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A random variable related to the Hurwitz zeta-function
with algebraic parameter

by

Masahiro Mine

Abstract. We introduce a certain random variable closely related to the value-
distribution of the Hurwitz zeta-function with algebraic parameter. We prove a version of
the limit theorem, where the limit measure is the law of this random variable. Then we
apply it to show that any complex number can be approximated by values of the Hurwitz
zeta-function for algebraic irrational parameters with finitely many exceptions.

1. Introduction. Let s = σ+it be a complex variable. For a real number
α satisfying 0 < α ≤ 1, the Hurwitz zeta-function ζ(s, α) is defined as

ζ(s, α) =
∞∑
n=0

1

(n+ α)s
.(1.1)

This series is absolutely convergent for σ > 1. The Riemann zeta-function
ζ(s) is a special case of the Hurwitz zeta-function, as obviously ζ(s, 1) = ζ(s).
Some properties on ζ(s) generalize to ζ(s, α) for every α. For example, ζ(s, α)
can be continued to a holomorphic function on C except for a simple pole at
s = 1. On the other hand, Davenport–Heilbronn [6] proved that ζ(s, α) has
infinitely many zeros for σ > 1 if α ̸= 1/2, 1 is rational or transcendental,
while ζ(s) has no zeros for σ > 1 due to the Euler product representation

ζ(s) =
∏
p

(
1− 1

ps

)−1

,(1.2)

where p runs through all prime numbers. The absence of the Euler product
for the Hurwitz zeta-function causes significant differences in methods for
investigating the value-distributions of ζ(s) and ζ(s, α).
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Let X(p) be random variables indexed by prime numbers p, which are
independent and uniformly distributed on the unit circle of the complex
plane. Following (1.2), we define the random variable ζ(σ,X) as

ζ(σ,X) =
∏
p

(
1− X(p)

pσ

)−1

.

This infinite product is convergent for σ > 1/2 almost surely. Due to the
unique factorization of integers, the complex numbers p−it for t ∈ R behave
as if they were independent random variables. Therefore we expect that the
value-distribution of ζ(σ+ it) in the t-aspect can be approximated by using
ζ(σ,X). In fact, we have the following limit theorem proved essentially by
Jessen–Wintner [9]. Let σ > 1/2 be a fixed real number. Then the probability
measure

Pσ,T (A) =
1

T
meas {t ∈ [0, T ] | ζ(σ + it) ∈ A}, A ∈ B(C),

converges weakly as T → ∞ to the law of ζ(σ,X). Here, measS stands for
the one-dimensional Lebesgue measure of a set S, and B(C) is the algebra
of Borel sets of C. See Laurinčikas [15] for more information about the limit
theorem for ζ(s).

For the Hurwitz zeta-function, we consider another random variable to
obtain the limit theorem. For 0 < α ≤ 1, we define

ζ(σ,Xα) =
∞∑
n=0

Xα(n)

(n+ α)σ
,(1.3)

where Xα(n) are some random variables indexed by integers n ≥ 0. Our
first purpose is to suitably choose Xα(n) and to show that the probability
measure

Pσ,α,T (A) =
1

T
meas {t ∈ [0, T ] | ζ(σ + it, α) ∈ A}, A ∈ B(C),(1.4)

converges weakly as T → ∞ to the law of the random variable ζ(σ,Xα).
This is already known when α is a transcendental number. In this case, we
choose Xα(n) to be independent random variables uniformly distributed on
the unit circle of C. Then we obtain the desired limit theorem for ζ(s, α) as a
consequence of [9, Theorem 29]. Here, we remark that it is necessary for the
proof to use the fact that the real numbers log(n+α) are linearly independent
over Q if α is transcendental. The linear independence of log(n + α) is not
necessarily valid when α is algebraic. For example, Dubickas [7] proved that
the equation

(x1 + α)(x2 + α)(x3 + α) = (u+ α)(v + α)

has a solution in positive integers x1, x2, x3, u, v ≥ n0 for any n0 ∈ Z>0 if α is
an algebraic integer of degree 2, which shows the Q-linear dependence of the
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real numbers log(n + α). Therefore we must change the choice of Xα(n) to
obtain the result for an algebraic parameter α. The first main result provides
suitable random variables Xα(n).

Theorem 1.1. Let α be an algebraic number satisfying 0 < α ≤ 1. Then
there exist random variables Xα(n) for n ≥ 0 with values on the unit circle
such that

E[Xα(n1)
e1 · · ·Xα(nk)

ek ] =

{
1 if (n1 + α)e1 · · · (nk + α)ek = 1,

0 otherwise
(1.5)

for any integers n1, . . . , nk ≥ 0 and e1, . . . , ek ∈ Z.

The precise construction of Xα(n) is explained in Section 2. Note that we
have Xα(n) = Xα(n)

−1 since Xα(n) have values on the unit circle. Therefore
the random variables Xα(n) of Theorem 1.1 are orthonormal in the sense
that

E[Xα(m)Xα(n)] =

{
1 if m = n,

0 otherwise.

Then we apply the Men’shov–Rademacher theorem [11, Theorem B.10.5] to
see that (1.3) is convergent for σ > 1/2 almost surely due to

∞∑
n=0

(log n)2

(n+ α)2σ
<∞.

With the above choice of Xα(n), we prove the following limit theorem of
ζ(s, α) for any algebraic irrational number α.

Theorem 1.2. Let α be an algebraic number satisfying 0 < α ≤ 1, and
let Xα(n) be the random variables as in Theorem 1.1. Then, for any fixed real
number σ > 1/2, the probability measure Pσ,α,T defined as (1.4) converges
weakly as T → ∞ to the law of ζ(σ,Xα).

Remark 1.3. The first version of the limit theorem for ζ(s, α) contain-
ing the case of algebraic irrational parameters was established by Laur-
inčikas [14]. Let σ > 1/2 be a fixed real number. He proved that the proba-
bility measure Pσ,α,T defined in (1.4) converges weakly to some probability
measure for any 0 < α ≤ 1. However, the limit measure was not given
explicitly. Laurinčikas–Steuding [16] attempted to present the limit mea-
sure in terms of random variables for an algebraic irrational number α. Let
L(α) = {log(n+ α) | n ∈ Z≥0}. Then fix a maximal Q-linearly independent
subset I(α) of L(α). Put

M(α) = {m ∈ Z≥0 | log(m+ α) ∈ I(α)},
N (α) = {n ∈ Z≥0 | log(n+ α) /∈ I(α)}.
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Then we define random variables Xα(m) for m ∈ M(α) and Xα(n) for n ∈
N (α) as follows. Let Xα(m) be independent random variables for m ∈ M(α)
which are uniformly distributed on the unit circle. For n ∈ N (α), there exist
mj ∈ M(α) and rj ∈ Q for j = 1, . . . , k such that

log(n+ α) = r1 log(m1 + α) + · · ·+ rk log(mk + α)(1.6)

since M(α) ∪ {log(n+ α)} is linearly dependent over Q. This implies that

n+ α = (m1 + α)r1 · · · (mk + α)rk ,

and following this identity, we define Xα(n) for n ∈ N (α) as

Xα(n) = Xα(m1)
r1 · · ·Xα(mk)

rk(1.7)

with the principal values of the roots. Laurinčikas–Steuding [16, Theorem 1]
claimed that the probability measure Pσ,α,T converges weakly as T → ∞ to
the law of the random variable ζ(σ,Xα) defined as (1.3). However, it appears
that the proof has a serious gap. They actually used the formula

(n+ α)it =
(
(m1 + α)r1 · · · (mk + α)rk

)it
= ((m1 + α)it)r1 · · · ((mk + α)it)rk

for all t ∈ R; see [16, p. 423, l. 2]. Observe that the second equality fails when
the rational numbers rj are not integers since the principal values of the
roots were used, e.g. for any θ ∈ (π, 2π) we have θ − 2π ∈ (−π, π) and

(eiθ)1/2 = (ei(θ−2π))1/2 = ei(θ−2π)/2 = −(e1/2)iθ ̸= (e1/2)iθ.

If one can confirm that all rational numbers rj in (1.6) are integers for any
n ∈ N (α), then this issue does not occur and the proof of [16] is valid.
However, it seems quite difficult to show the integrality for rj . The present
paper avoids using the integrality for rj , and we present another construction
of the random variables Xα(n). Then Theorem 1.2 is the first result on the
limit theorem for ζ(s, α) with algebraic parameter α whose limit measure is
explicitly presented in terms of the random variables.

Let σ be a fixed real number with 1/2 < σ ≤ 1. Bohr–Courant [3] proved
that the set {ζ(σ + it) | t ∈ R} is dense in C. Furthermore, this denseness
result was generalized to the Hurwitz zeta-function ζ(s, α) by Gonek [8] if α
is rational or transcendental. More precisely, we have

lim inf
T→∞

1

T
meas {t ∈ [0, T ] | |ζ(σ + it, α)− z0| < ϵ} > 0(1.8)

for any z0 ∈ C and ϵ > 0 for such α. Gonek derived his result as a consequence
of the so-called universality theorem for ζ(s, α). He further conjectured in
[8] that the universality theorem remains true if α is an algebraic irrational
number. We also believe that (1.8) is true for any algebraic irrational α, but
this is still open. Some evidence was recently presented by Lee–Mishou [18]
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and Sourmelidis–Steuding [20]. In the following, we denote by A the set of all
algebraic irrational numbers α satisfying 0 < α < 1. We prove the following
result which supports (1.8) for α ∈ A.

Theorem 1.4. Let f : A → R>0 be as defined later in (4.3). Then the
set Ad = {α ∈ A | f(α) ≤ d} contains infinitely many algebraic irrational
numbers for d ≥ 5 and has the following property. Fix 1/2 < σ < 1. Then, for
any d ≥ 5, z0 ∈ C, and ϵ > 0, there exists a finite subset Ed = Ed(σ, z0, ϵ) ⊂
Ad such that (1.8) holds for any α ∈ Ad \ Ed.

Unfortunately, the exceptional subset Ed depends on z0 and ϵ. This pre-
vents us from proving completely that {ζ(σ + it, α) | t ∈ R} is dense in C.
One can just deduce from Theorem 1.4 that {ζ(σ+ it, α) | t ∈ R, α ∈ Ad} is
dense for any d ≥ 5. This is far from expected, but it makes progress toward
Gonek’s conjecture by the probabilistic approach.

Remark 1.5. Theorem 1.4 is similar to the recent result by Sourmelidis–
Steuding [20]. The advantage of their result is that it is effective: one can
effectively find a real number T > 0 such that |ζ(σ + it, α) − z0| < ϵ with
some t ∈ [T, 2T ]. Furthermore, they proved a weak form of the universality
theorem for ζ(s, α) for an algebraic irrational parameter α as a consequence
of joint denseness results for ζ(s, α) and its derivatives. As remarked in [20,
Section 1], their results are meaningful only when σ > 1−ξ with ξ ≈ 0.00186.
Theorem 1.4 of the present paper is not an effective result, but we do not
need such restriction for σ.

Organization of the paper. This paper consists of five sections.

• Theorem 1.1 is proved in Section 2. We construct certain random vari-
ables Xα(n) such that condition (1.5) is satisfied. Then we prove several
properties of Xα(n), which are used in the proof of Theorems 1.2 and 1.4.

• Theorem 1.2 is proved in Section 3. A key step in the proof is to associate
the complex numbers (n1+α)−it, . . . , (nk+α)

−it for t ∈ R with the random
variables Xα(n1), . . . ,Xα(nk) by applying (1.5).

