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Precompactness notions in Kaplansky—Hilbert modules
and extensions with discrete spectrum

by

MARKUS HAASE and HENRIK KREIDLER

Abstract. This paper is a continuation of our work on the functional-analytic core
of the classical Furstenberg—Zimmer theory. We introduce and study (in the framework
of lattice-ordered spaces) the notions of total order-boundedness and uniform total order-
boundedness. Either one generalizes the concept of ordinary precompactness known from
metric space theory. These new notions are then used to define and characterize “compact
extensions” of general measure-preserving systems (with no restrictions on the underlying
probability spaces or on the acting groups). In particular, it is (re)proved that compact
extensions and extensions with discrete spectrum are one and the same thing. Finally, we
show that under natural hypotheses a subset of a Kaplansky—Banach module is totally
order-bounded if and only if it is cyclically compact (in the sense of Kusraev).

1. Introduction. The Furstenberg—Zimmer structure theorem is one of
the great milestones in structural ergodic theory. It goes back to the seminal
works of Zimmer |Zim76aj, Zim76b| and Furstenberg [Fur77|. The heart of the
matter is a diligent examination of eztensions of measure-preserving systems
and a fundamental dichotomy: either an extension is “weakly mixing” or
it has an in some sense “well-structured” intermediate extension. Zimmer
showed that “well-structured” could mean “with relative discrete spectrum”
or, equivalently, “isometric”. Furstenberg recovered Zimmer’s results, and
added “compact” in a later paper |FK78|; see also [Fur81].

Both these authors relied on technical assumptions on the underlying
probability space (a standard Lebesgue space) and on the acting group (Zim-
mer: standard Borel group; Furstenberg: Z¢). After the strong popularization
of structural ergodic theory in the aftermath of the Fields medals for Gow-
ers (1998) and Tao (2004), there was a growing interest in freeing the result
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from the above mentioned restrictions and to gain an understanding of it in
terms of more abstract structures.

Relatively recently, this has been achieved by several different (but re-
lated) approaches. Our own one, in a joint work with N. Edeko, makes use
of Kaplansky—Hilbert modules (the theory which had to a large extent to be
developed for this purpose); cf. [EHK24|. This approach differs from others
in that the main dichotomy for extensions of measure-preserving systems is
reduced to an abstract, purely functional-analytic statement about so-called
KH-dynamical systems. In particular, the Hilbert space structure of the sur-
rounding L2-space is not employed.

However, the dichotomy proved in [EHK24| involves only the notion of
“discrete spectrum” for the structured part of the extension. And it remained
open how to define “compact” extensions in this abstract setting and to prove
that compact extensions are the same as extensions with discrete spectrum.
It is the purpose of this paper (announced at the end of [EHK24]) to fill this
gap.

The paper is organized as follows. In Section [2] we first recall the notion of
a lattice-normed space (but refer to Appendix |A]for all the other related no-
tions like order-convergence, Stone algebra or Kaplansky—Hilbert module).
Then we define totally order-bounded and uniformly totally order-bounded
subsets of such spaces as generalizations of ordinary precompactness. More-
over, we establish a couple of relevant technical properties (Lemma. The
main result is that a bounded subset of a finite-rank KH-module is uniformly
totally order-bounded (Proposition [2.5)). Finally, following Tao’s definition in
[Tao09] an alternative compactness notion involving zonotopes is considered
and equivalence with uniform total order-boundedness is proved.

In Section [3| we recall from |[EHK24] the relevant notions from the theory
of (abstract) measure-preserving systems and their extensions, in particular
extensions with discrete spectrum. Next, we introduce compact extensions
(employing the abstract precompactness notions from Section . The main
results are then Theorem [3.6] and its Corollary [3.7] in which compact ex-
tensions are characterized in several ways, and in particular as extensions
with discrete spectrum. The proof of this characterization, however, does
not solely rely on results from abstract KH-dynamical systems theory, but
involves the surrounding Hilbert space structure in a crucial way. Whether
this can be avoided remains open, see Remark [3.8

In the final Section [d we relate the precompactness notions from Sec-
tion 2] to the notion of cyclical compactness appearing in the work of Kusraev
|[Kus00] and mentioned at several places in [EHK24]. As a main result we find
that under natural assumptions a mix-complete subset of a lattice-normed
space is totally order-bounded if and only if it is relatively cyclically compact

(Proposition [4.5).
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Let us make some remarks concerning originality. As mentioned above,
the equality of compact extensions and extensions of discrete spectrum (in
Corollary is classical under the usual assumptions in standard ergodic
theory. In the framework of “abstract” measure-preserving systems—and
hence without restrictions on the underlying probability space or on the
acting group—it has been proved by Jamneshan in [Jam23, Thm. 4.1].
Moreover, also the connections with notions from conditional set theory and
Boolean-valued analysis have been pointed out at several occasions in Jam-
neshan’s work, see |Jam23, Remarks 3.5, 4.3, 4.5, 4.7, and 6.4].

Our contribution in this article regards less the results themselves but
rather the theoretical framework to obtain them. It emphasizes the purely
functional-analytic essence of (the largest part of) the results and is an-
other step towards explaining how the plethora of concepts/results for ex-
tensions appearing in the ergodic-theoretic literature can be stated/proved
in purely functional-analytic terms. Where in the usual approach to exten-
sions of measure-preserving systems, arguments are motivated by analogies
with classical concepts or results from Banach or Hilbert space theory, we
show that there is a purely functional-analytic theory that renders the results
actual generalizations.

We also hope that our work (together with |[EHK24] and the upcom-
ing article [HK| on Furstenberg’s main theorem) will make the powerful
Furstenberg—Zimmer theory more accessible, in particular for readers with a
functional-analytic background.

2. Total order-boundedness. In this section we generalize in sev-
eral ways the notion of total boundedness (= precompactness) for subsets
of normed spaces to subsets of lattice-normed spaces. To this aim, we fix
(once and for all) a commutative unital C*-algebra A and consider it as a
Banach lattice in the canonical way.

