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Abstract. Let M be the set theory obtained from ZF by removing the collection
scheme, restricting separation to Ap-formulae and adding an axiom asserting that ev-
ery set is contained in a transitive set. Let II,-Collection denote the restriction of the
collection scheme to II,-formulae. We prove that for n > 1, if M is a model of M +
II,,-Collection +V = L and N is a topless ¥, +1-elementary end extension of M that sat-
isfies IL,_1-Collection, then II,+1-Collection holds in M. Here topless indicates that A
contains an ordinal that is not in M, but no least ordinal that is not in M. This result
is used to show that for n > 1, the minimum model of M + II,,-Collection has no 3, +1-
elementary end extension that satisfies II,,_i-Collection, providing a negative answer to
the generalisation of a question posed by Kaufmann.

1. Introduction. Paris and Kirby |[PK] reveal the connection between
fragments of the arithmetic collection scheme and the existence of proper
Yn-elementary end extensions of models of a weak subsystem of arithmetic.
They show that if M is a countable model of IAg, then for all n € w with
n > 1, M satisfies BX, 41 if and only if M has a proper Y,1-elementary
end extension. Here 1A is the subsystem of Peano Arithmetic obtained by
restricting induction to bounded formulae, and BY,, is obtained from 1A
by adding the arithmetic collection scheme for X,-formulae.

Let M~ be the set theory obtained from Kripke—Platek Set Theory
by weakening the foundation available to only set foundation, removing
Ag-Collection and adding an axiom, transitive containment, asserting that
every set is contained in a transitive set (see Section [2 below for details). In
[Kau, Theorem 1|, Kaufmann proves the following set-theoretic analogue of
Paris and Kirby’s aforementioned result:

THEOREM 1.1 (Kaufmann). Let n € w withn > 1. Let M = (M, €) be
a model of M—. Consider the statements
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(1) there exists N' = (N, eN) such that M <¢ny1 N and M # N;
(II) M [=1I,,-Collection.

If M=V =L, then (I)=(I1). And, if M is countable, then (II)=(I).

In [Kaul, it is not assumed that M satisfies set foundation and transitive
containment, and (I)=(II) is proved from the weaker assumption that M is
resolvable. Theoremabove also reformulates [Kau, Theorem 1] by making
use of the equivalence of collection for II,,-formulae with collection for ¥, 1-
formulae.

A result due to Simpson (see [Kaul Remark 2]) shows that for countable
limit ordinals «, (Lq, €) has a topless Xj-elementary end extension N that
satisfies Kripke-Platek Set Theory plus V=L if and only if (L,, €) satisfies
IT;-Collection. If v = wX, then (L,, €) is a model of Kripke Platek Set The-
ory in which there is a ¥;-fromula that defines a partial map from w onto
the ordinals and thus does not satisfy II;-Collection [Cho, Example 1.10(b)].
Therefore, <ng<, €) is a transitive model of Kripke-Platek Set Theory with
no proper Yi-elementary end extension that satisfies Kripke—Platek Set The-
ory. Using a generalisation of Simpson’s result, [M25 §3] shows that there
are transitive models of IL,,-Collection that have no proper ¥, 1-elementary
end extensions that satisfy II,,-Collection (indeed, these transitive models can
even satisfy powerset and full separation). Kaufmann [Kau, p. 102] asks:

QUESTION 1.2. If (Lo, €) has a proper Yao-elementary extension, does it
necessarily have one satisfying Ag-Collection ?

As shown in Lemma [3.1] each instance of Ag-Collection is II3. Using
Theorem the restriction of Question to countable ordinals, «, asks:
Does every (L,, €) that satisfies II;-Collection have a proper ¥s-elementary
elementary end extension that satisfies Ag-Collection? Clote [Clo, p. 39| (see
also [CK| Problem 33]) asks a generalised version of Kaufmann’s Question in
the context of arithmetic: For n € w with n > 1, does every countable model
of BY.,,+1 have a proper 3, 1-elementary end extension that satisfies BY,7
This suggests the following set-theoretic generalisation of Question

QUESTION 1.3 (Set-theoretic Kaufmann—Clote question). Let n € w with
n > 1. Does every (Lq,€) such that o is countable and (Lq, €) satisfies
I1,,-Collection have a proper ¥,i1-elementary end extension that satisfies
II,,_1 -Collection ?

Let M be the set theory obtain by adding the powerset axiom to M™.
This article provides a negative answer to Question (and in particular a
negative answer to Question by showing that if n € w with n > 1 and «
is the least ordinal such that (L, €) satisfies M +1I,,-Collection, then (L, €)
has no proper X, t1-elementary end extension that satisfies I1,,_1-Collection.
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This result is obtained from the following strong variant of the aforemen-
tioned result of Simpson:

MAIN THEOREM 1.4. Let n € w with n > 1. Let M be a model of
M +I1,,-Collection + V= L. If N is a topless Xy, 1-elementary end extension
of M that satisfies I1,,_1-Collection, then M satisfies 11,41 -Collection.

In contrast, recent work of Sun [Sun| shows that if n € w with n > 1,
then every countable model of BY,; has a proper X, i-elementary end
extension that satisfies BY.,,, providing a positive answer to Clote’s question
[Cld, p. 39].

Section analyses the theory that >, 1-elementarity transfers to a 3, 1-
elementary end extension of a structure that satisfies M + II,,-Collection,
showing that additional collection holding in the end extension allows us
to transfer more foundation from the structure being extended. Section [4]
proves the base case (n = 1) of the Main Theorem, and Section [5| proves the
Main Theorem for n > 2.

