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Abstract

The L?-spectrum of a Borel measure is a fundamental concept in multifractal analysis. It is
widely recognized that the L9-spectrum associated with a fractal measure provides significant
insights into its underlying dynamics and geometry. Consequently, the study of the LI-spectrum
is crucial for understanding dynamical systems and fractal measures. Our objective in this paper
is to determine the exact rate of convergence of the L7-spectra for Moran measures satisfying
the Set Strong Separation Condition. As an application, we demonstrate that the empirical
multifractal moment measures converge weakly to the normalized multifractal measures. Finally,
we reexamine the analysis using tube formulas, and we try to show that the multifractal and
fractal dimensions of the overlaps in a Moran set satisfying the Strong Open Set Condition are
strictly smaller than the dimension of the set itself.
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Table of notations

Notation Description
H t-dimensional Hausdorff measure
dim s Hausdorff dimension
Pt t-dimensional packing measure
dim packing dimension
L multifractal Hausdorff measure with respect to the measure v
dim? multifractal Hausdorff dimension
Pt multifractal packing measure with respect to the measure v
Dim} multifractal packing dimension
B(x,p) the closed ball with center x and radius p
My qth covering moment with respect to the measure v
ALY qth packing moment with respect to the measure v
EZ,C upper multifractal covering box-dimension
al, . lower multifractal covering box-dimension
EZJ, upper multifractal packing box-dimension
aj . lower multifractal packing box-dimension
H' lower t-dimensional Hewitt—Stromberg measure
dim,, 5 lower Hewitt—Stromberg dimension
pt upper t-dimensional Hewitt—Stromberg measure
dimap upper Hewitt—Stromberg dimension
HY! lower multifractal Hewitt—Stromberg measure
with respect to the measure v 12
b lower multifractal Hewitt—Stromberg dimension 12
pat upper multifractal Hewitt—Stromberg measure
with respect to the measure v 12
B upper multifractal Hewitt—Stromberg dimension 12
T set of (admissible) words of length n 13
T set of (admissible) words of finite length 13

A (I, {an}; {bn,;})

collection of Moran sets associated with the set I,
a sequence {a,} of positive integers

and a sequence {by;} of positive numbers

infl';,gj acT diSt(Io‘*i, Ia*j)/|fa|

Open Set Condition

Strong Open Set Condition

Strong Separation Condition

the unique function that satisfies > pL|Ia|Pm @ =1
the lower limit of 8, (¢) as n tends to infinity

the upper limit of 3,(¢) as n tends to infinity

bl (suppv)

Bj(suppv)

the restriction of the measure v to the set A

the Dirac measure concentrated at x
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1. Introduction

Self-similar fractals arise as the unique attractors of iterated function systems (IFS) |1} 3]
composed of a finite number of contracting similarity mappings that satisfy the open set
condition. Every point x in such a fractal F', generated by an IFS .#, can be viewed as the
outcome of an infinite encoding process 7 (which may not always be uniquely defined)
over the alphabet X = {1,...,k} [22|, where k denotes the number of contraction
mappings in the system .. A classical result by Moran [20] and Falconer states that
the Hausdorff and packing dimensions of a self-similar fractal coincide with its similarity
dimension, which depends solely on the contraction factors of the similarity mappings.
The class of self-similar fractals encompasses iconic examples such as the Cantor set, the
von Koch curve, and the Sierpinski triangle, along with a wide variety of other complex
and intriguing sets in Euclidean space.

Fractal geometry and multifractal analysis |11, |16, (18} |19} 33| offer powerful mathe-
matical frameworks to investigate objects and phenomena characterized by self-similarity,
irregularity, and complexity across multiple scales [6, |12]. These topics mainly focus on
Moran measures and Moran sets, named after the mathematician P. A. Moran [20],
who pioneered a class of geometric constructions rooted in probabilistic methods. These
concepts have become essential for studying both deterministic and random structures
with fractal attributes. Moran sets emerge from iterative geometric processes that extend
the notion of self-similarity [13H15]. They are constructed through a recursive proce-
dure, where a base geometric shape is repeatedly subdivided according to specific rules
(see [12]). These rules determine the scaling ratios, relative positions, and the number of
subdivisions at each step. Unlike classical self-similar sets, such as the Cantor set or the
Sierpinski triangle, Moran sets introduce greater flexibility by allowing scaling ratios and
subset arrangements to vary across iterations. This adaptability makes Moran sets par-
ticularly relevant for modeling real-world fractal structures, which often display variable
scaling properties.

Moran measures are probability measures defined on Moran sets, capturing the dis-
tribution of mass within these intricate constructions. Built iteratively alongside the
geometric framework of Moran sets, these measures enable precise quantification of how
mass or probability density is allocated across scales. By bridging geometry and measure
theory, Moran measures facilitate the computation of key fractal characteristics such as
the Hausdorff dimension and the multifractal spectrum. Their versatility makes them
indispensable in multifractal analysis, where they help characterize the heterogeneity of
singularities within a measure. In particular, Moran measures provide a robust founda-

(6]



Multifractal moment measures and scaling functions in Moran structures 7

tion for studying multifractality, a phenomenon where different regions of a fractal exhibit
distinct scaling behaviors; see, for example, [5]. In multifractal analysis, Moran measures
play a crucial role in understanding the scaling laws that govern mass distributions at
different scales. The multifractal spectrum, derived from Moran measures, provides a
detailed profile of singularity strengths and their prevalence within the measure (see
[4] [11} |16} 27131} 134} 135, |38]). This spectrum offers valuable insights into the complexity
and heterogeneity of the underlying fractal object, enabling applications in fields such as
physics, biology, and beyond |2, |10, |17].

Among various concepts associated with these measures, we focus on analyzing their
Li-spectrum, with particular emphasis on the rate of convergence of the L%-spectra for
Moran measures. The foundational result in this area was established by Olsen in [24],
where he conducted an in-depth analysis of the asymptotic behavior of the gth moments of
self-similar measures under the Open Set Condition (OSC). This result was subsequently
extended by several authors |36, 37]. For ¢ € R, our goal is to determine the exact rate of
convergence of the L?-spectra for Moran measures that satisfy the Set Strong Separation
Condition. As an application, we demonstrate that the empirical multifractal moment
measures converge weakly to the normalized multifractal measures. By addressing these
questions, we aim to deepen the understanding of multifractal behavior and provide
new insights into the dynamics of Moran measures, and we try to establish that the
multifractal and fractal dimensions of the overlap regions in a Moran set satisfying the
Strong Open Set Condition are strictly less than the overall dimension of the set.

Consider f; : R — R for i = 1,...,n as contracting similarity transformations, and
let (p1,...,pn) represent a probability vector. We define ¢ to be the Moran set and
v to be the Moran measure (see Section associated with the pairs (f;,p;). For a
real number ¢ and a positive number p, we introduce the definitions of the gth covering
moment and the gth packing moment of the measure v as follows:

M (H) = inf{z v(B(x,p))? ‘ E is a p-spanning subset of Ji/},
z€E
and
AL H) = sup { S v, p)"
zeR

It is well established that if the Moran set . fulfills the Set Strong Separation Condition
then

E is a p-separated subset of }

log AG(H) . og AIP(H)

11;11;(1)1f “logp e “logp 5la) (L.1)
and
log A 3C( K log AP (K _
lim sup 28t ”’p( ) = lim sup 28 Avp ) V’p( ) = 5(q), (1.2)
p—0 —logp p—0 —logp

where 8(¢) = liminf,,—, o Bn(q) and B(q) = limsup,_, . Bn(q) such that 3,(q) is de-

fined by
Z pqa|ja|ﬁn(Q) =1,
acT,
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here |I| represents the product of the Lipschitz constant associated with the similarity
transformation f,. Under the assumption that the Set Strong Separation Condition is sat-
isfied, we can precisely determine in Theoremthe rate of convergence in and .
Specifically, there exist multiplicatively periodic functions 7, m,, g, IL, : (0,00) = R
such that:

M A MIP( _

) s+t D T+ o) (13)
(A MDA

e =m0+, R 1)+l (1)

where €(p) — 0 as p — 0.
Utilizing the results from ((1.3) and (1.4)), we establish in Theorem that the em-
pirical multifractal moment measures converge weakly as p approaches 0, indicating that

1 %‘LE(Q)L%
W ; V(%($7p))q5m — m weakly as p — 0
and B
1 9375(‘1%_%
- q Zv =2
AT x; v(B(z,p))1os — 5@ ) weakly as p — 0,

where §, denotes the Dirac measure concentrated at z € R? and for each positive p, K,
is defined as a (suitable) minimal p-spanning subset of %", while F), serves as a (suitable)

maximal p-separated subset of /. Furthermore, 2" @ () and %’@q’é(q) () represent,
respectively, the multifractal packing measure and the multifractal Hausdorff measure
associated with the measure v.

Tube formulas pertain to the analysis of the volumes of p-neighborhoods surrounding
sets. Over the last two decades, Lapidus has spearheaded a rigorous and systematic explo-
ration of tube formulas in the context of fractal geometry. Building upon this trajectory, a
natural question arises: to what extent can one formulate a comprehensive theory of mul-
tifractal tube formulas for multifractal measures? The objective of Section [f]is to lay the
groundwork for such a theoretical framework. We begin by formally defining multifractal
tube formulas and, in a broader sense, multifractal tube measures applicable to general
multifractal measures. Subsequently, we provide a full description of the asymptotic be-
havior of the multifractal tube formulas, specifically for Moran measures that satisfy the
Set Strong Separation Condition, which is practically a result equivalent to Theorem [3.1]
using tube formulas. In addition, as an application, we will explicitly determine the weak
limits of the multifractal tube measures for Moran measures v (Theorems and .

We establish the main results of this paper under the Set Strong Separation Con-
dition. Nevertheless, verifying the Strong Open Set Condition (SOSC) or the Open Set
Condition (OSC) remains a difficult task. We therefore conjecture that the conclusions
of Theorem may also hold under (SOSC) or (OSC). In this direction, we provide
partial supporting results at the end of the paper.

The structure of the paper is as follows. In Section [2} we review the essential prelimi-
nary definitions. Section [3| presents one of the main results: the exact rate of convergence
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of the L4-spectra for Moran measures satisfying the Set Strong Separation Condition.
Section [] provides an illustrative example demonstrating the convergence of empirical
multifractal moment measures to the normalized multifractal measure. In Section [5] we
revisit this analysis using tube formulas. Finally, in Section [6] we offer several remarks
and discuss an open problem that arises when relaxing the separation condition—recall
that our main results rely on the Strong Open Set Condition (SOSC).

2. Technical preliminaries

Before presenting the main results, we provide the necessary technical background. In
Section [2.1] we recall the definitions of the Hausdorff and packing measures and dimen-
sions. Sections [2:2H2.3] introduce the multifractal Hausdorff and packing measures and
dimensions, while Section 2.4]is devoted to the multifractal box dimensions. The multi-
fractal and fractal Hewitt—Stromberg measures and dimensions are discussed in Sections
Section [2.7]recalls the definitions of Moran sets and measures. Finally, Section[2.§
presents several separation conditions.

2.1. Hausdorff and packing measures and dimensions. For a subset &/ C ]Rd, the
diameter of o7 is defined by

|| = sup{lx —y|: 2,y € F}.
We refer to the countable set (U;); as a §-covering of « if
o c|JUi and 0<|U;| <.

For ¢t > 0 and § > 0, set

A () = inf {Z |U;|* ‘ (U;); is a d-covering of 42{}

K3

Then the t-dimensional Hausdorff measure of <7 is
) = lim A () = sup A ().
Next, the Hausdorff dimension of <7 is given by
dimye () =inf{t > 0| #' () =0} =sup{t >0 | H' () = +o0}.
Now, for t > 0 and ¢ > 0, we introduce the t-dimensional packing pre-measure as follows:

Py(t) = s {3 200)" | (Blwisp)i is a 6-packing of 7 |,

[
t

— —t —t
=1 = inf .

P () = lim Py(/) = inf Pg()

This enables us to define the t-dimensional packing measure as

P!(of) = int {Z?t(Ei) \ o C UE}
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Likewise, we define the packing dimension of < as

dimp(e/) = inf {t > 0| 2'(/) = 0} = sup {t > 0| P'(e) = +o0}.

2.2. Multifractal Hausdorff measures and dimensions. Let v be a probability
measure on R%. Let &7 be a non-empty subset of R?, § > 0 and let ¢,t € R. We define
the multifractal Hausdorff pre-measure as

%Zf;(;z{) = inf {Z v(B(zi, i) (2p:)" | (B(xi,pi))i is a centered S-covering of ,Q%}
The function %Z; is o-subadditive, but it is not increasing, so we modify the definition

as follows:

A (o) = lim AL (e) = sup Ao ().

v 6—0 §>0

Finally,

The multifractal Hausdorff measure % is considered as an outer metric measure on R%.
There is a unique number dimf (%) € [—oco, +00] such that

%q’t(%)_{—i—oo if t < dimf (&),

0 ift> dimd(w).