A lattice-normed space over A is a vector space E together with a mapping
|-|: E— A4 with the following properties:

| =0 2=0, |[Mz|=[Al|z|, |z+yl<|zl+yl (z,yeFE, AeC).
The closed ball and the open ball in this norm with center z € F and radius
t € AL are the sets
Be[z;t] ={y e E||lr—y| <t} and Bg(z;t):={yec FE||x—y| <t}
respectively.
Each lattice-normed space carries a natural norm given by ||z|g :=
|H3U|HA for x € E. For r € R>¢ one has |z| < r1 iff ||z]|g < r, and hence

Bple;rl]={y e Elly—z[<r} ={y € E||ly - z[p <r} = Bplx;7],

where the last set is the closed ball with respect to the norm.
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A lattice-normed space over A = C is nothing other than a normed space,
and in this case || - || g coincides with the original norm. So, a lattice-normed
space is an analogue of a normed space, but with elements of A, taking
the role of the possible values for the “norm”. If E is even a lattice-normed
module, then elements of A take the role of the scalars in all respects, and
the analogy is even more striking.

The elementary theory of lattice-normed spaces is strongly analogous to
the theory of normed spaces, but with the usual notions of convergence,
closedness, continuity and completeness suitably modified (namely to order-
convergence, order-closedness, order-continuity, and order-completeness). It
reduces to the classical theory in the case A = C, and is only slightly more
difficult in the general case. However, as we certainly cannot speak of com-
mon knowledge here, we have collected basic definitions and some elementary
statements in Appendix [A] For proofs and further information we refer to
[EHK24, Sec. 1|. The presentation there centers around Kaplansky—Hilbert
modules, which are instances of lattice-normed spaces most relevant for us.

Let us now turn to the main topic of this section.

DEFINITION 2.1. Let E be a lattice-normed space over a unital commu-
tative C*-algebra A. A subset M C FE is totally order-bounded, or order-
precompact, if there is a net (uq)q in Ay decreasing to 0 and such that for
every « there is a finite set F' C E with

inf |z —y| <wu, for every z € M.

yeF
And M is uniformly totally order-bounded if for every ¢ € Rsg there is a
finite set F' C E such that

inf [x —y| <el for every z € M.
yeF

REMARK 2.2. (1) Uniform total boundedness is related to the notion of
relative uniform convergence in vector lattices [Kus00| Sec. 1.3.4]. It gener-
alizes in the most straightforward way ordinary precompactness in a normed
space to subsets of lattice-normed spaces, namely by replacing the ordinary
norm by the lattice-norm.

In the context of extensions X|Y of probability spaces, uniformly totally
order-bounded subsets of L?(X|Y) are sometimes called conditionally pre-
compact. See also Remark [3.4] below.

(2) Observe the validity of the implications

M uniformly totally order-bounded = M totally order-bounded
= M (order-)bounded.
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The first implication is trivial; the second one follows from

|z| < inf |z —y|+suply| for all x € E and all finite F' C E.
yer yeF

Evidently, if A=C1, then “totally order-bounded =uniformly order-bounded

= precompact”.

From now on we suppose that A is order-complete as a lattice-ordered
space over itself. That is, A is a Stone algebra (see Appendix . Then we
may rephrase the definitions above in terms of (order-)convergence. To this
end, consider the set

Pan(E) = {F C E | F finite}

to be upwards directed by inclusion. To a given bounded subset M C E we
associate the decreasing net

F i sup inf |z —y| (F € Pan(E)).
zeM yeF

Then M is totally order-bounded if and only if

inf  sup inf |z —y| =0,
FePsn(E) zeM yeF

which means that the said net order-converges/decreases to zero in A,.
Similarly, M is uniformly totally order-bounded if and only if

inf
FePan(E)

sup inf |z — y\H =0,
zeM yeF A
i.e., if the net F' — sup,¢,s infyer |2 — y| norm-converges to zero in A.

As mentioned, every uniformly totally order-bounded subset is totally
order-bounded. The following example shows that the converse is false, even
for subsets of Kaplansky—Hilbert modules (KH-modules).

EXAMPLE 2.3. Let H be an infinite-dimensional Hilbert space with norm
|| - ||zr. The space E := ¢>*°(N; H) of bounded H-valued sequences is a KH-
module over A := ¢ = (*°(N; C), the space of all bounded scalar sequences.
The lattice-valued norm is

[fl = (n = [l f(n)]|)-
Let (en)nen be an orthonormal system in H. We claim that the set
M:={1lgy®ej|kjeN 1<j<k}

is totally order-bounded, but not uniformly totally order-bounded in E. (We
write f ® e for the function (n — f(n)e): N — H whenever f € (> and
ec H)

To prove the first claim, we take n € N and let

F,={0U{1®e¢|1<I<n}.
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Fix 1 < j < k. Then, since g =0 € F,,,
inf |1 — gl <10,
nf. 1y ®ej — gl < 1y
If, in addition, j < n, then

gien}«f yl{k} ®ej—g| < |1{k} ®ej —1®ej| = Likye.

This shows that
gi€n1£n 1y ®e;j—gl=0 on{l,...,n}
It follows that

sup inf |f—g| < V21 e N0 (n— 00),
fEM geFy,

proving the (first) claim.
For the proof of the second, observe that if ' = {g1,...,94} C E is a
finite set and n > d, then the set

d
| Bu(g5(n); 1v2)
j=1

IN
S

cannot contain all the basis vectors eq,...,e,. Hence, there is 1 < ¢
with
. 1
min ||e; — gi(n > 1./9.
min e — ()1 > 4

This leads to
rjn<ig Ly @ € — gj] > 5V21 5y,

violating the uniform total order-boundedness of M.

In the following lemma we collect some elementary properties of (uni-
formly) totally order-bounded sets.

LEMMA 2.4. Let E, E, E5 be lattice-ordered spaces over a Stone algebra A.

(a) Each finite subset of E is uniformly totally order-bounded. If M C E' is
(uniformly) totally order-bounded, then so is each subset of M.

(b) If M, N C E are (uniformly) totally order-bounded, then so are M + N
and M UN.

(¢) Suppose that m: E x Ey — FEy is a bilinear mapping with |m(z,y)| <
|z| ly| for all x € E, y € Ey. If M C E and N C E; are (uniformly)
totally order-bounded, then so is m(M,N) C Es.

(d) Let M C E and suppose that N C A satisfies inf N = 0 (infien [|t||a
= 0) and for each t € N there is a (uniformly) totally order-bounded
set My C E with

M C M, + Bg[0; 4.