• The remaining sections are devoted to the proof of Theorem 1.4. The pur-
pose of Section 4 is to show a variant of the Cassels lemma [5], which asserts
that at least 51 percent of elements in L(α) = {log(n+ α) | n ∈ Z≥0} are
linearly independent over Q in the sense of density.

• Finally, the proof of Theorem 1.4 is completed in Section 5. To show
(1.8), we apply the limit theorem proved in Section 3 and the Cassels
lemma proved in Section 4. The method is partially similar to that of
Sourmelidis–Steuding [20].

2. Certain random variables. Throughout this paper, a random vari-
able means a measurable map X : Ω → C from a probability space (Ω,F ,P)
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to the Borel measurable space (C,B(C)). Denote the expectation of X by

E[X ] =
�

Ω

X (ω)P(dω)

as usual. Furthermore, the law of X is the measure on (C,B(C)) defined as
P(X ∈ A) = P({ω ∈ Ω | X (ω) ∈ A}) for A ∈ B(C).

Let Λ be a countable set. Then it is well-known that there exist in-
dependent random variables X (λ) indexed by λ ∈ Λ which are uniformly
distributed on the unit circle on C, i.e. the law of every X (λ) satisfies

P(X (λ) ∈ A(s, t)) =
t− s

2π

for any 0 < t− s ≤ 2π, where A(s, t) is the arc of the unit circle such that

A(s, t) = {eiθ | s < θ < t}.(2.1)

See [15, Section 5.1] for an example of such random variables when Λ is the
set of prime numbers.

Let α be an algebraic number satisfying 0 < α ≤ 1. Then we define
random variables Xα(n) indexed by integers n ≥ 0 as follows. Let K = Q(α)
and denote by OK the ring of integers of K. For any y ∈ K with y > 0, the
fractional principal ideal (y) has the decomposition

(y) = pa11 · · · pakk ,(2.2)

where pj are prime ideals of K, and aj are rational integers uniquely deter-
mined by y. Let h be the class number of K. Since ah is a principal ideal for
any ideal a of K, we know that the set

Sp = {ϖp ∈ OK | ph = (ϖp)}

is non-empty for any prime ideal p. Then we take an element ϖ = (ϖp)p
in the set

∏
p Sp, where p runs through all prime ideals of K. By (2.2), we

obtain

(y)h = pha11 · · · phakk = (ϖa1
p1 · · ·ϖ

ak
pk ),

which yields the formula

yh = ϖa1
p1 · · ·ϖ

ak
pk · u

for some u ∈ O×
K . Here, the unit u is uniquely determined by y if the choice

of ϖ = (ϖp)p is fixed. Furthermore, we can choose ϖ so that every ϖp is
positive. Then we see that u is positive due to yh > 0. Let U = (u1, . . . , ud)
be a fundamental system of units of OK . We can also choose U so that every
uj is positive. With the above choices of ϖ and U , we obtain

(2.3) yh = ϖa1
p1 · · ·ϖ

ak
pk u

b1
1 · · ·ubdd ,
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where bj are rational integers uniquely determined by y. Let

Λ = {ϖp | p is a prime ideal of K} ∪ {u1, . . . , ud}.(2.4)

Using the expression of yh as in (2.3), we define ord(y, λ) for λ ∈ Λ as

ord(y, λ) =


aj if λ = ϖpj for some ϖpj in (2.3),
bj if λ = uj for some uj in (2.3),
0 otherwise.

By the uniqueness of aj and bj , we have the formula

ord(y1y2, λ) = ord(y1, λ) + ord(y2, λ)(2.5)

for any y1, y2 ∈ K with y1, y2 > 0 and λ ∈ Λ. Let X (λ) be independent
random variables for λ ∈ Λ uniformly distributed on the unit circle. We
finally define Xα(n) for n ≥ 0 as

Xα(n) =
∏
λ∈Λ

X (λ)ord(n+α,λ).(2.6)

In the following, we always denote by Xα(n) the random variables defined
in the above way. First, we show that they fulfill the desired condition of
Theorem 1.1.

Proof of Theorem 1.1. By definition, the random variables Xα(n) have
values on the unit circle. Thus it remains to show that condition (1.5) is
satisfied for any integers n1, . . . , nk ≥ 0 and e1, . . . , ek ∈ Z. Put

y = (n1 + α)e1 · · · (nk + α)ek .

Then y ∈ K and y > 0. Using (2.5), we calculate ord(y, λ) for λ ∈ Λ as

ord(y, λ) = e1 ord(n1 + α, λ) + · · ·+ ek ord(nk + α, λ).

Therefore we obtain

Xα(n1)
e1 · · ·Xα(nk)

ek =
∏
λ∈Λ

X (λ)e1 ord(n1+α,λ)+···+ek ord(nk+α,λ)

=
∏
λ∈Λ

X (λ)ord(y,λ)

by the definition of Xα(nj). Since the random variables X (λ) are indepen-
dent,

E[Xα(n1)
e1 · · ·Xα(nk)

ek ] =
∏
λ∈Λ

E[X (λ)ord(y,λ)].

Note that E[X (λ)ord(y,λ)] equals 1 if ord(y, λ) = 0 and 0 otherwise since
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X (λ) is uniformly distributed on the unit circle. Hence we arrive at

E[Xα(n1)
e1 · · ·Xα(nk)

ek ] =

{
1 if ord(y, λ) = 0 for any λ ∈ Λ,

0 otherwise.
(2.7)

The condition that ord(y, λ) = 0 for any λ ∈ Λ is equivalent to yh = 1 by
the expression of yh in (2.3). Furthermore, yh = 1 if and only if y = 1 due
to y > 0. Hence we see that (2.7) is precisely (1.5).

For a random variable X , the characteristic function of X is defined as

g(w;X ) = E[ψw(X )]

for w ∈ C, where ψw(z) = exp(iRe(zw)) is an additive character of C ≃ R2.
Then the law of X is uniquely determined by g(w;X ) (see [2, Section 29]).
For example, a random variable X is uniformly distributed on the unit circle
if and only if its characteristic function can be represented as

g(w;X ) =

∞∑
m=0

(−1)m

(m!)2

(
|w|
2

)2m

= J0(|w|),

where J0(z) is the Bessel function of the first kind of order zero. In the
remainder of this section, we prove several properties of Xα(n).

Lemma 2.1. Let α be an algebraic number satisfying 0 < α < 1. Then
the random variables Xα(n) are uniformly distributed on the unit circle.

Proof. Since the additive character ψw(z) is represented as

ψw(z) = exp

(
i

2
(zw + zw)

)
=

∞∑
µ=0

∞∑
ν=0

(
i
2

)µ+ν

µ!ν!
zµzνwµwν(2.8)

for any z, w ∈ C, we calculate the characteristic function of Xα(n) as

g(w;Xα(n)) =

∞∑
µ=0

∞∑
ν=0

(
i
2

)µ+ν

µ!ν!
E[Xα(n)

µXα(n)
ν
]wµwν .(2.9)

Applying (1.5) with the identity Xα(n) = Xα(n)
−1, we have

E[Xα(n)
µXα(n)

ν
] =

{
1 if (n+ α)µ(n+ α)−ν = 1,

0 otherwise.

Note that (n + α)µ(n + α)−ν = 1 if and only if µ = ν since n + α ̸= 1 for
0 < α < 1. Therefore off-diagonal terms in (2.9) disappear, and we obtain

g(w;Xα(n)) =

∞∑
µ=0

(−1)µ

(µ!)2

(
|w|
2

)2µ

= J0(|w|).(2.10)

This shows that Xα(n) is uniformly distributed on the unit circle.
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Remark 2.2. For α = 1, we have Xα(0) ≡ 1 by definition. It is obviously
not uniformly distributed on the unit circle.

For random variables X1, . . . ,Xk, their joint characteristic function is
defined as

g(w;X1, . . . ,Xk) = E[ψw1(X1) · · ·ψwk
(Xk)]

for w = (w1, . . . , wk) ∈ Ck. By using the inversion formula [2, Section 29],
we find that X1, . . . ,Xk are independent if and only if

g(w;X1, . . . ,Xk) = g(w1;X1) · · · g(wk;Xk)

for any w = (w1, . . . , wk) ∈ Ck. Using this fact, we prove the following result.

Lemma 2.3. Let α be an algebraic number satisfying 0 < α < 1, and let

L(N) = {n ∈ Z | N < n ≤ N logN},
M(N) = {n ∈ Z | 0 ≤ n ≤ N logN}

for N ≥ 3. Define Kα(N) as the subset of L(N) consisting of all integers n
such that (n + α)a is divisible by a prime ideal p not dividing (m + α)a for
any m ∈ M(N) with m ̸= n, where a denotes the ideal denominator of α.
Put

Kα(N) = {n1, . . . , nk} and M(N) \ Kα(N) = {nk+1, . . . , nℓ}.
Then the random variables

Xα(n1), . . . ,Xα(nk), ck+1Xα(nk+1) + · · ·+ cℓXα(nℓ)

are independent for any complex numbers ck+1, . . . , cℓ.

Proof. Define Y = ck+1Xα(nk+1) + · · ·+ cℓXα(nℓ). Then

g(w;Xα(n1), . . . ,Xα(nk),Y)

= E[ψw1(Xα(n1)) · · ·ψwk
(Xα(nk))ψwk+1

(Y)]

= E[ψw1(Xα(n1)) · · ·ψwk
(Xα(nk))

× ψwk+1
(ck+1Xα(nk+1)) · · ·ψwk+1

(cℓXα(nℓ))]

for w = (w1, . . . , wk+1) ∈ Ck+1. Expanding ψw(z) by using (2.8), we have

(2.11) g(w;Xα(n1), . . . ,Xα(nk),Y) =
∞∑

µ1=0

∞∑
ν1=0

· · ·
∞∑

µℓ=0

∞∑
νℓ=0

(
i
2

)µ1+ν1+···+µℓ+νℓ

µ1!ν1! · · ·µℓ!νℓ!
Gµ1,ν1,...,µℓ,νℓ c

µk+1

k+1 ck+1
νk+1 · · · cµℓ

ℓ cℓ
νℓ

× w1
µ1wν1

1 · · ·wk
µkwνk

k wk+1
µk+1+···+µℓw

νk+1+···+νℓ
k+1 ,

where Gµ1,ν1,...,µℓ,νℓ = E[Xα(n1)
µ1Xα(n1)

ν1 · · ·Xα(nℓ)
µℓXα(nℓ)

νℓ
]. By the

definition of Kα(N), there exists a prime ideal pj for j ∈ {1, . . . , k} such
that pj is a prime divisor of (nj + α)a but not dividing (m + α)a for any
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m ∈ M(N) with m ̸= nj . Hence, for λj = ϖpj ∈ Λ as in (2.4), we have
ord(nj+α, λj) > 0 but ord(m+α, λj) = 0 for any m ∈ M(N) with m ̸= nj .
Note that λ1, . . . , λk are distinct. Since every Xα(nj) can be represented as

Xα(nj) = X (λj)
ord(nj+α,λj)

∏
λ∈Λ, λ ̸=λj

X (λ)ord(nj+α,λ)

by (2.6), we obtain

Xα(n1)
µ1Xα(n1)

ν1 · · ·Xα(nℓ)
µℓXα(nℓ)

νℓ
=

k∏
j=1

X (λj)
(µj−νj) ord(nj+α,λj)

×
∏

λ∈Λ, λ ̸=λ1,...,λk

X (λ)(µ1−ν1) ord(n1+α,λ)+···+(µℓ−νℓ) ord(nℓ+α,λ).

