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BOUNDEDNESS OF THE GENERALIZED RIESZ POTENTIAL IN
CENTRAL MORREY-ORLICZ SPACES

BY

EVGENIYA BURTSEVA and LECH MALIGRANDA

Abstract. We investigate the boundedness of the generalized Riesz potential in cen-
tral Morrey—Orlicz spaces. We also present necessary and sufficient conditions for the
generalized Riesz potential to be finite under certain assumptions on the kernel.

1. Generalized Riesz potential. Let f: R” — R be a Lebesgue mea-
surable function. The generalized Riesz potential I,f is defined by

(1.1) Lf@) = | plle -y f(y)dy, = cRY,

RTL
where p: (0,00) — (0,00) is a Lebesgue measurable function. When p(t) =
t*™" for some 0 < o < n, the operator I, coincides with the classical Riesz
potential 1.

The study of generalized fractional integral operators dates back to the
1950s and 1960s, with early contributions by [9], [10, pp. 146-172 (pp. 144-172
in the English version)|, [25] and [26]. The problem of determining the finite-
ness of the Riesz potential naturally arises within the framework of potential
theory.

In 1966, N. S. Landkof established a necessary and sufficient condition for
the almost everywhere finiteness of the Riesz potential I, presented in his
fundamental monograph [12 pp. 84-85| (see also pp. 61-62 in the English
version). An alternative proof of an equivalent result on the finiteness of
the Riesz potential was later provided by M. Essén [I, Lemma 8.20| and
independently by Y. Mizuta [I7, Chapter 2, Theorem 1.1].

In this paper, we extend these findings by deriving a necessary and suffi-
cient condition for the almost everywhere finiteness of the generalized Riesz
potential I, under specific assumptions on the kernel p.
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Furthermore, we investigate the boundedness of I, in central Morrey—
Orlicz spaces. The boundedness of generalized Riesz potentials in Orlicz
spaces was examined by E. Nakai [I8], while their behaviour in Morrey spaces
was studied by Eridani et al. [0} [7]. We also refer to E. Pustylnik’s article [21],
where the generalized Riesz potential was analysed in rearrangement-in-
variant spaces.

The boundedness of I, in Morrey—Orlicz spaces was investigated by
E. Nakai [19, 20], with further developments by Kawasumi et al. [§]. More
recently, V. I. Burenkov and M. A. Senouci [2] 3] examined the generalized
Riesz potential in central Morrey spaces. We also refer to |24, Vol. 11|, where
Y. Sawano et al. investigated boundedness of the generalized Riesz potential
in generalized Morrey and Morrey—Orlicz spaces.

Building on our prior work in [4], which focused on the classical Riesz
potential in central Morrey—Orlicz spaces, this paper extends those results
to the generalized Riesz potential in the same setting.

2. Convergence of the generalized Riesz potential. First, we prove
a necessary and sufficient condition for finiteness almost everywhere in R"”
of the generalized Riesz potential under certain assumptions on the kernel p.
For any Radon measure p on R™ we define the generalized Riesz potential
of 1 as

Lu(z) = | plz —y]) duly).
Rn

In order to derive further results, we require additional assumptions on the
function p. We say that p € D if for some ¢y, co > 0,

c1p(t) < p(s) < cop(t) forall s,t >0 with t/2 < s < 2t.

Note that if p1, p2 € D, then the pointwise product p; - p2 is in D, and also
p € D where

p2(t), 1<t< oo.

y {pl(t), 0<t<l,

LEMMA 2.1 (|3l Remark 3.5]). If p € D, then for any a > 0 there exist
constants Ctq, Coq > 0 such that

Craplt) < plat) < Coapl(t)
for any t > 0.
For n € N, we say that p € D, if p € D and

(2.1) Sp(t)t"_l dt <oo forall r>0.
0
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ExXAMPLE 2.2 (|3, Example 2]|). For 0 < a < n and 1,82 € R let
p(t) = """ 0, 6, (t) with

(1) = (1+[Int))%, 0<t<1,
PE =N (1 4 )P, > 1
Then p € D,,.