Then M is (uniformly) totally order-bounded.
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(e) If M C E is (totally) order-bounded, then so is its order-closure ocl(M).

(f) Suppose that T: E — Ej is linear and order-bounded, i.e. there is ¢ €
R~ with |Tz| < c|z| for all x € E. Then if M C E is (uniformly)
totally order-bounded, so is T(M) C Ej.

(g) If M C E is bounded and V C E is arbitrary, then

inf{sup inf |z — y ) FCV ﬁnite}
zeM yeF

= inf { sup inf |z — y] ) F Cocl(V) ﬁnite}.
zeM yeF

In particular, if M is totally order-bounded and V is order-dense in F,
then

inf  sup inf |z —y| = 0.

FePan (V) zeM yeF
(h) Suppose that E is a lattice-normed module, r € R<g and M C Bg[0;r].

Then for each finite set F C E there is a finite set F' C Bg[0; 2r] with
#F' < H#F and

inf |z —y| <inf |z —yl.
y,eF,I ylfyeFl Yl

In particular, one may replace general finite subsets F of E by finite
subsets of Bg[0; 2r] in the definition of (uniformly) totally order-bounded
sets.

Proof. (a) is trivial.

(b) The proof of the statement about M U N follows from the fact that
in A from uq N\, 0 and v, N\, 0 it follows that u, Vvg N\, 0. (This is obviously
true if uy, v, € R1, and this covers the “uniform” case of the statement.
But it is even true in every vector lattice: if h < uy V vo for each «, then
h < ug Vv, < ug+ v,, and hence h — v, < ug, for 8 > a. This yields
h — v <0 for all @ and hence h < 0. See also [LZ71, Thm. 15.9].)

Let G, H C E be finite. Then

[(la+b)—(z+w)|<|la—z|+|b—w| (a€eM,beN,ze€ G, weH).
This implies
inf [(a+b) —y| < inf |a—z|+ inf [b—w| (a€ M,beN)
yeF z€G weH
whenever ' C F is finite with F' O G + H. And this implies
sup inf |z—y| = sup inf |(a+b)—y| < sup inf |a—z|+sup inf |b—w]
zeM+N yeF a€eM,beN yeF aeM zeG beN weH
for G+H C F C E finite. This yields (b).
(c) Define A := sup,¢)s |a| and B := supycpy |0]. Let G C E and H C E
be finite. Then
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|m(a,b) — m(z,w)| = |m(a,b—w) —m(a—z,b—w)+m(a— z0b)|
< Alb—w|+]a—z||b—w|+ Bla — z|
forae M,be N, z € G, we H. This implies
inf b) —y|= _inf b) —
. mla,b) =yl = _inf_ |m(a,b) —m(z,w)|
< A inf |b—w|+ inf |a — 2| inf |b— w|+ B inf |a — z|.
weH z€G weH z€G
(Here we use the fact that inf, fgo, = finf, g, in A whenever f € Ay.)
From this we may pass to
sup inf |z —y|
zem(M,N) yem(G,H)
< Asup inf |b—w|+ sup inf |a — z|sup inf |b— w|+ B sup inf |a — z|.
beN weH aeM zeG beN weH AeM zeG
And this yields (c).
(d) Fixt € N and F' C E finite. For z € M let z; € My with |z — 2| < t.
Then
[z —yl<t+]z—yl (yeF)
and hence

inf |z —y| <t + sup inf |z —yl.
yer zEM; yeF

It follows that

sup inf |z —y| <t + sup inf |z —y],
zeM yeF zeMi yeF

and this implies (d).
(e) Let f € Ay and F' C F be finite. Then the set of all z € E satisfying
inf |z —y| <
inflo—yl < f

is order-closed in E (simply because the mapping x — infycp |z — y| is
order-continuous). Hence, if each # € M satisfies the inequality, then also
each = € ocl(M) does. This proves the claim.

(f) This follows from

inf [Tz —Ty| <cinf |z —y| forallz € M and all F' C F finite.
yeF yeF

(g) Fix d € N. For y € V¢, z € ocl(V)¢ and = € M one has

d
j—iflf d\:n—yj| <z — 2 +Z\yj -zl (k=1,...,4d).
=L,y o

Taking first the infimum with respect to k and then the supremum with
respect to x € M yields
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sup inf |z —y;| <sup inf |z —z]+|z—yh
zeM j=1,..d zeM j=1,....d

with | - |; being the lattice-norm on E?. By Lemma (and an induction
argument), ocl(V)? = ocl(V?), hence taking the infimum over all y € V¢ we
obtain (see also the inclusion (A.1))

inf sup inf |z —y;|<sup inf |z —z|
yeVd geM j=1,...d zeEM j=1,...,d
And this implies
inf sup inf |z—y;| < inf sup inf |x -z
yeVezeM j=1,...d zeocl(V)4 ze M j=1,...d

Finally, take the infimum with respect to d € N to obtain the non-trivial
inequality between the two quantities in the claim. The additional statement
follows readily.

(h) Let F' C E be an arbitrary finite set. Fix y € F, let p := [|y| < 2r1]
:= 1jy|<2re and define y' := py. Then [¢'| < 2r1 and p°2|z| < p°2r < p°lyl,
and hence
|z — 'l = ple =yl + plaf < plo—yl+p°(lyl = lz) < e -yl  (z € M),
It follows that for z € M,
inf |z — /| < inf |z — 9|,
inf |z—y]< ;gF\:v Yl
where F' ={y' |y € F}. n

For Kaplansky—Hilbert modules of finite rank (see [EHK24| Sec. 2.5|) we
obtain the following Heine-Borel-type theorem.

PROPOSITION 2.5. Let A be a Stone algebra. Then By [0; 1] is uniformly
totally order-bounded. More generally, let E be a KH-module of finite rank
over A. Then for M C E the following assertions are equivalent:

(1) M is order-bounded.
(il) M is totally order-bounded.
(iii) M is uniformly totally order-bounded.

Proof. Since A is a rank-one KH-module over itself, the first assertion
is a corollary of the second. However, we shall need the special case in the
proof of the more general statement.

