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Abstract. Let (T(n), £2) be the covering of the generalized Kronecker quiver K (n),
where (2 is a bipartite orientation. Given a regular Auslander—Reiten component D of
mod(7'(n), £2), we introduce two invariants: the width W(D) and the number b(D) of flow
modules. We show that
b(D)+1

5

w(D) =

In particular, we get {W(D) | D is a regular component} = N.

1. Introduction. Let k be an algebraically closed field. The generalized
Kronecker quiver K (n) is just the quiver with two vertices 1, 2, and n ar-
TOWS 7Y1,...,%n : 1 — 2. It is popular to study the representations of K(n)
when studying finite groups, moduli spaces, quiver Grassmannians, and in
many other areas of mathematics (see [14} [1, 9]). Let rep, (K (n)) denote the
category of finite-dimensional representations of K (n) and let K;, = kK (n)
be the path algebra of K(n) (see . If mod KC,, denotes the category of
finite-dimensional modules over IC,, then there exists an equivalence be-
tween the categories rep, (K (n)) and mod K,,. We will identify these two
categories frequently.

When n < 2, it is known how to classify the indecomposable modules
in mod KC,, [13, XIX.3]. When n > 3, however, it is hopeless to classify
all the indecomposable modules since the representation type is wild (see
[13, XVIII], 6l 1.3]). Hence it is desirable to find invariants in the category
mod IC,,. J. Worch introduced the width W(C) for a regular component C of
mod /C,, in 2013, and she showed that W(C) > 0 [14], Section 3|. C. M. Ringel
found two invariants: the smallest radius and the number of flow modules for
the covering quiver of K (n) in 2018 (see |10l 11l 4]). Then it is natural to
ask what the width of a regular component D of the covering is.
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From now on, we let n > 3. Let M € mod K,,. Then we have a linear op-
erator M = oy M (1) +aoM () + - -+ an M (y,) : My — M for every o =
(a1,...,a,) € K™\ {0}. Thus we can define two full subcategories of mod IC,,
with the equal kernels property and with the equal images property (see [14,
Definition 2.1]): EKP,, := {M € mod K,, | Va € k™ \ {0} : 7 is injective}
and EIP,, := {M € mod K, | Vo € k™ \ {0} : 2/ is surjective}. One shows
that EIP,, N EKP,, = (0), and the regular Auslander—Reiten (AR) compo-
nents of the category mod IC,, are of the form ZA, (see [§]). Let M € mod KC,,
be an indecomposable module and let 7 be the Auslander—Reiten translation
[2, IV.2.3]. Then a module M is said to be regular if 7™ (M) # 0 for any
m € Z. Suppose that M € EKP,, is regular. Then there exists some positive
integer m such that 7™M € EIP,, (see [14] Section 3|). This suggests look-
ing for an invariant connecting EIP,, NC and EKP,, NC for every regular AR
component C of mod K,,. Then we can define the width W(C) (> 0) of C [14]
Section 3|. In this note, we investigate the width from another point of view
using covering theory.

Let (T'(n), £2) be the universal covering of K (n) [3, Section 7], i.e., T'(n) is
an n-regular tree with a bipartite orientation {2 (see 2.2). Let mod(T'(n), 2)
be the category of finite-dimensional representations of (7'(n), (2). Then
mod(T'(n), §2) also admits AR-sequences (see |4, 2.2]). Similarly, we have
widths for the regular components D of mod(7'(n), £2). C. M. Ringel defined
an invariant b(D) (the number of flow modules) for the components D in
2018 (see [10]). We study the components D and show that W(D) > 0.