We say that a function p: (0,00) — (0,00) is almost-decreasing if there
exists a positive constant A > 0 such that p(t) < Ap(s) for all 0 < s < t.

ExXAMPLE 2.3 ([20, p. 209]). For 5 > 0 let

) = {(lnl/t)_ﬁ_1 for small ¢t > 0,

~ | (Int)Pt for large t > 0.
Then k € D. For 0 < o < n the function p(t) = t*~"k(t) is in D,, since
i i k()

Vo)t at = {2 k(t) dt < r | =
0 0 0

dt < oco.

Moreover, if « < n — 1, n > 2, then p is almost-decreasing. In fact, since
k(t)/t is almost-decreasing, for s < t we have
k(t k
p(t) = to‘_”+1(t ) < sa_"HA—(s) = Ap(s).
S

EXAMPLE 2.4. The assumption p € D is stronger than p € Ay even for
decreasing functions (obviously, a decreasing or almost-decreasing function
satisfies the As-condition). For example, p(t) = e~! is decreasing but for
s =t/2 we have

p(t/2)
p(t)
and the estimate from below does not hold.

=e? 500 ast— oo

The following theorem is an extension of the result proved by N. S. Land-
kof in [12] pp. 84-85 (see also pp. 61-62 in the English version)| for the classi-
cal Riesz potential I,,. Everywhere below, B(x,r) denotes the open ball with
center at x € R™ and radius r > 0, that is, B(z,r) = {y € R": [z —y| < r},
and v, denotes the Lebesgue measure of a unit ball in R”, that is, v, =
|B(0,1)] = "/2/T'(n/2 + 1).

THEOREM 2.5. Let p € D, be almost-decreasing. Then I, < oo a.e. if
and only if

(2.2) Vo)) du(y) < oo
ly|>1
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Proof. Let first I,uu(x) < oo a.e. and suppose that (2.2)) is not true. Then
for any r > 0 we have

| p(lyl) duly) = oo
ly|>r

Indeed, this is obvious for 0 < r < 1. If r > 1 then
V ooyl duw) = | ey dut)— | oyl du(y) = o,
ly|>r lyl>1 1<|y|<r

since

| plyD) duly) < Ap(D)u(B(0, 7)) < oo,
I<]y|<r

where p(Jy|) < Ap(1) because p is almost-decreasing on (0, co).
Then using the fact that p € D is almost-decreasing on (0, c0) we obtain

Vol —yhdu) > | pllz —yl) duly)

R" lyl>[al+1
T -y
= p(' 7] ‘|y|> dp(y)
lyl>[2l+1
1
>\ el du(y)
[yl >[2l+1
C1
>~ ) ey duly) = o,
lyl>[2l+1
since for |y| > |z| 4+ 1 we have
o=yl ety g el o el 7
|| |yl |y || +1

and we arrive at a contradiction.

Next, we will show that implies finiteness of I,u a.e. First note that
for any r > 0, |z| < r, constant c3 = ¢3(r) > max {1,1/r} and any |y| > c3r
we have

Y| S\x—y\+\ﬂ?|:1+ |z| <1s ||
|z —yl [z =yl [z =yl ly| — ||
<14 —— =2
c3r —r cg—1
and so
Tr—y cg—1
oo —uhdr= § p(“ i) ar<a | o(2 2 0l) e
|z|<r |z|<r y |z|<r 3

< ACsvn7"p(|yl),
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where we have used the fact that p is almost-decreasing on (0, co) and sat-
isfies the statement of Lemma with a = ©=1,

c3

Thus, by Fubini’s theorem we get

| Lup@yde= | | p(lz—yl)dedu(y)

|z|<r ly|<esr |z|<r
+ V| ez —y)) dedu(y)
ly|>car |z|<r
< | | ple -yl dedu(y)

ly|<esr |z—y|<(ez+1)r

+ ACoqvar™ | pllyl) dpy)-

ly|>car

Since p satisfies (2.1)) it follows by (2.2) that
(e3+1)r
| Lu@de<vay § (0§ et at) dugy)

lz|<r ly|<esr 0

+ AChvar™ | p(lyl) dnly)
ly|>car
(e3+1)r
< vn1p(B(0,esr)) | p(t)t" T dt
0

+ AC2qvpr" S p(lyl) du(y) < oo.