2. Background. Throughout this paper, £ will denote the language of
set theory, first-order logic with equality (=) and a binary relation symbol €.
As usual, Ay (= Xp = 1), X1, I3, ... denote the Lévy classes L-formulae.
Takahashi [Tak] introduces the class A}’ extending Ag that consists of all
L-formulae whose quantifiers are bounded either by the membership relation
(€) or the subset relation (C). Let T be a theory in a language that contains
L and let T be a collection of £-formulae. We use I'"' to denote the collection
of L-formulae that T proves are equivalent to a formula in I'. We use AT
to denote the collection of formulae that T" proves are equivalent to both a
Yp-formula and a II,-formula.

We use Separation and Collection to denote the usual set-theoretic sepa-
ration and collection schemes, respectively, that are used to axiomatise ZF.
Foundation denotes the theorem scheme of ZF asserting that every nonempty
definable (with parameters) class has an €-minimal element. If I' is a collec-
tion of formulae, then we use I'-Separation, I'-Collection and I'-Foundation to
denote the restrictions of the schemes Separation, Collection and Foundation,
respectively, to formulae in I". We use Set-Foundation to denote the single
axiom asserting that every set has an €-minimal element.

Let M~ be the L-theory with axioms:

(Extensionality) VzVy(z =y & Vz(z €z & 2z €y));

(Pair) VaVydz(z € zAy € 2z A (Yw € 2)(w =2 Vw =1y));
(Union) Vaedy((Vz € z)(Vw € z)(w € y) A (Yw € y)(3z € x)(w € 2));
(Emptyset) Jx(Vy € 2)(y # v);
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D exn(Vyex)(Iz €x)

(Vwez)(w=yVwey ANNwey)(wez)Ay € 2));
TCo) Vedy((Vz € z)(z € y) A (Vz € y)(Vw € 2)(w € y));
Set-Foundation) Vz((Fw € z)(w = w) = (Jy € 2)(Vz € y)(z ¢ 2));

o-Separation)  for all Ag-formulae ¢(z, 2),
VZVwIy((Vo € y)(x € w A ¢z, 2)) A (Vo € w)(¢p(z,2) = x € y)).

This makes it clear that M~ is axiomatised by a collection of Il,-
sentences. The theory M is obtained from M~ by adding the II3-sentence

Infinity)

(
(
(
(A

(Powerset) VadyVz(z € y < z C x).

Kripke—Platek Set Theory (KP) is obtained from M~ by removing In-
finity and adding Ag-Collection and II;-Foundation. The theory KPI is ob-
tained from KP by adding Infinity. This differs from |[Bar| and [Fri] where
Kripke-Platek Set Theory is defined to include Foundation instead of the
more restrictive II1-Foundation. It should also be noted that TCo is not usu-
ally included as an axiom of either KP or KPIl. However, as is shown in
[Mat01l, Proposition 1.20], TCo is a consequence of the other axioms of KP
making its addition here superfluous.

The presence of TCo and Set-Foundation in M~ means that for any col-
lection I' of formulae, I'-Separation implies I'-Foundation. The axiom TCo
also facilitates the equivalence between Foundation and set induction. In
the theory M~, I'-Foundation is equivalent to set induction for all formu-
lae in ="' = {—¢ | ¢ € I'}. It is well known (by generalising the proof of
[Bar, Theorem 1.4.4], for example) that, over the theory M~ II,-Collection
is equivalent to ¥,,41-Collection. [FLW, Theorem 4.13] shows that the theory
M~ + II,,-Collection proves the following separation scheme:

(A 41-Separation)  for all ¥, 1-formulae ¢(z, Z), and for all I, ;-formulae
Y(z,2),
VZ(Vu(p(v, 2) < P(v, 2)) = YwIyVe(x € y & x € w A ¢(x, 2))).

Another important consequence of Collection is that the levels of Lévy
hierarchy are essentially closed under bounded quantification. In partic-
ular, [FLW| Proposition 2.4| notes that if 7' is an L-theory that proves
M~ + II,,-Collection, then both Eg 41 and HZ 41 are closed under bounded
quantification.

We will use M, N, ... to denote structures. If M is an L-structure, then
we will use M to denote the underlying set of M and €™ to denote the
interpretation of € in M, i.e. M = (M,eM). Let M = (M,eM) and N =
(N, eM).

e We say that M is a substructure of N, and, abusing notation, write
MCN,if M C N and €V agrees with eM on M x M.
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e We say that M is an (X,,-) elementary substructure of N, and write M <N
(M <, N, respectively) if M C N and for all L-formulae (X,-formulae,
respectively) ¢(Z), and for all @ € M, M = ¢(a) if and only if N = ¢(a).

Suppose that M and N satisfy M~.

o We say N is an end extension of M, and write M C, N, if M C N and
forally e M andall z € N, if N Ex € y, then x € M.

e We say that N is a topless end extension of M, and write M Cigopless N, if
M C. N and N contains an ordinal that is not in M, but no least ordinal
that is not in M.

e The structure N is a (topless) powerset-preserving end extension of M,

written M CP N (M sz)pless N, respectively), if M Ce N (M Cyopless
N, respectively) and for y € M and for all x € N, if N |= (z C y), then
x e M.

e We call N a (topless) Xy -elementary end extension of M, and write
M <en N (M <topless,n N, respectively), if M C, N (M Ctopless N,
respectively) and M <, N.

Note that Ag-properties of points in an L-structure M are preserved in
every end extension, and Ag—properties of points in an L-structure M are
preserved in every powerset-preserving end extension.