2. Preliminaries. Throughout, £ will denote an algebraically closed
field.

2.1. Trees. A graph G = (Gy,G1) consists of two sets: Gg (the set
of vertices) and G; (the set of edges). Two vertices a,b € Gy are called
neighbours if {a,b} is an edge in G;. For a graph G, by an orientation we
mean a map §2 : G1 — Gy x Gy such that 2({a, da’}) is either (a,d’) or (d/,a).
We call (G, 2) an oriented graph. We write a — o’ if 2({a,d'}) = (a,a’) and
call a the start, a’ the target, and a — a’ the arrow. Further we call a a sink
(or a source) if it is not a start (or the target, respectively) of any arrow.
If any vertex is a sink or a source, then the orientation {2 will be called
bipartite. A subgraph of a graph G = (G, G1) is a graph G’ = (G}, G}) such
that G}y C G and G} C G1. A walk of length ¢ > 0 with start ag and target
as in a graph G is a finite sequence

lt == ((10 | {a07 a].}) {CL]_, a2}7 ceey {at—l)at} | a’t)
such that a;—1 and a; are neighbours for 1 <7 < ¢, and aj_1 # aj41 for
1 < j < t. We sometimes use (ag, aq,...,at) to denote the walk [; if there

only exists one walk connecting ag and a;. The graph G is called finite if G
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and G are finite sets, and connected if for any two vertices a,b € Gy, there
exists a walk that connects them. A graph G is said to be a tree if it is
connected and there only exist walks of length 0 that connect a vertex with
itself. Moreover, for any two different vertices a, b in a tree G we can only find
one walk that connects them. Suppose that G is a finite tree. Then we call
the walks of maximal possible length the diameter walks of G, and we use
d(QG) to denote their length. Let I; = (ag, a1, ...,a:) be awalk in G. If t = 2r,
then we call a, or {a,} the centre of l; and r its radius. If t = 2r 41, then we
call {a,,a,+1} the centre of l; and r its radius. In fact, all diameter walks of
a finite tree G have the same centre [10), 2.1]. Hence we take the centre and
the radius of diameter walks of a finite tree G as the centre and the radius
of the G itself and we use C'(G) and r(G) to denote them, respectively.

2.2. Quivers. A quiver is a quadruple @ = (Qo, @1, s,t), where s,t :
@1 — Qo. The elements in Q)¢ are called vertices or points, and the elements
in @ are called arrows, respectively. For every arrow a € @1, we call the
vertex s(a) its start, and the vertex t(«) its target. Note that an oriented
graph (G, 2) can be seen as a quiver without loops and multiple arrows.

Let @ be a quiver, and let x € Q9. We define two sets

T i={ycQo|IacQ:t(a) =y and s(a) =2},
7 ={y € Qo|JacQ:s(a)=yand t(a) =z}

The neighbourhood N (z) of x is xtUz~. We say that z is a leaf if x has at
most one neighbour. A sequence (a | aq,...,a; | b) in @ is called a path with
start a and target b if s(ay) = a, t(a,) = b, and t(ay) = s(agy1) for each
1 < k < r. Moreover, each vertex x € Qg is a trivial path of length 0. The
quiver @ is said to be locally bounded if for every x € Qg the neighbourhood
N (z) is finite and there exists m, € N such that each path in @ which starts
or ends in x is of length < m,. In this note, when we talk about a quiver @),
we always assume that it is locally bounded.

Let 0,4 be the Kronecker delta, and let I; = (ag | a1,...,®p | ap) and
lo = (bo | Bi,...,Bq | bg) be two paths in ). We define the product of Iy
and Iy by

lllg = (5%71,0(@0 ’ a1,... ,Oép,ﬂl, . ,,Bq ’ bq).
Then we define the k-algebra k(@ to be the k-linear span of all paths of
length [ > 0 (see [2, II.1]). We call kQ the path algebra of Q). When Qg
is finite, k@ is an associative and finite-dimensional k-algebra. A finite-
dimensional representation M = ((Mz)zeQ,, (M (a))acg,) of @ consists
of vector spaces M, and k-linear maps M(a) : My — M) such that
dimy M = Zmer dimy, M, is finite. A morphism f : M — N between two
representations is a collection (f.).eq, of k-linear maps such that for each
arrow « : & — y, we have f, o M(a) = N(a) o fp. We write rep,(Q) for
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the category of finite-dimensional representations of ) over k. If mod k@) de-
notes the category of finite-dimensional left kQ-modules, then the categories
mod k@ and rep,(Q) are equivalent (see |2} III 1.6]).