ly|>car

Since § Ip(x) dx < oo for any r > 0, we see that I,u < oo a.e. m

lz|<r

In 1979, T. Kurokawa and Y. Mizuta [11, Lemma 2.1| provided an equiv-
alent formulation of the result stated in Theorem 2.5 for the classical Riesz
potential I,. An earlier discussion of this result appears in Y. Mizuta’s 1977
paper [16], where it was mentioned in Remark 1. Although no proof was
provided, both papers reference Landkof’s original result [12], pp. 61-62].

In 1996, Y. Mizuta presented an independent proof of this result in his
book [I7, Chapter 2, Theorem 1.1]|. Interestingly, this later work makes no
reference to Landkof’s result. Similarly, a more recent book, [24, Vol. I,
Lemma 180], presents a necessary and sufficient condition for I, f(x) to con-
verge absolutely, but also fails to cite Landkof’s original result.

Below we present a generalization of Theorem 1.1 from [I7, Chapter 2|
to the generalized Riesz potential. In order to prove Theorem we need
the following lemma:
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LEMMA 2.6. For any x € R", r > 0 and y € R" \ B(z,r) there exists
M = M (|z|,7) > 0 such that

(2.3) L+yl) < o —yl < M1+ Jyl),

i
_ 1+|z|
where M = max {2+ =1 + [z|}.

Proof. First note that for any z,y € R™ we have
[z =yl <[] + [yl < max {1, [z[} (1+ |y[) < (14 [z))(1 + [y))-
Let now Ej, = {y € R": 2%r < |z — y| < 281} for k € NU {0}. Then

o0
{yeR": |z —y|>r}= UEk
k=0

and for any y € Fi we get
2k 14|y 2k 2k

A+ lyl) Alyl) > ——
1+ |yl 1+ |y — x|+ |z| 1+ |z| 4 2k+1r

|z —y| > (1+y])-

Since the function f(t) = is increasing for ¢ > r, it follows that

¢
T+[z[+2t

lz—y| > (T+1yl)

T 1l4+x |+2r

and we arrive at (2.3) with M = max {2 + Hrm A4 |z]}. -

THEOREM 2.7. Let p € D,, be almost-decreasing. For any Radon mea-
sure  on R™ the following statements are equivalent:

(R1)

(R2) Yo p(1+ |y|) dp(y) < oo

(R3) SR"\er p(lz —y|) du(y) < oo for any x € R™ and any r > 0;
(R4) Spo gy P12 — yl) dpu(y)

Proof. We follow the ideas of [I7, Chapter 2, Theorem 1.1]. By Lem-
ma [2.6] we have 1+ |y| < M|z —y| for any |z —y| > r with r > 0. Applying
Lemma 2] with a = M, we find that

| o1+ [y]) du(y) > % | oMz —y|) du(y)
Rn R”\ B(z,r)

I < o0 a.e;

< oo for some x € R"™ and some r > 0.

> Cla S

p(lz —yl) du(y).
R7\B(z,r)

Thus, (R2) implies (R3) and thereafter (R4).
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Next, for some zp € R™ and ¢ > 0, using (2.3]) and applying Lemma
with a = 1/M we obtain

Vo +lduw) = | pt+yhdut)+ | p(L+1yl)du(y)

Rn B(zo,r0) R™\ B(zo0,70)
1
< ApOu(Blan ) + 4§ o gyl a1 ) duto)
ly—z0|270
< Ap()u(B(zo,m0)) + ACaa | pllzo — yl) duly),
ly—zo|>T0

which shows that (R4) implies (R2). Thus, (R2), (R3) and (R4) are equiva-
lent.