Both KP (see [FLW| Lemma 4.1|) and M (see [Mat01, Proposition 3.10])
are capable of defining a ternary relation =(u,m,z) that expresses that the
formula with Gédel code m and parameters given by x holds in the struc-
ture (u,€). We write (u, €) = ¢(x1,...,2zx) instead of E=(u,m,z), where
m = "¢(v1,...,vx)" and © = (z1,...,2k). As noted in [FLW) Lemma 4.1],
the formula =(u,m,z) is AKP It is a consequence of [Mat01l, Proposi-
tion 3.10], which makes no use of the axiom TCo, that the theory M proves
that for all u, the collection {(m,z) € w x u=¥ | =(u,z,m)} is a set. For
I' = %, or II,,, the theory KP defines a formula Satp(m,z) asserting that
m is the Godel code of a I-formula ¢(vy,...,v;), © = (r1,...,2) and
é(z1,...,7x) holds. The formula Sata,(n,z) is AXP and if T = %, or II,,
and n > 1, then Satp(m, x) is TKP. We use X <,, V to abbreviate the formula
(with parameter w)

(Vm € w)(Vz € X<¥)(Saty,, (m,r) = (X, €) | Saty,, (m, x)),
asserting that (X, €) is a substructure of the universe that preserves X,-

properties of tuples in X. The formula X <, V is H;fp'.

(*) In [Mat06], Mathias shows that the formula =(u,m, ) is A1 in several systems
that are strictly weaker than KP.
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We use Ord to denote to class of ordinals. As noted in [FLW, §4|, the
theory KP is capable of defining Godel’s constructible universe:

Lo=0, L,= U Lg if o is a limit ordinal,
BEa
Lot1 = LaUDef(Ly), and L= [ La,
a€eOrd

where Def(X) is the set of subsets of X that are the extension of a first-order
formula (with parameter) according to the structure (X, €). In particular,
the function oo — L, is provably total in KP, and AlKP. The following axiom
asserts that every set is a member of the constructible universe and can be
expressed as a Ils-sentence in KP:

(V=1L) VzIda(z € Lqy).
DEFINITION 2.1. Let T be an L-theory. A transitive set M is the mini-

mum model of T if (M, €) = T and for all transitive N such that (N, €) = T,
M C N.

Gostanian |Gos| shows that many natural subsystems of ZF have min-
imal models. In particular, the following is a consequence of [Gos, Theo-
rem 1.6(b)]:

THEOREM 2.2. Letn € w with n > 1. The theory M + I1,,-Collection has
a minimum model. Moreover, the minimum model of M +11,,-Collection is of
the form Ly, where a € w1.

In the presence of enough Foundation, the theory M + II,, 1 Collection is
capable of building a transitive model of M +1II,,-Collection. Theorem [2.3]is a
weakening of [M19, Theorem 4.4] obtained by observing that II,-Foundation
implies that induction on the natural numbers holds for all ¥,,-formulae.

THEOREM 2.3. Let n € w with n > 1. The theory
M + II,, 1 -Collection + II,, y2-Foundation
proves that there exists a transitive model of M 4 Separation + I1,,-Collection.

Theorems [2.2] and immediately imply that the minimum models of
M + II,,-Collection and M + II,, 1-Collection do not coincide.

COROLLARY 2.4. Letn € w withn > 1. Let o« € wy be such that L,
is the minimum model of M + II,,-Collection. Then (Ly, €) does not satisfy
11,41 -Collection.

IMI19, §4| shows that, for n > 1, M + II,-Collection + II,,;1-Foundation
proves the consistency of M + II,,-Collection. Combined with the fact that,
for all n > 1, M + II,,-Collection proves that M + II,,-Collection holds in its
own constructible universe, this yields:
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THEOREM 2.5. Let n € w with n > 1. The theory M + I1,,-Collection +
V =L does not prove I, 1-Foundation.

The set theory MOST, studied in [Mat01], is obtained from M by adding
Ag-Collection, 3;-Separation and the Axiom of Choice (AC). In particular,
MOST is a subtheory of M + II1-Collection +V =L. A key feature of MOST,
and the source of its name, is the fact that it proves Mostowski’s Collapsing
Lemma: Every well-founded extensional relation is isomorphic to a unique
transitive set by a unique isomorphism known as the transitive collapse.
This, combined with the absoluteness of the levels of the constructible uni-
verse between transitive models and the first-order expressibility of being
constructible, allows us to apply Gédel’s Condensation Lemma in MOST.
The following can be obtained as a consequence of [Mat01, Lemma 4.18| or
by observing that the proof of [Dev, Theorem I1.5.2| can be carried out in
MOST.

LEMMA 2.6. The theory MOST proves that for all limit ordinals 6, if
(X,€) < (Ls, €), then there exists o« < 0 such that the transitive collapse of
(X, €) is isomorphic to (Lq, €).

A key ingredient used in the results proved in Sections 4] and [3] is a
generalisation of a result of Simpson (see [Kau, Remark 2|) that is proved in
IM25] Theorem 3.1]:

THEOREM 2.7. Let n € w with n > 1. Let M = (M, €M) be such that
M = KP +V=L. Suppose that N = (N, EN> is such that M <toplessn N
and N | KP. If N' | II,,_;-Collection or N' |= II,,;2-Foundation, then
M = 11, -Collection.

Theorem is used in [M25] §3] to show that for n > 1, the minimum
model of M + Separation + II,,-Collection has no proper ¥, 1-elementary end
extension that satisfies either KP + II,,-Collection or KP + 11, 3-Foundation.

3. The theory transferred to partially-elementary end exten-
sions. In this section we show that for all n > 2, if A is a ¥, 1-elementary
end extension of M that satisfies M~ + II,,-Collection + V =L, then N sat-
isfies M~ + II,,_o-Collection + X,,_1-Separation 4+ V = L. Moreover, if in addi-
tion M satisfies Powerset and A satisfies II,,_1-Collection, then N satisfies
Y.,,-Separation. We also show that if N is a ¥s-elementary end extension of
M that satisfies M~ + II;-Collection and N satisfies Ag-Collection, then A
satisfies > U II1-Foundation.