For ¢ € Ry find a finite set ' C C with B¢[0;1] € U, Be[z;€]. Then

in£|f — 21| <el for each f € Bp[0;1].
ze

Now let E be a KH-module over A and let eq,...,eq be a suborthonormal
basis for E |[EHK24, Sec. 2.3]. Since M C E is order-bounded, there is
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c € R>g with |f| < ¢l for all f € M. Given f € M we may write

d
f= Z Ajej
j=1

for certain A; € |ej|A. Then

d
L= =D [N
j=1
and hence |A;| < cl for each j =1,...,d. This shows that
d
M C ) Bal0;c] - e;.
j=1

Since By[0;¢] € A is uniformly totally order-bounded (by what we have
already shown), the claim follows from Lemma "

In the measure-theoretic situation we have the following close connection
between the two notions of total order-boundedness.

PROPOSITION 2.6. Let E be a KH-module over L*°(Y) for some probabil-
ity space Y = (Y, Xy, py). Then for a bounded subset M C E the following
assertions are equivalent:

(i) M is totally order-bounded.
(ii) For every e € Ry there is a measurable set A € Xy with py(A€) < e
such that 1AM is uniformly totally order-bounded.

Proof. Assume and fix € € R-(. Note that in L°(Y;R) the infimum of
a bounded subset must coincide with the infimum of some countable subset
(see, e.g. |[EFHN15, Thm. 7.6]). Hence, we find a sequence (Fy,)nen of finite
subsets of E such that

0= inf sup inf |z —y|= inf sup inf |z —y|.
FePan(E) zeM yeF neN ze M yeF,
Without loss of generality we may suppose that (F},)nen is increasing, i.e.,
F, C Foq1 for all n € N. Then the sequence (sup,c,, infycr, |2 — y|)nen
decreases and thus order-converges to zero. In particular, it converges to
zero almost everywhere (see [EHK24, Lemma 7.5]). By Egorov’s theorem we
thus find A € Yy with puy(A€) < e such that the sequence
n 1asup inf |z —y|= sup inf |1az — 14y
zEM yeF, zeM yeFy,

converges to zero in the norm of L*(Y).

Conversely, assume holds and set ¢ := sup{||z|| | x € M} € [0, 00).
For every n € N we then find A,, € Yy with py(AS) < % and a finite subset
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F,, C F such that
sup inf |14,z —y| < i1
zeM yEFn
But then
sup inf |z —y[ < 11 +clye
zeM yelFy,
for every n € N. Since infneN(%l + clA%) = 0, we obtain "

We conclude this section by comparing the two notions of total order-
boundedness with yet another similar property. For this we suppose E to
be not just a lattice-ordered space over A, but a lattice-ordered module, see
[EHK24, Def. 1.3].

DEFINITION 2.7. Let E be a lattice-ordered module over the commutative
unital C*-algebra A. For a finite set F' C F let

Zp = {Z)\yy ‘ A e AF sup |y, | < 1}
yeF yer
be the A-zonotope in E determined by F. A subset M of E has property
(CP) if for each € € Ry there is a finite set F' C E such that

M C7Zr + Bg0;¢].

In the context of extensions of measure-preserving systems, property
(CP) was introduced by Tao in [Tao09, Def. 2.13.7]. Our terminology is
reminiscent of “conditionally precompact”, which is the term Tao uses. See

also Remark [3.4] below.

PROPOSITION 2.8. Let E be a lattice-normed module over a Stone al-
gebra A. Then a subset M C E has property (CP) if and only if it is uni-
formly totally order-bounded.

Proof. The first implication is rather trivial. If M is uniformly totally or-
der-bounded and € € R+, then there is a finite set /' C F with inf,cp |2 —y|
< el for each x € M. Hence, given € M one finds idempotents p, = pz €A
with >  cppy = 1 and pylr — y[ < €1 for each y € F. It follows that
T € Zyeryy + Bgl0;¢] € Zr + Bg[0; ¢].

For the second implication note that

Zp = Bal0;1]-y
yeF

is uniformly totally order-bounded, by Lemma [2.:4] and Proposition [2.5]
Hence, if M has (CP), then M is uniformly totally order-bounded, again

by Lemma .
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3. Compact extensions. In this section we apply the abstract ter-
minology and results from Section [2] to the structure theory of measure-
preserving dynamics. To wit, we characterize extensions with discrete spec-
trum as compact extensions. In the classical case of Z%dynamics on sepa-
rable probability spaces, this is due to Furstenberg [Fur81, Thm. 6.13|. The
general case is due to Jamneshan |[Jam23| Thm. 4.1].

We briefly describe the set-up, for details see [EHK24]. Let G be a group
(any group, no topology). A measure-preserving G-system is a pair (X;7T)
consisting of a probability space X and a representation T' = (T})icq: G —
ZL(LY(X)) of G as Markov embeddings (= unital, integral-preserving linear
lattice homomorphisms). An extension of two measure-preserving systems
(Y;S), (X;T) is a Markov embedding J: L}(Y) — LY(X) with JS; = T;J
for all t € G. We write J: (Y;S) — (X;T) to denote the extension, or just
X]Y, for the sake of simplicity.

Given an extension X|Y, the space L?(X) becomes an L*®(Y)-module
in a natural way. (Basically, J identifies L?(Y) with L2(X,F, ux) for some
sub-o-algebra F of Yx.) Along with the extension comes the conditional
expectation operator Ey : LY(X) — LY(Y), which on the level of L?-spaces is
nothing other than the adjoint Ey = J* of J. It coincides with the classi-
cal conditional expectation under the identification of L'(Y) with its range
under J.

It turns out that the space

LA(X]Y) := {f € L*(X) | Ev|f[* € L®(Y)}
is a Kaplansky—Hilbert module over the Stone algebra A := L*°(Y) with
respect to the inner product
(fl9)y :==Ev(fg)
(see [EHK24, Prop. 7.6]). The lattice-valued norm of an element f € L(X]|Y)

is
[y = V(FIf)y = VEY|f*.

Note the difference between |f|y and |f|, the latter being the usual (point-
wise) modulus of f.

Since L2(X|Y) is G-invariant and (T3 f|Tig)y = Si(f|g)y, one arrives at
a KH-dynamical system as defined in [EHK24, Sec. 5.1|; see also |EHK24,
Sec. 7.2].