Note that (R1) implies (R4). Finally, we will show that (R1) follows
from (R3). Indeed, by Fubini’s theorem we obtain

| (§ plz=shdu)de=§ (] plla—y)de)duy)
B(0,N) B(z,r) B(0,N+r) B(y,r)

=vp1 | (ﬁp(t)t"‘ldt)du(y)-
0

B(0,N+r)

Since p satisfies (2.1]) it follows that SB(O N)(SB(JC Pz —yl) du(y)) dz < oo
for any N > 0 and therefore (R3) implies (R1). Thus, all four conditions of
the theorem are equivalent. m

3. Central Morrey—Orlicz spaces. In this paper we consider the gen-
eralized Riesz potential in central Morrey—Orlicz spaces. These spaces are a
generalization of Orlicz spaces and central Morrey spaces (on R™). Cen-
tral Morrey—Orlicz spaces appeared for the first time in |14, [15] where the
authors investigated the boundedness of the Hardy—Littlewood maximal op-
erator and the Calderéon—Zygmund operator on those spaces. Below we recall
the definition and some properties of these spaces.

A function @: [0,00) — [0,00) is called an Orlicz function if it is an
increasing continuous and convex function with ¢(0) = 0. Everywhere in this
paper we will consider generalized Riesz potentials in central Morrey—Orlicz
spaces defined by Orlicz functions.

For any Orlicz function &, the number A € R and an open ball B, =
{z € R™: |z| < r}, 7 > 0, we define the central Morrey—Orlicz space M®(0)
to consist of all f € Ll _(R") such that

[ £l ar2.20) = sup || fllo .z, B, < o0,
r>0
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where

/]

. C 1 |f ()]
@,A,BT:1nf{€>0. ’BTP‘BS¢< . dr <15,.

The properties of these spaces can be found in [4 B]. If &(u) = wP, 1 <
p < 00, and A € R, then we get the classical central Morrey space M®(0)
= MPA(0), and if A = 0 then M?9(0) = L?(R") is a classical Orlicz space.

To each Orlicz function @ one can associate another convex function @*,
the complementary function to @, which is defined by

@*(v) = sup [uv — P(u)] for v > 0.
u>0

Observe that @*(v) can be 0 on an interval [0,a] for some a = ag > 0.
Additionally, it can attain the value ®*(v) = oo for v > b, where 0 < b =
by < oo. Moreover, @*(v) is an increasing convex function for ag < v < bg
(cf. I3 pp. 51-52]).

LEMMA 3.1. Let @ be an Orlicz function, ®* its complementary function,
0<A<1andr>0. Then the following hold:

(i) \ [£(2)g(x)|dz < 2|B, || fllon5, lglle- 25,
B,
. | B, N B(xo,70)| .4 | B, |*
. < P
(11) ||XB(a:0,r0)||¢> A Br > ’Br|>‘ |Br ﬁB(iL’o,To)| ’
where B, N B(xg,r9) # 0 for xg € R™ and ro > 0; in particular,
o~ Y(|B, M)
* < —_— .
x5, e ABr = |Br|)\_1 !
(i)  [xz.ll L nd x|l S -
111 XB &\B, — an XBe || M®.A2 = — —
t (s SO e B

for any t > 0.

The proof of this lemma can be found in [5, Lemma 1].

4. Boundedness of the generalized Riesz potential in central
Morrey—Orlicz spaces. In this section we prove the boundedness of the
generalized Riesz potential I, in central Morrey—Orlicz spaces. This is a
generalization of our previous results from [4, [5] on the boundedness of the
classical Riesz potential in these spaces. Below we will use estimates from
[14] for the Hardy-Littlewood maximal operator, defined for f € Li (R™)
and z € R” by

Mf(z) = sup ——

sup ey ) M@l

B(z,r)
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We say that &* € Ay if 0 < $*(u) < oo and there exists a constant Ky > 1
such that &*(2u) < Ky®*(u) for all v > 0. For an Orlicz function ¢ and
0 < A < 1, the operator M is bounded on M%*(0) provided &* € As, that
is, there exists a constant Cy > 1 such that

(4.1) 1M fllpeao) < Coll fllamay  for all f e MPA(0)
(see |14, Theorem 6(i)]).

