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On the connectedness of the boundary
of q-complete domains

Rafael B. Andrist

Abstract. The boundary of every relatively compact Stein domain in a complex
manifold of dimension at least 2 is connected. No assumptions on the boundary regularity
are necessary. The same proofs hold also for q-complete domains, and in the context of
almost complex manifolds as well.

1. Introduction. When we refer to a domain, we always mean an open
and connected subset of a manifold. It seems to have been well-known to
the experts in the 1980s that every bounded strictly pseudoconvex domain
with C2-smooth boundary in Cn, n ≥ 2, has connected boundary. In fact,
already in 1953 Serre pointed out that every Stein manifold of dimension
at least 2 has only one end (see Section 5). For a relatively compact Stein
domain that admits a collar, this would already imply the connectedness of
the boundary. However, to the best knowledge of the author, the earliest
publication mentioning that every bounded strictly pseudoconvex domain
with C2-smooth boundary in Cn, n ≥ 2, has connected boundary, is due
to Rosay and Stout in 1989 [21, Corollary, p. 1018], who actually prove
a stronger result. Again, the connectedness of the boundary was noted by
Balogh and Bonk [1, p. 513] under the same assumptions. In the monograph
of Stout [25, Corollary 2.4.7] it was established that every relatively compact,
strictly pseudoconvex domain with C2-smooth boundary in a Stein manifold
of dimension at least 2 has connected boundary. The proof given there makes
use of a theorem of Forstnerič [7] about complements of Runge domains.

The almost complex case, but with a C∞-smooth defining J-plurisub-
harmonic function on a neighborhood of the closure of the relatively compact
domain, is treated by Bertrand and Gaussier [2].
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For the special case of bounded pseudoconvex domains in Cn, a proof
without any assumptions on the boundary regularity can be found in the
second edition of the textbook of Jarnicki and Pflug [16, Corollary 2.6.10].
It relies mainly on a topological result that was provided by Czarnecki,
Kulczycki and Lubawski [4] with an elementary proof: for a bounded domain
in Rn the connectedness of its complement is equivalent to the connectedness
of its boundary. A very similar proof is given by Izzo [15], who uses an
elegant homology argument that relies only on H1(Rn;Z) = 0 to obtain the
above-mentioned topological fact.

We will prove the natural generalization of these results without any
assumption on boundary regularity and on the ambient space.

Definition 1.1 ([8, Definition 3.1.3]). Let X be a complex manifold.
We say that a domain Ω ⊂ X is q-complete if there exists a C2-smooth
exhaustion function φ : Ω → [0,+∞) that is q-convex, i.e. its Levi form has
at most q − 1 negative or zero eigenvalues at each critical point in Ω.

Theorem 1.2. Let X be a complex manifold with dimCX = n and let
Ω ⊂ X be a relatively compact q-complete domain with n > q. Then the
boundary ∂Ω is connected.

By a result of Grauert [12], Ω is Stein if and only if it is 1-complete, and
thus we obtain the following corollary.

Corollary 1.3. Let X be a complex manifold with dimCX = n > 1
and let Ω ⊂ X be a relatively compact Stein domain. Then the boundary ∂Ω
is connected.

Since a domain Ω ⊂ X in a Stein manifold X is a domain of holomorphy
if and only if it is pseudoconvex, we also arrive at the next corollary.

Corollary 1.4. Let X be a Stein manifold with dimCX = n > 1 and
let Ω ⊂ X be a relatively compact domain of holomorphy. Then the boundary
∂Ω is connected.

The proof also extends to the almost complex situation.

Theorem 1.5. Let (X, J) be an almost complex manifold with dimRX
≥ 4, and let Ω ⊂ X be a relatively compact domain with a C2-smooth
strictly J-plurisubharmonic exhaustion function. Then the boundary ∂Ω is
connected.