We use (T'(n), £2) to denote the universal covering of K (n) with a bipar-
tite orientation {2 [3, Section 7|. Moreover, (T'(n), £2)g and (T'(n), £2); are
the sets of vertices and arrows in the quiver (7'(n), £2), respectively. Then
there exists a push-down functor 7y : rep,(7'(n),§2) — rep,(K(n)), and
m is exact (see [3]). We follow the notations of [3, Section 7| and give the
following example.

EXAMPLE 1. Let M € mod(7T'(3), £2) be

where every M('yj’) is the identity map and 7r(’yji») =, 4,7 € {1,2,3}. In
fact, M is indecomposable [12], Proposition 1|. Moreover, mx(M) = N, where

N = k? é kP
5
with
[1 0] [0 0] [0 0]
0 0 10 0 0
N(m)=10 1|, N(2)=1|0 0, N(ps)=|1 0
0 0 01 0 0
10 0] [0 0] 10 1]
Let o, be the reflection functor of a sink z € (T'(n), £2)¢ (see [2, VIL5]).

For any two sinks z,y € (T'(n), £2)o, we have 0,0, = 0y0,. Then we can
define a reflection functor o : repi(7'(n), £2) — rep,(T(n),c82) at all sinks,
where o2 is the opposite orientation. The functor ¢ is independent of the
order used in the composition and acts on the finite-dimensional represen-
tations, so that for any non-trivial representation M € repy(T'(n), {2) there
exist sinks x1,...,x such that o(M) = oy, ...04,,(M). Hence the func-
tor o is well-defined. We sometimes call the functor o the shift functor.
Similarly, we have a reflection functor ¢~ at all sources of (T'(n), §2)o.

We call the representations in rep,(7'(n), £2) the graded Kronecker mod-
ules (or graded modules, or simply modules), and we use mod(T'(n), 2) to
denote the category of those modules.

DEFINITION. Let M € mod(T'(n), £2) be an indecomposable module. We
say that M is regular if o*(M) # 0 for any t € Z.
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In fact, an indecomposable module M € mod(T'(n), £2) is regular if and
only if 7y (M) is regular (see [2, VIII.2.1, VIII.2.14], [3, Corollary 7.2]). More-
over, this can be checked by looking at the dimension vector of (M) (see
5,[15]). Hence one can show that M is regular in Example([I]since my (M) = N
is regular.

The functors 0,0~ send regular indecomposable modules to regular
indecomposable modules [7, Lemma 3.1.2]. Furthermore, the functors o
and ¢~ induce quasi-inverse equivalences of the k-linear full subcategories
of mod(T'(n),2) and mod(T(n),c(2) consisting of regular modules [T,
Lemma 3.2.7]. Let M € mod(T'(n), £2) be a regular indecomposable module.
Then oo~ (M) 2 o~ 0(M) = M and 0>M = 7M, where 7 is the Auslander—
Reiten translation [10, 2.6]. Let Dy, : mod(T(n), £2) — mod(T'(n),c§2) be
the duality as in [3| 7.2]. Then we have Dy, o o(M) = o~ o Dy, (M),
Dryoo™ (M) = 0o Dpyy(M) [7, Lemma 3.2.8].

2.3. Graded Kronecker modules. Let () # S C (T'(n), £2)¢ be a set
of vertices. We use T'(S) to denote the unique minimal tree in (7'(n), 2)
containing S. Let x € (T'(n),2)o, and let M € mod(T(n),(2). Define
supp(M) = {y € (T'(n),2)o | My # (0)}, and call it the support of M.
Let T(M) = T(supp(M)). Then the vertex z is said to be a leaf of M if
x is a leaf of T'(M). Suppose that M is indecomposable. Then T'(M) is a
finite tree, and we can define d(M) = d(T'(M)), C(M) = C(T(M)) and
r(M) = r(T'(M)), and call them the diameter, the centre, and the radius
of M, respectively [10], 2.4]. The module M is said to be a sink (or source)
module if the diameter walks of T'(M) start and end in sinks (or sources),
and M is a flow module when d(M) is odd. We can actually find some i € Z
such that My = oM is a sink module with the smallest possible radius
[10, Theorem 1]. We define the index t(M) :=t when M = o'M; for some
teZ.

