < (G(a) AL < d*! =: C1(d)

for any o € Ay by the definition of A4. Then the desired result immediately
follows. Indeed, we have

N(bn) = [T NG)) < € d) (@),
plon
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where mx (x) denotes the number of prime ideals p of K such that N(p) < x.
By the result of Lagarias—Montgomery—Odlyzko [12, Theorem 1.4], we have

(4.11)
i (x) < og for z > exp(B(log Ar)(loglog Ar)(logloglog Are™)),
x
where A and B are positive absolute constants. Hence Oy (d)™%(€1(®) can be

bounded by a positive constant C(d) which depends only on d. =

LEMMA 4.5. Let o € Agq with d > 5. Suppose that p1,pe € P, are distinct
prime factors of (n + a)a for some n € Z and have the same norm. Then

p:=N(p1) = N(p2) < d.
Proof. If p is factorized in L as in (4.4]) with e > 2, then p < Ap. Now
assume e = 1. We factorize p; and ps in L as

p1O0L =P, - Pr,, and p20L =Py, - Py,
similarly to (4.5). Here, we may assume k,, > ¢, without loss of generality.
Since p1Or, and paOp, are distinct ideals, there exists k € {k1,. .., kn} such
that Py, 1 p2Or. Take any £ € {{1,...,¢,}. If we put P = P7 for some
o € Gal(L/Q), then we must have o ¢ Gal(L/K) due to Py 1 p2Or, and
PBe | p20r. Recall that both By and Py divide (ne + 5)Of, where f € O
and ¢ € Z> are as in the proof of Lemma [£.4] Thus we obtain
Br | (nc+ B)Or and Pi | (nc+ 57)Of.

These yield By | (8 — 87)OL, and furthermore
N(Br) < [Npjo(B - 57)| < H(e)

by the definition of H(«). Since Py is a prime ideal of L lying above p, we
have N(;) = p/ > p for some f > 1. As a result,

p <max{Ar,H(a)} <d
for any « € Ay by the definition of Ay. =

LEMMA 4.6. Letp € P, andv > 1. If p”|(m+a)a and p* | (n+ a)a for
m,n € Z, then m =n (mod pv).

Proof. Put m —n = p"A with some w € Z>¢ and A € Z>; such that
(p,A) = 1. By the assumption, (m + a)a C p¥ and (n + a)a C p¥. Thus
(m —mn)a C p¥, which yields

pel(m—n)
due to p t a. Therefore, p¥ | (p)*(A). We deduce that p 1 (A) from (p, 4) =1
by taking the norms. As a result,

pe ()"
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Recall that p is unambiguous, i.e. p? 1 (p). Hence w > v, which implies
p¥| (m —n) as desired. =

LEMMA 4.7. Let 1/2 < 0 < 1 be a fized real number. For any 0 < a < 1,
we have

1 1 1
Y ololy o owe
DY -
neL(N) (n+a) 1 ey (n+a)

n=a (mod q)
for any integers ¢ > 1 and 0 < a < q, where the implied constant is absolute.

Proof. Let f(z) = (x+«) % and ¢, = 1 if n = a (mod ¢), and ¢, =0
otherwise. Then

C(z) = Z cn:i(x—N)+O(1).

By the partial summation formula [I0, Theorem 1, p. 326|, we obtain

Nlog N

1
S b= | @) N s N)S(NTog M
neL(N) N
n=a (mod q)
Nlog N
1 — 1 _ 1
:705 ledx_i_NogNN_i_Oi,

q N (.Qf—i—a)ff-‘y- (NlOgN—i—a)U <N+a>g

where the implied constant is absolute. Letting ¢ = 1, we also obtain

1
2. wtar

S r—N N NlogN — N 1
=0 ————dx — .
o (x + a)otl (Nlog N + «a)° (N + «a)°

Comparing these formulas, we obtain the desired formula. =
4.2. Cassels method. Let 1/2 < 0 < 1 be a fixed real number. Define

So(N) ={n € L(N) | p*® < NlogN for all p € P,}.
Then we put
(4.12) Z - p o
oy M) Sy, (Rt @)?

where p = p(o, a, N) is a real number such that 0 < p < 1. In this subsection,
we prove that p < 0.48 +0(1) as N — oo uniformly for o € A, following the
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method of Cassels [5]. For n € L(N), we define

(4.13) o(n)= Y > 6(x".n),

peEP, v=1
pY<Nlog N

where ¢(p¥,n) = logp if p¥| (n + a)a, and ¢(p”,n) = 0 otherwise. Then we
have the following result.