LEMMA 3.1. Let n € w. The theory M~ + 1I,,-Collection is azriomatised
by a collection of 11,1 3-sentences.
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Proof. We prove this by induction on n. We have already observed that M~
is axiomatised by a collection of IIo-sentences. Every instance of Ag-Collection
is of the form

VZ2Vw((Ve € w)Jyp(z,y, 2) = Je(Va € w)(Jy € ¢)p(z,y, 2)),

where ¢(z,y, Z) is Ag. Each of these instances is equivalent to a ITs-sentence.
This shows that the lemma holds when n = 0. Now, let k& > 0 and assume
that I' is a collection of IIj 3-sentences that axiomatise M~ + I1-Collection.
Let ¢(z,y,Z) be a Il -formula. The instance of IIxi-Collection for the
formula ¢(z,y, 2) is

(3.1) VZVw((Va € w)Iyd(z,y, 2) = Je(Va € w)(Jy € ¢)d(x,y, 2)).

In the theory M~ + II;-Collection, (3.1 is equivalent to a Iy 4-sentence.
Therefore, there is a collection A of IIx4-sentences such that I'U A axioma-
tises M~ + Il ;-Collection.

LEMMA 3.2. Let n € w. For each instance o of X,1-Separation, there
exists a I, y3-sentence v such that M~ + II,,-Collection - (o < 7).

Proof. Let o be an instance of ¥,,41-Separation. Therefore, o is

VZVw3y((Ve € w)(o(z,2) =z € y) A (Vz € y)(x € w A ¢(z, 2))),

where ¢(z,2) is a X,qi-formula. In the theory M~ + II,-Collection, this
sentence is equivalent to a II,3-sentence. m

LEMMA 3.3. Let n € w. There exists a collection I' of 11, 1o-sentences
such that

M™ + II,,-Collection + I" - 11,41 U 3,11 -Foundation

and
M~ + II,,-Collection + I, 1 U ¥, 41 -Foundation - T'.

Proof. ¥,,4+1 UIlL,4+1-Foundation is the scheme: for all ¥, U Il,,4-for-

mulae ¢(z, 2)

VZ (Bxg(x, Z) = Fy(o(y, 2) A (Vw € y)(=g(w, 2)))).
In the theory M, ¥, 11 UIL,,1-Foundation is equivalent to the scheme: for

—
)

all 3,41 UIl,4+1-formulae ¢(z, 2)

(32) VZVu((Fr € u)g(x, %) = (y € u)(d(y, 2) A (Vw € y)(=o(w, 2)))).
In the theory M~ + II,-Collection, each instance (3.2)) is equivalent to a
II,,42-sentence. =

THEOREM 3.4. Let n € w with n > 2. Let M = (M, ™M) be such that
M = M +11,-Collection+ V=L. If N = (N, EN) is such that M <cpt1 N,
then

N E M +11,,_s-Collection + X, _1 -Separation + V = L.



Set-theoretic Kaufmann—Clote question 9

Proof. Let N' = (N,eV) be such that M <en+1 N. Since n > 2 and
M <ens1 N, N =M+ V=L. So, by Lemma [3.1}

N E M +11,,_»-Collection + V = L.
Therefore, Lemma yields the conclusion. m
THEOREM 3.5. Let M = (M, &™) be such that
M E M + I1; -Collection + V = L.
If N = (N, EN> is such that M <¢2 N and N }= Ag-Collection, then
N = KPI + X1 -Foundation + V =L.

Proof. Let N = (N, eV be such that M <.5 A and N = Ag-Collection.
Since M <2 N, N = M~ 4+ Ay-Collection 4+ V = L. Therefore, Lemma

implies the conclusion. =

The presence of Powerset in M allows 3, 1-Separation to be derived from
I1,,-Collection together with II,-Foundation. The following is [M25, Theorem
5.9]:

THEOREM 3.6. Let n € w with n > 1. The theory M + II,,-Collection +
I1,,+1-Foundation proves ¥, y1-Separation.

This means that if we have enough partial-elementarity to transfer Power-
set to the end extension and we know that the end extension satisfies enough
collection, then more separation is also transferred to the end extension.

THEOREM 3.7. Let n € w with n > 2. Let M = (M, ™M) be such that
M = M +11,,-Collection + V=L. If N = (N, EN) is such that M <¢pny1 N
and N = II,,_1 -Collection, then

N E M +11,,_; -Collection + X,,-Separation + V = L.

Proof. Let N' = (N, V) with M <emt+1 N and N = II,,_;-Collection.
Since n > 2 and M <¢p41 N, N = M + II,_;-Collection + V =L. So, by
Lemma N = M + 11I,,_1-Collection + II,,-Foundation + V = L. Therefore,
since n > 2, Theorem yields the conclusion. =

4. Ys-elementary end extensions that satisfy Ay-Collection. In
this section we show that if M is a model of M+1I;-Collection+V = L that has
a topless Yo-elementary end extension AN that satisfies Ag-Collection, then M
must satisfy IIo-Collection. This result is used to provide a negative answer to
Kaufmann’s Question (Question by showing that the minimum model of
M + II;-Collection has no proper Ys-elementary end extension that satisfies
Ag-Collection.

The following is a slight strengthening of [M25, Lemma 5.7| that is ob-
tained by observing that the proof of [M25, Lemma 5.7] makes no use of the
assumption that the end extension satisfies M:
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LEMMA 4.1. Let M = (M, €) and N = (N, V) be such that M = M.
If M <1 N, then M CT N.

Note that a proper Yo-elementary end extension of a model of M +
IT;-Collection that satisfies Ag-Collection need not satisfy Powerset or the
assertion that there is no greatest cardinal. Nevertheless, an overspill ar-
gument allows us to see that such an end extension must contain a new
cardinal.

LEMMA 4.2. Let M = (M, ™) be such that M }= M + I -Collection +
V=L. If N = (N,&V) is such that M <.o N, M # N and N |=
Ag-Collection, then there exists r € Ord \ Ord™ such that

N = (k is a cardinal).

Proof. Let N' = (N,eV) be such that M <.o N, M # N and N =
Ag-Collection. By Theorem [3.5

N = KPI + ¥;-Foundation + V =L.