2.3. Multifractal packing measures and dimensions. Let v be a probability mea-
sure on R%. Consider a non-empty set .7 of R? and let § > 0 and ¢,t € R. We define the
multifractal packing pre-measure as

D) =sup {3 v(B(ai p:))"201)'

i

(% (x4, pi))i is a 0-packing of ,527}

—qt
‘While the function ,@Z:(; increases, it is not o-subadditive, so we can define
—4q,t —q,t .5t
P, (o) =1lim P, (o) = inf P, (),

and

P (f) = inf Z@q’

#CU, B

On R?, the mixed multifractal packing measure 2% is considered as an outer metric
measure.
There is a unique number Dim{ (%) € [—o0, +00] such that
Yt = +oo if t < Diml (&),
0 if t > Dim} ().

2.4. Multifractal box-dimensions. Let &/ C R% and p > 0. A subset F of & is said
to be p-separated if

|t —y| >2p forall z,y € E with © # y.
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And F is called p-spanning if
o < | B p),
zeE
where %(x, p) is the closed ball with center x and radius p.
For a probability measure v of R?, ¢ € R and p > 0 we define the covering moment
scaling function of & with respect to v by
M}y () = inf {Z v(PB(xi,p))? ‘ (AB(xi,p))i is a centered cover of 427},

and the packing moment scaling function of o/ with respect to v by

ML) = sup { D (B )"

?

(B(x;,p)): is a centered packing of 4&7}

In other words,

M}y () = inf { Z v(AB(x,p))? ‘ E is a p-spanning subset of 4&7},

red
MV () = sup { Z v(AB(xz,p))? ‘ E is a p-separated subset of sz}
red

Now, the upper and lower multifractal covering boz-dimensions denoted by qu,,c(szf ) and

d} .(«/) and the upper and lower multifractal packing box-dimensions denoted by Ejp(@% )
and d} (/) are introduced as follows:

d log .47 (o log A 3¢(of
dfc(ﬂ):limsupM, ch(ﬂ):liminfM,
7 =0 —logp ’ p—0 —logp
and loo AP (of log /TP (of
d,, (/) = limsup og i) (/) = liminf log I ()
7 0 —logp ’ p—0 —log p

2.5. Hewitt—Stromberg measures and dimensions. Let ¢,p > 0. For &7/ C R?, set
Np(a) = inf {#{J} | (B(xi,p))ics is a centered cover of &/}
The lower Hewitt—Stromberg pre-measure of </ is defined as follows:
t TR t
D¥(f) = liminf A, (2)(2p)

and

H'(o) = sup D'(E).
FCof

Next, we introduce the lower t-dimensional Hewitthtromberg measure of of as
HY(o Z oY
The lower Hewitt-Stromberg dimension <f is deﬁned by
dim,, 5(«/) =inf {s > 0| H (&/) =0} =sup{s > 0| H (&) = +o0}.
Similarly, we define

My() =sup {#{J} | (B(zi,p))ics is a centered packing of <7}.
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The upper Hewitt—Stromberg pre-measure of </ is defined as follows:
t

P(o) = limsgp//lp(ﬂi)@p)t.

p—
The upper t-dimensional Hewitt—Stromberg measure of </ is defined by
PH o) = 1nf Z P'(
The upper Hewitt—Stromberg dimension of < is defined by
dimy (&) =inf {t > 0| P'(«/) = 0} =sup {t > 0| P'(«/) = +oc}.
2.6. Multifractal Hewitt—Stromberg measures and dimensions. Let ¢, € R. For
o/ C R?, we define a pre-measure of &7 by
DY (o) = hmlnf MEE()(2p)".

v,p

D%t neither increases nor is countably subadditive. A standard adjustment is required
to obtain an outer measure. Consequently, we consider

T (e) = inf Dot (ot),  H(of) = sup HY'(E).
V()dguqmzijy() V()EQE{V()

There is a unique number b% (%) € [—00, +00] such that

+oo ift < bi(),

HH (o) = .
0 if t > bl().

In the same manner, we introduce a pre-measure of &7 by

Pq’t(%) = limsup .27 (o )(2p)".

v
p—0
. =4t . . . .
The function PZ is increasing but not o-additive, thus giving an outer measure as follows:

P (o) = inf qut

ZC; Ei
There is a unique number BY(«/) € [—oo, +0oo| such that
+oo if t < BY(),
0 ift> Bi().
Similarly, there is a unique number A%(&) € [—o0, +0o0] such that

t +oo ift < Al(),
(o) = .
0 ift > Al(H).

F%

v

REMARK 2.1. It is evident that, for ¢t > 0, we have
%po,t _ %pt 320 t (@t
HO,t — Ht PO t Pt
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2.7. Moran sets and measures. Before establishing our main results, it is necessary
to revisit the category of homogeneous Moran sets, as documented in |34} 135]. Assume
{an}n>1 represents a sequence of positive integers, and {b, ;j}n>1,1<j<a, denotes a se-
quence of positive numbers that meet the following criteria:

an >2, 0<b,; <1 forn>1,1<j7<ap.
Let 9y = (0. For n,m € N such that m < n, we consider

ym,n = {(imaim-‘rla- aZn) l 1 S ij S Qj, ™M S] S ’I’L},
% = %,n and J = U %
n>0
For a = (a1,...,ap) € I, and 0 = (01,...,0m) € Tnt1,m, we denote the juxtapo-

sition of o and o as

ac=ax0=(Q1,...,0,,01,...,0m).
DEFINITION 2.2. Let I denote a compact subset of R? such that the interior of I is dense
in I, and for convenience, we assume the diameter of I is 1. The following conditions

provide us with a framework to describe a Moran structure, which represents a collection
F ={Is | a € T} of closed subsets of I:

(H1) I = I.

(H2) For any @ € .7 there exists a similarity mapping fo : R — R? such that I, =
fa(I), meaning that the set I, is geometrically similar to I.

(H3) For any n > 0 and e € 7, Ias1,- -, Laxa, ., are subsets of I. Moreover,

Icox*i N Ig;*j = @ fOI‘ { 7& ja
where J° signifies the interior of J.
(H4) For any n > 1 and a € J, 4,
[Lours]
= b,
|Ia| 2]

Let .# represent a collection of closed subsets of I that have the properties of a Moran
structure. We define the Moran set associated with .# by

= (F) =] U Ila
n>la€,
The collection of Moran sets associated with I, {a,} and {b,, ;} is denoted by .# (I, {ay},

{bn,i})

REMARK 2.3. If

for 1 <j < a,.

lim sup |Ia] >0,

n—=+00 4T,
then there are interior points in . Consequently, properties associated with measure

and dimension become trivial by default. Therefore, we consider the case where

lim sup |Io| =0.

n——+00 acT,

DEFINITION 2.4. Let {p, ;}j", be a probability vector (i.e., pn; > 0 and Z?;l P, =1
for n > 1) and let py represent the infimum of the set {p, ;}, assuming py > 0. Let v
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be a mass distribution on J£. We say that v is a Moran measure on J£ = supp v if for
any I, (where a belongs to .7),
V(Ia) = P1,a:P2,05 " * * Pn,ag, -

For a € 7, we write |a| = n. Also if & = (a1,...,a,) € T, define

Jfa = fla,°f20,0-0 [nan,

Pa = P1,a1P2,a2 """ Pn,an s

[Ta| = b1,0,02,05  *  bray, -
Additionally, we can truncate e €  to its nth place by using aln = (ai,...,ay).
Furthermore, if I, a € .7, we write

lZ a ifand only if o # wlv for all u,v € 7.
If®C .7 and o € 7, we write
dZa ifandonlyif I Z o foralll € .

REMARK 2.5. (1) It is important to note that the set £ (Moran set) satisfies the invari-
ance equality

An
H = fai(H),
j=1
where {f,,; |n>1,1<j <a,} is a list of contracting similarities. And v is the unique
Moran measure such that
an
v=> pnjvofi;
j=1
(2) A Moran set and a Moran measure are, respectively, an extension of the self-
similar set and the self-similar measure proposed by [12|. So we say in this case that
the corresponding Moran set (resp. measure) is a generalized self-similar set if there is a
collection {f, ; | n > 1,1 < j <a,} of contracting similarities satisfying Io = fo(I) for
a € 7, (resp. measure, if it is supported by a generalized self-similar set).

2.8. Separation conditions

DEFINITION 2.6. We say that the Moran set % fulfills the Set Strong Separation Condi-
tion if the condition (H3) in Definition [2.2)is reinforced by
A _ 1nf diSt(Ia*i,Ia*j)
acy [Lal
i#]
where dist(o/, ) = inficy 1e dist(l,t) for any pair of sets & and %.

>0,

DEFINITION 2.7. We say that the list {f, ; | n > 1, 1 < j < a,} of contracting similarities
satisfies the Open Set Condition (OSC) if there exists an open, non-empty, bounded subset
O C I such that, for all n > 1,

Qn

U £ui(0) CO and  f,4(0) N fu;(0) = B for i # .
j=1
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DEFINITION 2.8. We say that the list {f, ; | n>1, 1<j<a,} of contracting similarities
satisfies the Strong Open Set Condition (SOSC) if there exists an open, non-empty,
bounded subset O C I such that

An

U £250) €O, £2:(0)N f0;(0) =0 fori#j and 0N #4,
j=1

for all n > 1.

DEFINITION 2.9. We say that the list {f,; |n > 1,1 < j < a,} of contracting similar-
ities satisfies the Strong Separation Condition (SSC) if there exists an open, non-empty,
bounded subset O C I such that

A,

U fni(O) CO and [, i(0)N fr;(O) =0 fori# j,
j=1

for all n > 1.

If the list {f,; | n > 1,1 < j < a,} of contracting similarities satisfies the (SOSC)
condition, there exists an open, non-empty, bounded subset O such that O N .7 # () and
then, we can select an element I from Z such that fi(-#) C O. Thus, there exists n > 1
such that

B, ={le T | ilH)CO}£D.
For ¢ € R and a positive integer n with ®,, # ), we write

E,.(t) = Z pl|la|® fort€R.
|la|=n

o P,

Since the function F, : R — R is continuous and strictly decreasing with

lim E,(t) =+oc0 and lim E,(t) =0,
t—4oc0

t——o0
employing the intermediate value theorem we find ¢, (¢) € R such that
Z PL|Ia|#m@ = 1.

|a|=n
agd,

Additionally, we define 3, : R — R to be the unique function that satisfies

> Pl = 1.
aEeT,

For ¢ € R, we define
B(q) = liminf B,(q),  B(g) = limsup B, (q),

- n—+00 n——+o0o
and
= inf .
©(q) R en(q)
Since
Z PL|Ia|Pm @ =1 = Z pL| I[P,
|la|=n |a|=n
ag(bn
we have

on(q) < Bn(q).
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So, we have usually

v(q) < Bla)-
And if there exists ng such that 3,,(¢q) < 8(g), we have
v(a) < B(g).
The compactness of fj(#) for | € .7 implies that
Cn = lmén dist(fi(#),R¥\ 0) >0 for all n with ®,, # 0, (2.1)
e n

where dist(E, F') = inf ¢ g, yer dist(x, y) for any sets E and F.
Also, it is easy to see that

fa(H) C fo(O) forall e T

and
fa(H)N f(0)=0 forall a,0 € 7 with |a] = |o] (a0 # o).

The next result states that, for a Moran measure, the aforementioned dimensions of
the Moran set .#  all coincide and are identical to 5(g) and B(q).

For &/ C suppr =: &, we denote
bu(q) = b (suppv),  Bu(q) = Bl(suppv),  A,(q) = Af(suppv).
THEOREM 2.10. Let v be a Moran measure on & . If A > 0, then for all ¢ € R,
dimy (A7) = by(q) = &} (A") = dy, ,(H') = B(q),

2v,c 2v,p
Dim{(#) = B, (¢) = d,, (H) = d,, , () = B(a).
Proof. This can be deduced from [9] and [34]. =

3. The exact rate of convergence of the ¢th moments of the
Moran measures

Fractal geometry, a mathematical discipline designed to study intricate structures that
display self-similarity and irregularity at all scales, has become a vital tool for analyzing
both natural phenomena and mathematical objects. Traditional geometric constructs are
insufficient to capture the complexity of certain sets or measures that exhibit fractal-
like behavior, thereby necessitating more advanced frameworks. One such framework is
multifractal analysis, which extends classical fractal geometry to accommodate measures
with varying singularities across different scales. A fundamental element of multifractal
analysis involves the investigation of gth moments of a measure, which provide valuable
insights into the distribution and concentration of mass at different scales within the
fractal structure. The gth moments of a measure v are defined by

valp) = /A @) dv(a),

where f(z) represents a function of interest (such as a scaling function or a density func-
tion), and p is the scale parameter of the partition used in the analysis. These moments
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help quantify the local properties of the measure, along with its fractal dimension, which
plays a crucial role in describing the overall geometry of the fractal |25, [26] [32].

In multifractal analysis, the rate at which these moments converge as the partition size
p tends to zero is vital for understanding the scaling properties of the measure. The scaling
behavior of the ¢gth moments is commonly described by the multifractal spectrum 7(q),
which illustrates how the moments decay with respect to p. Specifically, for a measure v,
the moments typically follow a scaling law of the form

vg(p) ~ PT(q)a
where 7(gq) denotes the singularity spectrum that governs the scaling of the ¢gth moments
across various regions of the fractal. The function 7(gq) provides a comprehensive charac-
terization of the fractal measure, revealing both the distribution of singularities and the
underlying geometry of the fractal set (see for example |21} 23, 38]).