Let M € mod(T'(n),{2) be a sink (or source) module with centre ¢
and radius r > 1. Then M is said to be complete if for any walk
(x(0),z(1),...,2(r)) in (T'(n), 2) with z(r) = ¢ such that z(i) € supp(M)
for all i € {1,...,7}, we have dimy My = dimy My). When M is a
flow module with radius r > 1, we say that M is complete if for any walk
(x(0),z(1),...,z(r)) in (T'(n), 2)o with z(r) € C(M), x(r—1) ¢ C(M) and
x(i) € supp(M) for all i € {1,...,r}, we have dimy M) = dimy M.
Otherwise, we call an indecomposable module M incomplete [10, 2.5]|.

2.4. Regular components. We give a short introduction to Auslander—
Reiten quivers for finite-dimensional k-algebras. The readers can refer to [4]
and [2, IV 4| for locally bounded categories.

Let A be a finite-dimensional k-algebra, and let mod A be the category
of all finite-dimensional left modules of A. Let X,Y € mod.A be indecom-
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posable. We say that a homomorphism f : X — Y is wrreducible if it is
neither a split monomorphism nor a split epimorphism, and if f = f; o fo,
then either f; is a split epimorphism or fo is a split monomorphism. Let
rad 4 be the radical of mod.A. Then we call the set

Irr(X,Y) := rad4(X,Y)/rad%(X,Y)

the space of irreducible morphisms [2, IV.1.6]. In fact, a homomorphism
f: X — Y is irreducible if and only if f € rad4(X,Y)\rad%(X,Y).

DEFINITION. The Auslander—Reiten quiver (translation quiver) I'(A) of
A is defined as follows:

(a) The points I'(A)g correspond to the isomorphism classes [X] of inde-
composable modules X in mod A.

(b) Let [X],[Y] be two points in I'(A)g. Then there are dimy Irr(X,Y) ar-
rows from [X] to [Y] in I'(A);.

Let X,Y € mod A be indecomposable. We say that X is a predecessor
of Y if there exists a path from [X] to [Y] in I'(A), i.e. a chain of irreducible
maps from X to Y. We say that X is a successor of Y if there exists a path
from [Y] to [X] in I'(A), i.e. a chain of irreducible maps from Y to X. We
define the cone (X —) to be the set of all successors of X, and (— Y') to be
the set of all predecessors of Y.

Let X be a non-projective indecomposable module (or let Y be a non-
injective indecomposable module). Then there exists a unique short exact
sequence, called the Auslander—Reiten sequence, or simply AR-sequence (or
almost split sequence)

t
0-Y L Pur L x o,
i=1
where Y (X, respectively) is indecomposable, and the modules M; are pair-
wise non-isomorphic and indecomposable. Suppose that

fi fi1
f: 7g:[glyygt]7 Where f’L: 7gl:[gllaag7,nz]
ft fml
Then the maps fi1, fiz, ..., fin, : Y — M; and g1, ..., gin, : M; — X corre-
spond to bases of Irr(Y, M;) and Irr(M;, X), respectively. We write Y = 7.X
(or X = 77Y) and we denote this in I'(A) by [Y] «-- [X]. Note that
we sometimes do not distinguish between X (or Y) and its isomorphism

class [X] (or [Y]) in I'(A). Moreover, we say that an indecomposable mod-
ule M € mod A preprojective (or preinjective) if there exists m € Ny such
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that 7" M (77™M, respectively) is projective (injective, respectively); oth-
erwise, M is said to be regular.