PROPOSITION 4.8. Let 1/2 < 0 < 1 be a fized real number. Then

(119 % (J(n)oz(Qp—i—o(l))log(NlogN) > !

ag
neenny T @) nezn) T @)
as N — oo uniformly for a € Ay, where p = p(o,«, N) satisfies (4.12)).
Proof. For a € Ay and n € Z with n > 2d, we have

’I’L2

4
since [al < d for any o € Ay by definition. Applying this lower bound and
Lemma we deduce from (4.1)) the inequality

> un(p)logp > 2logn + O(1),
peP,

where the implied constant depends only on d. For n€ S, (N) with N >2d,
this further yields o(n) > 2logn + O(1) by the definition of ¢(p¥, n). There-

fore,
R
neGqy(N) neGqy(N)

1
neL(N)

N((n + a)a) = Ng/g(n + a)N(a) > (n —lal)4@) >

Using log N = log(N log N)(140(1)) as N — oo, we obtain the conclusion. =
Furthermore, we divide o(n) as in (4.13) into the following three parts:

ai(n)= Y ) o’n),

peP, v=2
p?<Nlog N

UQ(”) = Z ¢(pvn)a

pePo
Nlog N<p<N log N
g N<p S

os(n) = > ¢(p,n).
pEP,
p<+/Nlog N
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PROPOSITION 4.9. Let 1/2 < 0 < 1 be a fized real number. Then

o1(n) 1
(4.15) 2 = o(log(N log N)) et
nGGZa(N) (n+a) "g(:]v) (n+a)
oa(n) 1 1
(4.16) 2 < (S 4+ 0(1) ) log(Nlog N) P
nega:(fv) (n+a) <2 > nE%:N) (n+a)
o3(n)? 3 1
(4.17) 2o < (24 0(1) ) log* (N log N) P
nGGZa(N) (n+a) (8 ) nEﬁz(N) (nt )

as N — oo uniformly for a € Ag.
Proof. By the definitions of o1 (n ) and oa(n), we have

e T e zzzw

n€Gq(N) nEE(N) pEPL v=2 nel(N
p?<Nlog N

and similarly
a2(n) ¢(p,n)
> <) 2 -
nEGq(N) (n+a) pEP, neL(N) (n+a)
v Nlog N<p<Nlog N

Then we evaluate the inner sums in a way similar to [5, (29)] by applying
Lemmas [1.6] and [£.7] As a result, we obtain

$(p”,n) 1 1 -
Y. oy <logp)— Y O(NT) ¢
neL(N) (n+a) Poéciv (n+a)
By using this, (4.15) and (4.16) follow along the same lines as [5], (32), (33)].

On the other hand, (4.17) requires more careful treatment. By the definition
of o3(n), we have

(4.18) 3 M’< 3 Z n+a

n€Gq(N) pEP, neL(N
<V/Nlog N

d(p1,n)P(p2,n)
oYy e
p17#p2€ Py neL(N)
p1#p2<+/Nlog N

¢(p1,n)p(p2,n)
* Z Z 1n+a2 ’

p1#p2€Ps n€EL(N)
p1=p2<+/Nlog N

where p; = N(p1) and po = N(p2). The first sum on the right-hand side
can be estimated by an argument similar to the proof of (4.15) and (4.16)).
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Furthermore, along the same lines as in [5], (30)], we have