The precise rate of convergence of the gth moments is crucial for determining the
fractal dimension and multifractal properties of the measure. It reflects how rapidly the
moments approach a limiting value as the scale parameter p decreases, and its analy-
sis enables the exact quantification of the irregularities inherent in the fractal structure.
Understanding this convergence rate is not merely a theoretical concern but also has
practical implications in fields such as signal processing, image analysis, and financial
modeling, where fractal and multifractal phenomena are frequently encountered. In this
context, examining the convergence rates of the gth moments provides valuable insights
into the scaling behavior of fractals and the underlying dynamics of multifractal systems.
Through the analysis of these rates, we gain a deeper understanding of how fractal mea-
sures evolve and how they can be applied to model complex, irregular patterns found in
both nature and mathematical theory.

The next key result is the first main theorem of this paper, which is the precise
determination of the convergence rate of the gth moments of a Moran measure, specifically
the covering moment scaling function and the packing moment scaling function.

THEOREM 3.1. Let {fn; |n>1,1<j <ayn} be alist of contracting similarities. Assume
that A > 0 and let ¢ € R. For o € 7, we have:

(1) The arithmetic case: [f{log(#), ..., log(71—)} is contained in a discrete (additive)
o nrern
subgroup of R (for 8 > 0, 07 is the smallest such subgroup), then there exist multi-
plicatively periodic functions ﬁq,ﬂq,ﬁq,ﬂq : (0,00) — R with period € satisfying

T(ep) =T4(p),  m,(ep) =m,(p),

I,(e*p) =T, (p), I (e*p) =1L, (p)
for all p > 0, such that
M) M)

T Tq(p) + €(p), % =TI,(p) + €(p),
MES(H) MIP(K)
% =m,(p) + €(p), W =11L,(p) + €(p),

where €(p) — 0 as p — 0.
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(2) The non-arithmetic case: If {IOg(#)v L log (7
Jaq n,o

)} is not contained in a discrete
(additive) subgroup of R, then there exist constants ¢,¢,S,s € R such that

MISH) MIP(H)
ﬁ—(?*'f(ﬂ), W—3+€(P),
MES(H) MIE(H)
— @ et 50 = st elp);

where €(p) — 0 as p — 0.

To substantiate Theorem we need several technical lemmas and the Renewal
Theorem.

REMARK 3.2. If {f,,; | n > 1,1 <j <a,} satisfies the (SSC) then clearly
Ay, = min o dist(fa (X)), fo(£)) >0

la|=lo|=m,

for all m € N.

LEMMA 3.3. Suppose that {f,; | n > 1,1 < j < a,} satisfies the (SSC). Let ¢ € R,
m €N and a € T with |a] =m. For all 0 < p < A,,, we have

MEH) =Y ML (oK),

lo]=m
M fal H )) ///3’,,\”1(%)
//ljz,p Z j/q,p X)),
la|=m

Mol H)) = DL,

Proof. Since dist(fo (%), fo(H)) > A, for all ¢ € 7 with |o| = || and 0 # «a,
this conclusion can be readily derived from the definitions, reasoning as in the proofs of
Lemmas [3.4] and [B.5] below. =

For ¢ € R and o, 0 € J with || = |o]|, we define
24 o(p) = A5 (fo(H) N B(fo (L), p)),
Péo(p) = A5 (o) N B(fo(H),p)),
where %B(7, p) = {z | dist(z, &) < p} for & C R%

LEMMA 3.4. Suppose that {f, ;| n >1,1<j < a,} satisfies the (SSC). Fiz ¢ € R and
n>1.

(1) Forp >0,
///qp Z ///qp X)).
|a|=n
(2) Forp >0,
MEEH) <D M (faH)).

le|=n
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(3) Forp>0,
=30 D 20+ D M [k ) S MIP(X).
laj=n|o|=|a| la|=n
(4) For p >0,
=Y D PLp)+ D> ME(fa) S MK,
loe|=n |o|=|c |o|=n

Proof. (1) Let p > 0. Consider a p-separated subset F' of J#". By making use of J#" =
U afzn fa (A7) we have

DBt Y, Y vBa) < Y A (fulK)).

zeF |lal=nzeFNfa (%) |a|=n

Taking the supremum over all p-separated subsets F' leads to the desired conclusion.

(2) The proof is identical to that of
(3) Let p > 0. For each o € 7 with |a| = n, let Fy, be a p-separated subset of fo ().
Define

Ry = Fa\ U a@(fa(%),,ﬂ),

lo|=||
oFa

Hoo =FaNB(fo(H),p) forall o€ T with |o| = |a| and o # a.
It can be deduced that

MEPA) =YY v( B, )

|a|=n z€Ra

> Y (X w@w - XY w@ )

|a|=n zE€Fq |¢;|;\5\zeHa,a
>3 (X v - Y 2h.00).
la|=n z€Fy lo|=|c|
oFa

Taking the supremum over all p-separated subsets Fy, leads to the desired result.
(4) The proof is identical to that of "

LEMMA 3.5. Suppose that {f, ;| n>1,1<j < a,} satisfies the (SSC). Let ¢ € R and
ac 7.

(1) Forp >0,

(i) M Sl H) S PEAYY o (H)+ Y Dhg(p),
l'ﬁ;lfl

(i) M5 (fal H)) < PRALS () + Y P ().
lo|=|e|
ocFo

(2) Forg >0 and p >0,
LA (H) < MEP(fo(X)).

viplla|=t ’
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Proof. (1) (i) Let p > 0 and let F be a p-separated subset of fo (). Write
R=F\ |J 2(s(#).0)

lo|=|a|
oo

Hy =FNAB(fo(H),p) forall o€ T with |o| =|a| and o # a.

Note that f,'%(z,p) =0 for all z € R and all 0 € F with |o| = |a| and 0 # a. As a
result,

S U B0 < S v@Ba o)+ Y Y v

zeF rzER lo|=|la| rEH»
oFo
=3 (X perttt @) + 33w
T€ER |o|=|al lo|=|la| r€EHs
oFa
< ar(fa ' Bla,p) + > MID(folH) N B(fo(H),p))
TER lo|=|c|
oFa
= Y pav(Baollal ™))+ Y 24 ,(p)
z€fa'R lo|=la
oFo
Q%Igf\l = 1 )+ Z ng,a(p)
lo|=|a|
oHa

By taking the supremum over all p-separated subsets F', the desired conclusion is
reached.

(ii) The proof is identical to that of (1).

(2) Let p > 0 and let F be an |Io|~!p-separated subset of J#". Write

R:faF\ U %(fa(%)vp)a

lo|=|a|
o#a

H:faFm U '@(fa(‘%/)ap)
lo|=lc|

oFo
Note that f;'%(x,p) =0 for all z € R and all o € J with |o| = || and o # «a. Also,
since ¢ > 0, we obtain

q
V(B ) = (Y povlfs Bla.p))) = vhv(fa Blw,p)"
lo|=le|
for all x and all p > 0. This implies that

I (ol H)) 2 3 U B p) T+ Y v B, p))"

TER rcH

=3 (X pertsz B ) + 3 r(Hw,p)

T€ER |o|=|al rEH
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= (pav(fa'B,p)" + > V(B

TER r€H
= > pav(fa' Blx,p)! = > phv(fa'Bz,p)!+ > v(B
reERUH zeH rcH
=pl Y v(fa' Bla,p)'+ > (( ) = phr(fo Bz, p))?)
z€ fo F rzeH
> pl S U Bl pllal )T = pLATE ().
zeF

Taking the supremum over all p-separated subsets F' yields the conclusion. =
REMARK 3.6. The statements of Lemmas and are still true under the (SOSC).

LEMMA 3.7. Suppose that {fn; | n > 1,1 < j < a,} satisfies the (SSC). Let ¢ € R.
Define hy p, hop 2 [0,00) = R by

hlyn(Y) = eiy’B"(q) ('%z?,’ec_y (%) - Z Pa %gju |- 16—Y(‘1/)>7

|a|=n
hon(Y) = YD (32 () = 3 pat M e ().
|a|=n
Then h1,(Y) = hopn(Y) = 0 for all Y > log(1/A1). Consequently, hi, and hs, are
directly Riemann integrable.

Proof. This follows directly from Lemma [3:3] =

To introduce the renewal theorem, let us start with the following definition. A function
f:[0,00) — R is said to be directly Riemann integrable with integral I if

Z|M )| < oo forall § >0, Z|mn )| < oo forall >0,

and
> M,(6)d =1 asd—0, Y mu(6)§—1 asd—0,
where
M, (9) = su ), mp(d) = inf ) forn=0,1,2,....
(9) né§:6§(17)1+1)6f( ) (9) m;SIS(nH)&f( )

If f:]0,00) = R is directly Riemann integrable, then the integral of f is denoted by
fooo f(y) dy. This notation emphasizes that the Riemann integral over [0, 0o) is calculated
directly, without relying on limits of integrals over [0, a]. It is evident that if f : [0,00) — R
is Riemann integrable on all compact subintervals and there exist positive constants
c1,co > 0 such that

|f(z)| < cre™®  forall z >0,

then f is directly Riemann integrable. The proof of Theorem [3.I]depends on the following
theorem from Renewal Theory.

THEOREM 3.8 (The Renewal Theorem). Assuming P is a probability measure on [0, 00)
with P({0}) = 0 and [;°ydP(y) < oo, let h : [0,00) = R be a measurable and directly
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Riemann integrable function. Assume H € L*(R, P) satisfies the Renewal Equation
H(z) = h(x) +/ H(z —y)dP(y) for allx > 0.
0

(1) In the arithmetic case where supp P is within a discrete (additive) subgroup of R,
with \Z being the smallest subgroup with A > 0, we have
H(z) = I(z) + €(z),

where I1: [0,00) = R is a A-periodic function and e(x) — 0 as © — 0.
(2) In the non-arithmetic case where supp P is not within any discrete (additive) subgroup
of R, we have
H(z) = e+ e(a),

where ¢ € R and e(x) — 0 as © — 0.

Proof. For information on the arithmetic case, refer to |7], and for the non-arithmetic
case, consult [§]. m

REMARK 3.9. It is worth noting that the function IT and the constant ¢ in the Renewal
Theorem can be explicitly determined. In fact, as shown in |7} |§|,
h(z + A T h(y)d
I(z) = —Z"%% (z + ) and c¢= 7&0 ) Y.

Jo ydP(y) Jo ydP(y)
Proof of Theorem , (1) For ¢ e R, let {fn; | n>1,1<j < a,} satisfy the (SSC).
Define H,, : R — R and h,, : [0,00) — R by

Hy(Y)=e Y@ g% (7)),

ha(Y) = €5 (00 (H) = 3 Pl T sy (H)).

|a|=n

Define a probability measure by
P=> pallal V6, 1 .

Mol
It is evident that H,, € L*(R, P), and by Lemma h,, is directly Riemann integrable
on [0,00). Next, for all Y > 0,
H,(Y)=e YD g (%)
_ e—Yﬁn(q)( Z p?r///uq,ﬁarle—y(%) + eYﬂn(q)h(y))

|la|=n

1
- Z pg|1a|ﬁn(Q>Hn(Y—1ogI> + h, (Y)

|la|=n

= /OOO H,(Y —y)dP(y) + hp(Y).

By making use of the Renewal Theorem we deduce that in the arithmetic case,
MK

p*ﬁn(q) = Hq,n(p) + E(p),
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where II, ,, is a multiplicatively periodic function, while in the non-arithmetic case

MIF(H)
p_ﬁn(q) :Sn+€(p)
The desired result is now obtained by taking
ﬁq = limsuplly,, I, =liminfll,,, §=Ilimsups,, s=Iliminfs,.
n—0 n—0 n—0 n—0

(2) The analogous result for .47 (%) is demonstrated in a similar manner. m

4. Application of the main theorems to empirical multifractal
moment measures

As an application of Theorem [3.1} we demonstrate the next main result, which shows that
the empirical multifractal moment measures converge weakly. According to Theorem [2.10}
the normalized restrictions %q’é(q)L%/%q’é(q) () and PLPD g | PEPD () of the
multifractal Hausdorff measure and the multifractal packing measure to J& are well
defined.