By the independence of X (λ), it follows that

Gµ1,ν1,...,µℓ,νℓ =

k∏
j=1

E[X (λj)
(µj−νj) ord(nj+α,λj)]

×
∏

λ∈Λ, λ ̸=λ1,...,λk

E[X (λ)(µ1−ν1) ord(n1+α,λ)+···+(µℓ−νℓ) ord(nℓ+α,λ)].

As a result, Gµ1,ν1,...,µℓ,νℓ = 0 if µj ̸= νj for some 1 ≤ j ≤ k. Hence the terms
in (2.11) with µj ̸= νj for some 1 ≤ j ≤ k disappear. Furthermore,

Gµ1,ν1,...,µℓ,νℓ = E[Xα(nk+1)
µk+1Xα(nk+1)

νk+1 · · ·Xα(nℓ)
µℓXα(nℓ)

νℓ
]

if µj = νj for all 1 ≤ j ≤ k by definition. Thus we deduce from (2.11) that

g(w;Xα(n1), . . . ,Xα(nk),Y)

=

∞∑
µ1=0

· · ·
∞∑

µk=0

∞∑
µk+1=0

∞∑
νk+1=0

· · ·
∞∑

µℓ=0

∞∑
νℓ=0

(−1)µ1+···+µk

(µ1!)2 · · · (µk!)2

(
i
2

)µk+1+νk+1+···+µℓ+νℓ

µk+1!νk+1! · · ·µℓ!νℓ!

×E[Xα(nk+1)
µk+1Xα(nk+1)

νk+1 · · ·Xα(nℓ)
µℓXα(nℓ)

νℓ
]

×
(
|w1|
2

)2µ1

· · ·
(
|wk|
2

)2µk

c
µk+1

k+1 ck+1
νk+1 · · · cµℓ

ℓ cℓ
νℓwk+1

µk+1+···+µℓw
νk+1+···+νℓ

k+1

= g(w1;Xα(n1)) · · · g(wk;Xα(nk)) g(wk+1)

by using (2.10), where we put

g(wk+1) =
∞∑

µk+1=0

∞∑
νk+1=0

· · ·
∞∑

µℓ=0

∞∑
νℓ=0

(
i
2

)µk+1+νk+1+···+µℓ+νℓ

µk+1!νk+1! · · ·µℓ!νℓ!

×E[Xα(nk+1)
µk+1Xα(nk+1)

νk+1 · · ·Xα(nℓ)
µℓXα(nℓ)

νℓ
]

× c
µk+1

k+1 ck+1
νk+1 · · · cµℓ

ℓ cℓ
νℓwk+1

µk+1+···+µℓw
νk+1+···+νℓ
k+1 .
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Here, we can confirm the identity g(wk+1) = g(wk+1;Y) by using the expan-
sion of ψw(z) as in (2.8). Therefore

g(w;Xα(n1), . . . ,Xα(nk),Y) = g(w1;Xα(n1)) · · · g(wk;Xα(nk))g(wk+1;Y),

and we obtain the desired result.

3. Proof of the limit theorem. Let σ > 1/2 be a fixed real number,
and let α be an algebraic number satisfying 0 < α ≤ 1. For T > 0, we define

gT (w;σ, α) =
1

T

T�

0

ψw(ζ(σ + it, α)) dt,(3.1)

where ψw(z) = exp(iRe(zw)) for z, w ∈ C as before. In this section, we show
that the function gT (w;σ, α) converges to

g(w;σ,Xα) = E[ψw(ζ(σ,Xα))]

as T → ∞ uniformly in the region |w| ≤ R for any R > 0, where ζ(σ,Xα)
is the random variable of (1.3). For this, we truncate the series ζ(s, α) and
ζ(σ,Xα) as

ζN (s, α) =
N∑

n=0

1

(n+ α)s
and ζN (σ,Xα) =

N∑
n=0

Xα(n)

(n+ α)σ
(3.2)

with an integer N ≥ 0, and define

gT,N (w;σ, α) =
1

T

T�

0

ψw(ζN (σ + it, α)) dt,(3.3)

gN (w;σ,Xα) = E[ψw(ζN (σ,Xα))],

similarly to the above. Then we have the following propositions.

Proposition 3.1. Let σ > 1/2 be a fixed real number, and let α be an
algebraic number satisfying 0 < α ≤ 1. Take any integer N ≥ 2. For any
R > 0 and ϵ > 0, there exists a positive real number T0 = T0(α,N,R, ϵ) such
that for all T ≥ T0,

|gT,N (w;σ, α)− gN (w;σ,Xα)| < ϵ

in the region |w| ≤ R.

Proof. Let M be any positive integer. Recall the asymptotic formula

eiθ =
∑
m<M

im

m!
θm +O

(
1

M !
|θ|M

)
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for all θ ∈ R with an absolute implied constant. Then we obtain

ψw(z) =
∑

µ+ν<M

(
i
2

)µ+ν

µ!ν!
zµzνwµwν +O

(
1

M !
|zw|M

)
for all z, w ∈ C. Applying this, we calculate the right-hand side of (3.3) as

gT,N (w;σ, α)(3.4)

=
∑

µ+ν<M

(
i
2

)µ+ν

µ!ν!

(
1

T

T�

0

ζN (σ + it, α)µζN (σ + it, α)
ν
dt

)
wµwν + E1,

where the error term is evaluated as

E1 ≪
RM

M !

1

T

T�

0

|ζN (σ + it, α)|M dt

for |w| ≤ R with an absolute implied constant. By definition, we have

|ζN (σ + it, α)| ≤
N∑

n=0

1

(n+ α)1/2
≪α

√
N

for any σ > 1/2. Hence E1 ≪ (c(α)R
√
N)M/M ! with a positive constant

c(α) depending only on α. As a result, for each ϵ > 0 there exists an integer
M = M(α,N,R, ϵ) such that |E1| < ϵ/3. We can choose M ≥ 2. Then the
main term of (3.4) is evaluated as follows. We have

1

T

T�

0

ζN (σ + it, α)µζN (σ + it, α)
ν
dt

=

N∑
m1=0

· · ·
N∑

mµ=0

N∑
n1=0

· · ·
N∑

nν=0

1

(m1 + α)σ · · · (mµ + α)σ

× 1

(n1 + α)σ · · · (nν + α)σ
1

T

T�

0

(
(m1 + α) · · · (mµ + α)

(n1 + α) · · · (nν + α)

)−it

dt

=

N∑
m1=0

· · ·
N∑

mµ=0

N∑
n1=0

· · ·
N∑

nν=0

(m1+α)···(mµ+α)=(n1+α)···(nν+α)

1

(m1 + α)σ · · · (mµ + α)σ
1

(n1 + α)σ · · · (nν + α)σ

+

N∑
m1=0

· · ·
N∑

mµ=0

N∑
n1=0

· · ·
N∑

nν=0

(m1+α)···(mµ+α)̸=(n1+α)···(nν+α)

1

(m1 + α)σ · · · (mµ + α)σ

× 1

(n1 + α)σ · · · (nν + α)σ
1

iT

{
1−

(
(m1 + α) · · · (mµ + α)

(n1 + α) · · · (nν + α)

)−iT}
×
∣∣∣∣log (m1 + α) · · · (mµ + α)

(n1 + α) · · · (nν + α)

∣∣∣∣−1

= S1 + S2,



Hurwitz zeta-function with algebraic parameter 211

say. Recall that the random variables Xα(n) satisfy (1.5). Then

(3.5) S1 =
N∑

m1=0

· · ·
N∑

mµ=0

N∑
n1=0

· · ·
N∑

nν=0

1

(m1 + α)σ · · · (mµ + α)σ

× 1

(n1 + α)σ · · · (nν + α)σ
E[Xα(m1) · · ·Xα(mµ)Xα(n1)

−1 · · ·Xα(nν)
−1]

= E[ζN (σ,Xα)
µζN (σ,Xα)

ν
].

On the other hand, the second term S2 is evaluated as follows. Put
P (x) = (m1 + x) · · · (mµ + x)− (n1 + x) · · · (nν + x),

and denote its degree and height by deg(P ) and ht(P ), respectively. For
µ+ ν < M , deg(P ) is at most M . For m1, . . . ,mµ, n1, . . . , nν ≤ N , we also
find that ht(P ) is less than the height of (N+x)M , which is at most (2N)M .
We also denote by deg(α) and ht(α) the degree and height of α, respectively.
Then we obtain

|P (α)| ≥ (deg(P ) + 1)1−deg(α)(deg(α) + 1)− deg(P )/2

× ht(P )1−deg(α)ht(α)−deg(P )

≥ (2N)−ω(α)M

by applying [4, Theorem A.1], where ω(α) is a positive constant that depends
only on α. Hence we derive∣∣∣∣log (m1 + α) · · · (mµ + α)

(n1 + α) · · · (nν + α)

∣∣∣∣
≥ |(m1 + α) · · · (mµ + α)− (n1 + α) · · · (nν + α)|

max {(m1 + α) · · · (mµ + α), (n1 + α) · · · (nν + α)}
≥ (2N)−(ω(α)+1)M .

Therefore we arrive at

S2 ≪
( N∑

n=0

1

(n+ α)σ

)µ+ν 1

T
(2N)(ω(α)+1)M(3.6)

≤ 1

T
(d(α)N)(ω(α)+1)M

with a positive constant d(α) depending only on α. Combining (3.5) and
(3.6), we deduce the formula

1

T

T�

0

ζN (σ + it, α)µζN (σ + it, α)
ν
dt

= E[ζN (σ,Xα)
µζN (σ,Xα)

ν
] +O

(
1

T
(d(α)N)(ω(α)+1)M

)
,
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where the implied constant is absolute. Furthermore, it yields

(3.7)
∑

µ+ν<M

(
i
2

)µ+ν

µ!ν!

(
1

T

T�

0

ζN (σ + it, α)µζN (σ + it, α)
ν
dt

)
wµwν

=
∑

µ+ν<M

(
i
2

)µ+ν

µ!ν!
E[ζN (σ,Xα)

µζN (σ,Xα)
ν
]wµwν + E2,

where the error term is estimated as

E2 ≪
1

T
(d(α)N)(ω(α)+1)M

∑
µ+ν<M

1

µ!ν!

(
|w|
2

)µ+ν

≪ 1

T
(d(α)N)(ω(α)+1)M exp(R)

for |w| ≤ R. Thus, there exists a positive real number T0 = T0(α,M,N,R, ϵ)
such that |E2| < ϵ/3 for all T ≥ T0. Finally, we obtain

(3.8) gN (w;σ,Xα) =
∑

µ+ν<M

(
i
2

)µ+ν

µ!ν!
E[ζN (σ,Xα)

µζN (σ,Xα)
ν
]wµwν + E3

similarly to (3.4), where

E3 ≪
RM

M !
E[|ζN (σ,Xα)|M ] ≪ (c(α)R

√
N)M

M !

with absolute implied constants. Then we again obtain |E3| < ϵ/3 by recall-
ing the choice of M . The desired result follows from (3.4), (3.7), (3.8) with
the above error estimates.

Proposition 3.2. Let σ > 1/2 be a fixed real number, and let α be an
algebraic number satisfying 0 < α ≤ 1. For any R > 0 and ϵ > 0, there exists
an integer N0 = N0(σ,R, ϵ) ≥ 0 such that for all N ≥ N0,

lim sup
T→∞

|gT (w;σ, α)− gT,N (w;σ, α)| < ϵ,

|g(w;σ,Xα)− gN (w;σ,Xα)| < ϵ

in the region |w| ≤ R.