Z ¢p17 p27 )
n—i—a

neL(N

< togpogm){ -1 S L o))

neL(N)

provided that p; # pe, using the Chinese remainder theorem. Hence, the
first two sums on the right-hand side of (4.18]) are less than or equal to

3 1
<8 + 0(1)> log?(Nlog N) Z nrar

neL(N)

similarly to [5], (34)|. Finally, we apply Lemma to see that the third sum
on the right-hand side is less than or equal to

(logp1)(lo :
> W@Kumog@? 2 rar

p17#p2€Po neL(N) n€L(N)
p1=p2<d

From these results together with (4.11)), we derive (4.17)). =

Now we are ready to show p < 0.48 4+ o(1) as N — oo uniformly for
a € Ay. By (4.14)—(4.16]), we have the lower bound

O'g(n) < 1 ) 1
Yo B> (20— - fo(1) ) log(NlogN) S ———,
weenv) ) 2 nezow (P )

which corresponds to [5, (35)]. On the other hand, we deduce from (4.17)
the upper bound

Ug(n) 3:0 1
> (o stvios ) 3

neGqy(N) neL(N)

by using the Cauchy—Schwarz inequality. Comparing the lower and upper
bounds, we obtain the inequality

2p—1/2</3p/8+0(1)

which yields p < 0.48 + o(1) by a similar argument used to deduce [5, (37)].
Now we can complete the proof of Proposition

Proof of Proposition[{.1 With the notation above, we define
Tu(N) = L(N) | Ga(N).
Then, for any n € T,(N), there exists a prime ideal p € P, such that
(4.19) p’|(n+ a)a and p” > NlogN
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for some integer v > 1. By an argument similar to |5l (38)] and its sequel, it
readily follows that

Z (n_i_la)USN_U Z 1< N

p in (4.19) satisfies p < Nlog N p<Nlog N

and

{n € To(N) | pin (4.19) satisfies p > Nlog N} C Kn(N).
Therefore, we obtain the desired result because p < 0.48 + o(1). m

REMARK 4.10. Cassels [0] originally considered the factorization of the
integral ideal (n + «)a similar to (4.1)) but with the set P, replaced by P,
consisting of the prime ideals p such that

(i) p is of the first degree and unambiguous;
(i) for any integer m, if p|(m + «)a then p’ {1 (m + «)a for any prime ideal
P’ # p with N(p) = N(p').

Then it was claimed in [5 p. 181] that the norm of b/, is bounded for n € Z,
where the ideal b/, is similar to b, as in , that is, it contains all prime
factors of (n + «)a which are not in P/. However, we have a counterexample
to the boundedness of N(b/,). Let o = 7v/2. Then K = Q(v/2) and a = (1).
Note that p1 = (3 +v/2) and pg = (3 — V/2) are prime ideals of K satisfying
N(p1) = N(p2) = 7 and (7) = p1p2. For any k € Z, we have

(Tk + a) = pipa(k + V2).

This implies that the above condition (ii) is not satisfied for p; and po.
Therefore, they are prime factors of the ideal b, for n = 7k. The norm of
(k +/2) is equal to k% — 2. By a simple application of Hensel’s lemma, for
any v > 1, there exists an integer k, such that k2 —2 is divisible by 7V. Hence
(k, ++/2) is divisible by either p} or pg for any v > 0. As a result, one of
pY by and ps 0],

is valid for n = 7k,, and we have N(b/,) > 7" in either case. Therefore N(b/,)
is unbounded as n varies over the rational integers.

Recall that condition (ii) was used only in [3, (34)] to see that there is no
contribution of terms for p; # po and p; = po to the sum containing o3 (n)2
which corresponds to . This suggests that we do not need here to take
into account the powers higher than 1 of prime ideals by the definition of
o3(n). Note that the above counterexample is based on high powers of finitely
many prime ideals. Thus the original proof by Cassels may be recovered by
some modification of the classification of prime ideals. For example, one can
probably recover the proof by modifying condition (ii) to

(it’) if un(p) = 1, then u,(p’) # 1 for any p’ # p with the same norm.
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This formulation appears to match the original idea of the proof by Cassels.
On the other hand, as seen above, we can use Lemma[.5]in place of condition
(ii) to show that the contribution of the terms for p; # po and p; = po
in is not zero but is negligible. This seems like a simpler solution, and
for this reason, we decided to use only (i) in the classification of prime ideals
in this paper.