We call a connected component C of I'(A) regular if it consists of regular
modules. It is well-known that the regular components of mod k), are of the
type ZAo (see [8]), and they are of the form in Figure [Il A module M is
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Fig. 1. Regular component Z A

called quasi-simple if it is located in the bottom row of a ZA.,-component.
Let M be a module in a regular ZAy-component C. Then there exists a
quasi-simple module X € C (or Y € C) such that we can find a chain
of irreducible monomorphisms X = X; — -+ = X, 1 — X, = M (or
irreducible epimorphisms M =Yy — Y51 — -+ = Y] = Y). We call s
the quasi-length of M and the module X (or Y) quasi-socle (or quasi-top)
of M. It can be shown that M is uniquely determined by its quasi-length
and quasi-socle (or quasi-top), whence we can define ql(M) := s = the
quasi-length of M.

Given a regular Z As.-component C, there are uniquely determined quasi-
simple modules Mg and W in C such that the cone (Mg —) of all successors
of M¢ satisfies (M¢ —) = EKP,, NC and the cone (— W¢) of all predecessors
of We satisfies (— W) = EIP,, NC [14], Theorem 3.3|. Hence we can measure
the distance between M and We.

DEFINITION. Let C be a regular AR component of mod K,,. Define W(C)
to be an integer W(C) satisfying 7"+ Me = We. We call the width of C.

We now define
Inj, o = {M € mod(T'(n), £2) | Vo € (T'(n),§2)1 : M(0) is injective},
Surj,, o = {M € mod(T'(n), 2) | Vo € (T'(n),§2)1 : M(0) is surjective}.
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Let M € mod(T'(n), £2) be an indecomposable module. By [3, Theorem 8.1],
we know that M € Inj, , if and only if m\(M) € EKP,,.

A component of category mod(T'(n), {2) is said to be regular if it con-
tains a regular module. Let D be a regular component of mod(7'(n), £2).
According to [3, Corollary 7.2|, the map D — (D) is an isomorphism
of translation quivers. Consequently, the regular component D is also of
the type ZAy. Hence it is similar to the category mod IC,,, and there exist
unique quasi-simple modules Mp, Wp in D such that (Mp —) = Inj,, o N D
and (= Wp) = Surj,, , N'D. Then we have the following.

DEFINITION. Let D be a regular AR component of mod(T'(n), 2). We
define the width of D to be an integer W(D) satisfying 7"V P+ Mp = Wp.

3. Graded modules in regular components. We use R to denote
the set of regular AR components of mod(7T(n),2), and we now focus
on a component D € R in this section. Let ¢D = ¢~ D denote the cor-
responding component under the action of reflection functors ¢ and o~.
Let M € mod(T(n),2) be a regular indecomposable module. We define
Nar(b) ;== N(b) N T(M)qg, for b e T(M)p.

LEMMA 3.1. Suppose that M € Inj, , is a regular indecomposable mod-
ule. Then

(a) M is a sink module and d(M) > 4.
(b) Any leaf of T(c M) is a sink. In particular, oM is a sink module.

Proof. According to the definition, every map is injective in M, that is,
every leaf of T'(M) is a sink, whence M is a sink module. Note that oM is
also indecomposable. Suppose that there exists a source by which is a leaf
in T(oM). Let a : by — by be an arrow of T (0 M); and the k-linear map
o= (oM)(a): (e M)y, = (6 M)p, be non-trivial. Since 0~ (6 M) = M, there
exists a map ¢’ = M(d') : My, = (M), — M, = coker ¢ that is not
injective in M, this is a contradiction. Hence all leaves of T'(c M)y are sinks
and oM is a sink module. Moreover, M is complete and d(c M) = d(M) —2,
C(oM) = C(M) [10, 3.1].

Since M is a sink and regular module, it follows that d(M) > 4: if
d(M) = 2, then we have d(ocM) = 0, that is, |T(cM)o| = 1, so that oM is
not regular. =

COROLLARY 3.2. Suppose that N € Surj, , is a reqular indecomposable
module. Then

(a) N is a source module and d(N) > 4.
(b) Any leaf of T(c~ N) is a source. In particular, 0~ N is a source module.
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Proof. Since N € Surj,, , we obtain Dy ,) (V) € Inj,, (. By Lemma
we know that N is a source module and d(N) > 4. Similarly, we get (b). =

We give an example to show how the modules change in their o-orbits.