We proceed to define the empirical multifractal ¢th moment measures. For ¢ € R
define

= {(F7 ) ’ F is a p-spanning subset of ¢, Z v(B(z,p))? = ///Z’pc(%)},
TEF
A= {(F7 ) ‘ F is a p-separated subset of ¢, Z v(AB(xz,p))? = ///,f,f(%)}
zEF
We define an order <9 in I'? and A? by (E1,p1) <9 (Eq,p2) if and only if po < p;. It
is evident that for every positive p > 0, there exists a p-spanning subset E of % and
a p-separated subset F' of J# such that (E,p) € I'? and (F,p) € A?. Let ¢, denote the
Dirac measure concentrated at 2 € R?. A probability measure A on .# is termed a gth
order covering equidistribution of v if there exists a sequence (Fy,, p)n € I'? such that

1
AT (A Z v(B(x,pn))?0, — A weakly;
’ zeF,
and it is called a gth order packing equidistribution of v if there exists a sequence

(Fn7 pn)n € A7 such that
1
WD (o v(B(x,pn))?0s — X weakly.
T 2

Since the family of probability measures on a compact subset of R? is compact in the
weak topology, every compact subset of R? necessarily has a gth order equidistribution
of v. For ¢ > 0, Olsen [24] established that a self-similar set satisfying the Open Set
Condition (OSC) possesses a unique gth order equidistribution, specifically identified as
the normalized multifractal Hausdorff measure, and in the following theorem, we prove
that this result is still valid when we take a Moran set.
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Given a measure space (X,v,€) and A € £, the symbol v A denotes the restriction
of v to A, i.e.,
WL A)(F)=v(ANF) VFef&.
THEOREM 4.1. Given a list {f,; |n>1,1<j <a,} of contracting similarities, suppose
that A > 0 and let ¢ € R. Denote diml (%) = B(q) =t and Diml(#") = B(q) = s. Define
probability measures ,u?F,p) and Z/EZF,p) on R? by

1

H?pr) - AT ;V(%’(I,p))q&c for (F,p) €Ty,
1
Vi = <] O V(P for (F.p) € Ay

zEF

where 6, denote the Dirac measure concentrated at x € RY.

(1) We have
q W 4
’u(F,p) — W weakly,
q PLSH
V(F,p) — W weakly.
(2) If there exists ng such that B,,(q) < B(q), then
q L
'u(F,p) — W weakly,
q L
Yk — 7%;”(%) weakly.

REMARK 4.2. The results of Theorem [4.1] remain valid also when the multifractal Haus-
dorff and packing measures are replaced by the lower and upper multifractal Hewitt—
Stromberg measures.

To prove Theorem [4.1] we need the following lemmas.

LEMMA 4.3. Assume that {fn ;| n>1,1<j <a,} satisfies the (SSC). Let ¢ € R and
acJ. Then
I8 (for ) = To(four ) = P
Proof. Denote |a| = m. Given x € J# . Then
faB(@,p) N H C fa(H)\ | falH)

lo|=|a|

oo
for 0 < p < A,,, and consequently
ViaPB(x,p) lol=ja| oV ([ faB(z, p)) _ pavB(z,p)
vB.p) v Bz, p) O
forall0 < p <Ay m

LEMMA 4.4. Assume that {f,; | n > 1,1 < j < a,} satisfies the (SSC). Let ¢ € R,
m €N and o € T with |a| = m.
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(1) For (F,p) € T'7 with 0 < p < A, we have
1
a H)) = pL T H).
Hirp) (fa(H)) TSP vl 1 (A)

(2) For (F,p) € AT with 0 < p < A,,, we have
1
q _ q
F,p) (fa(%)) - %gwp(%)pg%u,p\la\fl(%)'

Proof. (1) Since 0 < p < A,,, we deduce that F'N f, () is a p-spanning subset of
fo () for all o € 7 with |o| = m, then

q _ 1 .
(g (fo(H)) = /W%Fr;(%) v(AB(z,p))
1 0e
=2 gy e e (). (4.1)

By making use of Lemma, and (4.1, we have

Yo U fal)) = 32wl (o)

\GI lo|=m
5 (fo =1. 4.2
> 3 ey o) (12)
Combining (4.1]) and ( . 4.2)) yields
1

M?F’p)(fa(f%/)) = ///g,,’;:(z%/)%q C(fo'( )) = ng///fj‘mq(%)’

for all o € 7 with |o| = m by another application of Lemma
(2) The proof of closely parallels that of "

Proof of Theorem . Let {fn; |n>1,1<j <a,} satisty the (SSC) and ¢ € R. For
a € 7 define

%% 1 ( ) /%q,p %
ha(p) v,plIla|™ / V,p7( )
(plIa|~1)=B@ " p=Ba)
It is clear from Theorem [B.1] that
ha(p) =1 asp—0. (4.3)

Then for (F, p) € A%() and 0 < p < A,,, from Lemma [4.4] we get
1 _
( P)(fo‘(‘%/)) MIP (A )(qu///ff/uaﬂ%)) < pgz|ja|ﬁ(q)ha(ﬂ)
= pallal*ha(p) = ga(p). (4.4)

It follows from and . that
ga(p) > illa|® asp—0forallac 7. (4.5)
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Consequently, for m € N we have

L= vl ()< D v (fa(X)

la|=m
< > galp) = D Pk’ <1 asp—0. (4.6)
|la|=m |la|=m
We conclude now that
yng)(fa(Jé/))%panaF asp—0foralla € 7. (4.7)

For brevity, define H = P95 | 23°( ). Next, for 6 > 0 and o € .7, it now follows
straightforwardly from Lemmas [6.9] and [.3] that

_ Wﬁ’s(fa(%)) 7 PLNH) s
By combining (4.7) and (| we have
I/(F’p)(fa( )) = H(fa(#)) asp—0forallaec . (4.9)

Next, consider a continuous function f : # — R, and let € > 0. Since f is uniformly
continuous and max|q|—m |fa(H )| < (bmax)™|#| — 0 as m — 0o, there exists M € N
such that |f(z) — f(y)| < e/2 for all & with || = M and for x,y € fo (). Furthermore,
it follows from (4.9) that for each o € .7 with || = M there exists ps such that

Vg ) (fa(H)) = H(fa(H))] < e/ (20M ]| f]|)

for all (F,p) € A? with 0 < p < pg.
Then, for each (F,p) € A? with 0 < p < ming—ps po We obtain

oo
‘/ fdl/(Fp) / de‘
e fal) INES

<y <H<fa(%)> sup lf(x)f@)'*”f'“m)

la|l=M z,Y€ fa (H)

3 3
<< H(fa °.
<5 X HUa()

Finally, since 2°(fo(#) N fo(2¢)) = 0 for all a,0 € 7 where |a] = |o] and o # o
(refer to Proposition [6.10)), it follows that

S Halt) = H( | fal#)) = H) =1,

la|=M |la|=M

‘/fdl/fF’p)—/de‘<5.

This concludes the proof (the analogous result for VE’F p) is established in a similar man-
ner).

and consequently
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(2) We just add the condition that there exists ng satisfying 3,,(q) < 8(g), and then
we use the same arguments as in the last statement. m

5. Equivalent results based on tube formulas

A multifractal tube is a concept in fractal theory, particularly within multifractal analy-
sis. It describes a structure or object displaying multifractal characteristics, where both
the geometry of the set or space and the behavior of measures or functions on it are
complex. These tubes are often used to analyze fractals that exhibit self-similarity or
self-affinity at multiple scales, representing objects in both mathematical and real-world
contexts. Technically, a multifractal tube refers to a collection of sets whose size, behavior,
or dimension varies depending on the observation scale. This scale-dependent behavior
is often explored using multifractal formalism, which employs measures to capture the
fractal dimensions at different points or regions within the set. Each region of the tube
may exhibit distinct scaling exponents, reflecting the fractal nature at various levels.

In this section, we provide a full description of the asymptotic behavior of the multi-

fractal tube formulas for Moran measures that satisfy the Set Strong Separation Condi-
1

b ,an

tion. Specifically, we demonstrate that if the set {log(ﬁ), . ,1og( )} is not con-
tained within a discrete additive subgroup of R, then ¢ is (g, Brn)-multifractal Minkowski
measurable with respect to v. Conversely, if this set is contained in such a subgroup, then
A is (q, Bp)-averagely multifractal Minkowski measurable with respect to v. This result
is summarized in Theorem [5.2] below. Also, as an application, we explicitly determine
the weak limits of the multifractal tube measures for Moran measures v (Theorems

and [5.4). But first, let us introduce some definitions to be used in this section.

5.1. Minkowski dimensions. Let .# C R% and p > 0, we define the Minkowski volume
of 7 by
1
Vo(F) = ﬁkd(%(fﬁp)),
where B(F,p) = {x € R¢ | dist(x, ) < p} and \? represents the d-dimensional Lebesgue
measure in R
By making use of the Minkowski volume, we can define the upper and lower Minkowski
dimension of . by
_ 1 Z 1 v (F
dM(ﬂ):limsupw, dM(ﬁ)zliminfM.
=0 —logp p—0  —logp

If dy;(F) = dp(F) we define the Minkowski dimension of F by
log ¥,(F
Ayt (7) = lim 287F),
p—0 —logp
For ¢ € R, we introduce the upper and lower Minkowski content of % as follows:
t

7 (F) =limsup —I(F), M(F) = liminf —¥,(F).

p—=0 P p=0 pt
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If #'(F) = %t(ﬁ) we define the Minkowski content of .# by

n

M(F) = lim —,(F).

p—0 p—
Naturally, a set % may fail to be Minkowski measurable, meaning that the limit
1

lim S

YV (F
lim = %,(%)
could fail to exist. In such cases, it is reasonable to examine the limiting behavior of
appropriately defined averages of %%(9 ). Thus, we introduce the upper and lower

average Minkowski content of . by

1
%Z(ﬁ) = limsup ! / ! Vi (F) §7
p

o—0  —logp s—t°° s

1
1

M (F) = liminf ! /7%(54‘)@

p—0 —logp J, st s

Ift.4' (F)= ]Z(ﬂ) we define the average Minkowski content of F, denoted by .} (.F),
to be their common value.

5.2. Multifractal Minkowski dimensions. Let .# C R? and p > 0. Given a real
number ¢ and Borel measure v on R%, we introduce the multifractal Minkowski volume
of % with respect to the measure v by

1
1P =5 [ ) i),
' P Ja(F,p)
where B(.F,p) = {x € R? | dist(z, F) < p}.
By making use of the multifractal Minkowski volume, we define the upper and lower
multifractal Minkowski dimension of Z by

_ log %9 (%)
d! ,(F) =limsu — 2
M, ( ) p—0 P - IOg P
log V1, (F)

q _ . .
diy, (F) = lim inf —— og p

If d;’wm(ﬁ) = 83\/1,”(?) we define the multifractal Minkowski dimension of # to be
log ¥4 (%)
qaFY T v.p
a1 (F) = gg% —logp

For ¢,t € R, we introduce the upper and lower multifractal Minkowski content of . with
respect to v as follows:

— 1
L%WFMMF%@%

p—0

1
43115(9‘) = lim inf F%gp(y)'

p—0

If #V (o) = ]Z’t(f) we define the multifractal Minkowski content of .# with respect
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to v by

1
MIN(T) = lim —

V2 (F).
lim =7, (F)

Naturally, a set % may not be Minkowski measurable, meaning that the limit
1
; q
i{}% Fdf/u,r(y )
may not exist. In such cases, it is reasonable to examine the limiting behavior of appro-

priately defined averages of %”Vy‘fp(ﬁ). Thus, we define the lower and upper average
multifractal Minkowski content of % with respect to v as follows:

1 1 d
M(F) = liminf — V() 2,
i p—=0 —logp J, s7t " s
1
— 1 d
///Zi(?) = lim sup / —t”//l,qs(ﬁ)—s.
’ o—0 —logp p s s

If 45 (F) = ar (F) we define the average multifractal Minkowski content of .Z with

v,a

respect to v, denoted by .#%L(.F), to be their common value.

5.3. Multifractal tube measures. Let v be a Borel measure on R, and let p > 0. For
any real number ¢, we define the multifractal Minkowsk: tube measure 7, , by

1
78,7 = | V(B(, )1 N ()
’ P FNAB(supp v,p)

for Borel subsets .Z of R%.

Naturally, the measures ¢ , generally do not exhibit weak convergence as p — 0 (in
fact, .#4 (R%) = ¥,2,() does not converge as p — 0). Therefore, the weak convergence
of ZJ, as p — 0 can be ensured by normalizing these measures, and two natural options
exist for normalization. The first approach is to normalize by volume. Specifically, we
define the volume-normalized multifractal tube measure V1, as

1
Vi = —7— 77 .
ve = g0 (RA) VP
Secondly, normalization can be achieved through scaling. Specifically, we define the lower
and upper scaling-normalized multifractal tube measures by

1
q _ q
Zy,p - p_dﬁf,y(supp ) jy,p?
71 ;jq

vip = pfa?wvy(supp V) vp?
THEOREM 5.1. Let v be a Moran measure on ¢ . If A > 0, then for all ¢ € R,
ds, () =Bla),  dy,(H)=Ba).
Proof. The proof is similar to the proof of Theorem [2.10] =

THEOREM 5.2. Given a list{fn ;| n>1,1<j <a,} of contracting similarities, assume
that A > 0 and let ¢ € R. For a € ., we have:
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(1) The arithmetic case: If{log( 1 ) log(
subgroup of R (for 6 > 0, QZ zs the smallest such subgroup), then there exist multi-
plicatively periodic functions 7y, 7, : (0,00) — R with period € satisfying 7, (e p) =
fq(p),lq(eiep) =m,(p) for all p >0 and such that

Vi () V(A

SO =m,(p) +€(p), =N =Tq(p) +€(p),

)} is contained in a discrete (additive)

where €(p) = 0 as p — 0.
(2) The non-arithmetic case: If {log(ﬁ), . log (7
(additive) subgroup of R, then there exist constants ¢,c € R such that

V() V()
v,p — v,p =
Sw et — o =eteo),

)} is not contained in a discrete

n an

where €(p) — 0 as p — 0.