Proof. Since |eiθ1 − eiθ2 | ≤ |θ1 − θ2| for all θ1, θ2 ∈ R, we have

|ψw(z1)− ψw(z2)| ≤ |z1 − z2| |w|(3.9)

for all z1, z2, w ∈ C. By (3.1), (3.3), and |ψw(z)| ≤ 1, we obtain
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(3.10) |gT (w;σ, α)− gT,N (w;σ, α)|

≤ R

T

T�

2π

|ζ(σ + it, α)− ζN (σ + it, α)| dt+ 4π

T

for |w| ≤ R. We evaluate this integral as follows. If σ ≥ 2, then we have
ζ(s, α) = ζN (s, α) +O(N−1) by applying (1.1). This yields the estimate

1

T

T�

2π

|ζ(σ + it, α)− ζN (σ + it, α)| dt≪ N−1.(3.11)

If 1/2 < σ < 2, then we apply the formula [10, Theorem 1, p. 78]

ζ(s, α) =
∑

0≤n≤x

1

(n+ α)s
+
x1−s

s− 1
+O(x−σ)

for 2π ≤ |t| ≤ πx. Taking x = T/π, we obtain

1

T

T�

2π

|ζ(σ + it, α)− ζN (σ + it, α)| dt

≪
(
1

T

T�

0

∣∣∣∣ ∑
N<n≤x

1

(n+ α)σ+it

∣∣∣∣2 dt)1/2

+
1

T
(log T )x1−σ + x−σ

due to the Cauchy–Schwarz inequality. Furthermore,
T�

0

∣∣∣∣ ∑
N<n≤x

1

(n+ α)σ+it

∣∣∣∣2 dt≪ (T + x)N1−2σ

by [19, Corollary 2], where the implied constant depends only on σ. Hence

1

T

T�

2π

|ζ(σ + it, α)− ζN (σ + it, α)| dt≪σ N
1/2−σ + T−σ log T(3.12)

in this case. Using (3.11) for σ ≥ 2 and (3.12) for 1/2 < σ < 2, we obtain

lim sup
T→∞

|gT (w;σ, α)− gT,N (w;σ, α)| ≪σ RN
max(−1,1/2−σ)

by (3.10). This yields the first inequality of the result.
Now, we prove the second inequality. By (3.9) and the Cauchy–Schwarz

inequality, we have

|g(w;σ,Xα)− gN (w;σ,Xα)| ≤ RE[|ζ(σ,Xα)− ζN (σ,Xα)|]
≤ RE[|ζ(σ,Xα)− ζN (σ,Xα)|2]1/2.
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Here, we recall that (1.3) is convergent for σ > 1/2 almost surely. Thus

E[|ζ(σ,Xα)− ζN (σ,Xα)|2] =
∑

m,n>N

E[Xα(m)Xα(n)]

(m+ α)σ(n+ α)σ
=

∑
n>N

1

(n+ α)2σ

by applying (1.5). Therefore we obtain

|g(w;σ,Xα)− gN (w;σ,Xα)| ≪ RN1/2−σ

with the implied constant depending only on σ, which completes the proof.

Proof of Theorem 1.2. Let N0 = N0(σ,R, ϵ) be the integer as in Propo-
sition 3.2. Let T0 = T0(σ, α,N0, R, ϵ) be the positive real number of Propo-
sition 3.1. Then for all T ≥ T0,

|gT (w;σ, α)− g(w;σ,Xα)| ≤ |gT (w;σ, α)− gT,N0(w;σ, α)|
+ |gT,N0(w;σ, α)− gN0(w;σ,Xα)|
+ |gN0(w;σ,Xα)− g(w;σ,Xα)|

< 3ϵ

in the region |w| ≤ R. Denote by Pσ,α,T the probability measure defined as
in (1.4), and denote by Pσ,α the law of the random variable ζ(σ,Xα). The
characteristic functions of these probability measures are

�

C

ψw(z)Pσ,α,T (dz) =
1

T

T�

0

ψw(ζ(σ + it, α)) dt = gT (w;σ, α),

�

C

ψw(z)Pσ,α(dz) = E[ψw(ζ(σ,Xα))] = g(w;σ,Xα).

Thus the characteristic function of Pσ,α,T converges to that of Pσ,α for any
w ∈ C. Hence Pσ,α,T converges weakly to Pσ,α as T → ∞ by Lévy’s criterion
(see [11, Theorem B.5.1]).

4. A variant of the Cassels lemma. Let α ∈ A, and denote by a the
ideal denominator of α in the algebraic field K = Q(α). Then (n + α)a is
an integral ideal of K for any rational integer n. The following lemma by
Cassels [5] is fundamental for the study of the Hurwitz zeta-function with
algebraic irrational parameter.

Cassels lemma. Let α ∈ A. Then there exists an integer N0 = N0(α)
> 106 depending on α with the following property. Suppose that N ≥ N0 and
put M = ⌊10−6N⌋. Then at least 51M/100 integers in N < n ≤ N +M
are such that (n + α)a is divisible by a prime ideal p which does not divide
(m+ α)a for any integer 0 ≤ m ≤ N +M with m ̸= n.
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As in Lemma 2.3, we put L(N) = {n ∈ Z | N < n ≤ N logN}, and
define Kα(N) as the subset of L(N) consisting of all integers n such that
(n+α)a is divisible by a prime ideal p not dividing (m+α)a for any integer
0 ≤ m ≤ N logN with m ̸= n. The ultimate goal of this section is to prove
the following result which is a weighted version of the Cassels lemma.

Proposition 4.1. Let f : A → R>0 be as defined in (4.3) below. Then
the set Ad = {α ∈ A | f(α) ≤ d} has the following property. Let σ be a
fixed real number with 1/2 < σ < 1. For any d ≥ 5, there exists an integer
N1 = N1(d, σ) depending only on d and σ such that∑

n∈Kα(N)

1

(n+ α)σ
>

51

100

∑
n∈L(N)

1

(n+ α)σ

for all α ∈ Ad and N ≥ N1.

Observe that the integer N1 of Proposition 4.1 is uniform for α in the
set Ad. This fact is used essentially to prove Theorem 1.4 in Section 5.
The following proof of Proposition 4.1 is largely based on the method of
Cassels [5], Worley [22], Mishou [17], and Lee–Mishou [18], but we make
some modifications. See Remark 4.10 for the details of the modifications.

For any rational integer n ≥ 0, we have

(n+ α)a =
∏
p∈Jα

pun(p),

where Jα denotes the set of all prime ideals of K, and un(p) are non-negative
integers. Define Pα as the subset of Jα consisting of those prime ideals p
that are of the first degree and unambiguous, i.e. N(p) = p and p2 ∤ (p) for
a rational prime p. Then we rewrite the factorization of (n+ α)a as

(n+ α)a = bn
∏
p∈Pα

pun(p),(4.1)

where bn is the integral containing all prime factors of (n+α)a which are not
in Pα. In the following, the norm of a prime ideal p ∈ Pα is always denoted
by p.

4.1. Preliminary lemmas. We begin by showing preliminary lemmas
toward the proof of Proposition 4.1. Let L denote the Galois closure of K
over Q. Choose β ∈ OK and c ∈ Z≥1 so that α = β/c. Note that we can
specify them uniquely from α by fixing c as the minimum one with this
property. Take an algebraic field M such that Q ⊂M ⊊ L and α /∈M . Put
S = OM \ q for a prime ideal q of M . Then S−1OL is a free S−1OM -module
of rank ρ := [L : M ] since S−1OM is a principal ideal ring (see [13, Ch. I,
Theorem 1]). Taking a basis {x1, . . . , xρ} of S−1OL over S−1OM , we have

(4.2) 1 = a1x1 + · · ·+ aρxρ and β = b1x1 + · · ·+ bρxρ
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with some constants aℓ, bℓ ∈ S−1OM . Then we define g(q) as the integral
ideal of S−1OM generated by all elements akbℓ − aℓbk with k ̸= ℓ.

Lemma 4.2. The ideal g(q) ⊂ S−1OM is independent of the choice of
the basis {x1, . . . , xρ}. Furthermore, g(q) = S−1OM for all but finitely many
prime ideals q.

Proof. Take another basis {y1, . . . , yρ} of S−1OL over S−1OM . Then
there exists a matrix P = (pij) ∈ GLρ(S

−1OM ) such that xj = p1jy1 +
· · ·+ pρjyρ for any j = 1, . . . , ρ. Therefore, if

1 = a′1y1 + · · ·+ a′ρyρ and β = b′1y1 + · · ·+ b′ρyρ

with a′j , b
′
j ∈ S−1OM , then

a′j =

ρ∑
ℓ=1

pℓjaℓ and b′j =

ρ∑
ℓ=1

pℓjbℓ.

Hence a′ib
′
j − a′ib

′
j belongs to the ideal of S−1OM generated by all elements

akbℓ− aℓbk with k ̸= ℓ. It can be similarly shown that akbℓ− aℓbk belongs to
the ideal generated by all elements a′ib

′
j − a′ib

′
j with i ̸= j, which completes

the proof of the first assertion of the lemma.
Now we prove the second assertion. By the assumption α /∈ M , we can

take an M -basis {z1, . . . , zρ} of L such that z1 = 1 and z2 = β. Furthermore,
we take r ∈ Z≥1 such that {rz1, . . . , rzρ} ⊂ OL. Denote by Σ1 the set of all
prime ideals of M containing ∆L/M (rz1, . . . , rzρ), where we define

∆L/M (w1, . . . , wρ) = det(TrL/M (wiwj))

for w1, . . . , wρ ∈ L. Then, for any q /∈ Σ1, we see that {rz1, . . . , rzρ} is a
basis of S−1OL over S−1OM with S = OM \ q. Indeed, by taking a basis
{x1, . . . , xρ} of S−1OL over S−1OM , we have rzi = pi1x1 + · · ·+ piρxρ with
some matrix P = (pij). Then

∆L/M (rz1, . . . , rzρ) = (detP )2∆L/M (x1, . . . , xρ).

Since the prime ideal q does not contain the left-hand side, we find that detP
is a unit of S−1OM , that is, P belongs to GLρ(S

−1OM ). Hence {rz1, . . . , rzρ}
is a basis of S−1OL over S−1OM . Denote by Σ2 the set of all prime ideals
of M containing r. Then 1/r is a unit of S−1OM for any q /∈ Σ2. Note that
Σ = Σ1 ∪Σ2 is a finite set. From the above, we see that g(q) = S−1OM for
any q /∈ Σ. Indeed, using the basis {rz1, . . . , rzρ}, we have the representations
of 1 and β as in (4.2), where

aℓ =

{
1/r if ℓ = 1,

0 otherwise,
and bℓ =

{
1/r if ℓ = 2,

0 otherwise,
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due to rz1 = r and rz2 = rβ. Hence we conclude that g(q) is a principal
ideal generated by 1/r2, which is equal to S−1OM as desired.