Lastly, we note that the work of Worley [22], Mishou [I7], and Lee-
Mishou [I8] is based on the same erroneous characterization of the prime
ideals of Cassels [5], but we can recover the proofs by the modification ex-
plained in this paper.

5. Proof of Theorem [1.4]

5.1. Support of random variables. Let p be a probability measure
on (C,B(C)). The support of u is defined as

supp(p) = {z € C | u(A) > 0 for any set A with z € A'},

where A’ denotes the interior of A. For a random variable X, we define
supp(X) as the support of the law of X. Then supp(&X’) is a non-empty
closed set of C. For closed subsets A; C C for 1 < j < n, we denote by
A1+ -+ A;, the set of all points a1 +---+a, with a; € Aj for 1 < j <n.
If every A; is bounded, then Ay + --- 4+ A, is again closed. Therefore, if

Xi,..., X, are independent random variables such that every supp(&X;) is
bounded, then
(5.1) supp(Sy) = supp(X1) + - - - + supp(&y,)

= supp(A&1) + - - - + supp(&y)

for S, = X1 + -+ - + A&, (see |11}, proof of Proposition B.10.8]). The purpose
of this subsection is to study the support of (x(0,X,) defined in (3.2)).

PROPOSITION 5.1. Let Ay denote the set of Proposition . Let 1/2 <
o < 1 be a fized real number. For any zg € C, there exists an integer No =
Na(d,0,20) depending only on d, o, and zy such that
(5.2) 20 € supp(¢n (0, Xa))
for all o € Ag and N > Ns.

Proof. Let Ko(N) = {n1,...,ni} and M(N)\ Ko(N) = {ng41,...,n¢}
be as in Lemma [2.3] Then the random variables

l
(53> Xoé(nl) Xa(nk) Z (Xa(nj)

(m+a)7"" (s + )7 4= (nj +a)°

are independent. Here, we note that the support of the random variable
Xa(n)/(n 4+ a)? is equal to the circle {z : |z| = (n + «)77}. Consequently,
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we apply (5.1]) to deduce
Xa(n) Xa(nl) Xa(nk)
S“pp( 2 Tovar) P\ Grap ) T Gy

neM(N) X ( i Xa(nj) >
supp =),
Parnd (nj + o)

Furthermore, we deduce from [9, Theorem 9| that
Xa(n1) Xa(ng)
_— oo — " | = : < <b
supp((m + a)”) o supp<(nk + a)? {zran <zl < ba,

where ay and by are non-negative real numbers defined as follows. Assume
that there exists nj, € K,(N) such that

1 1
(5.4) —_ > —_—
(njo + )7 1<]Z.<k (nj + )7
J#Jo
In this case we put
1 1

aN = ——— — 2
N7 (g +a)? (nj + a)°

1<j<k
J#J0
Otherwise, we put ay = 0. Also, the non-negative real number by is defined

by
1 1 1
by = — _
N (n1 4+ «)? Tt (nk + a)? Z (n+ a)°

Note that (5.4) is equivalent to
2 1
> Y
. e o

However, 2/(nj, + a)? < N~7 due to nj, € (N, Nlog N|, while the right-
hand side has the lower bound

1 51 1
DL S S VT
e (n+ «) 100 Wl (n+ «)
for « € Ay and N > N; = N;(d,o) by Proposition Therefore the case
in which (5.4) is valid does not occur for N > Nj. Hence (j5.3)) yields

(5.5)
supp( > (Xa(n)> = {z:[z] < by} +SHPP(

g
neM(N) n+a)
for N > Nj.

