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Non-representable quantum measures
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Abstract. Grade-d measures on a σ-algebra A ⊆ 2X over a set X are generaliza-
tions of measures satisfying one of a hierarchy of weak additivity-type conditions initially
introduced as interference operators in quantum mechanics. Every signed polymeasure λ
on (X,A)d produces a grade-d measure as its diagonal λ̃(A) := λ(A, . . . , A), and we prove
that as soon as d ≥ 2, measures (as opposed to polymeasures) do not suffice: the separate
σ-additivity of a λ producing µ = λ̃ cannot, generally, be amplified to global σ-additivity.
This amends a result in the literature, asserting the contrary in case d = 2.

Introduction. Recall the familiar [12, §8.3] two-slit experimental setup
that has become emblematic of some of the puzzling aspects of quantum me-
chanics: two electrons hitting a sensitive receptor after first passing through
two narrow openings in a barrier produce an interference pattern character-
istic of the peak-and-trough interaction of two waves rather than the naively
expected simple addition of the electrons’ individual effects. [17, §2] pro-
vides a measure-theoretic interpretation of that and like phenomena, as the
non-vanishing of the interference

I1µ(S0, S1) := µ(S0) + µ(S1)− µ(S0 ⊔ S1) (“⊔” denoting disjoint union)

of a set function µ ∈ RA for a measurable space (X,A) (i.e. [7, Remark
111B(c)] a set X equipped with a σ-algebra [7, Definition 111A] A ⊆ 2X).

This in turn suggests a chain of such interference operators ([17, (1)] or
[16, §3], with a shift in indices)

Idµ(S0, . . . , Sd) :=

d∑
ℓ=0

(−1)ℓ
∑

(i0<···<iℓ)∈{0,...,d}ℓ+1

µ
(⊔

k

Sik

)
.
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Following [9, §5], a grade-d measure on a measurable space (X,A) is a set
function µ ∈ RA which is both

• grade-d additive in the sense that Idµ ≡ 0, and
• continuous in the sense of [9, §2, p. 682]: µ(A) = limn µ(An) whenever
A is the intersection (respectively union) of a non-increasing (respectively
non-decreasing) sequence (An)n ⊂ A.

Since (by contrast to [9]) the material below does not assume grade-d mea-
sures non-negative, modifiers such as positive (i.e. taking non-negative val-
ues) and signed (real-valued) will occasionally qualify the phrase for clarity.

[9, §§4–5] revolve around tracing connections between grade-d measures
and plain measures on the power (X,A)d = (Xd,A⊗d) in the usual sense [1,
§3.3] of measure-space products. Write

A ∋ A
λ̃7−→ λ(Ad)

for the diagonal of a function defined on Ad (just the plain Cartesian product,
consisting of the cylinders [1, Vol. 1, p. 188] A1 × · · · ×Ad, Aj ∈ A).

[9, Theorem 5.1] argues that λ̃ is a positive grade-d measure whenever λ
is a diagonally-positive (i.e. λ̃ ≥ 0) measure on (X,A)d.

Conversely, [9, Theorem 4.2] asserts that a grade-2 positive measure µ is
uniquely of the form λ̃ for a diagonally-positive symmetric (i.e. λ(A×B) =
λ(B ×A)) measure on (X,A)2.

It is the latter statement that provided the motivation for the present
note, for it appears to admit counterexamples (hence the paper’s and Sec-
tion 1’s titles):

Theorem 0.1. For every d ∈ Z≥2 there is a positive grade-d measure
µ on a measurable space (X,A) not realizable as λ̃ for a signed diagonally-
positive measure λ on (X,A)d.

The gap in the proof of [9, Theorem 4.2] appears to be the jump (relegated
in the text to an otherwise unspecified “standard argument”) between

• the separate σ-additivity of the only candidate λ with λ̃ = µ, in the sense
that

(0.1) ∀(A ∈ A) : λ(A×−), λ(−×A) are σ-additive,

and

• its (plain, global) σ-additivity on the set algebra [1, Definition 1.2.1]

A⊗0 A :=
{ n⋃
i=1

A′
i ×A′′

i : A′
i, A

′′
i ∈ A

}
of finite unions of cylinders.
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In fact, (0.1) makes the set function λ what the literature refers to as a
bimeasure: [18, Definition 4.1], [13, p. 234], [15, §1] or [3, §1.2] (and [4,
Definition 1], for instance, for the more general d-factor polymeasures). The
existence of non-σ-additive polymeasures (in addition to [14, §1, (ii)] see also
[13, Example 2]) at the very least shows that the passage between the two
types of countable additivity cannot be automatic.

What the proof of [9, Theorem 4.2] appears to (effectively) show is rather

Theorem 0.2. For a measurable space (X,A) the map λ 7→ λ̃ restricts
to a linear isomorphism between

• the space of finite symmetric signed bimeasures on (X,A)2, and
• that of signed grade-2 measures on (X,A).