Denote by Gq(α;M) the norm of g(q). By Lemma 4.2, we see that

G(α;M) =
∏
q

Gq(α;M)

is well-defined, where q runs through all prime ideals of M . Then we define
the function G : A → R>0 by G(α) = maxM G(α;M), where the maximum
is taken over all algebraic fields such that Q ⊂M ⊊ L and α /∈M . We also
define the function H : A → R>0 as

H(α) =
∏

σ/∈Gal(L/K)

|NL/Q(β − βσ)|,

where σ runs through all elements of Gal(L/Q) which are not in Gal(L/K).
Denote by ∆L the absolute value of the discriminant of L over Q. Let α be
the house of an algebraic number α, that is, the maximum of the absolute
values of all conjugates of α. From the above, we define

f(α) = max {G(α), H(α), ∆L, [L : Q], α , α−1}(4.3)

for α ∈ A, and put Ad = {α ∈ A | f(α) ≤ d}.

Example 4.3. For any integer n ≥ 1, we put

αn =
n+ ϕ

2n+ 1
with ϕ =

1 +
√
5

2
.

Then we check that Ad contains αn for all n ≥ 1 if d ≥ 5 as follows. Note that
K = Q(αn) is a Galois extension over Q, and OK = Z[ϕ] in this case. We
have αn = βn/cn with βn = n + ϕ ∈ OK and cn = 2n ∈ Z≥1. Furthermore,
if M is an algebraic field such that Q ⊂ M ⊊ K, then M = Q must be
satisfied. For any rational prime q, we see that {1, ϕ} is a basis of S−1OK

over S−1Z, where S = Z \ qZ. Then we have

1 = 1 · 1 + 0 · ϕ and βn = n · 1 + 1 · ϕ,

which shows g(qZ) = S−1Z for any rational prime q. Hence G(αn) = 1 for
all n ≥ 1 by the definition of G. We also obtain

H(αn) = NK/Q(βn − βσn) = NK/Q(
√
5) = 5,

where σ ∈ Gal(K/Q) such that σ(
√
5) = −

√
5. Obviously, ∆K = 5 and

[K : Q] = 2. Finally, we see that

αn = max {|αn|, |ασ
n|} ≤ 2 and α−1

n =
2n

n+ α
≤ 2.

From the above, f(αn) = 5 for all n ≥ 1, and thus αn ∈ Ad if d ≥ 5.
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Lemma 4.4. Let d ≥ 5. Then, with the notation as in (4.1), there exists
a positive constant C(d) depending only on d such that N(bn) ≤ C(d) for
any α ∈ Ad and n ∈ Z≥0.

Proof. Take a prime ideal p ∈ Jα and v ≥ 1 such that pv | bn. We consider
an upper bound for the norm of pv. Let p ∩ Z = pZ for a rational prime p.
Write the factorization of p in L as

pOL = (P1 · · ·Pg)
e,(4.4)

where P1, . . . ,Pg are prime ideals of L with N(Pk) = pf . Furthermore, we
factorize the prime ideal p in L as

pOL = (Pk1 · · ·Pkm)
η,(4.5)

where k1, . . . , km ∈ {1, . . . , g} and 1 ≤ η ≤ e. Denote by Mj the decomposi-
tion field of Pkj over Q, and put qj = Pkj ∩ OMj . Then Pkj is the unique
prime ideal of L lying over qj . More precisely, we see that

N(qj) = p and qjOL = Pe
kj

(4.6)

by the properties of decomposition fields (see [13, Ch. I, Proposition 13]).
Note that α /∈ Mj must be satisfied. Indeed, if α ∈ Mj , then qj is a prime
ideal lying over p, and hence N(p) = p by (4.6). In this case, p2 | pOK

must be satisfied due to p /∈ Pα. However, this yields P2e
kj

| pOL by (4.6),
which contradicts (4.4). Since α /∈ Mj , we also obtain Q ⊂ Mj ⊊ L. Then
we put vη = eq + r with q ≥ 0 and 0 ≤ r < e. From (4.5) and (4.6), we
obtain

pvOL = (Pk1 · · ·Pkm)
vη = qq1OL · · · qqmOL ·Pr

k1 · · ·P
r
km .(4.7)

Hence, taking the norms, we have

N(pv)[L:K] = N(qq1)
ρ · · ·N(qqm)ρ ·N(Pk1)

r · · ·N(Pkm)
r,(4.8)

where ρ = [L :Mj ] = ef .
We will evaluate N(qq1)

ρ · · ·N(qqm)ρ in (4.8) by using the function G(α)
defined above. Note that qq1OL · · · qqmOL divides (n + α)aOL by (4.7) and
pv | bn. Then

(nc+ β)OL ⊂ (n+ α)aOL ⊂ qqjOL

for every j ∈ {1, . . . ,m}, where we choose β ∈ OK and c ∈ Z≥1 so that
α = β/c and c is the minimum with this property. Put S = OMj \ qj . Then
S−1((nc+β)OL) and S−1(qqjOL) are integral ideals of the local ring S−1OL

which satisfy
S−1((nc+ β)OL) ⊂ S−1(qqjOL).
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Therefore, nc+ β ∈ S−1OL is represented as

nc+ β =
∑
λ∈Λ

pλyλ

for some finite set Λ, where pλ ∈ S−1qqj and yλ ∈ S−1OL. Furthermore, using
a basis {x1, . . . , xρ} of S−1OL over S−1OMj , we have

yλ = γ1,λx1 + · · ·+ γρ,λxρ

for any λ ∈ Λ, where γℓ,λ ∈ S−1OMj for ℓ ∈ {1, . . . , ρ}. From these, we
obtain the formula

nc+ β =
(∑
λ∈Λ

pλγ1,λ

)
x1 + · · ·+

(∑
λ∈Λ

pλγρ,λ

)
xρ.

On the other hand, we also have

nc+ β = (nca1 + b1)x1 + · · ·+ (ncaρ + bρ)xρ

by (4.2), where aℓ, bℓ ∈ S−1OMj . Comparing the two formulas, we find that
ncaℓ + bℓ belongs to S−1qqj for any ℓ ∈ {1, . . . , ρ}. This implies that

akbℓ − aℓbk = ak(ncaℓ + bℓ)− aℓ(ncak + bk) ∈ S−1qqj

for any k ̸= ℓ. Hence S−1qqj | g(qj), where g(qj) is the integral ideal of S−1OMj

generated by all elements akbℓ − aℓbk with k ̸= ℓ. Then we arrive at

N(qqj) = N(S−1qqj) ≤ G(α)

by the definition of G(α). As a result,

N(qq1)
ρ · · ·N(qqm)ρ ≤ G(α)ρm ≤ G(α)[L:Q](4.9)

due to ρ = ef and [L : Q] = efg. Furthermore, N(Pk1)
r · · ·N(Pkm)

r in (4.8)
is evaluated as follows. If e ≥ 2, then we recall that p |∆L. In this case,
N(Pkj )

r = pfr ≤ ∆ρ
L. If e = 1, then N(Pkj )

r = 1 since r must be equal to 0.
As a result, we obtain

N(Pk1)
r · · ·N(Pkm)

r ≤ ∆ρm
L ≤ ∆

[L:Q]
L(4.10)

due to [L : Q] = ρg. By (4.8)–(4.10), we arrive at

N(pv) ≤ (G(α)∆L)
[L:Q] ≤ d2d =: C1(d)

for any α ∈ Ad by the definition of Ad. Then the desired result immediately
follows. Indeed, we have

N(bn) =
∏
p|bn

N(pνp(bn)) ≤ C1(d)
πK(C1(d)),
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where πK(x) denotes the number of prime ideals p of K such that N(p) ≤ x.
By the result of Lagarias–Montgomery–Odlyzko [12, Theorem 1.4], we have

(4.11)

πK(x) ≤ Ax

log x
for x > exp

(
B(log∆L)(log log∆L)(log log log∆Le

20)
)
,

where A and B are positive absolute constants. Hence C1(d)
πK(C1(d)) can be

bounded by a positive constant C(d) which depends only on d.

Lemma 4.5. Let α ∈ Ad with d ≥ 5. Suppose that p1, p2 ∈ Pα are distinct
prime factors of (n + α)a for some n ∈ Z and have the same norm. Then
p := N(p1) = N(p2) ≤ d.

Proof. If p is factorized in L as in (4.4) with e ≥ 2, then p ≤ ∆L. Now
assume e = 1. We factorize p1 and p2 in L as

p1OL = Pk1 · · ·Pkm and p2OL = Pℓ1 · · ·Pℓµ ,

similarly to (4.5). Here, we may assume km ≥ ℓµ without loss of generality.
Since p1OL and p2OL are distinct ideals, there exists k ∈ {k1, . . . , km} such
that Pk ∤ p2OL. Take any ℓ ∈ {ℓ1, . . . , ℓµ}. If we put Pk = Pσ

ℓ for some
σ ∈ Gal(L/Q), then we must have σ /∈ Gal(L/K) due to Pk ∤ p2OL and
Pℓ | p2OL. Recall that both Pk and Pℓ divide (nc + β)OL, where β ∈ OK

and c ∈ Z≥1 are as in the proof of Lemma 4.4. Thus we obtain

Pk | (nc+ β)OL and Pk | (nc+ βσ)OL.

These yield Pk | (β − βσ)OL, and furthermore

N(Pk) ≤ |NL/Q(β − βσ)| ≤ H(α)

by the definition of H(α). Since Pk is a prime ideal of L lying above p, we
have N(Pk) = pf ≥ p for some f ≥ 1. As a result,

p ≤ max {∆L, H(α)} ≤ d

for any α ∈ Ad by the definition of Ad.

Lemma 4.6. Let p ∈ Pα and v ≥ 1. If pv | (m+α)a and pv | (n+α)a for
m,n ∈ Z, then m ≡ n (mod pv).

Proof. Put m − n = pwA with some w ∈ Z≥0 and A ∈ Z≥1 such that
(p,A) = 1. By the assumption, (m + α)a ⊂ pv and (n + α)a ⊂ pv. Thus
(m− n)a ⊂ pv, which yields

pv | (m− n)

due to p ∤ a. Therefore, pv | (p)w(A). We deduce that p ∤ (A) from (p,A) = 1
by taking the norms. As a result,

pv | (p)w.
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Recall that p is unambiguous, i.e. p2 ∤ (p). Hence w ≥ v, which implies
pv | (m− n) as desired.

Lemma 4.7. Let 1/2 < σ < 1 be a fixed real number. For any 0 < α ≤ 1,
we have ∑

n∈L(N)
n≡a (mod q)

1

(n+ α)σ
=

1

q

∑
n∈L(N)

1

(n+ α)σ
+O(N−σ)

for any integers q ≥ 1 and 0 ≤ a < q, where the implied constant is absolute.

Proof. Let f(x) = (x + α)−σ and cn = 1 if n ≡ a (mod q), and cn = 0
otherwise. Then

C(x) :=
∑

N<n≤x

cn =
1

q
(x−N) +O(1).

By the partial summation formula [10, Theorem 1, p. 326], we obtain

∑
n∈L(N)

n≡a (mod q)

1

(n+ α)σ
= −

N logN�

N

C(x)f ′(x) dx+ C(N logN)f(N logN)

=
1

q

{
σ

N logN�

N

x−N

(x+ α)σ+1
dx+

N logN −N

(N logN + α)σ

}
+O

(
1

(N + α)σ

)
,

where the implied constant is absolute. Letting q = 1, we also obtain∑
n∈L(N)

1

(n+ α)σ

= σ

N logN�

N

x−N

(x+ α)σ+1
dx+

N logN −N

(N logN + α)σ
+O

(
1

(N + α)σ

)
.

Comparing these formulas, we obtain the desired formula.

4.2. Cassels method. Let 1/2 < σ < 1 be a fixed real number. Define

Sα(N) = {n ∈ L(N) | pun(p) ≤ N logN for all p ∈ Pα}.