j=k+1
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Now we prove (5.2) by using this formula. Let zp € C. We take an
arbitrary complex number wg such that
¢

wo € supp <]Zk;1 m>

Then
V4

N
1 1 1
(5.6) Jwol < Y =) ot ) v’
i it it a)” e T

Note that
N

1 1— 1 1—
Y ——— =4 N7 and > ——— =<, (NlogN)'™°
— (n+ ) nellV) (n+ a)

for a € Ag since a > d~! by the definition of A4. Thus
N
1 1 1

DR D

ag — ag
= (n+a) 200 neZOV) (n+a)
for any N > Ny 1, where No 1 = Ny 1(d,0) is an integer depending only on
d and o. By Proposition [4.1} we also obtain

1 49 1
> e <18 > iiaw
nEL(N)\Ka (N) (n +a) 100 nEL(N) (n +a)
for N > Nj. Combining these inequalities, we deduce from (5.6)) that
99 1
wol < o 3 ——
200 nef(N) (n+ «)

for any N > max{Ni,Na1}. On the other hand, there exists an integer
N9 = Ny (0, z0) depending only on o and zp such that

1 1
1< 505 2 el
200 nef(N) (n+ )
for any N > N 5. From these, we obtain
50 1 1
R D N g
100 neZV) (n+ «a)° ki) (n+«a)°

for N > max {Ni, Na,1, N2 2} by applying Propositionagain. This implies
that zg — wg € {z : |z|] < by}, and furthermore we deduce from (5.5 that

Xa(n
20 = (20 — wo) +wo € supp< Z (nfa%")
neM(N)
Therefore we obtain (5.2)) by changing variables. m
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5.2. A restricted expectation. Let X be a random variable defined
on the space (§2, F,P). For an event {2y € F, we define

E[X : 2] = | X(w) P(dw).
20
In this subsection, we evaluate E[|((0,X4) — (N (0,Xa)[? : 20(N)] with an
event (2)(N) defined as follows. By the definition of support, (5.2) implies
that, for any € > 0, we can pick wy € (2 such that |(n (0, X4 )(wo) — 20| < €.
Put 6,, = arg X, (n)(wp) for 0 < n < N. Then we define
20(N) = 20(N; v, )
={we 2| Xy(n)(w) € A(0,, — 279, 0,, + 270) for all 0 <n < N}
for 0 <0 < 1/2, where A(s,t) denotes the arc as in (2.1)). Denote by 1 4,

the indicator function of A(s,t). We begin by showing the following prelim-
inary lemmas.

LEMMA 5.2. Let s,t € R with 0 <t—s < 2w, and let A > 1. Then there
exist Laurent polynomials

(57) st Z, A Z Ust ; Ji/&t(Z,A) = Z I~(57t(m,A)z
Im|<A Im|<A
such that
(5.8) Lags0)(2) — Usa(2, Q)| < Hsi(2, Q)
for z € C with |z| = 1, where ﬁ&t(m, A) and IN(S,t(m, A) satisfy
(5.9)
0.(0,4) = =5 FmA) < — (m£0), RKei(0,4) <~
s,t ot ) s,t m, ‘m| m ) s,t\Yy A

with absolute implied constants.

Proof. Let 1(z) denote the saw-tooth function given by

Jr—[z]-1/2 ifz ¢ 7,
Vo) = {o if v € Z.

By definition, 14,4 (2) and () are related as

(5.10) Ls,n(2) = t;; + ¢<S_;:Tg(2)> + w(“lrg(;;_t)

if arg(z) — s, arg(z) —t ¢ 27Z (see also [1, (2.5)]). For an integrable function
F on R, we put F5(z) = 0F(dz). Then the Fourier transform of Fjs satisfies
Fs(t) = F(6~ ) for & > 0. Let J(z) and K (z) be the entire functions as in
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[21] Section 2|. Then we introduce the trigonometric polynomials
]A(.%') = Z jA+1(m)62ﬂimgg and kA(x) = Z IA('A+1(m)€27Timr
mi<a ml<A

following |21, Section 7]. Furthermore, if we define

1/2 j (m) |
¢ *]A(x) = S ¢($ — f)]A(g) d{ — Z %627”7%1"
—1/2 m|<A

m7#0
then we deduce from |21, Theorem 18] the inequality
(5.11) [Y(@) — ¢+ ja(@)] < (24 +2) 7 ka(2).