Under the said bijection the diagonal positivity of λ becomes equivalent to
the positivity of the corresponding grade-2 measure.

This in turn relies on an ever so slightly enhanced [9, Theorem 5.1],
reading as follows:

Theorem 0.3. For a measurable space (X,A) and d ∈ Z≥1 the diagonal
λ̃ of a signed polymeasure on (X,A)d is a grade-d (signed) measure.

The text below provides short arguments, indicating the few alterations
that the existing proofs require. Higher-grade analogues of the above are the
subject of future work [2].

1. Non-diagonal weakly additive measures. Example 1.1 below is a
straightforward adaptation of [14, §1, (ii)] (which is its 2- rather than d-fold
analogue) to arbitrary numbers of factors, and provides an example of

• probability spaces (Yi,Bi, νi), i ∈ {1, . . . , d}, and
• a non-negative, additive, non-σ-additive, total-mass-1 function

B1 ⊗0 · · · ⊗0 Bd
π−→ [0, 1]

(the left-hand side denoting the algebra generated by cylinders, i.e. sets∏d
i=1 Si, Si ∈ Bi), with marginals [1, 9.12(vii)]

(1.1) νj(S) := π(pr−1
j (S)),

d∏
i=1

Yi
prj−−−−−−−−→

jth projection
Yj , 1 ≤ j ≤ d.

Example 1.1. Set Yj := I := [0, 1] for all j ∈ {1, . . . , d} and denote by
ℓ the usual Lebesgue measure on I. Fix also a partition

I =
d⊔

j=1

Zj , ℓ∗(Zj) = 1, ℓ∗ := Lebesgue outer measure [1, §1.5],
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and define
Bj := {S ∩ Zj : S ∈ Borel(I)}, 1 ≤ j ≤ d.

Finally, for a finite disjoint union S ∈ 2I
d of Borel cylinders, π is defined by

(1.2)
d∏

j=1

Bj ∋ T ∩
∏
j

Zj
π7−→ ℓdiag(T ) := ℓ({t ∈ I : (t, . . . , t) ∈ T}).

The argument in [14, §1, (ii)] plainly applies to show that π cannot be coun-
tably additive. Observe also that the marginals (1.1) of π are

Bj ∋ S ∩ Zj
νj7−−→ ℓ(S),

indeed (countably additive) probability measures. ♦

Proof of Theorem 0.1. In the context of Example 1.1 (with its notation
in place throughout the present discussion), µ is as follows.

Set X :=
⊔

j Yj , with A|Yj = Bj , j ∈ {1, . . . , d} (i.e. form the disjoint
union of measurable spaces in the most straightforward fashion).

Now π can be regarded as defined on (a set algebra over)
∏

j Yj ⊂ Xd,
hence also on all of Xd, as the annihilating subsets of⊔

permutations
σ ̸=id

d∏
j=1

Yσi = Xd \ (Y1 × · · · × Yd);

as such, we relabel π as λ.
Finally, take for µ the diagonal λ̃:

µ(A) := λ̃(A) := λ(A× · · · ×A = Ad).

Grade-d additivity is immediate from the additivity of λ in each variable, so
we will be done once we verify that µ is continuous in the sense recalled in
the Introduction:

• [2, Lemma 1.1] (a higher-grade analogue of [9, Lemma 4.1]) recovers the
symmetrization

1

d!

∑
σ∈symmetric group Sd

λ(Aσ1 × · · · ×Aσd)

from λ̃ for mutually disjoint Ai ∈ A,
• every

d∏
j=1

Aj ⊆
d∏

j=1

Yj ⊆ Xd, Aj ∈ Bj ,

has mutually disjoint components, and
• by construction the restriction of λ to

∏
j Yj is not σ-additive on B1 ⊗0

· · · ⊗0 Bd.
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It is in verifying the continuity of µ that the details of how (Yj ,Bj , νj) and
π are constructed become relevant, and we refer the reader to Example 1.1
for notation.

I first claim that the set functions π of Example 1.1 are polymeasures
(and hence so too is λ). Indeed, writing Aj′ = Sj′ ∩ Zj′ for j′ ̸= j, simply
observe that

π(A1, . . . , Aj−1, •, Aj+1, . . . , Ad) =
(
S ∩ Zj 7→ ℓ

(
S ∩

⋂
j′ ̸=j

Sj′

))
∈ [0, 1]Bj ,

plainly countably additive. [4, Theorem 1] now provides the continuity of λ
in the even stronger-than-desired form

(1.3) Ajn
in A−−−→
n

Aj , 1 ≤ j ≤ d =⇒ λ
(∏

j

Ajn

)
−→
n

λ
(∏

j

Ai

)
,

where convergence An −→
n

A in a σ-algebra means⋃
n

⋂
m≥n

Am =: lim inf
n

An = A = lim sup
n

An :=
⋂
n

⋃
m≥n

Am

(as in [10, Chapter 1, Section 2.1, Definition 2.1], say).