Then we put ∑
n∈Sα(N)

1

(n+ α)σ
= ρ

∑
n∈L(N)

1

(n+ α)σ
,(4.12)

where ρ = ρ(σ, α,N) is a real number such that 0 < ρ ≤ 1. In this subsection,
we prove that ρ ≤ 0.48+ o(1) as N → ∞ uniformly for α ∈ Ad following the
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method of Cassels [5]. For n ∈ L(N), we define

(4.13) σ(n) =
∑
p∈Pα

∞∑
v=1

pv≤N logN

ϕ(pv, n),

where ϕ(pv, n) = log p if pv | (n+ α)a, and ϕ(pv, n) = 0 otherwise. Then we
have the following result.

Proposition 4.8. Let 1/2 < σ < 1 be a fixed real number. Then∑
n∈Sα(N)

σ(n)

(n+ α)σ
≥ (2ρ+ o(1)) log(N logN)

∑
n∈L(N)

1

(n+ α)σ
(4.14)

as N → ∞ uniformly for α ∈ Ad, where ρ = ρ(σ, α,N) satisfies (4.12).

Proof. For α ∈ Ad and n ∈ Z with n ≥ 2d, we have

N((n+ α)a) = NK/Q(n+ α)N(a) ≥ (n− α )deg(α) ≥ n2

4

since α ≤ d for any α ∈ Ad by definition. Applying this lower bound and
Lemma 4.4, we deduce from (4.1) the inequality∑

p∈Pα

un(p) log p ≥ 2 log n+O(1),

where the implied constant depends only on d. For n∈Sα(N) with N≥2d,
this further yields σ(n) ≥ 2 log n+O(1) by the definition of ϕ(pv, n). There-
fore, ∑

n∈Sα(N)

σ(n)

(n+ α)σ
≥

∑
n∈Sα(N)

2 log n+O(1)

(n+ α)σ

≥ (2ρ+ o(1)) logN
∑

n∈L(N)

1

(n+ α)σ
.

Using logN = log(N logN)(1+o(1)) as N → ∞, we obtain the conclusion.

Furthermore, we divide σ(n) as in (4.13) into the following three parts:

σ1(n) =
∑
p∈Pα

∞∑
v=2

pv≤N logN

ϕ(pv, n),

σ2(n) =
∑
p∈Pα√

N logN<p≤N logN

ϕ(p, n),

σ3(n) =
∑
p∈Pα

p≤
√
N logN

ϕ(p, n).
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Proposition 4.9. Let 1/2 < σ < 1 be a fixed real number. Then∑
n∈Sα(N)

σ1(n)

(n+ α)σ
= o(log(N logN))

∑
n∈L(N)

1

(n+ α)σ
,(4.15)

∑
n∈Sα(N)

σ2(n)

(n+ α)σ
≤

(
1

2
+ o(1)

)
log(N logN)

∑
n∈L(N)

1

(n+ α)σ
,(4.16)

∑
n∈Sα(N)

σ3(n)
2

(n+ α)σ
≤

(
3

8
+ o(1)

)
log2(N logN)

∑
n∈L(N)

1

(n+ α)σ
(4.17)

as N → ∞ uniformly for α ∈ Ad.

Proof. By the definitions of σ1(n) and σ2(n), we have∑
n∈Sα(N)

σ1(n)

(n+ α)σ
≤

∑
n∈L(N)

σ1(n)

(n+ α)σ
=

∑
p∈Pα

∞∑
v=2

pv≤N logN

∑
n∈L(N)

ϕ(pv, n)

(n+ α)σ
,

and similarly∑
n∈Sα(N)

σ2(n)

(n+ α)σ
≤

∑
p∈Pα√

N logN<p≤N logN

∑
n∈L(N)

ϕ(p, n)

(n+ α)σ
.

Then we evaluate the inner sums in a way similar to [5, (29)] by applying
Lemmas 4.6 and 4.7. As a result, we obtain∑

n∈L(N)

ϕ(pv, n)

(n+ α)σ
≤ (log p)

{
1

pv

∑
n∈L(N)

1

(n+ α)σ
+O(N−σ)

}
.

By using this, (4.15) and (4.16) follow along the same lines as [5, (32), (33)].
On the other hand, (4.17) requires more careful treatment. By the definition
of σ3(n), we have∑

n∈Sα(N)

σ3(n)
2

(n+ α)σ
≤

∑
p∈Pα

p≤
√
N logN

∑
n∈L(N)

ϕ(p, n)2

(n+ α)σ
(4.18)

+
∑

p1 ̸=p2∈Pα

p1 ̸=p2≤
√
N logN

∑
n∈L(N)

ϕ(p1, n)ϕ(p2, n)

(n+ α)σ

+
∑

p1 ̸=p2∈Pα

p1=p2≤
√
N logN

∑
n∈L(N)

ϕ(p1, n)ϕ(p2, n)

(n+ α)σ
,

where p1 = N(p1) and p2 = N(p2). The first sum on the right-hand side
can be estimated by an argument similar to the proof of (4.15) and (4.16).



224 M. Mine

Furthermore, along the same lines as in [5, (30)], we have∑
n∈L(N)

ϕ(p1, n)ϕ(p2, n)

(n+ α)σ

≤ (log p1)(log p2)

{
1

p1p2

∑
n∈L(N)

1

(n+ α)σ
+O(N−σ)

}
provided that p1 ̸= p2, using the Chinese remainder theorem. Hence, the
first two sums on the right-hand side of (4.18) are less than or equal to(

3

8
+ o(1)

)
log2(N logN)

∑
n∈L(N)

1

(n+ α)σ

similarly to [5, (34)]. Finally, we apply Lemma 4.5 to see that the third sum
on the right-hand side is less than or equal to∑

p1 ̸=p2∈Pα
p1=p2≤d

∑
n∈L(N)

(log p1)(log p2)

(n+ α)σ
≤ πK(d)2(log d)2

∑
n∈L(N)

1

(n+ α)σ
.

From these results together with (4.11), we derive (4.17).

Now we are ready to show ρ ≤ 0.48 + o(1) as N → ∞ uniformly for
α ∈ Ad. By (4.14)–(4.16), we have the lower bound∑

n∈Sα(N)

σ3(n)

(n+ α)σ
≥

(
2ρ− 1

2
+ o(1)

)
log(N logN)

∑
n∈L(N)

1

(n+ α)σ
,

which corresponds to [5, (35)]. On the other hand, we deduce from (4.17)
the upper bound∑

n∈Sα(N)

σ3(n)

(n+ α)σ
≤

(√
3ρ

8
+ o(1)

)
log(N logN)

∑
n∈L(N)

1

(n+ α)σ

by using the Cauchy–Schwarz inequality. Comparing the lower and upper
bounds, we obtain the inequality

2ρ− 1/2 ≤
√

3ρ/8 + o(1),

which yields ρ ≤ 0.48 + o(1) by a similar argument used to deduce [5, (37)].
Now we can complete the proof of Proposition 4.1.

Proof of Proposition 4.1. With the notation above, we define

Tα(N) = L(N) \Sα(N).

Then, for any n ∈ Tα(N), there exists a prime ideal p ∈ Pα such that

(4.19) pv | (n+ α)a and pv > N logN
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for some integer v ≥ 1. By an argument similar to [5, (38)] and its sequel, it
readily follows that∑

n∈Tα(N)
p in (4.19) satisfies p ≤ N logN

1

(n+ α)σ
≤ N−σ

∑
p∈Pα

p≤N logN

1 ≪ N1−σ

and

{n ∈ Tα(N) | p in (4.19) satisfies p > N logN} ⊂ Kα(N).

Therefore, we obtain the desired result because ρ ≤ 0.48 + o(1).

Remark 4.10. Cassels [5] originally considered the factorization of the
integral ideal (n + α)a similar to (4.1) but with the set Pα replaced by P ′

α

consisting of the prime ideals p such that

(i) p is of the first degree and unambiguous;
(ii) for any integer m, if p | (m+ α)a then p′ ∤ (m+ α)a for any prime ideal

p′ ̸= p with N(p) = N(p′).

Then it was claimed in [5, p. 181] that the norm of b′n is bounded for n ∈ Z,
where the ideal b′n is similar to bn as in (4.1), that is, it contains all prime
factors of (n+α)a which are not in P ′

α. However, we have a counterexample
to the boundedness of N(b′n). Let α = 7

√
2. Then K = Q(

√
2) and a = (1).

Note that p1 = (3+
√
2) and p2 = (3−

√
2) are prime ideals of K satisfying

N(p1) = N(p2) = 7 and (7) = p1p2. For any k ∈ Z, we have

(7k + α) = p1p2(k +
√
2).

This implies that the above condition (ii) is not satisfied for p1 and p2.
Therefore, they are prime factors of the ideal b′n for n = 7k. The norm of
(k +

√
2) is equal to k2 − 2. By a simple application of Hensel’s lemma, for

any v ≥ 1, there exists an integer kv such that k2v−2 is divisible by 7v. Hence
(kv +

√
2) is divisible by either pv1 or pv2 for any v ≥ 0. As a result, one of

pv1 | b′n and pv2 | b′n
is valid for n = 7kv, and we have N(b′n) ≥ 7v in either case. Therefore N(b′n)
is unbounded as n varies over the rational integers.

Recall that condition (ii) was used only in [5, (34)] to see that there is no
contribution of terms for p1 ̸= p2 and p1 = p2 to the sum containing σ3(n)2
which corresponds to (4.18). This suggests that we do not need here to take
into account the powers higher than 1 of prime ideals by the definition of
σ3(n). Note that the above counterexample is based on high powers of finitely
many prime ideals. Thus the original proof by Cassels may be recovered by
some modification of the classification of prime ideals. For example, one can
probably recover the proof by modifying condition (ii) to

(ii′) if un(p) = 1, then un(p′) ̸= 1 for any p′ ̸= p with the same norm.
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This formulation appears to match the original idea of the proof by Cassels.
On the other hand, as seen above, we can use Lemma 4.5 in place of condition
(ii) to show that the contribution of the terms for p1 ̸= p2 and p1 = p2
in (4.18) is not zero but is negligible. This seems like a simpler solution, and
for this reason, we decided to use only (i) in the classification of prime ideals
in this paper.

Lastly, we note that the work of Worley [22], Mishou [17], and Lee–
Mishou [18] is based on the same erroneous characterization of the prime
ideals of Cassels [5], but we can recover the proofs by the modification ex-
plained in this paper.

5. Proof of Theorem 1.4

5.1. Support of random variables. Let µ be a probability measure
on (C,B(C)). The support of µ is defined as

supp(µ) = {z ∈ C | µ(A) > 0 for any set A with z ∈ Ai},

where Ai denotes the interior of A. For a random variable X , we define
supp(X ) as the support of the law of X . Then supp(X ) is a non-empty
closed set of C. For closed subsets Aj ⊂ C for 1 ≤ j ≤ n, we denote by
A1 + · · ·+An the set of all points a1 + · · ·+ an with aj ∈ Aj for 1 ≤ j ≤ n.
If every Aj is bounded, then A1 + · · · + An is again closed. Therefore, if
X1, . . . ,Xn are independent random variables such that every supp(Xj) is
bounded, then

(5.1) supp(Sn) = supp(X1) + · · ·+ supp(Xn)

= supp(X1) + · · ·+ supp(Xn)

for Sn = X1 + · · ·+ Xn (see [11, proof of Proposition B.10.8]). The purpose
of this subsection is to study the support of ζN (σ,Xα) defined in (3.2).