By Lemma M CP N Using the fact that M # N, let 8 € Ord \ Ord™M.
Using 1-Foudation in AV, let k be the €-least element of the class

A={ye OrdV | 3f(f : v — B is a bijection)}.
Then N = (k is a cardinal). Now, suppose that x € M. But then, since
M CP N, the well-ordering of x with order-type J3 is also in M. Since M |=

M + IT;-Collection +V =L, this implies that 8 € M, which is a contradiction.
Therefore, x € Ord™ \ Ord™. u

In the theory ZF + V=L, if K > w is cardinal, then (L, €) satisfies
KPI + Separation, the universe is a powerset-preserving end extension of L
and the universe is a X1-elementary end extension of L. Here we verify that
these properties of L, where k¥ > w is a cardinal, can be proved in the theory
M + II;-Collection + V =L.

LEMMA 4.3. The theory M + 11 -Collection + V =L proves that if kK > w
1s a cardinal, x € L and y C x, then y € Ly.

Proof. Work in the theory M + II;-Collection + V=L. Let K > w be a
cardinal. Let x € L,; and let y C x. Let v € s be such that x € L,. Note that
|L,| < k. Let A be a limit ordinal such that y, L, € Ly. Taking a Skolem
hull of (Ly, €), let (X, €) < (Ly, €) be such that L, U{y} C X and |X| < k.
Taking the transitive collapse of (X, €) and using Godel’s Condensation
Lemma, we obtain Lg € L, such that y € Lg. Therefore y € L.

LEMMA 4.4. The theory M + 11 -Collection + V =L proves that if kK > w
is a cardinal, then (L, €) = KPI + Separation + V =L.

Proof. Work in the theory M + II;-Collection + V=L. Let kK > w be
a cardinal. It follows from Lemma and the fact that L, is a set that
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(Lk, €) = M~ + Separation. To verify Ag-Collection, let ¢(z,y, Z) be a Ag-
formula. Let @,b € L, be such that

(L, €) = (Vo € b)Iyo(z,y, a).

Let v € k be such that @,b € L,. Note that |L,| < k. Let A\ > s be a limit
ordinal. Since ¢(z,y, 2) is Ag and L, € Ly,

<L)\a €> ’: ElC(Vl’ € b)(zly € C)¢($,y, 6)
Taking the Skolem hull of (L, €), let (X, €) < (Lx, €) be such that L, C X
and | X| < k. Taking the transitive collapse of (X, €), we obtain Lg € L,
and an isomorphism between (X, €) and (Lg, €) that is the identity on @, b.
Therefore,

(Lg, €) = Fe(vVa € 0)(3y € c)d(x,y, a).

And so, since ¢(z,y,ad) is Ao,
(L, €) = Jc(Vr € b)(y € c)¢p(x,y,q).
This shows that (L, €) satisfies Ag-Collection, and so
(Ly, €) = KPl 4 Separation + V=L. u

LEMMA 4.5. The theory M + 111 -Collection + V =L proves that if Kk > w
is a cardinal, then for k € w and for all x € Ly, if Saty, (k, ), then

(L, €) | Saty, (k, 2).

Proof. Work in the theory M + II;-Collection + V=L. Let k > w be a
cardinal. Let ¢(k,x,y) be a Ag-formula such that

KPI I VkVx(Saty, (k, x) <> Jyo(k, z,y)).

Let k € w and let € L,. Suppose that Saty, (k,z) holds. Let y be such
that ¢(k,z,y) holds. Let A > k be a limit ordinal such that y € L. So,
(Lx, €) = Jyé(k, x,y). Let v € k be such that w, z € L. Note that |L,| < k.
Taking the Skolem hull of (L, €), let (X, €) < (Lx, €) be such that L, C X
and | X| < k. Taking the collapse (X, €), we obtain Lg € L, and an isomor-
phism between (X, €) and (Lg, €) that is the identity on « and k. Therefore,
(Lg,€) = Jyp(k,z,y). So, since ¢ is Ag, (L, €) = yp(k, z,y). Therefore,
(Ly, €) = Saty, (k,z). =

The proofs of Lemmas [4.3 make use of the fact that the theory M +
II;-Collection +V = L proves the Mostowski Collapsing Lemma, a result that
is not provable in KPI 4 ¥{-Foundation + V = L. Despite this, if M satisfies
M + II;-Collection + V =L, then we can exploit elementarity to show that
if M <¢2 N and N satisfies Ag-Collection, then the properties of L, ob-
tained from Lemmas [4.3 also hold for L, in N where & is a cardinal in

OrdV \ Ord™M.
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LEMMA 4.6. Let M = (M, ™) be such that M }= M + I -Collection +
V=L. Let N = (N, eN) be such that M <.2 N and N = Ag-Collection. If
k€ Ord™ \ OrdM is such that N' = (k is a cardinal), then

(LM)*, V) |= KPI + Separation + V = L.

Proof. By Theorem N | KPI + ¥-Foundation + V=L. Let x €
Ord™V \ Ord™ be such that N = (k is a cardinal). Let o¢(z) be the formula

VA((z € AA X is a cardinal) = ((Ly, €) = KPI + Separation + V=1L)).

Note that og(z) is IIKF!. Now, Lemma shows that M |= og(w). So, since
M <2 N and N = KPI, N = 0g(w). This yields the conclusion. =

LEMMA 4.7. Let M = (M, &™) be such that M = M + II;-Collection +
V=L. Let N = (N, eN) be such that M <.2 N and N = Ag-Collection. If
k€ OrdN \ OrdM is such that N |= (k is a cardinal), then

M <o (LAY, V).