Therefore, inequality (5.8]) can be deduced from (5.10) and (5.11)) if we as-
sume arg(z) — s,arg(z) — t ¢ 2n7Z, where

t—s

(m =0),
~ 27
Ust(va) = A o A .
) JAl_mezms_JAlmezmt
mm
= Kag1(—m)e™ ™ + K1 (m)e "

Furthermore, we see that (5.8]) holds for any z by the continuity of %;+(z, A)
and (2, A). Recall that Ja4q1(m) and Ka4q(m) are calculated as

A ™ |m| ™ |m|
g 1— _—
Jas1(m) A+1< A+1)COtA+1+A+1 (m #.0),
. m
Kag(m) = _A|+’1

for |m| < A by [1I, p. 339]. Hence (5.9) immediately follows. m

LEMMA 5.3. Let sp,t, € R with 0 < t, — s, <27 for 0 < n < N, and
let A > 3. Then

(5.12)
N N N
‘ TT 4oy (z) = T Zontn o A)) < (log NS A 40 (20 A)
n=0 n=0 n=0

for (20,...,2n) € CNTL with |20| = -++ = |2ny| = 1, where U 4(2, A) and
Hei(2,A) are as in Lemma and the implied constant is absolute.

Proof. Note that (5.9) implies the estimate

1
(5.13) Usp(z,4) <1+ Y — <log A,
0<m<A
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Now we prove (5.12)) by induction on N. Firstly, Lemma yields the result
for N = 0. Furthermore,

N+1 N+1

‘ H 1A (Snstn) zn H %sn tn Z”’Zu ’

N
< H 1A(Sn,tn)(zn) : ‘1A(3N+1,tN+1)(zN+l) - %N+17tN+1 (zN+1, A)‘
n=0

N N
+ ‘H 1A(sn,tn)(zn) - H %Sn,tn (va A)‘ : ‘%5N+17tN+1 (ZNJrl’ A)‘
=0 n=0

By the inductive assumption and (|5.13)), we obtain the result for N + 1. =

Applying Lemma [5.3] we obtain a good approximation of the indicator
function 1y (w). Now we prove the following propositions which are used
to complete the proof of Theorem

PROPOSITION 5.4. Let Ny be the integer of Proposition 5.1l For any
integer N > No and A > Ay with some absolute constant Aq, there exists a

finite subset Ec(ll) = Sc(ll)(N, A) C Ag such that

P(2(N)) = (20)V+1 + 0 (N(logAA)NH)

forall a € Ag\ 5511), where the implied constant is absolute.
Proof. Put s, =6, —2nd and t, = 0,, + 27d. Then

N
(5.14) P(2(N)) = E[H 1A ) (Xa ()]

_ E[ﬁ Y1, (Xa(n), 2)] +0((10g 2)V*! Z B[54, (Xa(n), A)])
n=0

by Lemma Inserting (|5 , we calculate the main term as

(5.15) E [ﬁ Y1, (Ka(n), )]
n=0

N N
DY Hﬁsmtn(mn,A)E[HXa(n)mn}'
Imol<A  |my|<An=0 n—0

Here,

0 otherwise

o I

n=0
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by (1.5)). Then we define 50(11) = Eél)(N, A) as the set of all @ € A, such that
[T (n 4+ @)™ =1 for some (my, ...,my) € ZNT1\ {0} with |m,| < A

n=0

for any 0 < n < N. Note that 50(11) is a finite set when N and A are

given. Furthermore, if « € Ay \ € (1), then the terms in ([5.15)) vanish unless
mg = ---=mpy = 0. Thus we obtain