Proposition 5.1. Let Ad denote the set of Proposition 4.1. Let 1/2 <
σ < 1 be a fixed real number. For any z0 ∈ C, there exists an integer N2 =
N2(d, σ, z0) depending only on d, σ, and z0 such that

(5.2) z0 ∈ supp(ζN (σ,Xα))

for all α ∈ Ad and N ≥ N2.

Proof. Let Kα(N) = {n1, . . . , nk} and M(N) \ Kα(N) = {nk+1, . . . , nℓ}
be as in Lemma 2.3. Then the random variables

Xα(n1)

(n1 + α)σ
, . . . ,

Xα(nk)

(nk + α)σ
,

ℓ∑
j=k+1

Xα(nj)

(nj + α)σ
(5.3)

are independent. Here, we note that the support of the random variable
Xα(n)/(n + α)σ is equal to the circle {z : |z| = (n + α)−σ}. Consequently,
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we apply (5.1) to deduce

supp

( ∑
n∈M(N)

Xα(n)

(n+ α)σ

)
= supp

(
Xα(n1)

(n1 + α)σ

)
+ · · ·+ supp

(
Xα(nk)

(nk + α)σ

)
+ supp

( ℓ∑
j=k+1

Xα(nj)

(nj + α)σ

)
.

Furthermore, we deduce from [9, Theorem 9] that

supp

(
Xα(n1)

(n1 + α)σ

)
+ · · ·+ supp

(
Xα(nk)

(nk + α)σ

)
= {z : aN ≤ |z| ≤ bN},

where aN and bN are non-negative real numbers defined as follows. Assume
that there exists nj0 ∈ Kα(N) such that

(5.4)
1

(nj0 + α)σ
>

∑
1≤j≤k
j ̸=j0

1

(nj + α)σ
.

In this case we put

aN =
1

(nj0 + α)σ
−

∑
1≤j≤k
j ̸=j0

1

(nj + α)σ
.

Otherwise, we put aN = 0. Also, the non-negative real number bN is defined
by

bN =
1

(n1 + α)σ
+ · · ·+ 1

(nk + α)σ
=

∑
n∈Kα(N)

1

(n+ α)σ
.

Note that (5.4) is equivalent to
2

(nj0 + α)σ
>

∑
n∈Kα(N)

1

(n+ α)σ
.

However, 2/(nj0 + α)σ ≪ N−σ due to nj0 ∈ (N,N logN ], while the right-
hand side has the lower bound∑

n∈Kα(N)

1

(n+ α)σ
>

51

100

∑
n∈L(N)

1

(n+ α)σ
≫σ (N logN)1−σ

for α ∈ Ad and N ≥ N1 = N1(d, σ) by Proposition 4.1. Therefore the case
in which (5.4) is valid does not occur for N ≥ N1. Hence (5.3) yields

(5.5)

supp

( ∑
n∈M(N)

Xα(n)

(n+ α)σ

)
= {z : |z| ≤ bN}+ supp

( ℓ∑
j=k+1

Xα(nj)

(nj + α)σ

)
for N ≥ N1.
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Now we prove (5.2) by using this formula. Let z0 ∈ C. We take an
arbitrary complex number w0 such that

w0 ∈ supp

( ℓ∑
j=k+1

Xα(nj)

(nj + α)σ

)
.

Then

(5.6) |w0| ≤
ℓ∑

j=k+1

1

(nj + α)σ
=

N∑
n=0

1

(n+ α)σ
+

∑
n∈L(N)\Kα(N)

1

(n+ α)σ
.

Note that
N∑

n=0

1

(n+ α)σ
≍d,σ N

1−σ and
∑

n∈L(N)

1

(n+ α)σ
≍σ (N logN)1−σ

for α ∈ Ad since α > d−1 by the definition of Ad. Thus
N∑

n=0

1

(n+ α)σ
≤ 1

200

∑
n∈L(N)

1

(n+ α)σ

for any N ≥ N2,1, where N2,1 = N2,1(d, σ) is an integer depending only on
d and σ. By Proposition 4.1, we also obtain∑

n∈L(N)\Kα(N)

1

(n+ α)σ
<

49

100

∑
n∈L(N)

1

(n+ α)σ

for N ≥ N1. Combining these inequalities, we deduce from (5.6) that

|w0| <
99

200

∑
n∈L(N)

1

(n+ α)σ

for any N ≥ max {N1, N2,1}. On the other hand, there exists an integer
N2,2 = N2,2(σ, z0) depending only on σ and z0 such that

|z0| ≤
1

200

∑
n∈L(N)

1

(n+ α)σ

for any N ≥ N2,2. From these, we obtain

|z0 − w0| ≤
50

100

∑
n∈L(N)

1

(n+ α)σ
<

∑
n∈Kα(N)

1

(n+ α)σ
= bN

forN ≥ max {N1, N2,1, N2,2} by applying Proposition 4.1 again. This implies
that z0 − w0 ∈ {z : |z| ≤ bN}, and furthermore we deduce from (5.5) that

z0 = (z0 − w0) + w0 ∈ supp

( ∑
n∈M(N)

Xα(n)

(n+ α)σ

)
.

Therefore we obtain (5.2) by changing variables.



Hurwitz zeta-function with algebraic parameter 229

5.2. A restricted expectation. Let X be a random variable defined
on the space (Ω,F ,P). For an event Ω0 ∈ F , we define

E[X : Ω0] =
�

Ω0

X (ω)P(dω).

In this subsection, we evaluate E[|ζ(σ,Xα) − ζN (σ,Xα)|2 : Ω0(N)] with an
event Ω0(N) defined as follows. By the definition of support, (5.2) implies
that, for any ϵ > 0, we can pick ω0 ∈ Ω such that |ζN (σ,Xα)(ω0)− z0| < ϵ.
Put θn = argXα(n)(ω0) for 0 ≤ n ≤ N . Then we define

Ω0(N) = Ω0(N ;α, δ)

= {ω ∈ Ω | Xα(n)(ω) ∈ A(θn − 2πδ, θn + 2πδ) for all 0 ≤ n ≤ N}

for 0 < δ < 1/2, where A(s, t) denotes the arc as in (2.1). Denote by 1A(s,t)

the indicator function of A(s, t). We begin by showing the following prelim-
inary lemmas.

Lemma 5.2. Let s, t ∈ R with 0 < t− s ≤ 2π, and let ∆ > 1. Then there
exist Laurent polynomials

(5.7) Us,t(z,∆) =
∑

|m|≤∆

Ũs,t(m,∆)zm, Ks,t(z,∆) =
∑

|m|≤∆

K̃s,t(m,∆)zm

such that

|1A(s,t)(z)− Us,t(z,∆)| ≤ Ks,t(z,∆)(5.8)

for z ∈ C with |z| = 1, where Ũs,t(m,∆) and K̃s,t(m,∆) satisfy

Ũs,t(0, ∆) =
t− s

2π
, Ũs,t(m,∆) ≪ 1

|m|
(m ̸= 0), K̃s,t(0, ∆) ≪ 1

∆

(5.9)

with absolute implied constants.

Proof. Let ψ(x) denote the saw-tooth function given by

ψ(x) =

{
x− [x]− 1/2 if x /∈ Z,
0 if x ∈ Z.

By definition, 1A(s,t)(z) and ψ(x) are related as

(5.10) 1A(s,t)(z) =
t− s

2π
+ ψ

(
s− arg(z)

2π

)
+ ψ

(
arg(z)− t

2π

)
if arg(z)− s, arg(z)− t /∈ 2πZ (see also [1, (2.5)]). For an integrable function
F on R, we put Fδ(x) = δF (δx). Then the Fourier transform of Fδ satisfies
F̂δ(t) = F̂ (δ−1t) for δ > 0. Let J(z) and K(z) be the entire functions as in
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[21, Section 2]. Then we introduce the trigonometric polynomials

j∆(x) =
∑

|m|≤∆

Ĵ∆+1(m)e2πimx and k∆(x) =
∑

|m|≤∆

K̂∆+1(m)e2πimx

following [21, Section 7]. Furthermore, if we define

ψ ∗ j∆(x) =
1/2�

−1/2

ψ(x− ξ)j∆(ξ) dξ =
∑

|m|≤∆
m ̸=0

Ĵ∆+1(m)

−2πim
e2πimx,

then we deduce from [21, Theorem 18] the inequality

|ψ(x)− ψ ∗ j∆(x)| ≤ (2∆+ 2)−1k∆(x).(5.11)

Therefore, inequality (5.8) can be deduced from (5.10) and (5.11) if we as-
sume arg(z)− s, arg(z)− t /∈ 2πZ, where

Ũs,t(m,∆) =


t− s

2π
(m = 0),

Ĵ∆+1(−m)e−ims − Ĵ∆+1(m)e−imt

2πim
(m ̸= 0),

K̃s,t(m,∆) =
K̂∆+1(−m)e−ims + K̂∆+1(m)e−imt

2∆+ 2
.

Furthermore, we see that (5.8) holds for any z by the continuity of Us,t(z,∆)

and Ks,t(z,∆). Recall that Ĵ∆+1(m) and K̂∆+1(m) are calculated as

Ĵ∆+1(m) =
πm

∆+ 1

(
1− |m|

∆+ 1

)
cot

πm

∆+ 1
+

|m|
∆+ 1

(m ̸= 0),

K̂∆+1(m) = 1− |m|
∆+ 1

for |m| ≤ ∆ by [1, p. 339]. Hence (5.9) immediately follows.

Lemma 5.3. Let sn, tn ∈ R with 0 < tn − sn ≤ 2π for 0 ≤ n ≤ N , and
let ∆ ≥ 3. Then

∣∣∣ N∏
n=0

1A(sn,tn)(zn)−
N∏

n=0

Usn,tn(zn, ∆)
∣∣∣ ≪ (log∆)N+1

N∑
n=0

Ksn,tn(zn, ∆)

(5.12)

for (z0, . . . , zN ) ∈ CN+1 with |z0| = · · · = |zN | = 1, where Us,t(z,∆) and
Ks,t(z,∆) are as in Lemma 5.2, and the implied constant is absolute.

Proof. Note that (5.9) implies the estimate

Us,t(z,∆) ≪ 1 +
∑

0<m≤∆

1

m
≪ log∆.(5.13)
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Now we prove (5.12) by induction on N . Firstly, Lemma 5.2 yields the result
for N = 0. Furthermore,∣∣∣N+1∏

n=0

1A(sn,tn)(zn)−
N+1∏
n=0

Usn,tn(zn, ∆)
∣∣∣

≤
N∏

n=0

1A(sn,tn)(zn) ·
∣∣∣1A(sN+1,tN+1)(zN+1)− UsN+1,tN+1(zN+1, ∆)

∣∣∣
+
∣∣∣ N∏
n=0

1A(sn,tn)(zn)−
N∏

n=0

Usn,tn(zn, ∆)
∣∣∣ · ∣∣∣UsN+1,tN+1(zN+1, ∆)

∣∣∣.
By the inductive assumption and (5.13), we obtain the result for N + 1.

Applying Lemma 5.3, we obtain a good approximation of the indicator
function 1Ω0(N)(ω). Now we prove the following propositions which are used
to complete the proof of Theorem 1.4.

Proposition 5.4. Let N2 be the integer of Proposition 5.1. For any
integer N ≥ N2 and ∆ ≥ ∆0 with some absolute constant ∆0, there exists a
finite subset E(1)

d = E(1)
d (N,∆) ⊂ Ad such that

P(Ω0(N)) = (2δ)N+1 +O

(
N(log∆)N+1

∆

)
for all α ∈ Ad \ E

(1)
d , where the implied constant is absolute.