For an almost-decreasing function p € D, let us denote

T

(4.2) pr) = | ot/ dt.
0

Note that the requirement (2.1)) on p is equivalent to p(r) < oo for all r > 0,
that is,

r ri/n
piry =\ p(t/™ydt=n | p(t)"dt <oco forall r > 0.
0 0

We will need the following Hedberg-type pointwise estimate.

LEMMA 4.1. If f: R™ — R is Lebesgue measurable and p € D,, is almost-
decreasing, then for all x € R™ and r > 0,

(4.3) V  ollz —uDIf () dy < Cup(|B )M f(x),

ly—z|<r

where p(r) is defined in (4.2), Cy = % and Ca, 1s the constant in
Lemma with a = %v,:l/n.

Proof. The proof is similar to the proof of [4, Lemma 2|. Since p is almost-
decreasing on (0, 00) it follows that for any z € R™ and r > 0,

Vool —yDlfw)ldy=> | p(lz —y)If ()l dy
ly—z|<r k=0 ro—k—l<|y—x|<r2—k
[e'e) |BT271€|
k-1
S o 33)2’37”2%\0(7”2 ) S
k=0 |B,y—k—1l

By Lemma with a = %vﬁl/n we have

p(TZ_k_l) _ p(l —1/n|B k|1/n) < Czap(|B,«27k|1/n)-
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Thus,
[e’] |B 7k|
2”AQC " r2 .
|z —yDIf@)dy < Tﬂ;Mf(az)Z | pmyd
ly—a|<r k=0 |B , g1l
= Cup(|Br|)M f (),
where C'y = %. "

THEOREM 4.2. Let p € D,, be almost-decreasing. Let also @, ¥ be Orlicz
functions, 0 < A\, p <1, A# porA=0and 0 < p < 1. Assume that there
exist constants C1,Co > 1 such that

(4.4) OSo,ﬁ(t)sﬁfl(t’\*l) % <Gty for allu >0
and '

T ¢ N dt
sy o (S o+ Jawe (5)

)
< Cywt (7") forallr >u >0,
u

where p is defined by ([£2)). If &* € Ag, then I, is bounded from M®*(0) to
MY#(0), that is, there exists a constant C3 > 1 such that 1o fll prwnoy <

Cg||f||M<15,A(0) forall f € MQ”\(O).

Proof. We follow the proof of Theorem 1 in [4]. For any = € B, and
f € M®*(0) we consider two disjoint subsets

B! = {x € B,: @(W> < \BT\’\_l},
Coll f1l pr2.(0)

_ ) M f(x) ) )\1}
B} = By: & ————"— | > |B, :
P={ee (CollfllMM(o) > B
We have
L@ <\ ple—yDlf@ldy+ | pllz—yDIf()ldy
ly|<2r ly|>2r
=L f(z)+ Iof ().

Let first # € B} and |y| < 2r. Then |z —y| < |z|+|y| < 3r and by Hedberg’s
pointwise estimate proved in Lemma [4.1| we have

Lf@y= | pllz—yDlfWldy< | pllz—y)lf () dy

ly|<2r |z—y|<3r
< Cup(|Ba|)M f(x).
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Since x € B} it follows that M f(z) < CO||f”M-;b,A(O)QS_l(’BTP\_l), and
we obtain
|Bsr|
Lif(z) < OuCollf laer® (1B, | p(/™) dt
0
|Br |
< 3"CuCoCas| fllareny® " (I1B:*1) | p(£'/™) at
0
= Cull fllagz )@ (1B H)6(IB: )
M®:2(0) r P Tl)s
where Cy3 = Cy, with a = 3 and Cy = 3"CyCyCas.
Since p is increasing on (0,00) and &1 is concave on (0, 00) it follows

that

00 2u 2u
—~ dt —~
O G e PO e &

u u

> 22 2 plu)d L (wr ).
Thus, by (4.4) we get

Ca T a1 ety dE
8101 < iy Wlhusow § P07 G
C1Cy

-1 -1
< s e (B

on(1=1) 0, Oy o .
§WwHM¢A(0)W (| Bar[*7).