Remark 1.6. The result is sharp in the following sense:

(1) In one dimension, every bounded domain of C is pseudoconvex – and in
fact a domain of holomorphy – but obviously need not have connected
boundary. If we assume in addition that the domain is simply connected,
its boundary will be connected (by the result in [4] mentioned above and
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the fact that the complement has only one connected component), but
in general not path-connected; e.g. consider

{z ∈ C : 0 < Re z < 1, sin(1/Re z)− 2 < Im z < sin(1/Re z) + 2}.
(2) Unbounded domains, even when simply connected, need not have con-

nected boundary; e.g. an infinite strip in C. By taking direct products,
this yields also counterexamples in higher dimensions.

Remark 1.7. For symplectic manifolds with contact type boundaries,
the boundary need not be connected; see McDuff [18] and Geiges [10].

This short note is organized as follows: In Section 2 we present the basic
notions of Morse theory, and in Section 3 we first give the proof for rela-
tively compact, strictly pseudoconvex domains with C2-smooth boundary in
a Stein manifold. We could not find a reference for this proof which was
communicated to us by Franc Forstnerič.

In Section 4 we provide the topological background for the theory of ends
and of continua. In Section 5 we give the proofs for the general situation.

2. Morse theory. This section serves as a very brief overview of the
basics of Morse theory and is based on the monograph of Nicolaescu [20].

Definition 2.1. Let X be a locally compact Hausdorff space. An ex-
haustion (by compacts) of X is a sequence of compacts Kj ⊆ X, j ∈ N, such
that

⋃
j∈NKj = X and Kj ⊂ (Kj+1)

◦ for every j ∈ N.

Definition 2.2. Let X be a locally compact Hausdorff space. A contin-
uous function φ : X → R is called exhaustive, or an exhaustion function, if
the closed sublevel sets

Xc := {x ∈ X : φ(x) ≤ c}
are compact for every c < supx∈X φ(x).

For any strictly increasing sequence (cj)j ⊂ R such that limj→∞ cj =
supx∈X φ(x), the closed sublevel sets Xcj of the exhaustion function φ form
an exhaustion by compacts of X.

Definition 2.3. Let X be a connected smooth manifold. A function
φ : X → R of class C2 is called a Morse function if all of its critical points
are non-degenerate, i.e. the Hessian of φ is non-degenerate at all of its critical
points. The Morse index of a critical point p of φ is the index of its Hessian
at p, i.e. the number of negative eigenvalues of the Hessian at p.

On a smooth manifold, Morse functions are abundant. In fact, small
perturbations of functions of class C2 are Morse, see [20, Section 1.2]. The
topology of a manifold can be reconstructed from its Morse function as shown
in Theorems 2.4 and 2.6 below.
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Theorem 2.4 ([20, Theorem 2.6]). Suppose that the interval [a, b]⊂ R
contains no critical values of φ. Then the sublevel sets Xa and Xb are dif-
feomorphic. Furthermore, Xa is a deformation retract of Xb, so that the
inclusion Xa ↪→ Xb is a homotopy equivalence.

A k-handle of dimension n is the manifold with corners Hk,n=B
k×B

n−k,
where B

k is the closed unit ball in Rk. The closed ball Bk × {0} ⊂ Hk,n is
called the core, while the closed ball {0}×B

n−k ⊂ Hk,n is called the cocore.
Attaching a k-handle to Xc−ε is done be identifying ∂Bk × B

n−k with
an embedded copy of ∂Bk ×B

n−k in ∂Xc−ε such that the cocore is mapped
to the normal direction of the embedded boundary of the core.

Remark 2.5. Note that the boundary of the core has two components if
k = 1, but has only one component if k > 1. Hence, for k > 1, the k-handle is
necessarily glued to one connected component of Xc−ε. See Figures 2 and 1.

b b

core of the handle

Xc−ε

Xc+ε

Fig. 1. Glueing a 1-handle to two different connected components: the complement re-
mains connected.

b b

core of the handle Xc−ε

Xc+ε

Fig. 2. Glueing a 1-handle to B2: the complement is dissected into two connected com-
ponents.
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The following is the fundamental structure theorem of Morse theory. It
describes the change of the topology at the critical point of a Morse function
caused by glueing a k-handle. The type of the handle is determined by the
Morse index at a critical point.