N N
(516)  B[J] %0 (Kan), 2)] = [ Tsnra 0,2) = (20)V
n=0

n=0
by using (5.9).
Now we evaluate the error term in ([5.14). We have

E[%nytn (Xa(n)’ A)] = Z [A{/Sn,tn (m’ A)E[Xa(n)m] = ‘[?Snatn (0’ A)
[m|<A
since E[X,(n)™] = 0 for m # 0 by (1.5)). Therefore, by (5.9)), we see that
N
N(log A N+1
(5.17) (log AN S B[, 4, (Ka(n), A)] < N(log )7
n=0 A
Combining ([5.16]) and (5.17)), we obtain the desired result. m

PROPOSITION 5.5. Let No be the integer of Proposition . Let 1/2 <
o < 1 be a fized real number. For any integers N, L satisfying L > N > No
and A > Ay with some absolute constant Ag, there exists a finite subset

56(12) = 5(32)(]\7, L, A) C Aq such that
E[|¢(0,Xa) — (v (0, Xa)[? 1 20(N))]

NL(log A)N+1
<<P(QO(N))N1—20+L1—QJ+ (Og )

A
for allaw € Ag\ 5(2), where the implied constant depends only on o.
Proof. By the Cauchy—Schwarz inequality, we have
(5.18)  E[|¢(0,Xa) = (n(0,Xa)[* s 20(N)]
< E[/¢1(0,Xa) = (v (0, Xa)|? : 20(N)]
+E[¢(0,Xa) = C1(0,Xa)[* : 20(N)].
The first term is calculated as

E[|CL(0,Xa) = Cv (0, Xa)|* 1 2o(N))]
=P(2(N) > ¢ Ly ElEelm)Xoe(n) - & (N)]

oA L + a)?e (n1 + a)?(ng + a)°

N<ny,na<L
n1#£ng
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since E[1 : £2)(N)] = P(£20(N)) by definition. We have

(5.19) P(2(N)) > mla)%«g P(125(N))N'~%.
N<n<L

Furthermore, we apply Lemma [5.3] to obtain
3 E[Xo(n1)Xa(n2) : 20(N)]

(5.20) =S|+ 5,
N<mma<L (n1 + a)U(nQ + a)cr
n1#n2
where
1 N
S1 = E|Xy(n1)Xq(n Us, 1,(Xa(n),A)|,
1 N«;ﬁ o ey Bl e o) | CRACALRD
n1#n2
1 N
Sy < log AYNTIN "B, 1, (Xa(n), A)).
v T a8 L Gl 2]
n1#n2
Similarly to (5.15]), we have
L N
E[Xa(n1)Xa(n2) [] %, (Xa(n), )]
n=0
N N N
=Y - Y 1 Usmtn(mn,A)E[Xa(nl)xa(m) Hxa(n)mn]
Imo|<A Impn|<An=0 n=0

Then we define 552) = 56(12)(N, L, A) as the set of all « € Ay such that

N
no + « m
= n+a)™m
ny+ao U( +o)
n=0
for some N < ni,ng < L with n; # ng and (mo,...,my) € ZNFL with

|my,| < A for any 0 < n < N. We see that 86(12) is a finite set when N, L,
and A are given. By the definition, if o« € Ay \ £® then

E[Xa (n1)Xa(n2) fv[ Xa(n)"™| =0
n=0

for any N < ny,ne < L with n; # ng and (mg,...,my) € ZN+1 with
|my,| < A. Hence S; =0 for o € Az \ 5(52). Next, we have

1 1 2
Z (n1 + )7 (n2 + ) S < Z (n—l—a)l/2> < L.