Proof. The proof is identical to the proof of Theorem In this case we just take, for

ac T,
1 1 dp
_ 5n(2) g hatad
S S A ML) loglfal/o P bdle) p’

where 6, : (0,00) — R is expressed as

0u(p) = V2, (H) = 3 P 01a (V1 1, ().

Also . is (g, Bn(q)) multifractal Minkowski measurable with respect to v with

1 dp
B (o ﬁn(rJ)g
S = o TP g 1Tl Jo w0
and )
Hq,n(P) = (pew)ﬁn(q)eq(Pew)U

— Yo Palla]? D log |Lu|

Furthermore, J2" is (g, 8, (q))-averagely multifractal Minkowski measurable with respect

ceZ,pe’v<1

to v with

1 dp

MIPD () = Bn(q)g p) —

— Z pa|I Bn(q) log |I |
As an application, we establish that the volume-normalized multifractal tube measures
converge weakly as p — 0.

THEOREM 5.3. Given alist {f,; |n>1,1<j <a,} of contracting similarities, suppose
that A > 0, and denote dim{(#") = B(q) = t. If there exists ng such that 3,,(q) < B(q),

then ,
7,
Vi, — M weakly.
’ SO H)

Proof. The proof is similar to that of Theorem and is omitted. =

We now proceed to investigate the limiting behavior of .77  and ?37 , as p — 0 for
Moran measures v.



Multifractal moment measures and scaling functions in Moran structures 31

THEOREM 5.4. Given alist {f,; |n>1,1<j <a,} of contracting similarities, suppose
that A > 0 and let ¢ € R. Then
—y 1
Ry . Sy )

5(q> v ne p=Blo T

Define the average measure

1 b ds
q — jq —.
yypa —Ing \/p S_Bn([I) v,s s

(1) The non-arithmetic case: If {log(b ) log( )} is not contained in a discrete
1,01
(additive) subgroup of R and there exists ng such that Bno(q) < B(q), then

a,8(a)
S, = //lf’é(q) 4 % weakly,
26— ()
a,8(a)
S ///52.?(‘” (%)M weakly.
v,p,a ’ a,8(q)
26— ()

(2) The arithmetic case: If{log(b1 o ) ceey 1og(bm1a“ ) } is contained in a discrete (additive)
subgroup of R and there exists ng such that B,,(q) < B(q), then

%q’ﬁ(q)‘_%/

%qyé(q)(e%/)

REMARK 5.5. The conclusions of Theorem continue to hold upon substituting the
multifractal Hausdorff measure with the lower multifractal Hewitt—Stromberg measure.

yq N %QyB(Q) (%)

v,p,a

weakly.

We need the following lemma to prove Theorem [5.4]
LEMMA 5.6 (see [21]). Consider measurable functions v, g : (0,1) — (0,00) satisfying

1
/ 9(8)§<00
P s

for every p and fpl v(8)g(s)ds < oo for all p. Let m, M > 0. Suppose that

1
d
L /g()—S%M as p — 0,

—logp s
v(p) = m  as p— 0.
Then
1 ! d
1) oy . 709 T mM s 0
1 toood
(2) logp/p ’y(s)f—)m as p — 0.

REMARK 5.7. If f: R? — R is a continuous function with compact support, then

/fdy’z’*“ logp/ (/fd )
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Proof of Theorem . From Theorem dy; (X)) = B(q) and E(]Z\/[’V(Ji/) = B(q), which

directly leads to the conclusion of the desired result.

(1) To simplify notation, let H = %Q7ﬁ(q)L% / L%”Vq’é@ (). Now consider a continu-
ous function f : R — R with compact support. Since it is straightforward that

1
Sy = g Wl AW,

it directly follows from Theorems [5.2] and [5.3] that

/fdyg pil()“f/ (o )/fd ///Vq’é(q)(%)/fd%

By Lemma 2), applied to the function v : (0,00) — (0, 00) given by v(p) = [ fd.71,
along with the last result and Remark it follows that

I

_)%g,ﬂn,(q)(%)/fdﬂ:%gfn,(q)(%/)/de.

q
v,p

Taking the lower limit as n — oo completes the proof.

(2) Let f : RY — R be a continuous function with compact support. As previously
mentioned, since .7 , = pgiln(q)“// a (VA it follows directly from Lcmma (applied

v,p0
to the functions ~, g : (0,1) — (0,00) with v(p) = [ fdV,¢, and g(p) = ﬁ%?p(%))v

as well as from Theorem [5.2] Theorem [5.3] and Remark @ that

[r580e= =gz | (J )

1 1 ds
q q
—logp/p (p—ﬁn(Q) %”P(%)/fdv”’s> s

= MDD () / fdH.

Finally, we take the lower limit as n — co. m

6. Some remarks and open problems

We have established the main results of this paper under the Set Strong Separation
Condition, i.e., A > 0. However, verifying the Strong Open Set Condition (SOSC) or
the Open Set Condition (OSC) remains a challenging problem. We therefore conjecture
that the conclusions of Theorem also hold under (SOSC) or (OSC). In the following
section, we provide partial results supporting this direction. In particular, we assume
that the conclusions of Theorem remain valid under (SOSC) in order to establish
the following results. We were unable to deduce (SOSC) from (SSC) or from the condition
A > 0 as in the case of self-similar sets. However, the converse implication clearly fails,
as demonstrated by the following example:
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EXAMPLE 6.1. Consider a list {571,512, 52,1, S2,2, S2,3} of contracting similarities with
respective Lipschitz constants b1 1, 01,2, b2.1, b2 2, ba 3 (see Figureand. {51,1,51,2} are
called Type 1, while {S31, 522,523} are Type 2. It can be readily verified that both
Types 1 and 2 satisfy the classical Strong Open Set Condition. However, while Type 1
also satisfies the classical Strong Separation Condition, Type 2 does not.

Fig. 2. Type 2 (52,1, 5272 and 8273)

Given a sequence {l,},>1 of integers such that

l
ll = 1, ln < ln+1a hm s = +o0
n—oo [,

We set

2 if lanl S 1< lan

a; =

3 ifly, <i<lopta

and

iflop—1 <i<lap, 1 <j<2
ifl2n§i<12n+151§j§3-

U= Wl

b L =1 =
big=4, 0
byj=12=
We will find that when lo,—1 < i < Iy, we will use Type 1, and when Iy, <@ <41
we will use Type 2 in the system. (See Figurefor details. Here Iy = 1,15 =213 =4,...,

I = (S1,20521)([0,1]) and 122 = (S1,1 © S22 0 S12)([0,1]).) Such a system satisfies the
(SOSC) but does not satisty the (SSC).

[0.]

Type 1
Type 2 In Ly L1 In I Ing

Typel: _ hephs PR — -
Typeli_ _  _ _ - o — = - - - o — =
Type 2o . ..

Fig. 3. A model
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6.1. Dimensions of overlaps. In this section we demonstrate that the upper multi-
fractal box-dimension, pertaining specifically to the overlaps, exhibits a clearly inferior
value when compared to the multifractal box-dimension of the set.

THEOREM 6.2. Suppose a list {fn; | n > 1,1 < j < a,} of contracting similarities
satisfies the (SOSC) and let g € R.

(1) (a) For a,0 € T with |a] = |o| and o # o,
), (fa( ) N fo () < (q) < Blg) = dy ,(H).
0) Dimf (J U fal#) N 1o(#)) < pla) < Bla) = Dim (),

s |al=[o|=s
aFto

© BI(UU U fal)0fol) < 0la) < Bla) = BUKH),

s |al=|o|=s
aFto

(2) If there exists ng such that B,,(q) < B(q), then

@ dmf({J U fal#)N108)) < ¢la) < Bla) = diml().

S Jal=lo|=s

) o U fal?) 0 fol)) < 0la) < Bla) = 201,

s |a|=[o|=s
aFto

In order to prove Theorem [6.2] we need some technical lemmas and two propositions.
LEMMA 6.3. Assume that {f, ;|n>1,1<j <a,} fulfills the (SOSC). Let n > 1 be such

that ®, # 0. Let ¢, be as defined in (2.1). If @ = (o1,...,q)), 0 = (01,...,0|5) € T
with oy # o1 and dist(fo(H), fo(H)) < cnllal, then

(I)n Q (ag, . .,Oé|a|).

Proof. Consider the open set O as in Definition[2.8] Assume, towards a contradiction, that
there exists an element I in ®,, which can be represented as a substring of (az, ..., ¥|q|)-
In other words, there are w and v belonging to .7, where w = (u1, ..., ujy|) # 0 and o
can be written as a = ulv. Consequently,

dist(fa(H), R\ fu(0)) = dist(fur (), R\ fu(0)) = nllu] > callal. (6.1)

Since u # 0 and uy = ki # j1, this implies f;(#) N f(0) =0, i.e. f(H) CRY\ £, (0).
Therefore,

dist(fo (A ), R\ fu(0)) < dist(fa(X), f5(H)) < callal, (6.2)
contradicting (6.1]). m

LEMMA 6.4. Let v be a Moran measure on & . If {f,; | n>1,1<j <a,} fulfills the
(SOSQC), then

V(fa(H)) =piay - -Ds,an =Pa  foraloe J.
Proof. The proof is immediate from

V(fa()Nfo(H)=0 foralla,o€c T. n
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LEMMA 6.5 ([12]). Given ci,ca > 0 and a family (V;); of subsets of R?, assume that each
set V; includes a closed ball B; with a radius of c1p and is contained in a closed ball of
radius cap. Note that B; N\ Bj =0, i # j. Then for allm >0 and x € R?,

{i | Vi N B(x,mp) # O} < (m + 2c2)%er
LEMMA 6.6 (|12]). Fiz ¢ € R. Given &/ >0 and dy,...,dp >0 with m < o/. Then

(Zd) < max(1, /17" qu

Consider the set
T(p) =A{X € T I\ |A] < p < [Ixjga-v] |2}
PROPOSITION 6.7. Suppose that {f, ; | n > 1,1 < j < a,} satisfies the (SOSC). Consider

q € R. Take n > 1 such that ®,, # 0. Fiz o, 0 € T with o # o and |a| = |o| =n. Then
there exists C > 0 such that

Dhop)<C D Pl

p/1# 1< 15|
D, ZA
for all p > 0.
Proof. Let
D=|x bmin = min bni, b = max  by.i.
1, bmin n>1,1<j<a, 77 T n>11<<a, Y

Fix p > 0 and let F be a p-separated subset of fo (%) N B(fo(H),p). For each z € F
we may choose A(z) € 7 (p) such that x € fx) ('), so it is clear that

@) (H) C B(x,p) N H C U a(X)
XET (p)
dist(z, fx(A))<|Ix]
for all x € F. This implies that

V(@) (H))? if g <0,
q q
V@@ <v( U aw) (X vho) ez
eI (p) e T(p)
dist(z, fa())<|Ix| dist(z, fa())<|Ix| (63)

Let O be the open set in Definition 2.8 It contains a ball of radius p; and is contained
in a ball of radius py. It follows that fx(O) contains a ball with radius p1|Ix| and is
contained in a ball of radius ps|Ix|. Furthermore, as (fx(O))acz(,) is a pairwise disjoint
family of sets with fa(#) C fa(O), Lemma implies that

A Z(p) | dist(z, fa () < p}] < ermp) AOINB (0511 ) w}' <,

where Cy = ((D/bmin + 2p2)/p1)?. By using Lemma we obtain

q
D SEETTNC ) e SR AN E ) (6.4)
AET (p) AET (p)
dist(z, fa () <p dist(z, fx () <p

where C; = max(1,CI™ ).
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Let cn be as defined in 1) Select a natural number N such that bmﬁf,f >
De; "™V Tt can be observed through the use of [22] that

ifxeF, X=(\1,..., ) € T(p) and dist(z, fx(H)) < p,
then @n Z ()\n+17 .. ~7)\|>\|—N)' (65)

To prove (6.5), we will consider two cases.

CASE 1: (A,...,A)j) # J. In this case, {1 < v < n | A, # ju} # 0. Let s be the
minimum element in {1 <v <n| A, # j,}. Consequently,

dist(fx,...x ) (F)s Fiarndis) () = Unjs—1)| dist(fajgaj=n) (), f5())
< b_.(n_l)(diSt(fA|(|>\|_N)(<%/)71’) + diSt(iEa fg(%))
<2pb_ (n=1),

min

Moreover,
p n—1
enlln,,apn-n | = enlInjaj-n| = C"W > 2pb Y

max

Utilizing Lemma we conclude that ®, € (Ast1,...,A\xj—n)- Hence
B & (Angts - Aa|)-

CASE 2: (A1,...,Ajj|) = J. Since 4 # j, we infer that {1 <v < n | X, # iy} # 0. Let t
denote the minimal value in {1 <v <n |\, # i, }. As a result,

dist(fx,,...xn-n (), fir,oipg (K dist(fajnj—n) (), fi( )

el
< bmfn )(dist(f)\‘(‘M,N) (Jf/), x) + dist(z, fz(f%/))
< 2pbm$:f D
Similarly to Case 1, we have
p (n—1)
nlDnAia-n | = EnlInjga-m| 2 Cnm > 2pbin -

Utilizing Lemma again, we find that ®, Z (Ary1,...,A|]a|—n), and consequently
@, € (Ans1,-- ., A;a|-n)- This completes the proof of .