Theorem 2.6 ([20, Theorem 2.7]). Suppose c is a critical value of φ
containing a single critical point p of Morse index k. Then for every ε > 0
sufficiently small, the sublevel set {φ ≤ c+ε} is diffeomorphic to {φ ≤ c−ε}
with a k-handle of dimension m attached. Moreover, {φ ≤ c+ε} is homotopy-
equivalent to {φ ≤ c− ε} with a closed ball Bk attached.

Note that if φ is a Morse function, then so is −φ. We can therefore apply
Theorems 2.4 and 2.6 also to superlevel sets of φ, but we need to take into
account that instead of glueing a k-handle at a critical point p of φ, we glue
an (n− k)-handle at the critical point p of −φ.

Although the following corollary is well-known, we include a proof due
to the lack of a reference.

Corollary 2.7. If a connected smooth manifold X of dimension n ad-
mits an exhaustive Morse function φ : X → R with Morse indices < n − 1,
then X \Xc is connected for every c ∈ R.

Proof. Let c0 < c1 < · · · be the (finite or countably infinite) list of critical
values of φ. Since φ is exhaustive, it has a global minimum at c0, i.e. Morse
index 0. When passing a critical point cj of Morse index 0, we add a disjoint
closed ball, and the complement in X remains connected. When passing a
critical point cj of Morse index > 0, we glue a k-handle to Xcj−ε for ε > 0
small enough and obtain Xcj+ε. The complement Xcj+ε\Xcj−ε is homotopy-
equivalent to its strong deformation retract which is obtained by glueing just
the k-dimensional core of the handle. Since k < n− 1, the connectedness of
the complement remains unchanged. (Alternatively, we could also consider
−φ and note that the connectivity of the complement only changes if a
1-handle with respect to −φ is attached; see Remark 2.5.)

3. A classical proof for smooth boundary. The following proof for
the situation where Ω is a relatively compact, strongly pseudoconvex domain
with C2-smooth boundary in a Stein manifold was communicated to us by
Franc Forstnerič. This is likely the classical proof that has been known at
least since the 1980s.

Consider a relatively compact domain Ω = {ρ < c} in a Stein manifold X
of complex dimension n > 1, and assume that ρ is a strongly plurisubhar-
monic Morse function on a neighborhood of Ω, with dρ ̸= 0 on ∂Ω. The
topology of Ωt and ∂Ωt only changes when t passes a critical level set of ρ.
(The local normal form of a strongly plurisubharmonic Morse function at an
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isolated critical point was known in principle since 1924 due to a result of
Takagi [26] which was recovered by Schur [22] and by Harvey and Wells [13]:
its Morse index is at most n.) When passing a local minimum, a new con-
nected component of Ωt appears, which is not a concern. The only other
type of point which can change the connectivity of Ωt is a critical point of
index 1. At such a point, we add a 1-handle to Ωt. There are two possibilities
– either this handle is attached with both ends to the same component of
Ωt, or it joins two distinct components. In both cases we see by inspection
that the boundary of any connected component remains connected.

Handles of higher index up to 2n − 2 do not change the connectivity of
the domain or its boundary: the core of a handle of index k is B

k which is
attached with its boundary (k− 1)-sphere to ∂Ωt. Removing a submanifold
of real codimension ≥ 2 from a manifold does not disconnect the manifold:
in our case, we apply this argument to the boundary sphere of B

k as a
submanifold of ∂Ωt.

The connectivity of ∂Ωt would change by attaching a handle of index
2n−1 (i.e. of real codimension 1), but this is not allowed since ρ is plurisub-
harmonic and n ≥ 2.

4. Ends of topological spaces. The definition of ends of a topological
space goes back to Freudenthal [9] and has led to a well-developed theory;
see the textbook of Hughes and Ranicki [14].

Definition 4.1.

(1) A neighborhood of an end in a non-compact topological space X is a
subspace U ⊂ X which contains a component of X \K for a non-empty
compact subspace K ⊂ X.