EXAMPLE 2. Let N = k <~ k 2% k € mod(T(3), 2), where Ai, A
€ k\ {0}. Then N is indecomposable [12, Proposition 1]. Actually, N is
regular since 7y (N) is regular. Let D be a regular component. Without loss
of generality, we assume that N € D. Let M = 0 2N. It is easy to check
that M € Inj; ,ND. Note that N ¢ Inj; ,ND and N is quasi-simple [3,
Proposition 3.4]. Then M is quasi-simple and M = Mp. One can check that
0~ M is a sink module.

LEMMA 3.3. Suppose that M € Inj, oND is a regular indecomposable
module. Then o~ M € Inj,, ,oNoD.

Proof. Let M’ = o~ M. We want to prove that M’ € Inj, ,o N oD. Since
M is a sink module, all neighbours of any source = € T'(M)y still belong to
T(M)o. We have an injective map f; : M, — M,, for every i € {1,...,n}
and y; € Nyr(z). Put

fi(m)

M, = < @ Myi>/imf, where f(m) = : for m € M,.
ket fulom)

For each 7, we have to show that the map
giZM{/i:Myi%M;, mi»—>(0,...,0,mi,0,...,0),

is injective, where g; maps m; to the ith position in M/, with the image m;.
Now let m; € ker g;. Then (0,...,0,M;,0,...,0) € im f. Hence there exists
m € M, such that m; = f;(m), while fj(m) = 0 for all j # i. Since each
fj is injective (actually, (), ker f; = (0) suffices), it follows that m = 0,
whence m; = 0. Consequently, g; is injective. m

LEMMA 3.4. Suppose that N € Surj, o ND is a regular indecomposable
module. Then oN € Surj, ,oNoD.

Proof. Since Drp,)(N) € Inj, ,, it follows from Lemma that
0~ 0 Dy (N) = Dppy 0 0(N) € Injy o0, that is, oN € Surj, oo N 0D. =

Let M € D be a regular indecomposable module. Recall that ql(M) is
the quasi-length of M in D. Then we have the following.

LEMMA 3.5. «(Myp) € {¢(Mp) — 1,(Mp) + 1}.

Proof. Let M = Mp, and let N € Inj, oD with ¢l(N) = 1. Since
M is regular with ¢gl(M) = 1, we get N = 7'M = o0~%M and ((N) =
t(M) — 2t for some t € Ny in the regular component D. Hence M is the
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one with the biggest index ((M) in its o-orbit located in Inj, o ND. On
the other hand, we have 0~ M € Inj, ,,NoD by Lemma (3.3l Moreover, we
have gl(c~ M) = ql(Myp) = ql(M), and t(6~ M) < 1«(Myp). Then o«(Myp) >
t(Mp)—1and t(M,p) # t(Mp). Otherwise, suppose that «(M,p) < ¢(M)—3.
Then t(c™M) = (M) —1 > «(M,p), a contradiction. Similarly, suppose
that «(Myp) > (M) + 3. We have «(c~ Myp) = «(Myp) — 1 > +(M) and
o Myp € Inj, o N D by Lemma a contradiction. Hence «(M,p) €
{e(M)—=1,0(M)+1}. =

LEMMA 3.6. t«(Wyp) € {¢(Wp) — 1,u(Wp) + 1}.