Remark 1.2. Note, however, that [9, Theorem 4.2] survives as long as
one can ensure the generally absent countable additivity. One device for
doing so is to have (X,A) equipped with the marginals of λ sufficiently
well-behaved: per [1, Exercise 9.12.70], countable additivity is automatic for
positive grade-2 measures µ provided those marginals λi are perfect in the
sense of [1, Definition 7.5.1]: for arbitrary measurable functions (X,A)

f−→ R
and subsets E ⊆ R with f−1E ∈ A there is a Borel E′ ⊆ E with λi(f

−1E′) =
λi(f

−1E).

Proof of Theorem 0.3. We include a short(er) proof for the grade-d addi-
tivity of λ̃ for polymeasures λ, to emphasize a useful combinatorial identity
between interference operators. Writing

∆Sν := ν − ν(S ⊔ •) ∈ R{T∈C:T∩S=∅}

for real-valued set functions ν ∈ RC defined on some class C ⊆ 2X , observe
that

Id−1∆S0ν(S1, . . . , Sd) = Idν(S0, S1, . . . , Sd)− ν(S0).

In applying this to ν := λ̃, observe that

Id−1∆S0 λ̃(S1, . . . , Sd) + λ̃(S0) = Id−1(∆S0 λ̃− λ̃(S0)) = 0

by induction (on the index d), given that the argument ∆S0 λ̃− λ̃(S0) of Id−1

(with the second term λ̃(S0) regarded here as a constant set function) is a
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sum of polymeasures on (X \ S0,A|X\S0
)k∈{1,...,d−1} obtained by fixing at

least one and at most d− 1 of the arguments of λ to S0.
The only other issue on which the proof of [9, Theorem 5.1] needs an

update is the fact that even though (generally) not σ-additive, polymeasures
still have continuous diagonals. [4, Theorem 1] provides this and more (see
(1.3) above), hence the conclusion.

Proof of Theorem 0.2. Once we dispose of the first statement, the second,
concerning positivity, is clearly a consequence. As to the former, Theorem 0.3
proves that •̃ does indeed take grade-2 signed values, its injectivity on sym-
metric finitely additive set functions on the algebra A⊗0A of finite cylinder
unions follows from the reconstruction formula [9, Lemma 4.1]

(1.4) A2 ∋ (A1, A2) 7→ 1
2

(
µ(A ∪B) + µ(A ∩B)− µ(A \B)− µ(B \A)

)
,

and [9, proof of Theorem 4.2] already effectively handles the surjectivity of •̃,
for it does address separate countable additivity.

We record also the following immediate consequence of Theorem 0.2,
which does not appear to be obvious a priori (especially in the signed case).

Corollary 1.3. A grade-2 signed measure µ on a measurable space
(X,A) is bounded in the sense that

sup {|µ(A)| : A ∈ A} < ∞.

Proof. Immediate from Theorem 0.2, given that bimeasures are auto-
matically bounded in this same sense [18, Theorem 4.5] (as, in fact, are
polymeasures generally: [4, result (N) and the sentence following it]).

Remark 1.4. The countable additivity of λ defined by (1.4) on A×A and
extended additively to the algebra A⊗02 of finite cylinder unions is reduced
in [11, Théorème 4] over sufficiently well-behaved measurable spaces (univer-
sally measurable [8, §2] subsets of compact metrizable spaces equipped with
the Borel σ-algebra) to a stronger form of boundedness than that provided
by Corollary 1.3: one needs rather

(1.5) sup
∑
i

|λ(A′
i ×A′′

i )| < ∞,

the supremum being taken over all finite disjoint families {A′
i × A′′

i }i of
cylinders. Now, a bimeasure can “misbehave” in at least two qualitatively
distinct ways:

In Example 1.1, (1.5) plainly holds, since everything in sight is positive
and finite, but the measurable spaces involved are not “sufficiently tame” in
the sense alluded to above.

On the other hand, in [13, Example 2] that tameness does obtain: the
bimeasure is of the form
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2(Z≥0)
2 ∋ (S, T ) 7→

∑
s∈S
t∈T

a(s, t) ∈ R,

where (a(s,−))s≥0 is a sequence in ℓ1(R) unconditionally [6, §1] but not
absolutely convergent (such sequences always exist [6, Theorem 1] in infinite-
dimensional Banach spaces). The tameness referred to above obtains here,
so the bimeasures in question can only fail to be measures because (1.5) does
not hold.

In the language of [4, Definition 3], say, the distinction is between finite
bimeasures having finite semivariation (which they all do [4, Theorem 3(4)])
and their having finite (total) variation, which (by contrast to measures [5,
Lemma III.1.5 and Corollary III.4.5]) some do not. ♦

Acknowledgements. I am grateful for the anonymous referee’s careful
reading and valuable suggestions for the improvement of the paper.
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