Let now = € B! and |y| > 2r. Since |z| < r < |y|/2, |z —y| > |y| — |z|
> |y|/2 and p is almost-decreasing on (0,00) it follows that p(|z — y|) <
Ap(lyl/2) < c2Ap(ly|). Thus, we obtain

Lif)= | pllz—yDlfW)ldy <A | p(ly)If ()| dy

ly|>2r ly|>2r

=AY | p(lyDIf (W)l dy
k=0 rok+lc<|y|<r2k+2

[e.e]

<A’y | p(r2MY) f(y)] dy,

k=0 |y|§r2k+2

where in the last inequality we have used the fact that p is almost-decreasing
on (0,00). By Lemmawe get
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|B,ok+2l
209 A% Fllaren r2 d
Bf(e) < 22 ey Z 1254 B0 (B |
‘BT2k+1|
2B A%| f| e o) & e
< (rokt?) o (M) at.
< Y | ()
k:O IBr2k+1|
By Lemma [2.1] we have
k4+2\ _ —1/n 1/n 1/n
IO(T2 ) - p(vn |Br2k+2‘ ) < CQCLp(|Br2k+2’ )7
where a = vy, n Thus, we obtain
2 BACoa|f g P
T < ’ 1/n @—1 A—1
f ) < g ST e @ ar
k=0 |B k11l
o)
= G5l flarsry | p(/™M@ () dt,
| Bar|
where C5 = % Since p(t'/™) < Ap(t)/t it follows by (@.4) that
T dt
Lf(z) < ACs| fll a2 o) S pyd~ () 7
|BQT|

< ACICs| fllpre o) (| Bar Y.
Thus, for € B} we get
1o f ()] < I f(2) + Lo f(x) < 2Cs| fllaren) (| Bar /'),

where Cg = C} max{2A <111“)2 Cy, AC5} Since 2#—1) < 1 it follows that

I
S W(’Ncw) dr < ‘BH ’BQT‘M—l < 2n(u—1)’Br|N < |B|*.
o \2C6l|fllare 0

Let now z € B2. We write I,f(z) as follows:

Lf@)< | plz—yDlfwldy+ | pllz—yl)lf(y)ldy

lz—y|<o lz—y[>6
=: I3f(x) + Laf(2),

where ¢ is defined in the same way as in [4]:
M B, *
» o ) 1B

Coll fll ar2.2 o) |Bs|
We note that in this case |Bs| < |B;|. By Hedberg’s pointwise estimate from
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Lemma and assumption (4.5) we get

B, |#
- CHCoCszHMwoﬂ’_l<‘|Ba‘| >

To estimate If(x) we follow the idea from [4, Theorem 1]. By Hedberg’s
method we obtain

Lf@ = § ele—Df@ldy =Y | ple—u)lf)ldy
lz—y[>6 k=0 2k§<|z—y|<2k+15
<AY p2%) | 1f W) XBais () dy,
k=0

B\m\+2k+15

where in the last inequality we have used the fact that p is almost-decreasing
n (0,00). Applying Lemma we obtain

Iif(x)
o x, k+16)|
24| £l pro.0) ) \ |Bapyorish 7O
< +1 —1 ||+
< RO S et e 2 e ()
k=0 | B(x,2%6)|

1, -1/

By Lemma 2.1 with a = 5vy, " we have
p(2"8) = p(5vy " ByrsrsV") < Coap(| Basrig] ™).