On L2(X]Y) we have three natural notions of convergence: convergence
with respect to the norm

||f||L2(X|Y) = H‘f|YHL°°(Y)7

convergence with respect to the L2-topology as a subspace of L?(X), and
order-convergence (see Appendix . The following result relates these no-
tions.
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LEMMA 3.1. Let X|Y be an extension of measure-preserving systems.
Then the following assertions hold:

(a) Within L2(X|Y) each norm-convergent net and each order-convergent
net is L2-convergent (to the same limit).

(b) If (fu)n is a sequence in L2(X|Y) which L2-converges to f € L*(X|Y),
then there is a subsequence (hy)n with the following property: for each
d € Ryg there is E € Xy with py(E€) < 6 and 1gh, — 1gf in the
norm of L2(X]Y).

(c) If M C L2(X[|Y) is an L>(Y)-submodule, then in L2(X|Y) its order-
closure coincides with its L2-closure. In particular, M is order-dense in
L2(X|Y) iff M is dense in L2(X).

(d) If M C L2(X|Y) is (uniformly) totally order-bounded, then so are the
sets

(M| :={|f| | feM} and M :={f]feM}

Proof. For (a) see |[EHK24, Lemma 7.5(ii)] and its proof, for (b) see the
proof of [EHK24] Lemma 7.5(iii)[; (c) is a consequence of (b) as in [EHK24,
Lemma 7.5.(iii)] and the fact that L2(X[Y) is dense in L?(X). For the proof
of (d) we observe that for f,g € L?(X|Y) one has

F1 = 1glly < If —glv

as a consequence of the reverse triangle inequality for the modulus. And this
implies

sup inf |u —wv|y = sup inf Hf\ - \gHY < sup inf |f —g|y
u€| M| ve|F) feEM geF feEM geF

for any finite F' C L2(X|Y). The proof for M’ is similar. m
We proceed with recalling a definition from |EHK24]@

DEFINITION 3.2. For an extension X|Y of measure-preserving G-systems
its (relative) Kronecker subspace is

EXY) :=clye U {finitely generated and G-invariant
L°°(Y)-submodules of L?(X)}.
The extension X|Y has discrete spectrum if &(X|Y) = L?(X).

In [EHK24], extensions with discrete spectrum were approached through
the theory of KH-dynamical systems. In particular, it was proved there that

E(X[Y) = clp2 FMp(X|Y),

(*) Actually, the definition in [EHK24] is slightly different, but proved to be equivalent
in [EHK24} Prop. 8.5].
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where
FM7p(X]Y) := U {G-invariant finite-rank KH-submodules of L*(X|Y)},

see |EHK24| Prop. 8.5].
Next, we define compact extensions.

DEFINITION 3.3. Let X|Y be an extension of measure-preserving G-sys-
tems (X;T) and (Y;S). An element f € L2(X|Y) is said to be conditionally
almost periodic if its orbit T f := {T.f | t € G} is uniformly totally order-
bounded in L2(X|Y), i.e., if for each ¢ € Rxq there is a finite set ' C L2(X[|Y)
such that

inf |T3f —gly <el forallted.
geF

The extension X|Y is compact if the set
AP (X|Y) := {f € L3(X|Y) | f is conditionally almost periodic}
is dense in L?(X).

REMARK 3.4. Given an extension X|Y it is common to call a subset M of
L2(X|Y) conditionally precompact if it is uniformly totally order-bounded. By
Proposition , this is consistent with Tao’s definition of this term in [Tao09,
Def. 2.13.7]. Hence, with this terminology a function f is conditionally almost

periodic if its orbit is conditionally precompact. (And this is still consistent
with [Tao09, Def. 2.13.7].)

The following result is a straightforward consequence of Lemmas (d)
and 311

PROPOSITION 3.5. For an extension X|Y of measure-preserving G-sys-
tems the sets

APr(X|Y) and {f € LA(X|Y) | Taf totally order-bounded}

are norm-closed G-invariant, conjugation- and modulus-invariant L>°(Y)-
submodules of L2(X[Y).

With these preparations at hand, we are now in a position to formulate
and prove the main result of this section.

THEOREM 3.6. Let X|Y be an extension of measure-preserving G-systems.
Then the following assertions hold:

(a) FMp(X]Y) € APr(X]Y) C {f € LA(X|Y) | T f totally order-bounded}.
(b) The L2-closures of all three sets in (a) coincide with &(X|Y).
(c) For each f € L*(X),
fe&X[Y) < Vo€ R oIE € Xy : uy(E°) <0 A1gf € APp(X[Y).
Proof. (a) If M is a G-invariant, finite-rank KH-submodule of L?(X]|Y)
and f € M, then the orbit T f is a bounded subset of M and hence
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uniformly totally order-bounded, by Proposition Hence FM7(X]Y) C
AP7(X[Y). The second inclusion is trivial, as each uniformly totally order-
bounded set is totally order-bounded.

(c) We shall prove the equivalence

f € cli2 APp(X]Y)
— Vb € RyodE € Xy : My(EC) <d A 1Ef S APT(X|Y)

Then (c) follows as soon as we prove (b) (see below).

The implication “<=” is straightforward. For the converse, fix a function
f € cli2 APp(X]Y) and some 6 € Rsp. In the first step we suppose in
addition that f € L2(X|Y). By assumption we find a sequence (f,), in
AP7(X|Y) with f,, — fin L2. Since f € L2(X|Y), by Lemmawe may pass
to a subsequence (hy, ), such that there is a subset £ € Xy with py (E€) < 0
and 1gh, — 1pf in the norm of L?(X|Y). Since AP7(X[Y) is a norm-closed
submodule of L2(X|Y), it follows that 1gf € AP7(X[Y) as required.

Finally, for general f € clj2 AP7(X|Y) we can find B € Yy such that
1pf € LA(X|Y) and py(B¢) < §/2. (For example, let B := [Ey|f|? < N]
for N > 0 large.) Since AP7(X]|Y) is an L*°(Y)-module, we see that 15f €
clp2 APp(X[|Y), and we can apply what we have already proved (with ¢
replaced by ¢/2). This yields a set C € Yy with uy(C) < §/2 such that
1pncf = 1c(1pf) € APp(X]Y). Taking E := B N C then yields what is
desired.