N<ni,no<L N<n<L
n1#ng
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As checked before, we also obtain

E[4;, 1, (Xa(n), A)] < AL

n7tn
Therefore,
N L(log A)N+1
Thus ((5.20) yields
Z E[Xq(n1)Xa(n2) : 20(N)] _ NL(log A)N*!
(n1 + a)?(ng + a)° A

N<ni,no<L
n1#ng

for . € Ag\ 552). Then, together with ([5.19)), we obtain the upper bound

N L(log A)N+1

E[[¢L(0,Xa) — Cn(0,Xa)? : 20(N)] < P(2(N))N2 4 A

It remains to estimate the second term in (5.18). We have
E[|¢(0,Xa) = CL(0, Xa)[* : 2o(N)]
< E[¢(0,Xa) = (L0, Xa) ] =

n>L

o LT

From these, we obtain the conclusion. =

5.3. Completion of the proof. By Propositions (.4 and [5.5] we
obtain the following result.

COROLLARY 5.6. Let 1/2 < o < 1 be a fized real number. Then, for any
20 € C and € > 0, there exists a finite subset Eg = E4(0, z0,€) C Aq such that

P([¢(0,Xa) — 20| <€) >0
for any o € Ag\ 4.
Proof. Let N > Ny with the integer No = Na(d, 0, 29) of Proposition
For w € £2y(N), we have

(w) — Xa(n)(wo)|
(n+ a)?

N
v (0 %) @) — (. Ko )] < 3 P
n=0

N
1
E . N1/2
<<5n:0 (n—i—oa)" <Lq 0

for any v € Ay, where the implied constants depend at most on d. Therefore,
the condition w € 2p(V) implies

ICn (0, Xa) (W) — 20| < 2¢
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for any a € Ay if we suppose § < A(d)e N~1/2, where A(d) is a suitable
positive constant. Hence

P(|¢(0,Xa) — 20| < 3¢) = P(20(N) N{[¢(0,Xa) — (N (0,Xa)| < €})
=P(2(N)) = P(2(N) N {[¢(0,Xa) — (v (0. Xa)| = €})
if § < A(d)e N~'/2. Furthermore, Proposition 5.5 yields
P(2(N) N {[¢(0,Xa) = (n (0, Xa)| > €})
< B¢ %a) = (o Ka) P (V)
. Blo) NL(log A)N“}

1-20 1—20
<= {P(QO(N))N + L% i

for any a € Ay\ & (2), where B(0) is a positive constant depending only on o.
Here, the set Sc(lz) = 552)(1\7,[/, A) is as in Proposition We can take a
positive integer N3 = N3(o, €, N3) > No such that
B(o)
2

9 1
P(20(N3)) N3 27 < 5P (20(N3)).
Then, putting N = N3 and § = A(d)e N;l/Q, we derive

P([¢(0,Xa) — 20] < 3¢)

> %P(QO(Ng)) — Bﬁ(;){Ll_QU n N3 L(log A)N3+1}

A
for a € Ay \ 852). Furthermore, we apply Proposition to deduce

Ns+1 _ B'(o) {L1—20 + N3L(log A)NSH}

P(|¢(0,Xa) — 20| < 3€) > (26) 2 A

for v € Ag\ (S(gl) U Sc(lg)), where B’(0) is some positive constant, and the set
551) = Sc(ll)(Ng, A) is as in Proposition H Then we see that there exists an
integer L = L(o,¢€,6, N3) satisfying

B'(0)

1
1-2 N3+1
D) L v < 1(25) 3 .

€
Finally, we take a real number A = A(o,¢,d, N3) > 3 so that

B'(0) NsL(log A)Nstt 1 o)
2 A < 1(25) :

Then we obtain

P(|¢(0,Xa) — 20| < 3€) > %(25)N3+1

for a € Ay \ g with &5 = Ec(ll) U SC(IQ), which yields the desired conclusion. m
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Proof of Theorem[I.]) As we have seen in Example [1.3] the set A4, con-
tains infinitely many algebraic irrational numbers for d > 5. By the Port-
manteau theorem [2, Theorem 29.1|, we deduce from Theorem that

1
liminf — meas {t € [0,7] | |{(c + it, ) — 20| < €}
T—oo T

> P(C(0,%a) - 5] < O
for any o € A. Hence Corollary 5.6 yields Theorem [I.4] =
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