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The small ball probability for singular values
of the inhomogeneous subgaussian random matrices

by

Guozheng Dai, Zeyan Song, and Hanchao Wang

Abstract. Let A be an n×n random matrix with independent centered nonconstant
subgaussian entries. We give the small ball probability for the k-th smallest singular value
of A when k ∈ (c logn, c

√
n). Furthermore, we prove that for any k < c

√
n, the probability

of the matrix having a rank lower than n− k is sub-exponential. This extends the earlier
results of Rudelson’s 2024 paper by removing the assumption of the identical distribution
of the entries across the matrix. Our model covers inhomogeneous matrices, allowing
different subgaussian moments for the entries as long as their subgaussian moments have
a standard upper bound. In past work, the assumption of i.i.d. entries was required due to
the lack of least common denominators of the non-i.i.d. random matrix. We overcome this
problem using the randomized least common denominator (RLCD) of Livshyts (2021).

1. Introduction. Let A be an n×n random matrix. A classical problem
is to estimate the probability that the random matrix A is singular, i.e.,
P(det (A) = 0). Consider a random matrix A with i.i.d. Rademacher entries
(taking values ±1 with probabilities 1/2). A remarkable work [KKS95] of
Kahn, Komlós, and Szemerédi states that

P(det(A) = 0) ≤ (0.998 + o(1))n.

Subsequently, a lot of work was done to explore the asymptotically opti-
mal upper bound. For example, the singularity probability was bounded by
(3/4+O(1))n by Tao and Vu [TV06, TV07], and further developed by Bour-
gain, Vu, and Wood [BVW10], who established a bound of (2−1/2 + o(1))n.
Recently, Tikhomirov [Tik20] proved the following optimal bound:

P(det(A) = 0) =

(
1

2
+ o(1)

)n
.
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Furthermore, an interesting extension of the problem of estimating the prob-
ability of a random matrix’s singularity is investigating the distribution of
the smallest singular value; in particular, we want to give a small ball proba-
bility. Recall that the singular values of A are defined as square roots of the
eigenvalues of the positive semidefinite n× n matrix A⊤A:

si(A) =
√
λi(A⊤A), i = 1, . . . , n,

where we assume the non-increasing ordering λ1(A
⊤A) ≥ · · · ≥ λn(A

⊤A).
Spielman and Teng [ST02] conjectured that, when A is an i.i.d. Rademacher
random matrix, then for ε ≥ 0,

P(sn(A) ≤ εn−1/2) ≤ ε+ exp(−cn).

In the past 20 years, much work has been done around this conjecture.
In particular, Rudelson and Vershynin [RV08] proved the Spielman–Teng
conjecture to a constant. In particular, they obtained, for ε ≥ 0,

(1.1) P(sn(A) ≤ εn−1/2) ≤ Cε+ exp(−cn),

which is the first exponentially small ball probability. In fact, they gave a
more general result, which states that the above deviation inequality is valid
when the entries of A are i.i.d. subgaussian random variables with mean 0
and variance 1. Recall that a random variable X is called subgaussian if

(1.2) E exp((X/K)2) < ∞
for some K > 0 and we define the subgaussian norm by

∥X∥ψ2 = inf (t > 0 : E[exp((X/t)2)] ≤ 2).

There is also considerable interest in computing the distribution of sn(A) in a
general ensemble. Rebrova and Tikhomirov [RT18] recovered the full strength
of (1.1), assuming only i.i.d. mean zero, variance one entries. A recent paper
[LTV21] by Livshyts, Tikhomirov, and Vershynin established the deviation
inequality of sn(A) when A has independent but not identically distributed
heavy-tailed entries, which may be the most mild assumption in this context.
There are many other interesting works (e.g., see [Liv21a, RV09]) computing
the distribution of sn(A), which we will not cover here.

Considering the behavior of the intermediate singular values is also an
interesting and natural problem. Nguyen [Ngu18] considered the distribution
sn−k+1(A) where A has i.i.d. subgaussian entries with mean 0 and variance
1 and proved that for any ε > 0, γ ∈ (0, 1), and k ∈ (c0, n/c0),

P(sn−k+1(A) ≤ εn−1/2) ≤ (Cε/k)(1−γ)k
2
+ exp(−cn).

Recently, Dai et al. [DSW24] improved the above decay rate. In particular,
they proved for ε > 0, γ ∈ (0, 1/2), and log n ≤ k ≤ c0

√
n,

P(sn−k+1(A) ≤ εn−1/2) ≤ (Cε/k)(1−γ)k
2
+ exp(−ckn).
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As we have seen, all the results mentioned above revolve around i.i.d.
random matrices. What about inhomogeneous random matrices? The first
main result of this paper shows that the small ball probability for the k-th
singular value of a random matrix whose entries follow different distributions
behaves similarly to the i.i.d. case. Assume that a random variable X satisfies

(1.3) EX = 0, EX2 = 1, ∥X∥ψ2 ≤ K.