(2) An end e of X is an equivalence class of sequences X ⊃ U1 ⊃ U2 ⊃ · · ·
of connected open neighborhoods of an end such that

∞⋂
i=1

Ui = ∅

subject to the equivalence relation

(X ⊃ U1 ⊃ U2 ⊃ · · · ) ∼ (X ⊃ V1 ⊃ V2 ⊃ · · · )

if for each Ui there exists j with Ui ⊇ Vj , and for each Vj there exists i
with Vj ⊇ Ui.

Remark 4.2 ([14, Example 3(i) in the Introduction]). Let X be a topo-
logical space with a proper map φ : X → [0,+∞) which is onto, and such
that the inverse images Ut = φ−1(t,+∞) ⊆ X, t ≥ 1, are connected. Then
X has one end.
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Lemma 4.3. Let X be a connected, locally connected, locally compact and
σ-compact Hausdorff space. Then X has one end if and only if there exists
an exhaustion by compacts (Kj)j∈N of X such that X \Kj is connected for
every j ∈ N.

Proof. This follows from [14, Proposition 1.19 and Remark 1.15].

Definition 4.4 (Kuratowski [17, §47]). A continuum is a non-empty,
compact, connected Hausdorff space.

There are different notions of continua considered in the literature, and
sometimes a continuum is required to be a metric space, e.g. in Nadler [19].
For our application, only the following lemma is needed, which holds for the
definition given above.

Lemma 4.5 ([17, §47], [19, Theorem 1.8]). The intersection of a decreas-
ing sequence of continua is a continuum.

Proposition 4.6. Let X be a manifold with countable basis of topology
and let Ω ⊂ X be a relatively compact domain with one end. Then Ω has
connected boundary.

Proof. We apply Lemma 4.3 to obtain an exhaustion by compacts Kj

such that Ω \Kj is connected for every j ∈ N. Then (Ω \Kj) constitutes a
decreasing sequence of continua. Thus its limit, which is the boundary ∂Ω,
is also a continuum by Lemma 4.5.

Remark 4.7. If the boundary ∂Ω of the relatively compact domain Ω
admits a collar, i.e. a neighborhood of ∂Ω with a homeomorphism to ∂Ω ×
[0, 1) that takes ∂Ω to ∂Ω×{0}, then we have a one-to-one correspondence
between ends and boundary components.

5. Proofs. It was already noted by Serre that a Stein manifold of com-
plex dimension at least 2 has only one end [23, p. 59]; see also [24]. His short
cohomological argument for this fact is given with more details by Gilligan
and Huckleberry [11, p. 186].

Another way of seeing this is to consider a strictly plurisubharmonic
Morse exhaustion function, which is the approach taken by Forstnerič [7].

Proof of Theorem 1.2. Let dimCX = n. Since Ω is relatively compact, by
a small perturbation we may assume that the C2-smooth exhaustion function
φ : Ω → [0,+∞) is a Morse function and still q-complete. The Morse index
at a critical point is at most n+ q − 1 (see the monograph of Forstnerič [8,
Sections 3.10 and 3.11] for more details). Note that 2n−1 > n+q−1 ⇔ n > q
is satisfied by assumption. Since we glue only handles of index ≤ n+ q − 1,
and Ω has real dimension 2n, the complement of any sublevel set of φ is
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connected by Corollary 2.7. By Lemma 4.3 the domain Ω has only one end.
Proposition 4.6 now gives the conclusion.

Proof of Theorem 1.5. Let dimRX = 2n. Let φ : Ω → R be a strictly
J-plurisubharmonic exhaustion function. Since the domain Ω is relatively
compact, we may slightly disturb φ if necessary to obtain a strictly J-
plurisubharmonic Morse exhaustion function. The Morse index of φ at a
critical point in an almost complex manifold is at most n by [3, Corol-
lary 3.4]. Now the conclusion is the same as in the proof of Theorem 1.2
above.

Remark 5.1. The proofs of Theorems 1.2 and 1.5 rely only on differential
topology and the bound on the Morse index of the critical points. Hence, for
any relatively compact domain Ω in a smooth manifold of real dimension n
and a Morse exhaustion function φ : Ω → R of class C2 whose Morse indices
at critical points are bounded by n− 2, the boundary ∂Ω is connected.
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