Given that O contains a ball with a radius of p; and F' is p-separated, we deduce the
existence of a collection of pairwise disjoint balls denoted as (B,) for y € F. These balls
have radii min((bmin/D)p1, 1)p so that the set

U A0)
AET (p)
dist(y, fx(o£))<p

contains B,. Furthermore, this set is contained in a ball of radius

p+ aax [/A(0)] < (1 + p2/D)p.
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Since fa () C fa(O), we can apply Lemma to conclude that

{ver|( U  so)n( U #se)#0})

XET (p) AET (p)
dist(y, fx (%)) <p dist(z, fx(H))<p
<fuer[( U HO)nBa+ /D) 0} <0
Ae 7 (p)

dist(y,fx(A))<p

for all z € F, where Cy = (((1 + p2/D) + 2(1 + p2/D))/min(bmin/Dp1,1))%. Hence by

(©:5),
> > v(fa(H))? < Co > V(fa(H))1 (6.6)

zeF AET (p) A€T (p)
dist(z, fa(H))<p PnZ(Ant1s-AA|=N)
for ¢ € R. By combining , (6.4), and Lemma we obtain
> v(fa@ () if ¢ <0,
zEF
q
> u(B(x,p))? < (% y(fA(ji/)))q it ¢>0.
el el AET(p)

dist(z, fx () <p

Yoo > whs))T <o,
z€F AET (p)
dist(z, fx (A7) <p

1y > v(fa(X))T if ¢ > 0.
z€F AET (p)
dist (@, fa () <p

< 10y Z v(fa(H))?

AET (p)
D Z(Ant1s N A|=N)

YD SE Ty
P/ 1A 1< Iy ]
D Z(Ant1sNA|=nN)
= 0102 Z qu. n
PA NS N 12 x ]
D Z(Ant1sNA|=N)
PROPOSITION 6.8. Assume that {fn,; | n > 1,1 < j < a,} satisfies the (SOSC). Let
q € R and let n > 1 such that ®,, # (. Then there exists M > 0 such that

Z qu S Mp_ﬂon(Q).
p<|Ix|
P, I

IN

Proof. We start by defining functions g, h : (0,00) — [0, 00) as follows:

gp)= > vk, hlp) =p"Dg(p).

p<IIx|
SN
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Let § = (bmin)™. If 0 < p < §, then

g(p): Z Z pq)\a: Z Z p(ll,)\lal"'pgz,)\nan

Al=n p<|Ixal [Al=n p<|Ixal
gD, @,ZAc A¢D, ©,ZAa
q q q q
< 3wl pia, D Playpla,
[A|=n NI
>‘¢‘1)n ¢, Za
_ q q __ q —1
=y i D ph = > pLa(lIal""p).
Al=n 15| "' p<| Lo [A|=n
A¢D, o, Ze A¢D,

Thus, for all 0 < p < § we have

h(p) < Y PAIP O (IAT ) Dg (a7 o) = D pAIAIT @ h(|Ix] " p).
[A|=n [A|=n
>‘¢¢n >‘$<I)n

Let 0 = (bmax)™- By making use of the previous inequality and the definition of ¢,,(q) we
find that if 0 < a < 6, then

sup h(p) < sup > pAILAIPDR(IAT ) < Y pAIAIT W sup h(t) = sup h(t).

af<p<d af<p<d IAl=n IA|=n a<t a<t
AgD, AgD,

Finally, we get

sup h(p) < sup h(t).
af<p a<t

Then there exists a constant M > 0 such that
p?Dg(p) =h(p) <M forall p>0. m
Proof of Theorem [6.4 (1) (a) Let n > 1 be such that ®, # 0. Fix a,0 € 7 with
|a| = |o| = n and a # o. Propositions [6.7] and [6.8] yield M > 0 such that
2% 5(p) < Mp=#(@  forall p > 0. (6.7)
Since A ,(fa(H) N fo(H)) < 24 »(p), by making use of we obtain

q —n
dy,(fa(H) N fo(H)) < limsupM < lim sup log(Mp=#-(®)
’ o—0 —logp p—0 —logp
(b) Let € € N and let p > 0 be as in Besicovitch’s Covering Theorem [22]. Let € > 0.
Fix 0 < 6 < p. Let (AB(x;,p;)): represent a centered d-packing of fo(#) N fo(J£).
Additionally, denote ps = §/2°7! for s € N. Suppose i and s in N satisfy psi1 < p; < ps.
Based on the definition of (ps)s, we can deduce that

(2pi)gpn(q)+s S Cpf”(q)+6, (2pi)tpn(Q)+6 S CpflEQ)Jrs’ (68)

= ¢n(q).

where ¢ = 270+ max(1, 2F(#n(@D+) Fix s € N. It is evident that |z; — 2| > p; +p; >
2ps41 = ps for all i # j with ps11 < p; < ps and psy1 < p; < ps. By utilizing
Besicovitch’s Covering Theorem for the collection of balls {Z(z;, ps) | ps+1 < pi < ps},
we can establish the existence of £ subfamilies Iy, ..., Ise of {7 | ps+1 < pi < ps} such
that {i | psy1 < pi < ps} = U, Lsi- Furthermore, for any i,j € Iy with ¢ # j, we have
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B(xi,ps) N B(z;,ps) = 0. Then

Ps+15pi<ps I=1icly =1

for all s € N and ¢ € R.
It now follows from (6.7)), and the previous inequality that

DBl ) (2p) D=0 YT (Bl pi)) (2pi) 0

i s ps41<5pi<ps

c V(B(21, pssr)) 1207 if g <0,
s+1
< S ps+1<pi<ps
- CZ Z V(B(xi, ps))dpfrD+e if ¢ >0,
S ps415pi<ps

cZ HYOB(fo(H ) pss))pT DT i g <0,
<
N czg.///‘“’ m%(fa(%),ps))pfn(”“ if ¢ >0,

< CSZP“’" DQd o (ps) < C€MZP9" py o)

0F = 6%,

CfMZ 25(3—1) = 2 1

where &7 = c€M 2— < co. We therefore deduce that

28 —1
PO (5 () o (H)) < A6,

and
DL DYE(fo (H) N fo(H)) = 0.

This completes the proof of (1)(b).
(c) For all ¢ € R, we have

PIon OV (o () 1 [ (K ) < DL DT (fo(H) O o ().

In addition, from the second statement of Theorem we have Dim?(.#) = B,(q).
Thus we get the desired result.

(2) (a) Suppose that there exists ng such that £,,(¢) < B(g). Let £ € N and let
p > 0 be as in Besicovitch’s Covering Theorem [22]. Consider £ > 0. Fix 0 < § < P
Let (#A(xi, pi)): represent a centered d-covering of fo (£) N fo (). By making use of
the other version of Besicovitch’s Covering Theorem [23], there exist § € N countable or
finite subfamilies {Z(x;j, pi;) | 1 < j < 6} such that for each i, {ZB(x;j,pi;) |1 < j <6}
is a d-packing of fo (£ )N fo (). Denote p, = §/2°~* for s € N. Suppose i, s € N satisfy
Ps+1 < pij < ps. From the definition of (ps)s, we can deduce that

(2pij)¢>n(q)+s < Cpfn(q)Jrs’ (2,013‘)%( D+e < Cpsn(Q)JfE (6.9)

)
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where ¢ = 2¢n(0)+e max(1, 2*t(en(@)+9)) Fix s € N. Tt is evident that |Tij — 45| > pij+ pej
> 2ps41 = ps for ij # tj with psp1 < pi; < ps and ps41 < pi; < ps By utilizing
Besicovitch’s Covering Theorem for the collection of balls {Z(z;;, ps) | ps+1 < pij < ps},
we can establish the existence of { subfamilies I, ..., Iy of {ij | ps4+1 < pij < ps} such
that {ij | pst1 < pij < ps} = U, L. Furthermore, for any ij,tj € Iy with ij # tj, we
have #(x;;, ps) N %’(xilj,ps) = (). Then

Z Z nga ps S

Ps+15pij<ps j=1

for all s € Nand q € R.

It now follows from (6.7)), and (6.10) that
S (B pi) o) D= ST (B, pi) ! (2p0) P DT

% s P5+1<P1<p5

< Z Z Z (5, pij)) (2pij)4pn(‘1)+s

5 ps+1<pij<ps j=1

]

ST S U B i per) LT i g <0,
< s Ps+1<P1]<Ps] 1

Y }: (w35, ps)) 1 DFeif g >0,

s ps+1<pij<ps j=1

EODEEANEE (H) N Bfo(H ), pas)) 10T i g <0,
<

%Eja%“’ KN B(fo(H ), ps))pm DT if g >0,

< Y QL () < BEM S e

— ey L 5=
= oM D ey = HEM g 07 = 7,

where o7* = cEM 52— < co. We therefore deduce that

2¢—1

TV (fo(H) O o H)) < 76,
and

%’;q“P"(qHE(fa(l/) N fo (7)) =0.

This completes the proof of assertion (2)(a).
(b) The proof is identical to that of (2)(a), so it is omitted. m
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6.2. Measure of overlaps and Jacobians. The objective of this section is to demon-
strate that the overlaps fo(¢) N fo(2#) have negligible 227D and jﬁq’é(q) measures
for all o, € .7 with |a| = |o| and a # o, and to establish the almost sure existence of
the Jacobian of fq (%) and determine its almost sure value (Propositions and [6.11)).
Let ¢ € R and E C R? Given a locally finite measure v on R? and a bi-measurable
mapping f : R? = RY, the lower and upper qth order Jacobians of f on E with respect
to v are defined as follows:

JO(f, E) = liminf inf (’WWY,

p—0 zcE\ vB(z,p)
. : B(x,p)\*
qu, , ) = limsup su <Vf( .
(f ) p—>0pa:€g' l/%(ﬂﬁ,p)

If JU(f, E) = Jo(f, E) are identical, we denote this common value by J4(f, E) and refer
to it as the qth order Jacobian of f on E with respect to v. The significance of these
Jacobians lies in their role in determining the scaling characteristics of #%" and 2%,
This is formally stated in the following lemma.

LEMMA 6.9. Let v denote a probability measure on R? and let f : RY — R? be a similarity
map, meaning there exists a constant C € (0,00) such that |f(x) — f(y)| = Clx — y| for
all z,y € RY. Suppose that f(suppv) C suppv. Let ¢,t € R and E C suppv. Then

(1) JU(f, E)Ct 234 (E) < 234fE) < T,(f, E)C* 234(E),
(2) JU(f, E)C' A8 (E) < ALY FE) < T, (f, BE)C A4 (E).

Proof. This follows straightforwardly from the definitions (see also [23]). m

PROPOSITION 6.10. Assume that {f, ;| n>1,1<j<a,} satisfies the (SOSC) and let
q € R. Denote diml (%) = B(q) =t and Dim{,(¢") = B(q) = s.

(1) For a,0 € T with |o| = |o| and a # o, we have
%qyt(fa(ji/) n fa(t%/)) = PP (fa(H)N fo(H)) = 0.
(2) Forq>0 and all a,0 € T with |a| = |o| and o # o, we have
A (fa' (fo(H) = 22 (fa' (fo(A) = 0.
Proof. (1) Use the same technique as in Theorem
(2) By making use of Lemma we obtain
P (fa (fa(H) = P2 (o (falH) N fo (X))
<ol TSN H)PE (o) O fo(H).
It now suffices to show that J°.(f31, %) < 0o (because 295 (fo ()N fo(#)) = 0). So

v(f1 q
qu/(fa_lye%/) = limsup sup (W)

p—0  xex
< pav(fo' B(x,p))
2lol=lal o (fo Bz, p

= lim sup sup

q
) P Spgf<oo. m
p—0 zex ))
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PROPOSITION 6.11. Assume that {fn; | n > 1,1 < j < a,} satisfies the (SOSC). Let
q € R and oo € 7. Denote dim? (%) = B(q) =t and Dim?(%) = B(q) = s. For § > 0
write

Bes= | I BUal8),0).
‘T,';L?l
(1) If #2N(H) < P25(H) < o0, then

. q,t — : q,8 —
;%% (Aa,é) 0, gg%yu (A‘L‘s) 0.