Proof. Let U € Surj, ,ND with ¢l(U) = 1. Similarly, we can see that
U= 71Wp = o*Wp and +(U) = +«(Wp) + 2s for some s € Ny. Hence
1(U) > «(Wp). By Lemma 3.4 we have cW,p € Surj,, , N'D. Suppose that
t(Wep) < t(Wp)—3. Then t(cWyp) = t(Wyp)+1 < o«(Wp), a contradiction.
Suppose that «(Wyp) > «(Wp) + 3. Then «(cWp) = «(Wp) + 1 < t«(Wep)
and cWp € Surj, s N oD by Lemma a contradiction. Hence ¢«(Wyp)
< t(Wp) + 3. Finally, we have «(W,p) = «(Wp) + 25’ + 1 for some s’ € Z. u

Let M € D be a regular indecomposable module, and let b(M) be the
number of flow modules in the o-orbit of M. Then b(M) = b(N) for any
N € D [10], Section 7]. Hence we can define b(D) := b(M).

THEOREM 3.7. Let D be a regular component of mod(T'(n), £2). Then

b(D) +1
2
Proof. Since T = 02, we have (¢2) VP +D Mp = Wip. Then 20W(D)+1)

+u(Mp) = «(Wp), that is, W(D) = “Wn)_t(Mp)

mas and [3.6] we have

t(Wp) —1— («(Mp) +1)

IW(D) —W(oD)| <1 and <W(D).

— 1. According to Lem-

t(Wop) — t(Myp)

(1) 5 —1<W(oD) = 5 -1
< t(Wp) +1 _Z(L(MD) -

Thus

(2) W(D) —1 <W(eD) < W(D) + 1.

According to Lemma and Corollary there are only sink modules
contained in Inj, , and source modules contained in Surj, . Let N be a
regular indecomposable module in the o-orbit of Mp. Then N = ¢?Mp for
some ¢ € Ny. Suppose that N is a flow module. Since we already know that
oMp is a sink module and o~ Wp is a source module, we have

t(Mp) +1=1lcMp) < t(N)=q+ 1(Mp) < 1(c”Wp) =1(Wp) — 1.
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Hence 1 < ¢ < t(Wp)—1—u(Mp) =2W(D)+1, thatis, q € {2,...,2W(D)}.
Then the number of flow modules is b(N) < 2W(D) — 1. However, b(D)
= b(N). Hence % <W(D). n

COROLLARY 3.8. Let D be a reqular component of mod(T'(n), £2). Sup-
pose that W(D) = W(oD). Then W(D) > W.

Proof. We define two sets
M =D\ (Inj, nUSurj, o) and M(o) := 0D\ (Inj, ,oUSurj, ;)

It W(D) < %, then we have W(D) = % by Theorem . Hence we

get W(D) = W(oD) = %. That is, there are b(D)+1 quasi-simple mod-
ules contained in M U M (o). However, there exist at least one sink module
and one source module that are quasi-simple in M U M(c) by Lemma
and Corollary Hence there are at least b(D) + 2 quasi-simple modules
contained in M U M(0o), and this is a contradiction. =

We now give an example with b(D) = 0.
EXAMPLE 3. Let M € mod(7'(3), £2) be the module

where A\; € k\ {0},i € {1,...,9}. Then M is indecomposable and M €
Injs ; [12, Proposition 1]. Actually, M is quasi-simple [5, Proposition 3.4].
We can see that M is regular since 7y (M) is regular. Furthermore, we have
b(M) = 0 and M = Mp for some regular component D of mod(7(3), {2).
It is easy to see that o®M and o*M are source modules and maps in them
are all surjective. Since 02M ¢ Surjs (, we obtain o*M = 72M = Wp and
W(D) = 1. Moreover, oM ¢ Injz,oUSutjs ., whence W(oD) = 1 by
Lemma 3.3

ProposITION 3.9. {W(D) | D e R} =N.

Proof. According to Theorem we get W(D) > % > 0 for any
D € R. Then {W(D) | D € R} C N. However, we already know N C
{W(D) | D € R} by [3, Theorem 10.3(b)|. =

REMARK. If there existed a regular component D of mod(7'(n), £2) such
that W(D) = 0, then TMp = Wp = o2Mp. Hence the module oMp
would be a sink module and o™ Wp = oMp would be a source module
by Lemma (b) and Corollary (b) Apparently, this is a contradiction.
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