(b) By the inclusions in (a) it suffices to establish the implication

f € L2(X|Y), Taf totally order-bounded = f € &(X[Y).
By |[EHK24, Thm. 6.9] we may write
L2(X]Y) = L*(X|Y)as ® L*(X[Y)wm
as an orthogonal sum of KH-modules, where
L*(X|Y)qs = ocl(FM7(X[Y)) € &(X]Y).

Let @ be the orthogonal projection onto the KH-submodule L?(X[|Y)ym.
Then QT; = T;Q for each t € G, and hence ToQf = QTgf is totally
order-bounded whenever T f is, by Lemma (f) Therefore, it remains to
show

f € LA X|Y)wm, T f totally order-bounded = f = 0.

In order to do this, pick a function f satisfying the stated hypotheses. In
addition, we may and do suppose that |f]y < 1.

Fix ¢ € Rog. Since L®(X) is order-dense in L?(X[Y), by Lemma [2.4{g)
the net

F —supinf [T} f — gly
teG geF
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decreases to 0, where F' ranges over the finite subsets of L>°(X). Since the
LY(Y)-norm is order-continuous [EFHN15, Sec. 7.2], there is a finite set F' C
L*°(X) with

S sup inf |T3 f — gy <e.
v t€G geF

Now for t € G and h € F we certainly have
T f iy < [(Tf|Tof = B)y| + [(Tef|h)y| < Tof = hly + > 1(Tiflg)vl,
geF
and taking the infimum over h we arrive at
T fI% < inf |Tif—glv+ D [(Tiflg)y| < sup inf |Tsf —gly+ Y [(Tiflg)v|
ger s€G geF
geF geF

Integrating over Y we find, with n := #F being the cardinality of F, that

I£115 = 1T 115 = S TR <e+ Z I(Teflg)v

Y geF
1/2
<t 2( ST flo)vl3)
geF

for each t € G. Hence, it suffices to prove
inf > ||(Tif]g)v3 = 0.
teG
geF
But this is true by [EHK24] Prop. 8.8], since F' C L*°(X). =

As a corollary we obtain the announced characterization of extensions
with discrete spectrum.

COROLLARY 3.7. Let X[Y be an extension of measure-preserving systems.
Then the following assertions are equivalent:

(i) The extension X|Y has discrete spectrum.
(ii) The extension X|Y is compact, i.e., the space APp(X|Y) is dense in
L2(X).
(iii) The set {f € L2(X|Y) | Tgf totally order-bounded} is dense in L2(X).
(iv) For every f € L%(X) and every § € Rsq there exists a measurable set
E € Xy with py(E°) < 0 and such that 1gf € APp(X]Y).

REMARK 3.8. By Lemma [3.1| we can reformulate assertion (ii) in Corol-

lary [3-7) as
(i)’ The set AP7(X[|Y) is order-dense in L2(X|Y).
And (iii) can be reformulated as

(iii) The set {f € L2(X|Y) | Taf totally order-bounded} is order-dense in
L2(X]Y).
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Since also (i) can be reformulated entirely in terms of KH-modules, the
equivalence of (i), (ii), and (iii) could actually be formulated for arbitrary
KH-dynamical systems. However, whereas the implications (i)=-(ii)=-(iii)
are still valid in this more general situation, we do not know whether this
is also true for the implication (ii)=-(i). Our proof of Corollary hinges
on the Birkhoff-Alaoglu theorem, which refers to the global L2-dynamics, a
feature not present in the abstract framework of KH-dynamical systems.

4. Relative cyclical compactness. In this section we shall relate the
notions of total order-boundedness and relative cyclical compactness as de-
fined in |[Kus00|. For this we boldly assume the reader to be familiar with
the relevant notions.

As before, let E be a lattice-normed space over the Stone algebra A. We
let B be the complete Boolean algebra of idempotents on A and freely identify
A with C(£2) and B with Clop(£2), where 2 is the (extremally disconnected)
Gelfand space of A.

There is a canonical B-set structure @ on E defined by

[z#y]:=supp(lz —yl), [z=y]:=[z#y]° (z,y€kb).

Here we employ the notion of the support of an element of A as defined
in [EHK24, Sect. 2.1]. It was mentioned there that under the identification
A =C(2) one has [z =y] =1 —supp(|z — y|) = Ljjz—y|—0)-

In this terminology, Kusraev’s axioms for a B-set read (x,y,z € E):
(D) [z=y]=[y==]
2) [r=y]=1ez=y,
@) [z=ylly=2] <[z==].
Observe that one can take E = A here.

Suppose F,G are B-sets. Then a mapping f: F — G is a B-set map
(a “non-expanding” map in Kusraev’s terminology) if

[z=yl <[f(x)=fW)] (z,y€ek).
It is easy to see that for z € F the mapping
E—A, zw—z—2z,

is a B-set map.
A family (pa)o in B is a partition of unity if

Pa Apg =0 whenever a # 3 and \/pa =1.

«

(2) For the definition of a B-set see [Kus00, A.12]. Note, however, that Kusraev uses
the symbol “[x = y]” for something different than we do.
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Note that we allow p, = 0 in this definition. We recall the following (well-
known) result.

LEMMA 4.1 (Exhaustion principle/disjointification). Let (tq)a be any
family in B with \/ ,to = 1. Then there is a partition of unity (pa)a with
Pa < to for each a.

Proof. Let E := {e € B | 3a : e < t,} and let S C FE be a maximal
antichain, i.e. a maximal subset of pairwise disjoint elements. (This exists
by a standard application of Zorn’s lemma.) By maximality, each upper
bound of S is also an upper bound of all the t¢,, hence \/ S = 1.

For each s € S let a(s) be an index with s < ). (This is a direct
application of the Axiom of Choice.) Now define

pa = \/{s|a(s) = a}

for each index « (with \/() = 0 as usual). Then it is routine to verify that
(Pa)a has the required properties.

Alternative proof (sketch). By the well-ordering principle we may suppose
that the index set is well-ordered. Define

Go = \/{tg | B <a} and po =t A

for each a. Then, clearly, the p, are pairwise disjoint. Using the defining
property of a well-ordering, one shows that

ta < \/pa

BLa

is true for all v, and hence \/_, po =1 as desired.
Third proof (sketch). Let

M :={(sq) |V : B 3 sq <ty and Vo, 5 :a # = sq Asg = 0}.