Proof. By Theorem N E KPI + X;-Foundation + V=L. Let x €
OrdV \ Ord™ be such that N = (k is a cardinal). Let o1(z) be the formula

(z € AA Ais a cardinal) =
(Vk € w)(Va € Ly)(Satg, (k,z) = (Ly, €) = Satg, (k,z)) )

Note that o1(2) is IIKP!. Lemma shows that M = o1(w). So, since
M <o N and N | KPI, N = 01 (w). In particular,

M <eq (EN)*, eNY <1 N

Now, let ¢(x, Z) be a II;-formula. Let @ € M and suppose that ((LY)*, eV)
= 3z¢(x,a@). Let b € (LY)* be such that (LN)*, V) = ¢(b,a@). Since
(LY, eNY <1 Ny N ¢(b,@). In particular, N |= 3z (x, @). Therefore,
since M <.o N, M |= 3z¢(x,@). This shows that M <o (LV)*, V). u

This allows us to prove the base case (n = 1) of the Main Theorem
(Theorem |1.4)).

THEOREM 4.8. Let M = (M, €™) be such that M |= M +11;-Collection +
V=L. IfN = (N,&V) is such that M <iopless2 N and N = Ag-Collection,
then M = TIz-Collection.

Proof. Let N = (N, eV) with M ~topless,2 N and N = Ag-Collection.
By Theorem N = KPI + X1-Foundation + V =L. Using Lemma , let
r € OrdV \ Ord™ be such that N = (k is a cardinal). Therefore, by Lemma

M <iopless,2 (LMY, eN). Moreover, by Lemma (LMY, ey =
KPI 4 Separation. Therefore, by Theorem M = TIz-Collection.

Using this result we show that the minimum model of M + I1;-Collection
has no proper Ys-elementary end extension that satisfies Ag-Collection.
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THEOREM 4.9. Let a € wy be such that Lo is the minimum model of
M + II;-Collection. There is no N' = (N,eN) such that (La,€) <e2 N,
Lo # N and N |= Ag-Collection.

Proof. Note that, by Theorem there exists a € wy such that L, is
the minimum model of M + II;-Collection. Suppose, for a contradiction, that
N = (N, ") is such that (La, €) <ca N, N # L, and N = Ag-Collection.
By Theorem [3.5]

N = KPI + ¥;-Foundation + V =L.

Since N # Lg, OrdV \ Ord =€) is nonempty. Suppose, for a contradiction,
that ~ is the least element of OrdV \ Ord{Le-€)  Therefore, (L/vv)* = Lg, and

N = Fz((z is transitive) A ((x, €) E M + II;-Collection)).
Since (Lq, €) <e1 N,
(Lo, €) = Jz((x is transitive) A ((x, €) = M + II;-Collection)),

but this contradicts L, being the minimum model of M + II;-Collection.
Therefore, (L, €) <topless,2 - S0, by Theorem [4.8] (L, €) = Ia-Collection,
which contradicts Corollary ]

This result shows that complexity of the scheme Ag-Collection computed
by Lemma [3.1]is best possible.

COROLLARY 4.10. Let o € wy be such that Ly is the minimum model of
M + I1; -Collection. There is no collection I' of Y3-sentences such that

(Lo, €) =T and M™ 4+ T' F Ag-Collection.

5. Y t1-elementary end extensions that satisfy 1I,,_;-Collection.
Here we generalise the results of the preceding section to prove that for
n > 1, if M satisfies M + II,,-Collection + V =L and N is such that

M '<t0pless,n+1 N

and N satisfies II,,_1-Collection, then II,1-Collection holds in M. This al-
lows us to show that for all n > 1, the minimal model of M + I1,,-Collection
has no proper X, t1-elementary end extension that satisfies I1,,_1-Collection.

We begin by showing that if M satisfies M + I1,,-Collection + V =L and
N is a proper extension of M such that M <.,+1 N and N satisfies
I1,,—1-Collection, then 3, 1-Separation must hold in M.

THEOREM 5.1. Let n € w with n > 1. Let M = (M, &™) be such that
M = M +11,-Collection+ V=L. If N = (N, GN) is such that M <¢pt1 N,
M # N and N | 1I,,_1 -Collection, then M |= ¥, 1-Separation.
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Proof. Let N' = (N,eV) be such that M <11 N, M # N and N =
IT,,_1-Collection. By Theorems and

N | KPI+11,, U 3,,-Foundation + V = L.

Using Lemma , let k& € Ord™ \ Ord™ be such that A |= (k is a cardinal).
Note that, by Theorem we need to show that II,,;-Foundation holds
in M. Towards this end, let ¢(y, x, Z) be a ¥,-formula and let @ € M. Using
the fact that M <. 11 N, for all x € M,

(5.1) M EVyo(y,xz,d) if and only if N | (Vy € L,)o(y, x, @).
Now, the formula (Vy € L)¢(y,z,2) is equivalent to a X,-formula in N.
Suppose that b € M is an element of the class A = {z €¢ M | M
Vyp(y, x,a)} of M. Consider the class

B={ze N[N (zeb)A(Vy e L)y, z,a)}.

By , if B is empty, then b is an €-minimal element of A. Otherwise, (|5.1]
implies that any €-minimal element of B is also an €-minimal element of A,
and X,-Foundation in A ensures that B must have an €-minimal element.
This shows that II,,41-Foundation and thus X,,41-Separation holds in M. =

REMARK 5.2. By Theorem there exists M = (M, €M) such that
M = M+11,,-Collection+V =L and I1,, ;-Foundation fails in M. Theorem|5.1
shows that such an M does not have a proper X, 1-elementary end extension
that satisfies 1I,,_1-Collection. Therefore, Theorem already shows that
there exist nonstandard models of M + II,,-Collection that have no proper
Yn+1-elementary end extension satisfying I1,,_1-Collection.

The following is a weakening of [Resl, Corollary 1.27], which is attributed
to R. Pino, obtained by noting that, in the theory KPI, II,,i-Foundation
implies the principle of induction on the natural numbers for 3, 1-formulae.