(2) If 94 () < PI3(H) < oo. Then
lim 0" (falas) =0, lim PL(fala,s) = 0.
6—0 6—0
(3) For each 6 > 0,
I (for 7\ Aays) = jg(faw%/ \ Aas) = p-
Proof. (1) Since
. _ -1
limAas= |J fa'folH),

lo|=|e
o#a
one can use Proposition [6.10]2).
(2) Since
lim fo(Aas) = ;igg)l U| |(m(%) NB(fo(H),0)) = | U| |(fa(% N fo(H),
oFa ot

one can use Proposition [6.10[1).
(3) Let z € £\ Aq,s. Hence

fale) ¢ |J B(fa(X),0),

lo|=]cx
o#a
then
faB(z.p) N H C fou( )\ | folK)
lo|=|c]
o#a

for 0 < p < §, and consequently

via#(x,p) _ Dlolzlal Ve faB(z, p)) _ Pav#(z,p) —
VB (. p) VB p) vBwp) L

forall0 < p<d. m

6.3. Proof of Theorem in the case of (SOSC) and ¢ > 0. This proof mirrors
that of Theorem [3.1 under the (SSC) assumption, with the only difference being the use
of the following lemma in place of Lemma [3.7]
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LEMMA 6.12. Suppose that {f,; | n > 1,1 < j < a,} satisfies the (SOSC). Fiz g > 0.
Consider the functions hi y, ho, defined as follows:

hin(Y) = Y20 (//5,&4%) = 3 M e (),

|a|=n
hon(Y) :efYBn(q)( Z P ///qu - 167y(t%/)>_
|a|=n
Then there exists C' > 0 such that
|h1n(Y)] < Cem TBn@=en(@) = py (V)] < Ce™ TBn(@)=en(0)

for allY > 0. Specifically, if Br(q) —n(q) > 0, we can deduce from the preceding remark
on the Renewal Theorem that both hy and hy are directly Riemann integrable.

Proof. This can be immediately derived from the following lemma, along with Proposi-

tions and[6.8] =

LEMMA 6.13. Suppose that {fn; | n > 1,1 < j < a,} satisfies the (SOSC). Let ¢ > 0
andn > 1.

(1) For all p > 0 we have

) = 3 P 0| < Y 2,00

le|=n la=n|o|=|a]
ot

(2) For all p > 0 we have

L) = S s ) < S 2,0

|a|=n la|=n|o|=|c|

<503 Y 28,0

le|=n |o|=|a]
oFa

Proof. can be readily derived from Remark The proof of the first inequality in
is analogous to the proofs of Lemmas [3.4] and [3.5] and is therefore omitted. To establish
the second inequality of it is sufficient to demonstrate that .Z5 (%) < 5d(///§7 ()
for all sets .2 and all p > 0. It can be observed that there exists a family B = (%(x;, p)):
of balls with ; € # and # contained in | J; %(z;, p) such that B can be divided into 5¢
subfamilies By = (#(x14,p))i, - - -, Bsa = (B(xs54;, p)); where each By consists of mutually
disjoint balls. Consequently,

5d
MK ) < Z Blwi,p)? =D > v(B(24i,p))* Z///w AN

s=1 1

6.4. Proof of Theorem in the case of (SOSC) and ¢ < 0. Put first
10g pn,j max  L08Pn

n>1,1<j<a, logby, ;' n>1,1<j<a, logby ;
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THEOREM 6.14. Suppose a list {fn; | n > 1,1 < j < an} of contracting similarities
satisfies the (SOSC). Assume q < 0 is such that B,(q) > ©n(q) + (n — 7)q for alln € N.
Leta € 7.

(1) The arithmetic case: If {log(ﬁ), cee log( L )} is contained in a discrete (additive)

bn,an
subgroup of R, then there exist multiplicatively periodic functions g, m,, g, 1L,
(0,00) — R with period €’ satisfying

0 e’p) =m,(p), Ty(e™p) =Ty(p),

(e

=
<
—
(9]
H
e
2
=
Il
=
<
>

p) =Tq(p), my(
for all p > 0, such that

MIZ(H) M) —
ﬁ = Tale) +ele) ﬁ =1II4(p) + €(p),
M5 () MIP(H)

— 5@~ +elp), =g =1 (0) +elp)

where €(p) — 0 as p — 0.
(2) The non-arithmetic case: If {log(#)7 e 7log( L )} is not contained in a discrete

bl,al b”#’kn

(additive) subgroup of R, then there exist constants ¢,¢,s,s € R such that
MIS(H) MIP(KH)
v,p = V"‘L — <
@ C e(p), = e(p),
MIE(H) MIP(KH)
v,p _ v,p _
et TG =atel)

where €(p) — 0 as p — 0.

In order to prove Theorem we first derive the following auxiliary results.
PROPOSITION 6.15. Suppose that {f,; | n > 1,1 < j < a,} satisfies the (SOSC). For

each € > 0 there exist positive constants m. and p. such that
1
L < (Bl p) < mept =
mE
forallx € & and all 0 < p < pe.
Proof. First, note that

log pa
Lo

n< <rT (6.11)

for all o € 7.
We can safely assume that |#| = 1. Select p. > 0 such that for 0 < p < p., the
condition
1 log bmin S 1
logp —1+%2

holds. Fix # € .# and choose a € .7, such that w(a) = z (where w : T,, — R%,
{m(a)} =N, fajn(H)). Then, fix 0 < p < p.. Finally, denote by n the unique positive
integer such that |Io,| < p < |[Iaj(m—1)|- Notice that since z = m(a) € fu|n(#") and
|fain ()| = Ham! [#] = |Iam] < p (given our assumption |#| = 1), it follows that
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fan(A) € B(x,p). Consequently (by Lemma7
Pajn = V(faln(%)) < V(%(l'vp))
We conclude from this and (6.11)) that
- lOg ‘Ia\n| N log |ch|n‘ log |Ia|n| logp
Rearranging the inequality

Heajn]
p < | ajm-1| < ba‘"

yields
log 14 > IOg bmin

log [Iojn| — B log |Iojnl|
This, in conjunction with (6.12)), yields
1 bmin 1 B )
7> (1 _ % ) ogv(#(@,p)) (6.13)
log [Ia ] log p
Furthermore, rearranging the inequality |/q),| < p reveals that

log bunin log buin 1
- 21- > .
10g|1a|n| logp 1+ %
Therefore, we deduce from (6.13) that

1 loen(Bep)
1+ log p
Then p™¢ < v(%B(x,p)) for all z € # and all 0 < p < pe.
For z € ¢ and p > 0 write
o (x,p) ={a € T | |la| < p <|a|(al-1)|, fa(H) N B(x,p) # 0}.

So there is a constant ¢ > 0 such that

)

| (z,p)| < c (6.14)
for all x € # and p > 0. Indeed, let O be the open set in the (SOSC). Put now

B(x,p) ={a € T | |la] < p < |laja)-1)|s fa(O) N HB(z,p) # 0}

For x € K and p > 0, it is well known that fo (%) C fo(O) for all @ € 7, implying
o (x,p) C B(x,p). Given that O is non-empty, bounded and open, there exist constants
mq, mg > 0 such that O contains a ball of radius m; and is contained in a ball of ra-
dius mg. Therefore, if a € Z(z, p), then fo(O) contains a ball of radius |I|my. Since
[alm1 > [Ia)(al=1)|0minm1 > (bminm1)p, we infer that fo(O) contains a ball of ra-
dius (bminmi)p. Similarly, if a € HB(z,p), then fo(O) is contained in a ball of radius
|1 |ma. Given |Io|me < map, it follows that f(O) is contained in a ball of radius mqp.
Furthermore, since the sets (fa(O))acs(s,p) are pairwise disjoint (due to f;(O) N f;(0)

= () for i # j), Lemma implies
#(a.0)] < 2(a.0)] <

This completes the proof of (6.14)).

1+ 2mo\?
bminml ’
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Notice that for every x € # and p > 0, we have

ﬂ(x,p)g U foz(%)

e (,p)

Consequently, from (6.14) and Lemma we derive
VB < S falE)= Y pa
acB(o.p) aeB(@,p)

<|%B(x,p)] sup pa<c SUP Pa.
acB(z,p) acB(x,p)

From this and (6.11]) we obtain
logv(A(x, p)) > log ¢ n SUD e B(x,p) 108 Pax _ loge 4 inf log pe
log p log p log p logp = acs(z,p) logp
log ¢ i logpe, log|ly| _ loge
= inf >

i " i 10g|I |
in
logp ac®(zp) log|ls| logp ~ logp nae%’(x,p) log p

forall z € # and all 0 < p < 1. However, if & € B(x, p), then |Io| < p, and consequently

log |I;“ > 1. Therefore, we deduce from the last inequality that

logv(#(x,p)) _ loge
log p ~ logp
Hence v(B(x,p)) < cp? < ¢p" ¢ for all z € # and all 0 < p < 1. This completes the

proof. m

LEMMA 6.16. Suppose that {f, ;| n > 1,1 < j < a,} satisfies the (SOSC). Fiz g < 0
and n € N. Suppose there ezist positive constants b, B, co and py where b < B such that

+n

1
*pB < v(B(x,p)) < cop’
for allx € & and allO<p<p0.

(1) There is a positive constant ¢, such that for o € T with || =n and 0 < p < po, we
have
e B S B () T L(H) < M (fal K.

lo|=n
aFto

(2) There is a positive constant ¢, such that for o € T with || =n and 0 < p < po, we
have

W0 BTN DL () + pl A (H) < AMEE(fal K.
|lo|=n

aFo
Proof. (1) Let p > 0 and let F be an |I,|~!p-separated subset of #". Write
R=faF\ |J B(fs(H),p), H=faF0 | B(fs(H),p).

lo|=n lo|=n
aFo aFto

Note that f;1%(x,p) =0 for all z € R and for all o € J with |o| =n and o # 0. We
obtain

v(B(x,p) = _pov(fs ' Blx,p) = par(fa' Bz, p))
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for all x € R. This implies that

MEE(falH)) 2 Y v(B(x, )" + Z v(#(x,p))?

xER
= > (par(fa' B,p)"+ > v(B
xER xe€H
= > (' Bla,p) = Y phv(fa Bz, )" + > v(B
x€ERUH reH zeH
>ph Y v(f' Bl ) —ph Y v(fa B(x,p))
z€ fo F zeH
=p% Y (B, |1al 7 )T = pL Y v(fa' Bz, p)). (6.15)
xEF reH

Next, we evaluate pd >,y v(fo'%(x, p))?. Specifically, we will demonstrate the exis-
tence of a constant ¢, satisfying

oS U B ) < ap BV S 21 () (6.16)
z€H lo|=n
aFto

To establish (6.16)), our initial step involves recognizing H as a p-separated set satis-
fying
HC | falH)NB(fo(H),p). (6.17)

lo|=n
aFo

Consider = and y within H, which is contained in fo(F'). Consequently, we can find xg
and yo from F such that fo(20) = 2 and fo(yo) = y. Thus,

|z =yl = [Ial lzo — yo| > 2/Ial 1] "p = 2p

(since F constitutes an |I|~!p-separated set). Hence, H is a p-separated set. Now (6.17))
naturally ensues from

H=fa(F)0 | 2(fa( C U falH)NB(fo(H).p).
|o|=n lo|=n
aFto aF#o

Subsequently, we observe that for all z and all o € 7 with |o| = n,

1 ~1 “1 ~b b B \"
V(fa' 1’%(‘%7/))) _ V'@(fo-lxa‘-[0'| p) <CO |I | <Co<bmax> pf(B*b)'
v(fa'Bla.p))  vB(fa'w|lal"tp) T el P B b,

This implies that for all z we have

v(B(,p) = Y per(fs ' Blx,p))

lo|=n
(b‘;“") > pop” PO(f B, p))
min lo|=n
bB " B—-b 1
3 (bf;“) BV (111 B(, ).
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Since g < 0, we deduce from the last inequality that for all x,
— - br?lax " —
s (o) < (3 ) 05 a(a ). (6.19)

Combining (6.17)) and ( we obtain
8 Z 1% (,p )q <enp PN " w(B(x,p))"

o reH

< cnp P I32( | Jal) 0 B(fr (), 0)
e

WP BTN I (o) N B(fo (K ), )

jol=n

aFo

=Cnp(B_b)q Z ‘Qgc,a(p)
jol=n
aFo

where ¢, = ¢; (b max/bmm) "q(minz pi)™. This proves (6.16).
Finally, by Combmlng and - we get

MEE(fo >paz 2, Tl 7' p)" = Pl Y v(fa' Bl p))
zeF reH
> vl Y B Lol )T = cap P Y T 28 ()
zeF lo|=n
aF#o

Taking the supremum over all |I|~!p-separated subsets F' of # the desired result yields.
(2) The proof is identical to the proof of (1). =

LEMMA 6.17. Suppose that {f,; | n > 1,1 < j < a,} satisfies the (SOSC). Let ¢ < 0
and n > 1. Suppose there exist positive constants b, B, cy and pg where b < B such that

apB < v(B(x,p)) < cop’

forallx € & and all 0 < p < pog.

(1) There is a positive constant ¢, such that for 0 < p < po,

‘///qp Z P?r///qﬁ |-1 (J{)) < +CnP(B_b)q) Z Qg,a(ﬂ)-
lox|=n ‘O;l;él;"*"
(2) There is a positive constant ¢, such that for 0 < p < po,
) = 3 A | < (eS8 ()
lox|=n \O;L\#I:I,n

<51+ cap0 N 24 ().
al o,

ato
Proof. can be readily derived from Lemmas and The proof of the first
inequality in is analogous to the proofs of Lemmas and [6.16, and is therefore
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omitted. To establish the second ineqality of it is sufficient to demonstrate that
MEIE(A) < 5VAMIP () for all sets £ and all p > 0. It can be observed that there
exists a family B = (%#(x;, p)); of balls with z; € # and % contained in |J; #(z;, p)
such that B can be divided into 5¢ subfamilies By = (#(z1,p))is - - -, Bsa = (#B(x54;, p))i
where each B; consists of mutually disjoint balls. Consequently,

M (K <Z (zi,p)) ZZ (zsi5p))
Z///qp =51 (). -

LEMMA 6.18. Suppose that {fn; | n > 1,1 < j < an} satisfies the (SOSC). Fiz g < 0
and n > 1. Suppose there exist positive constants b, B, cy and pg where b < B such that

1
ng < v(B(x,p)) < cop’

for all z € 2 and all 0 < p < pg. Consider the functions hi n, ho ., defined by

ha(Y) = €D (80 (H) = DT DA (),
|a|=n

o u(¥) = e 00 (Lt = 3 A ().
|a|=n

Then there exists C > 0 such that
|hy (V)] < Ce—T(Bn(q)—(w(tz)—(B—b)Q))7
|hon (V)| < Ce™ TBn(@)=(ena)=(B=b)a)

forallY > 0.