The set M is partially ordered (componentwise). If (p,)s is a maximal el-
ement of M (which exists by Zorn’s lemma), then it satisfies the require-
ments. =

REMARK 4.2. The first step in the (first) proof of Lemma is corollary
(1) of Kusraev’s ezhaustion principle, see |[Kus00, 1.1.6]. Although not stated
explicitly, the lemma is applied a couple of times in [Kus00] (e.g. in the proof
of Theorem 5.3.6). And the remaining arguments are given in the proof of
Theorem 8.1.8.

The second proof is the transfinite version of the usual “disjointification”
procedure known from elementary measure theory courses. One can find it,
basically, in Sikorski’s book [Sik69, Thm. 2.20.2].

Let (pa)a be a partition of unity in B, and (z4), a family (over the same
index set) of elements in E. An element x € E is called the mizing of (z4)q
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over (pa)a if
Pa <[z =2o] foralla.

The mixing element x is uniquely determined by this condition and one
writes £ = ) PaZa-

Mixings are preserved under B-set maps. In the particular case of the
B-set map x — |z — z| from E to A, this means

m:Zpaaca = |z —z| :Zpa\:ca—z\.
[}

(0%
Of course, a mixing need not exist. A subset M of E is called miz-complete
if every mixing of elements of M (i.e., every mixing of any family in M
over any partition of unity of B) exists in M. And it is called B-cyclic (by
Kusraev |Kus00, 7.3.3]) or boundedly miz-complete (by us) if every mixing
of any bounded family in M exists in M. If mixings exist in M just for all
finite partitions of unity, the set M is called finitely miz-complete.

Note that in the expression x = ) o PaTo the sum is to be understood in a
purely formal way, just expressing that x is the mixing of the bounded family
(Za)a over the partition of unity (pa).. However, if F is a lattice-normed
module, one may interpret the sum as the net of partial sums

F— Zpaxa (F' C A finite),
a€cF
and the identity x = ) poo as stating that this net is order-convergent
to x. In particular, each lattice-normed module is finitely mix-complete, and
each Kaplansky—Banach module is boundedly mix-complete (= B-cyclic).
The following characterization links all these notions.

THEOREM 4.3. For a lattice-normed space E over a Stone algebra A the
following assertions are equivalent:

(i) E is finitely miz-complete and order-complete.
(ii) E is boundedly miz-complete (= B-cyclic) and norm-complete.
(iii) E is a Kaplansky-Banach module over A (for some (unique) multipli-
cation A x E — E).
(iv) E is a Banach—Kantorovich space (= decomposable, order-complete, lat-
tice-normed space [Kus00, 2.2.1]).
(v) E is disjointly decomposable and order-complete.

Proof. The equivalence of (i) and (ii) is basically [Kus00, Thm. 2.2.3]; the
implications (i),(ii)=-(iii) follow from [Kus00} 2.1.8|; (iii)=-(iv) holds since
each Kaplansky—Banach module is decomposable (in the sense of |[Kus00,
2.1.1]); (iv)=(v) is trivial.

We prove the implication (v)=-(i). Suppose that p € B and z1,29 € F.
For each j = 1,2 we can write |z;| = p|z;| 4+ p°|z;|. Disjoint decomposability
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yields elements u;,v; € E with x; = u; + vj and |uj| = plz;|, |vj] = p°lz;].
Define x := uy + v9. Then

[t=x1]>p and [z=ux2]>p°
and hence x = pr1 + p°rs in the sense of mixings. m

Let again F be a lattice-normed space over A. The miz-closure of M C E
in F is

mix(M) = {:C €eFE ‘ I(pm)menr partition of unity : x = Z pmm}.

meM

And M is miz-closed in E if mix(M) = M. It is straightforward that
mix(mix(M)) = mix(M), and hence mix(M) is mix-closed whatever M is.

We are now approaching the main result of this section. Formulating it
requires the notion of a (relatively) cyclically compact subset, see |[Kus00,
8.5.1]. However, we shall not work with the original definition, but with the
following equivalent characterization provided by [Kus00, Thm. 8.5.2].

LEMMA 4.4. Let E be a Kaplansky—Banach module. A miz-complete sub-
set M C E is relatively cyclically compact in E iff it has the following prop-
erty: For each € € Rs there is a countable partition of unity (qn)n in B and
a sequence (Fy), of finite subsets of E such that for each x € M there is
zn, € mix(F,,) with gp|z — 25| < €1.

Proof. See [Kus00, Thm. 8.5.2] and its proof. The original formulation
in [Kus00] requires the finite sets F;, to be subsets of M itself. However, the
proof literally yields only F,, C E and not F,, C M.

PROPOSITION 4.5. Let E be a Kaplansky—Banach module over a Stone
algebra A. Then for M C E the following assertions are equivalent:

(i) M is totally order-bounded.
(ii) M is bounded and mix(M) is relatively cyclically compact.

Proof. (i)=-(ii): Since M is totally order-bounded, it is bounded. For
each ' C FE the mapping x — infycp|r — y| is a B-set map and hence
respects mixings. Therefore,

sup inf |[x —y| = sup inf |z —y]

xeM yeF z€mix(M) yeF
for each finite F' C E. It follows that mix(M) is totally order-bounded. In
particular, as E is boundedly mix-complete and mix(M) is mix-closed in E,
mix (M) is mix-complete. So we may suppose without loss of generality that
M is mix-complete.

To show that M is relatively cyclically compact, we apply Lemma [4.4]
By hypothesis,

inf  sup inf |z —y| =0.
FePuin(E) zeM yeF
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As M is bounded, we may apply Lemma (h) and find r € R+ such that

inf  sup inf |z —y| =0,
Fepﬁn(E’l‘) zeM yeF

where E, := Bg[0; 2r], for short.