Since p is almost-decreasing on (0,00) and @~ ! is concave, following the
calculations in the proof of Theorem 1 in [4] we obtain

I f(x)
2.9k+1
2n+1A202a||f”M¢,>\(0) oo |B(x,25714)]

nln2 > p(tl/”)glﬁ—l(‘w(max{\Br\,t})k> 0

t
k=0 |B(z,2%9)

A2, T e ( (max By, 1)
< O ey § ot (BRI o

|Bs|
|BT| oo

(1B NP
< il lamaco ( § ottt (B e § pteman o ae)
|Bs| | By|

where C7 = %. Since p(t'/™) < A@ it follows by (4.4) and (4.5])
that
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‘Brl by o0
v 1/{|Br d 1 a1 d
1f(@) < Ceal o ( § 200 (B2) E b § et )
|Bs| |Br|

[ |Br"* _ _
< CrAlf oo (€ (1) 4 oot )

Br ®
< (C1 + Co)CrA||f | o oy~ <||35|| )

Thus, for z € B? we get
[ |Br"
1af@) < il larenio? ™ ()

with Cg = CgCyCs + (C1 + C2)C7A. Then, by the same calculations as in
[4, proof of Theorem 1|, we arrive at

o (DY e <

52 Cs| fll a2 (0

and ;
) W( A112) ) dz < |B, Y,
5 \Gsllfllamex)

where C3 = 2max {2Cg,Cg}. =
Below we present an example for Theorem [£.2]

EXAMPLE 43. Let 0 <a <n, 0 <A<, 1 <p<—~,0<ac<

Vv1-1/p—(1-1/p) and

1
o (u) = 1" /p forO<uw<l a1
u'P(1+1Inu)~® foru>1,

with 1 < p < g < oo. Let also 0 < 8 < "5 and

(1 —-nt?)= P, 0<t<1,
4.7 t) = -
(47) 0 {t o
1_1_ ¢« A_ B i :
If i =7 n and S=0 then all conditions of Theorem are satisfied,

and the Riesz potential I, is bounded from M#*(0) to M¥#(0).

Proof. First note that the condition 0 < 8 < "5% ensures that p is
almost-decreasing on (0, 00). Moreover, in [3, Example 2| it was shown that
p € D,. In our earlier papers [4, Example 1] and [5, Example 2] we have
shown that conditions and of Theorem hold with p(t) = t*~",

that is,

T dt
S t/mg=1 (A - <G Hwh forall uw >0

u



BOUNDEDNESS OF THE GENERALIZED RIESZ POTENTIAL 185

and
A T A m
u/ng=1 <r> + | te/ngt <T> | <T> for all ¥ > u > 0.
U : t t U

Since p(t) < (n/a)t®/™ for any t > 0 it follows that conditions (4.4) and
(4.5) of Theorem hold with p defined in (4.7)). =

The operator I, considered in Example plays an important role in the
theory of elliptic partial differential equations. For example, if P is a second
order positive elliptic operator acting between Lo(f2) and C({2), where 2
is some bounded set in R”, and we consider an equation Pu = f, then for
a positive, increasing and concave function ¢ on (0, 00) we have an integral
representation

(PN f(x) = | Go(,9)f(y) dy
2

with the kernel
0< Gy(z,y) <Clo—yl " (lx —yl*), n>3,
which means that

V Gz, ) f(y)dy <O\ |z =y "¢ (lx — y*) f(y) dy,

0 0
where on the right-hand side we get the generalized Riesz potential I, with
the kernel p(t) = t27"¢/(t?). It is known (see [23]) that for ¢(t) = 7,
7 € (0,1), the operator P~7 is bounded from Ly to C for any 7 > n/4.
Moreover, for 7 = n/4 this boundedness does not hold.

This prompted the question of finding a function ¥(t) = t"/*¢y(t), as
small as possible, such that ¢(P~1): Ly — O, where ¢y(t) is a positive,
increasing and concave function on (0, 00). This question was considered by
Pustylnik [22, Theorem 3.1] and [23] Theorem 4]|. In particular, for g =
1—-1/n+¢and a =1, € > 0, he showed that the boundedness of I, with
p defined in Example from L, to C ensures the Ly — C boundedness of
the operator ¢)(P~1) = PY/2=/4p(P~1), where

t2(1 —Int)~-(-1/nte) g <t <1
_ 4172 _ 5 ~ 1,
plt) = #0(t) = {tI/Q, t>1,
and p(t) ~ 27 (1) =t p(t?).
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