LEMMA 5.3 (Pino). Let n € w with n > 1. The theory
KPI + II,,-Collection + II,, 1 1 -Foundation + V=L

proves that for all ordinals «, there exists an ordinal B > « such that
LB —<n V.
This allows us to prove the Main Theorem in the cases where n > 2.

THEOREM 5.4. Let n € w with n > 2. Let M = (M, eM) be such that
M E M 4 T0,-Collection + V=L. If N = (N, &) with M <opless.ni1 N
and N = 11,,_1 -Collection, then M |= 11,41 -Collection.

Proof. Let N' = (N, €N> be such that M <ioplessnt1 N and N =
I1,,_1-Collection. By Theorem

N | M + 11,,_1-Collection + X,,-Separation + V = L.
Using Lemma , let x € Ord™ \ Ord™ be such that A" = (k is a cardinal).
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Work inside N. Consider
A={X e L, |3p(X = L) N (X <, V)},
which is a set by X,,-Separation. Let
B={¢cr|(@recA)EFca)Berne<p))

Let n = sup(B).

Work in the meta-theory again. By Lemma , Ord™ C B*. Further-
more, B* N (Ord" \ Ord™) M‘é (), otherwise n would be the least element of
Ord" \ Ord™. Let a € Ord" \ Ord™ be such that LY € A*. Therefore,

M <topless,n <(L£/)*? €N> <en N.

Let ¢(x,Z) be a II,-formula and let @ € M. Suppose that ((L)*,eV)
= 3zd(x,@). Let b e (LY) be such that (LN)*, eV |= ¢(b,a@). So, N =
Jx¢(x,d). And, since M <41 N, M |= Jzé(x,d). This shows that
M Zioplessmi1 (LY)*, V). Note that, since n > 2 and LY is a set in N,

(LMY, €Y £ KPI + Separation.
Therefore, by Theorem [2.7, M |= II,,,1-Collection.

Theorem [5.4] allows us to generalise Theorem [1.9 and provide a negative
answer to Question by showing that for n > 2, the minimum model of
M+11,,-Collection has no proper 3,1 1-elementary end extension that satisfies
II,,_1-Collection.

THEOREM 5.5. Letn € w withmn > 2. Let o € wy be such that L, is the
minimum model of M + II,,-Collection. There is no N' = (N, &N such that
(Lay €) <emt1 N, N # Ly and N |= 11,1 -Collection.

Proof. Suppose, for a contradiction, that N = (N, eN ) is such that
(Lo, €) <emt1 N, N # L, and N = 1I,,_1-Collection. By Theorem

N E M + 11,,_1-Collection + ,,-Separation + V = L.

Since N # Lg, OrdV \ Ord{La€) ig nonempty. To be able to apply Theo-
rem we need to show that Ord \ Ord{Fe-€) has no least element. Sup-
pose, for a contradiction, that ~ is the least element of OrdV \ Ord{L=€) But
then (Lfy\/)* = L, and
N = 3z((z is transitive) A ((z, €) E M + II,,-Collection)).
Since (Ly, €) <e1 N,
(Lo, €) = Jz((x is transitive) A ((z, €) = M + II,,-Collection)),

which contradicts the fact that L, is the minimum model of M+1I1,,-Collection.

This shows that (La, €) <toplessn+1 N . Therefore, by Theorem , (Lq, €)
= I1,,1-Collection, which contradicts Corollary "
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Theorem [5.5] shows that the complexity of II,-Collection in the Lévy
hierarchy computed by Lemma [3.1]is best possible.

COROLLARY 5.6. Letn € w withn > 1. Let o € wy be such that L, is
the minimum model of M 411, 1-Collection. Then there is no collection I' of
Ynt3-sentences such that

(Lo,€) ET and M +T F II,,-Collection.

[Kaul, Remark 2| observes that there is a countable ordinal « such that
(Lo, €) has proper Yj-elementary end extension that satisfies KPI, but
I1;-Collection does not hold in (L, €). This observation can be generalised
to show that the assumption that the end extension contains no least new
ordinal cannot be eliminated from Theorem [L4l

OBSERVATION 5.7. There exist o, 5 € wy such that o« < 3, (La, €) <en+1
(Lg,€), (Lg,€) = Hpq1-Collection and II,41-Collection does not hold in
(La,€).

Proof. Let B € wp be such that (Lg,€) = M + II,q1-Collection. By
Lemma [5.3] the set A = {y € w1 | (L4, €) <emn+1 (Lg, €)} is nonempty. Let
a be the least element of A. Then, by Lemma (La, €) does not satisfy
IT,,4+1-Collection. =

Finally, we observe that Theorem yields a characterisation of the
countable models of MOST +V =L that have a topless ¥, 1 1-elementary end
extension satisfying IT,_1-Collection. The following strengthening of [M25]
Theorem 4.15| can be obtained by replacing the crude compactness argument
used in the proof [M25, Theorem 4.5 with a more sophisticated Henkin
model construction, such as the argument used in the proof of [Eri, Theorem
2.2]:

THEOREM 5.8. Let n € w withn > 1. Let S be a recursively enumerable
L-theory such that

S+ KP + I1,,-Collection + 3., 41 -Foundation,

and let M = (M, ™) be a countable model of S. Then there exists N' =
(N, eN) such that M ~topless,n M and N |=S.

This allows us to show that a countable model M of MOST +V =L has
a topless Y,-elementary end extension that satisfies II,,_1-Collection if and
only if M satisfies II,,41-Collection.