Now fix € € Ry. For each F' € Pgn(E;) let hp 1= sup,¢cy, infycp |z — y|
€ Ay. Define pp := [hp < €|° € B. Then hp > € on p%, and so \/ppr = 1.
By disjointification (Lemma there is a partition of unity (pr)repy,(E,)
such that prp < pp for each F, i.e.,

prsup inf [z —y| <el (F C E, finite).
xeM yeF

Let ¢, :== \{pr | F C E,, #F = n} for n € N. Then (¢,), is a partition
of unity in B. For fixed n € N and F' C FE, with #F = n we write F' =
{yF,...,yL"}. Define the (bounded!) mixings

vi= > pryl + >, pc0 (j=1,...,n).
#F=n #G#n
Now, let F, := {y7,...,yr}. In this case, if F' C E, with #F = n, then one
has, for x € M,

prjof le—yl=pr if le—yfl=pr iof |o—yf|=pr inf oy <<l

This yields g, infycr, | —y| < 1. But then it is easy to find z, € mix(F},)
with ¢, |z — 2| < el.

(ii)=(i): It suffices to show that mix (M) is totally order-bounded. Since
M is bounded, so is mix(M). As in the proof of the implication (i)=-(ii),
we conclude that mix(M) is mix-complete. Hence as above we may suppose
without loss of generality that M is mix-complete, and apply Lemma

Fix e € R5¢ and pick (gp)n and (F},)y, as in the lemma. Now fix n € N and
write Fy, = {y1,...,yq}. For each given x € M we then find a partition of
unity (pj)?zl such that the mixing z, := Z;l:1 p;y; satisfies g |z — 2,| < el.
The mapping z — |z — z| is a B-set map, hence it follows that

d
o B8 10 < D pile i = ke~ 2 < €1
]:
This implies, since M is bounded, that g, sup,¢,sinfyer, [x —y| < €1 and
hence

qn inf supinf |z —y| <el for each n € N.
FePan(E) zeM yeF

Since V/,, ¢» = 1, we obtain

inf sup inf |z —y| <el,
FePsin(E) zeM yeFy,

and this implies (i) as € > 0 was arbitrary. =
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Appendix A. Background. In this appendix we collect some basic
notions from the theory of lattice-normed spaces; see |[EHK24, Sec. 1.2], in
particular [EHK24] Def. 1.5 and Rem. 1.6(1)].

Let A be a commutative unital C*-algebra. A lattice-normed space over A
is a C-vector space E together with a mapping | -|: E — A, with the
following properties:

[#[=0e2=0, M| =], |e+yl<[z[+]y] (2,y€E, AeC).

Each lattice-normed space carries a natural norm given by ||z||g = |||z]]|
for x € E.
The algebra A is a lattice-normed space over itself, with | - | being the

usual modulus mapping. The induced norm is the natural one.
A lattice-normed space over A = C1 is just an ordinary normed space.
A lattice-normed module is a lattice-normed space together with a bilinear
mapping
AxE—E, (\z)— Az,

that turns F into an A-module such that
A=Al (AEA, feE).

A pre-Hilbert lattice-normed module is a lattice-normed module E to-
gether with an A-sesquilinear mapping

ExXE—=A,  (z,y) = (z[y),

satisfying (z|z) = |x|? for all 7 € E.

A subset M C E is order-bounded if there is f € Ay such that |z| < f
for all x € M. Clearly, M is order-bounded iff it is norm-bounded.

A net (u;); in Ay decreases to 0 (symbolically: u; N\, 0) if (u;); is decreas-
ing with inf; u; = 0.

A net (z4)q is order-convergent to x € E if there is a net (u;); in Ap
decreasing to 0 and with the property that

Vida; Va > a; : |xe — x| < ;.

In this case, z is the order-limit of (z4), and as such is uniquely determined.

If a net (z4)q converges to some x € E, then it order-converges to x.

A mapping f: E — F between lattice-normed spaces F and F is order-
continuous if it preserves order-convergence, i.e., whenever some (equiva-
lently, some bounded) net (z), order-converges to some x in E, then Tz,
order-converges to Tz.

The vector space operations and the modulus mapping |- |: E — A are
order-continuous.

An order-continuous linear mapping is norm-continuous, and hence maps
bounded sets to bounded sets.
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A subset M C FE is order-closed if it contains the order-limit of each
(equivalently, each bounded) net in M which is order-convergent (in E). The
order-closure ocl(M) is the smallest order-closed subset of E' containing M,
ie.,

ocl(M) = ﬂ {N CE|MCN, N order-closed}.
One can show that

(A1) ocl(M) C {x cE ‘ inf |z — 2| = o}
zeM
as the right-hand side set is order-closed; see [EHK24, proof of Lemma 1.13|.

LEMMA A.1. Let E, F be lattice-normed spaces over A. Then E X F is a
lattice-normed space over A with respect to the lattice-norm

[z, y)l ==zl + |y (z€E yeF).
Furthermore, for all subsets M C E and N C F,
ocl(M x N) = ocl(M) x ocl(N).

Proof. It is clear that F x F' is lattice-normed over A with respect to
| - ]1. A net ((za,Ya))a iIn E x F order-converges to (z,y) € E x F iff
zq — x and Yy, — y in order. Hence ocl(M) x ocl(N) is order-closed. If
A C E x F is order-closed with M x N C A, then for each x € M the set
{y € F | (z,y) € A} is order-closed and contains N, and hence contains
ocl(N). This yields M x ocl(N) C Q. By symmetry, ocl(M) x ocl(N) C A
and this concludes the proof. m

A net (z4)a is order-Cauchy if the net (|xo — zs])(a,3) order-converges
to 0. A lattice-normed space E is order-complete if each (equivalently, each
bounded) order-Cauchy net in E' is order-convergent.

Each order-Cauchy net ist norm-Cauchy, and each order-complete space
is norm-complete.

A commutative unital C*-algebra A is a Stone algebra if it is order-
complete (as a lattice-normed space over itself). Equivalently, A is Dedekind-
complete as a Banach lattice; see |[EHK24, Sec. 1.3].

By Gelfand’s theorem, we may identify A = C({2), where {2 is a compact
Hausdorff space. Then A is a Stone algebra iff {2 is extremally disconnected.

If F is a lattice-normed space over a Stone algebra A, then a bounded
net (xq)q in E order-converges to some x € E iff there is a net (uq)q (same
index set!) in Ay decreasing to 0 with |z — z4| < u, for all «; see also
[EHK24] Lemma 1.10].

A Kaplansky—Hilbert module is an order-complete pre-Hilbert lattice-
normed module over a Stone algebra; see [EHK24] Def. 2.1].
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