Proof. Put sn = θn − 2πδ and tn = θn + 2πδ. Then

(5.14) P(Ω0(N)) = E
[ N∏
n=0

1A(sn,tn)(Xα(n))
]

= E
[ N∏
n=0

Usn,tn(Xα(n), ∆)
]
+O

(
(log∆)N+1

N∑
n=0

E[Ksn,tn(Xα(n), ∆)]
)

by Lemma 5.3. Inserting (5.7), we calculate the main term as

(5.15) E
[ N∏
n=0

Usn,tn(Xα(n), ∆)
]

=
∑

|m0|≤∆

· · ·
∑

|mN |≤∆

N∏
n=0

Ũsn,tn(mn, ∆)E
[ N∏
n=0

Xα(n)
mn

]
.

Here,

E
[ N∏
n=0

Xα(n)
mn

]
=

{
1 if

∏N
n=0(n+ α)mn = 1,

0 otherwise
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by (1.5). Then we define E(1)
d = E(1)

d (N,∆) as the set of all α ∈ Ad such that∏N
n=0(n + α)mn = 1 for some (m0, . . . ,mN ) ∈ ZN+1 \ {0} with |mn| ≤ ∆

for any 0 ≤ n ≤ N . Note that E(1)
d is a finite set when N and ∆ are

given. Furthermore, if α ∈ Ad \ E
(1)
d , then the terms in (5.15) vanish unless

m0 = · · · = mN = 0. Thus we obtain

E
[ N∏
n=0

Usn,tn(Xα(n), ∆)
]
=

N∏
n=0

Ũsn,tn(0, ∆) = (2δ)N+1(5.16)

by using (5.9).
Now we evaluate the error term in (5.14). We have

E[Ksn,tn(Xα(n), ∆)] =
∑

|m|≤∆

K̃sn,tn(m,∆)E[Xα(n)
m] = K̃sn,tn(0, ∆)

since E[Xα(n)
m] = 0 for m ̸= 0 by (1.5). Therefore, by (5.9), we see that

(log∆)N+1
N∑

n=0

E[Ksn,tn(Xα(n), ∆)] ≪ N(log∆)N+1

∆
.(5.17)

Combining (5.16) and (5.17), we obtain the desired result.

Proposition 5.5. Let N2 be the integer of Proposition 5.1. Let 1/2 <
σ < 1 be a fixed real number. For any integers N,L satisfying L > N ≥ N2

and ∆ ≥ ∆0 with some absolute constant ∆0, there exists a finite subset
E(2)
d = E(2)

d (N,L,∆) ⊂ Ad such that

E[|ζ(σ,Xα)− ζN (σ,Xα)|2 : Ω0(N)]

≪ P(Ω0(N))N1−2σ + L1−2σ +
NL(log∆)N+1

∆

for all α ∈ Ad \ E
(2)
d , where the implied constant depends only on σ.

Proof. By the Cauchy–Schwarz inequality, we have

(5.18) E[|ζ(σ,Xα)− ζN (σ,Xα)|2 : Ω0(N)]

≪ E[|ζL(σ,Xα)− ζN (σ,Xα)|2 : Ω0(N)]

+E[|ζ(σ,Xα)− ζL(σ,Xα)|2 : Ω0(N)].

The first term is calculated as

E[|ζL(σ,Xα)− ζN (σ,Xα)|2 : Ω0(N)]

= P(Ω0(N))
∑

N<n≤L

1

(n+ α)2σ
+

∑
N<n1,n2≤L

n1 ̸=n2

E[Xα(n1)Xα(n2) : Ω0(N)]

(n1 + α)σ(n2 + α)σ
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since E[1 : Ω0(N)] = P(Ω0(N)) by definition. We have

P(Ω0(N))
∑

N<n≤L

1

(n+ α)2σ
≪σ P(Ω0(N))N1−2σ.(5.19)

Furthermore, we apply Lemma 5.3 to obtain∑
N<n1,n2≤L

n1 ̸=n2

E[Xα(n1)Xα(n2) : Ω0(N)]

(n1 + α)σ(n2 + α)σ
= S1 + S2,(5.20)

where

S1 =
∑

N<n1,n2≤L
n1 ̸=n2

1

(n1 + α)σ(n2 + α)σ
E
[
Xα(n1)Xα(n2)

N∏
n=0

Usn,tn(Xα(n), ∆)
]
,

S2 ≪
∑

N<n1,n2≤L
n1 ̸=n2

1

(n1 + α)σ(n2 + α)σ
(log∆)N+1

N∑
n=0

E[Ksn,tn(Xα(n), ∆)].

Similarly to (5.15), we have

E
[
Xα(n1)Xα(n2)

N∏
n=0

Usn,tn(Xα(n), ∆)
]

=
∑

|m0|≤∆

· · ·
∑

|mN |≤∆

N∏
n=0

Ũsn,tn(mn, ∆)E
[
Xα(n1)Xα(n2)

N∏
n=0

Xα(n)
mn

]
.

Then we define E(2)
d = E(2)

d (N,L,∆) as the set of all α ∈ Ad such that

n2 + α

n1 + α
=

N∏
n=0

(n+ α)mn

for some N < n1, n2 ≤ L with n1 ̸= n2 and (m0, . . . ,mN ) ∈ ZN+1 with
|mn| ≤ ∆ for any 0 ≤ n ≤ N . We see that E(2)

d is a finite set when N , L,
and ∆ are given. By the definition, if α ∈ Ad \ E

(2)
d , then

E
[
Xα(n1)Xα(n2)

N∏
n=0

Xα(n)
mn

]
= 0

for any N < n1, n2 ≤ L with n1 ̸= n2 and (m0, . . . ,mN ) ∈ ZN+1 with
|mn| ≤ ∆. Hence S1 = 0 for α ∈ Ad \ E

(2)
d . Next, we have∑

N<n1,n2≤L
n1 ̸=n2

1

(n1 + α)σ(n2 + α)σ
≤

( ∑
N<n≤L

1

(n+ α)1/2

)2

≪ L.
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As checked before, we also obtain

E[Ksn,tn(Xα(n), ∆)] ≪ ∆−1.

Therefore,

S2 ≪
NL(log∆)N+1

∆
.

Thus (5.20) yields∑
N<n1,n2≤L

n1 ̸=n2

E[Xα(n1)Xα(n2) : Ω0(N)]

(n1 + α)σ(n2 + α)σ
≪ NL(log∆)N+1

∆

for α ∈ Ad \ E
(2)
d . Then, together with (5.19), we obtain the upper bound

E[|ζL(σ,Xα)− ζN (σ,Xα)|2 : Ω0(N)] ≪ P(Ω0(N))N1−2σ +
NL(log∆)N+1

∆
.

It remains to estimate the second term in (5.18). We have

E[|ζ(σ,Xα)− ζL(σ,Xα)|2 : Ω0(N)]

≤ E[|ζ(σ,Xα)− ζL(σ,Xα)|2] =
∑
n>L

1

(n+ α)2σ
≪σ L

1−2σ.

From these, we obtain the conclusion.

5.3. Completion of the proof. By Propositions 5.1, 5.4, and 5.5, we
obtain the following result.

Corollary 5.6. Let 1/2 < σ < 1 be a fixed real number. Then, for any
z0 ∈ C and ϵ > 0, there exists a finite subset Ed = Ed(σ, z0, ϵ) ⊂ Ad such that

P(|ζ(σ,Xα)− z0| < ϵ) > 0

for any α ∈ Ad \ Ed.

Proof. Let N ≥ N2 with the integer N2 = N2(d, σ, z0) of Proposition 5.1.
For ω ∈ Ω0(N), we have

|ζN (σ,Xα)(ω)− ζN (σ,Xα)(ω0)| ≤
N∑

n=0

|Xα(n)(ω)− Xα(n)(ω0)|
(n+ α)σ

≪ δ
N∑

n=0

1

(n+ α)σ
≪d δ N

1/2

for any α ∈ Ad, where the implied constants depend at most on d. Therefore,
the condition ω ∈ Ω0(N) implies

|ζN (σ,Xα)(ω)− z0| < 2ϵ
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for any α ∈ Ad if we suppose δ ≤ A(d)ϵN−1/2, where A(d) is a suitable
positive constant. Hence

P(|ζ(σ,Xα)− z0| < 3ϵ) ≥ P
(
Ω0(N) ∩ {|ζ(σ,Xα)− ζN (σ,Xα)| < ϵ}

)
= P(Ω0(N))−P

(
Ω0(N) ∩ {|ζ(σ,Xα)− ζN (σ,Xα)| ≥ ϵ}

)
if δ ≤ A(d)ϵN−1/2. Furthermore, Proposition 5.5 yields

P
(
Ω0(N) ∩ {|ζ(σ,Xα)− ζN (σ,Xα)| ≥ ϵ}

)
≤ 1

ϵ2
E[|ζ(σ,Xα)− ζN (σ,Xα)|2 : Ω0(N)]

≤ B(σ)

ϵ2

{
P(Ω0(N))N1−2σ + L1−2σ +

NL(log∆)N+1

∆

}
for any α ∈ Ad\E

(2)
d , where B(σ) is a positive constant depending only on σ.

Here, the set E(2)
d = E(2)

d (N,L,∆) is as in Proposition 5.5. We can take a
positive integer N3 = N3(σ, ϵ,N2) ≥ N2 such that

B(σ)

ϵ2
P(Ω0(N3))N

1−2σ
3 <

1

2
P(Ω0(N3)).

Then, putting N = N3 and δ = A(d)ϵN
−1/2
3 , we derive

P(|ζ(σ,Xα)− z0| < 3ϵ)

>
1

2
P(Ω0(N3))−

B(σ)

ϵ2

{
L1−2σ +

N3L(log∆)N3+1

∆

}
for α ∈ Ad \ E

(2)
d . Furthermore, we apply Proposition 5.4 to deduce

P(|ζ(σ,Xα)− z0| < 3ϵ) > (2δ)N3+1 − B′(σ)

ϵ2

{
L1−2σ +

N3L(log∆)N3+1

∆

}
for α ∈ Ad \ (E

(1)
d ∪E(2)

d ), where B′(σ) is some positive constant, and the set
E(1)
d = E(1)

d (N3, ∆) is as in Proposition 5.4. Then we see that there exists an
integer L = L(σ, ϵ, δ,N3) satisfying

B′(σ)

ϵ2
L1−2σ <

1

4
(2δ)N3+1.

Finally, we take a real number ∆ = ∆(σ, ϵ, δ,N3) ≥ 3 so that

B′(σ)

ϵ2
N3L(log∆)N3+1

∆
<

1

4
(2δ)N3+1.

Then we obtain

P(|ζ(σ,Xα)− z0| < 3ϵ) >
1

2
(2δ)N3+1

for α ∈ Ad \ Ed with Ed = E(1)
d ∪ E(2)

d , which yields the desired conclusion.
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Proof of Theorem 1.4. As we have seen in Example 4.3, the set Ad con-
tains infinitely many algebraic irrational numbers for d ≥ 5. By the Port-
manteau theorem [2, Theorem 29.1], we deduce from Theorem 1.2 that

lim inf
T→∞

1

T
meas {t ∈ [0, T ] | |ζ(σ + it, α)− z0| < ϵ}

≥ P(|ζ(σ,Xα)− z0| < ϵ)

for any α ∈ A. Hence Corollary 5.6 yields Theorem 1.4.
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