THEOREM 5.9. Let n € w with n > 1. Let M = (M, ™) be a countable
model of MOST 4+ V =L. Then the following are equivalent:

(I) M = 11,41 -Collection;
(IT) there exists N = (N, €N} such that

M =topless,n+1 N and N ): Hn,l—Collection.
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Proof. (II)=(I) follows immediately from Theorems and To
see that (I)=-(II), using Theorem let N = (N,eV) be such that
M <ent2 N and M # N. By Theorem[3.4] NV |= II,,_1-Collection. Therefore,
if OrdV \ Ord™ contains no least element, then we are done. So, assume that
Ord" \ Ord™ has a least element. In this case, M = Foundation and, using
Theorem there exists Ny = (Np, €M0) such that M ~topless,n+1 No and
N = II,4+1-Collection. =

6. Questions. The Main Theorem assumes that Powerset holds in the
structure being end extended, and the proof presented here uses this assump-
tion.

PROBLEM 6.1. Let n € w with n > 1. Let M |= KPI + II,,-Collection +
V=L. If N is a topless ¥, 1-elementary end extension of M that satisfies
I1,,_1-Collection, does 11,11 -Collection necessarily hold in M?

If Question has a negative answer, can a counterexample be found
amongst the minimum models?

PROBLEM 6.2. Let n € w with n > 1. Does the minimum model of KP4
I1,,-Collection have a proper ¥,41-elementary end extension that satisfies
I1,,_1-Collection ?

In [M25], it is shown that every countable model of KP +1II,,-Collection +
Yn+1-Foundation has a proper elementary end extension that satisfies KP +
I1,,-Collection + ¥,,+1-Foundation. The following two questions from [M25]
remain open:

PROBLEM 6.3. Does every countable model of KPl + IL,,-Collection have
a proper Y, -elementary end extension that satisfies KPI 4 I1,,-Collection ¢

And, if Question [6.3] has a negative answer:

PROBLEM 6.4. Does every countable model of M + 11,,-Collection have a
proper Yy -elementary end extension that satisfies M + 11,,-Collection ?

Acknowledgements. I am grateful to the anonymous referee for their
helpful suggestions.

References

[Bar| J. Barwise, Admissible Sets and Structures, Perspectives Math. Logic, Springer,
Berlin, 1975.

[Cho] C.T.Chong, Techniques of Admissible Recursion Theory, Lecture Notes in Math.
1106, Springer, Berlin, 1984.

[Clo] P. Clote, Partition relations in arithmetic, in: Methods in Mathematical Logic
(Caracas, 1983), Lecture Notes in Math. 1130, Springer, Berlin, 1985, 32-68.


http://dx.doi.org/10.1007/978-3-662-11035-5

18

[CK]

[Dev]
[Fri]

[FLW]

[Gos|
[Kau
[M19]
[M25]
[Mat01]
[Mat06]

[PK]

[Res]

[Sun|

[Tak]

7. McKenzie

P. Clote and J. Kraji¢ek (eds.), Open problems, in: Arithmetic, Proof Theory, and
Computational Complexity, Oxford Logic Guides 23, Clarendon Press, Oxford,
1993, 1-19.

K. J. Devlin, Constructibility, Perspectives Math. Logic, Springer, Berlin, 1984.
H. M. Friedman, Countable models of set theories, in: Cambridge Summer School
in Mathematical Logic (Cambridge, 1971), Lecture Notes in Math. 337, Springer,
Berlin, 1973, 539-573.

S.-D. Friedman, W. Li and T. L. Wong, Fragments of Kripke—Platek set theory
and the metamathematics of a-recursion theory, Arch. Math. Logic 55 (2016),
899-924.

R. Gostanian, Constructible models of subsystems of ZF, J. Symbolic Logic 45
(1980), 237-250.

M. Kaufmann, On ezistence of ¥, end extensions, in: Logic Year 1979-80 (Storrs,
CN, 1979/1980), Lecture Notes in Math. 859, Springer, 1981, 92-103.

Z. McKenzie, On the relative strengths of fragments of collection Math. Logic
Quart. 65 (2019), 80-94.

Z. McKenzie, Partially-elementary end extensions of countable models of set the-
ory, J. Symbolic Logic (online first, 2025).

A. R. D. Mathias, The strength of Mac Lane set theory, Ann. Pure Appl. Logic
110 (2001), 107-234.

A. R. D. Mathias, Weak systems of Gandy, Jensen and Devlin, in: Set Theory,
Trends in Math., Birkhauser, Basel, 2006, 149-224.

J. B. Paris and L. A. S. Kirby, X, -collection schemas in arithmetic, in: Logic
Colloquium 77 (Wroctaw, 1977), Stud. Logic Found. Math. 96, North-Holland,
Amsterdam, 1978, 199-209.

J.-P. Ressayre, Modéles non standard et sous-systémes remarquables de ZF, in:
Modéles non standard en arithmétique et théorie des ensembles, Publ. Math.
Univ. Paris VII 22, Univ. de Paris VII, Paris, 1987, 47-147.

M. Sun, The Kaufmann—Clote question on end extensions and the weak reqularity
principle, J. Symbolic Logic (online first, 2025).

M. Takahashi, A -definability in set theory, in: Conference in Mathematical Logic
— London 70, Lecture Notes in Math. 255, Springer, 1972, 281-304.

Zachiri McKenzie

Department of Mathematics
University of Chester

Chester, UK

E-mail: zach.mckenzie@gmail.com


http://dx.doi.org/10.1007/978-3-662-21723-8
http://dx.doi.org/10.2307/2273185
http://dx.doi.org/10.1002/malq.201800044
http://dx.doi.org/10.1017/jsl.2025.33
http://dx.doi.org/10.1016/S0168-0072(00)00031-2
http://dx.doi.org/10.1007/3-7643-7692-9_6
http://dx.doi.org/10.1017/jsl.2025.15

	1. Introduction
	2. Background
	3. The theory transferred to partially-elementary end extensions
	4. Σ_2-elementary end extensions that satisfy ∆_0-Collection
	5. Σ_{n+1}-elementary end extensions that satisfy Π_{n−1}-Collection
	6. Questions
	Acknowledgements
	References