Proof. This can be immediately derived from Lemma [6.17] along with Propositions [6.7]
and "

Proof of Theorem|6.14 (1) Define H,, : R — R and h,, : [0,00) — R by
H,(Y) = e—YBn(q)///gf_Y(%/)’
ha¥) = e (I () S BT, ()

|a|=n

Consider the probability measure

P:Zpa|la|ﬁn(q)5log 1.

Mol

It is evident that H,, € L'(R,P), and by Lemma it follows that h, is directly
Riemann integrable on [0, 00). Next, for all Y > 0,
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Hn(Y) = e_YBn(Q)%”qg:Y (L%/)
= e YOO (N P, o (H) + ¥ ON(Y))

|a]=n
1
= Y il 9H, (Y —log 1> + hn(Y)
(a7

le|=n

- /OOO Ho(Y =) dP(y) + hn(Y).

We now make use of the Renewal Theorem. In the arithmetic case we get
M (K

= Man(o) + (o),

where Il ,, is a multiplicatively periodic function.
In the non-arithmetic case,
MIY ()

pEEAe = s, + €(p).

The desired result is now reached by taking IT, = limsup,, ,,, Iy n, I, = liminf, o Iy 5,
5 =limsup,,_,., Sn and s = liminf, _, sp.

(2) The analogous result for .#7() is demonstrated in a similar manner. m

6.5. Proof of Theorem in the case of (SOSC) and ¢ > 0. This proof is identical
to that of Theorem under the (SSC) assumption, except that the following lemma
and Proposition [6.11] are used in place of Lemmas [I.3] and [£:4]

LEMMA 6.19. Suppose that {f,; | n > 1,1 < j < a,} satisfies the (SOSC). Let ¢ € R
and o € I .

(1) For (F,p) € I'7 we have

Wiy (Fal ) <

(pdtls ) 4250 >0 22 4(0).

7.c vp/1Lal
Mo () ’ lo|=10]=|a|
o#6
(2) For (F,p) € A7 we have
1
Vi (falH) £ —am e (PGALY ) (K) + 21 ,(p)).
() (fa( (/ﬁﬁ’(;{)( o/al( |a—|ze|:—|a| ol )
o#6

Proof. (1) We have
1
/‘L((IF,p) = %g,ﬁ(%) Z V(%(x,p))q.
’ c€EFNfa ()
Since (F,p) € I'?, we get

> (B, p) < MES(H N B(foH), p)). (6.19)
TEFNfa (X))
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Indeed, otherwise, there exists a p-spanning subset R of Z" N %B(fo. (), p) such that

S B <Y vl B

z€ER 2EFNfa(X)

Since H = RU (F'\ fa(%)) is clearly a p-spanning subset of %", we conclude that
N(H) <Y v(B(x,p))

zeH
< U B+ Y. v(B(x,p)
zER zEF\ fa (X))
< > uBap))+ Y u(B(,p)
2EFNfo () zE€F\ fa(X)
= Z v(B(x,p))l.
zcF

However, this contradicts the fact that (F,p) € I'?, meaning
> v(B(x,p))! = ML5(H).

zeF
From and the inequality ./Z2¢(/UB) < ML5( ) +.425(B) for all o, B C R,
we get
1
i ol H) St s M5 0 B Ja(),0)
= e 5 (Ja () U | o) N B(fa(2).0)))
O oDl o
oFo

1
- q,¢ q
< o) (AU + IUlE_ja P4.0(0))-
o#a
By using Lemma |3.5] we obtain
1 :
i el X)) < e o (el 51, 1D+ 30 Z800)+ 3 P8a00)

lo|=|al lo|=|a|

o#a oo
1 P d
< W(pg%gp“a|_l(%) +2.50 Y g,g,e(p)).

lo|=|0|=|c|
o#60
(2) By using Lemma we obtain

q — v T q 1 q,p
Viwp Fal X)) = Zms wEF%(%) (B, 0))" < —py #F (fa()

1
< e WA 0 + X 2alo)).

Bl

lo|=|e]
oFta

This completes the proof. m
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6.6. Proof of Theorem in the case of (SOSC) and ¢ < 0

THEOREM 6.20. Given a list {fn; | n > 1,1 < j < an} of contracting similarities
satisfying the (SOSC), assume that g < 0 with B(q) > p(q)—(7—n)q, and if there exists ng
such that B, (q) < B(q) assume that B(q) > p(q) — (7 —n)q. Denote dimf (2") = B(q) =t
and Dim?(#) = B(q) = s. Define probability measures ,u?F’p) and I/EZF”O) on R? by

1

Wipp) = AT I;V(%’(%p))q% for (F,p) €Ty,
1
Yen) = 73000 IEZFM(w,p))qax for (F.p) € Ay,

where 8, is the Dirac measure at x € R%.

(1) We have
q A 4
Hipp) = 7:@3’5(%/) weakly,
q A 4
V(F,p) — W weak’ly.
(2) If there exists ng such that B,,(q) < B(q), then

q WA il
Hirp) — %q,t(%?) weakly,
g N H
Y(F,p) - %q,t(%/)

Before proving Theorem [6.20} we establish the following intermediate propositions.

weakly.

PROPOSITION 6.21. Given a list {fn; | n > 1,1 < j < a,} of contracting similarities
satisfying the (SOSC), denote dim{ () = B(q) = t and Diml(#) = B(q) = s. Let
q<0.

(1) If B(q) > »(q) — (T —n)q, then for all distinct o, € T with |a| = |o|,

P31 (fa' (fo(H))) = 0.
(2) If there exists ng such that Bn,(q) < B(q) and if B(q) > ¢(q) — (T —n)q, then for all
distinct a, 0 € T,
AN ([ (fo(H))) = 0.
Proof. (1) Let {%(x:,pi)}i be a centered d-packing of fo1(fu(#) N fo(#)). Notice
that {B(faxi, pillal)}i forms a centered |I4|d-packing of fo (€)M fo (). By applying
Proposition we obtain

v(fatfaPB(zi,pi)) _ vAB(xi, pi)
v(fo' faB(xipi)  v(B(fo fatis|le|" Halpi))
-2 pite

RN

2 bmin (n=e)n +2e
_ —
> m; () P

max
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for each ¢ > 0. Consequently,

V('%(faxi,uami)) = V(fa xzapi Z PoV f fa (xiapi))

lo|=

(n—e)n
bmax —TrN—4€ —
() e S g St )

bmin

IN

lo|=n

Thus

_ bmin (n=e)n T— 5
(B(zi, p1) me() T (B faiis | lpt))

bmax
=m p: 2e (‘%(fa$27|ja|pt))7

where mg = mZ2(bumin/bmax) 7™,
Write wy, = |Io|6/2871 for k € N. As ¢ < 0, we have

Z (B, pi))? (20:)°@

< mi2B@ Na(r—n+2e)+5(a)
my2 B(fazis Lalpi))?(pi)

< mgg?(q) Z Z U(B(fari, |Ialpi))(p;) 1T~ 126)+5(0)

kw1 <|Ia|pi<wp

S (] q(t—n+2¢)+B(q)
oo 1)

<SS UBars, wir)) (wye )1

k wip1<|al|pi<wy

(1 q(T—n+2¢)+B(q)
< migPla |
= (w)

X YD (fal H) OB fo(H ), whs1)) (W) 1725
k

_ 45() -
- (|Ia|

< mg4B(Q)M<

—_

)q(77n+26)+5(q)

q(t—n+2¢)+B(q)
) Qg,a(wkﬂ)(wkﬂ

k

q(t—n+2e)+B(q)—¢(q)

1 q(T—n+2¢)+B(q)
) (wes)

[Lal

k
a3 1 v(q) 1 _ =
= migB @D — il 5T —n+2e)+8(q)—w(a)
0 |Te] 9a(T—n+2¢)+B

Since q(1T — n + 2¢) + B(q) — ¢(q) > 0, it follows that
DY (fo fo(H))) = 2RO (f3H (fo (H))) = 0.

(2) The proof is the same as for (1). m
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PROPOSITION 6.22. Assume that {fn; | n > 1,1 < j < a,} satisfies the (SOSC). Let
q <0 and a € . Suppose that

B(q) > enlq) — (T —n)g.

For 6 > 0, write
Aa,é = U f;lﬂ(fa(%)ﬂé)

lo|=|a|
oFa

(1) If 0N H) < PL3(H) < 00, then
i q,t — i q,s —
;E}%% (Aa,é) =0, gl_% Z} (Aa,é) =0.
(2) If AN (H) < PL(H) < 00, then
lim 0 (falas) =0, lim P2 (falas) =0.
6—0 6—0
(3) For each § > 0,
S (for #\ Das) = Ty (far £\ Das) = Pl
Proof. Argue as in the proof of Proposition [6.11] m
Proof of Theorem[6.20, (1) We can find a positive integer n’ satisfying

Bla) > enlq) = (T =n)g
for every n > n’.
Let {S, ;| n>1,1<j <a,} satisfy the (SOSC) and ¢ < 0. For a € T' with n > n/
define hq, : (0,00) = R by

MIP ‘(/C) MIP (]C)

wp/ o

halp) = (p/|]a|)fﬁ(q)/ pig(q)
It is clear from Theorem B.1] that
ha(p) =1 asp—0. (6.20)
Moreover, Propositions and demonstrate that for distinct 0,0 € T with |o| =
|0] = || there exists a positive constant Cy g such that

colp) < Coop™ @ for all p > 0.
Then for (F, p) € AY(K) from Lemma we get

bt (5a(00) € s (BAMES 1 ()4 2 Q2 4(0)

Hop |o|=16|=|cx]
o#0
9T PDhg (p) § - C p
“ “ MEL(K)

|| =16] =l o]
o#0
MELEN
p_E(Q)
= ga(p); (6.21)

— il a(r) + €700



Multifractal moment measures and scaling functions in Moran structures 55

where C' = 37 |_g|=|al, o0 Co0- Since pP@=7@) — 0 as p — 0 (because B(q) — 7(q)
O) and M%P(K)/ pB(‘I) remains bounded away from 0 for sufficiently small p by Theo-

rem it follows from and (6.21] - ) that

ga(p) —pllla]® asp—0forallaeT. (6.22)

Consequently, for m € N we have

L= 1i{ppy(K) S D i) (Sa(K))

|a|=m
< Z 9a(p) — Z Pellal® <1 asp—0. (6.23)
la|=m la|=m

We conclude now that
,u?F’p)(Sa(lC)) = pdlls)° asp—0foralacT. (6.24)

For brevity, define H = PI°/PL*(K). Next, for 6 > 0 and a € T, let Aq,s be
as defined in Proposition [6.22] It now follows straightforwardly from Lemma [6.9] and
Proposition [6.22] that

P (Sa(K\ Ag
H(Sa(lC)):}iL% i (Pg(*s(;\g) 5))

PL3(KN\ Aas)
i s 1q m s
(}I_E%HOJ JM(SQ(’C\ACK,(S)) PN,S(’C)
PL(KN Aas)
7 s,q 1 ,
- |1 [*p8 (6.25)
By combining (6.24)) and ( we have

M(F’p)(Sa(lC)) — H(Sa(lC)) as p—0foralla € T with n > n'. (6.26)

Next, let f : K — R be a continuous function, and let € > 0. Since f is uniformly
continuous and max|q|—m [Sa(K)| < (bmax)™|K|] — 0 as m — oo, there exists M € N

such that |f(x) — f(y)| < e/2 for all & with || = M and for x,y € Su(K). Furthermore,
it follows from (6.26) that for each o € T with |a|] = M there exists po such that

|U?F7P)(Sa(lc)) - H(Sa(lc)” < 5/(277'M||f”oo)

for all (F,p) € A? with 0 < p < pg.
Then, for each (F,p) € A? with 0 < p < ming=ys pa We obtain

[t~ [ram)< X[ it~ [ gan]
Sa(K)

lal=M S ()
H(Sa(K - Oo€>
< 2 (a0 10— 100 W
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Finally, since P*(Sq(K) N So(K)) = 0 for all distinct a, 0 € T with || = |o| (refer to
Proposition [6.21)), it ensues that

> H(Sa() = H( |J Salk)) = H(K) =1,

loe|=M lee|=M

and consequently

<e.

[ty = [ r0m

This concludes the proof (the analogous result for I/EIF ») is established in a similar man-

ner).
(2) We just add the condition that there exists ng satisfying 3,,(q) < 8(¢). Then we

use the same arguments as in the last statement. m
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