Theorem 1.1. Let A be an n×n random matrix with independent entries
satisfying (1.3). For any fixed γ ∈ (0, 1) we have, for ε > 0 and log n ≤ k ≤
d1.1

√
n,

P

(
sn−k+1(A) ≤ ε√

n

)
≤

(
C1.1ε

k

)γk2
+ e−c1.1kn,

where d1.1, C1.1, c1.1 are some constants depending only on γ and K.

Similarly to the smallest singular value, we note that if the k-th smallest
singular value is equal to zero, then the rank of the matrix is at most n− k.
Consequently, the small ball probability of the k-th smallest singular value
can be used to estimate the rank of the matrix.

Kahn, Komlós, and Szemerédi showed that the probability that the
Rademacher random matrix A has a lower rank than n − k is O(f(k))n,
where limk→∞ f(k) = 0. When the entries of A are i.i.d. subgaussian vari-
ables (including the Rademacher variables), Rudelson [Rud24] very recently
proved for k < c

√
n,

P(rank(A) ≤ n− k) ≤ e−ckn.

Our second main result is the following.

Theorem 1.2. Let k, n ∈ N be such that k < d1.1
√
n and let A be an

n× n matrix with independent entries satisfying (1.3). Then

P(rank(A) ≤ n− k) ≤ exp(−c1.2kn),

where d1.1, c1.2 > 0 are some constants depending only on K.

Remark 1.3. In fact, a direct application of Theorem 1.1 only yields
the part k > c log n. In the subsequent proof we will instead establish The-
orem 1.2 first, because the case of sufficiently small n in Theorem 1.1 will
be derived from Theorem 1.2; see the proof of Theorem 1.1 in Section 4 for
details.

To conclude the introduction, we briefly describe our main techniques.
Firstly, we will use the geometric approach for the k-th singular value of a
random matrix, which allows us to estimate the small ball probability via
the distance from a random vector to a random subspace. Next, we focus on
the properties of the random subspace. The main technique is the “almost
orthogonal system” from [Rud24]. Ultimately, we reduce the problem to the
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small ball probabilities of vectors in “k-dimensional space", and we must
simultaneously characterize both the size of vectors and the magnitude of
these small ball probabilities. On the one hand, we introduce a randomized
log-least common denominator (RLCD) to study the small ball probability of
random matrices. The RLCD is used to estimate the small ball probability
in linear spaces, which overcomes the issues caused by random variables
with different distributions. On the other hand, we use the random rounding
method to discretize certain closed sets within linear spaces. During the
discretization process, we need to estimate the size of the discretized network.
Due to the influence of RLCD, we need to calculate the number of points
in the discretized network that are not too far away in “distance” from the
“integer lattice”. RLCD is the key to proving our result and will be detailed
in Section 3.

The rest of this paper is organized as follows. In Section 2, we will in-
troduce some notation and necessary lemmas. In Section 3, we shall prove
some properties of subspaces in Rn, which are important for the proof of
our main results. Finally, we complete the proofs of Theorems 1.2 and 1.1 in
Section 4.

2. Preliminaries

2.1. Notation. We denote by [n] the set of natural numbers from 1 to n.
For a vector x ∈ Rn, its Euclidean norm is defined as ∥x∥2 = (

∑
j∈[n] x

2
j )

1/2,
and its supnorm is defined as ∥x∥∞ = maxi |xi|. The unit sphere in Rn is
denoted by Sn−1, and the cardinality of a finite point set I ⊂ Rn is denoted
by |I|.

For on m × l matrix V , we write Rowi(V ) for its i-th row and Colj(V )
for its j-th column. Its singular values are denoted by

s1(V ) ≥ · · · ≥ sm(V ) ≥ 0.

The Euclidean operator norm of V is

∥V ∥ = max
x∈Sl−1

∥V x∥2,

and the Hilbert–Schmidt norm is

∥V ∥HS =
( m∑
i=1

l∑
j=1

v2i,j

)1/2
.

Note that ∥V ∥ = s1(V ) and ∥V ∥HS = (
∑m

j=1 sj(V )2)1/2.
For a random variable X we denote by X the symmetrization of X defined

as X = X −X ′, where X ′ is an independent copy of X. Note that

(2.1) E|X|2 = 2Var(X).
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We denote by L(X, t) the Lévy concentration function of a random vector
X ∈ Rm:

L(X, t) = sup
y∈Rm

P(∥X − y∥2 ≤ t).

For x, y ∈ Rn, we define the Schur product of x and y as

x ⋆ y = (x1y1, . . . , xnyn)
⊤.

Denote by c, c′, . . . the universal constants and by c(u), C(u) the con-
stants depending only on u. Their values may change from line to line.

2.2. Decomposition of the sphere. We will first introduce the classic
space partition in this field, as specifically defined by Rudelson and Ver-
shynin [RV08].

Definition 2.1. Let δ, ρ ∈ (0, 1). We define the sets of sparse, compress-
ible and incompressible vectors as follows:

• Sparse(δ) := {x ∈ Rn : |supp(x)| ≤ δn};
• Comp(δ, ρ) := {x ∈ Sn−1 : dist(x,Sparse(δ)) ≤ ρ};
• Incomp(δ, ρ) := Sn−1 \ Comp(δ, ρ).

2.3. The norm of random matrices and tensorization. In this
subsection, we assume that the entries in the matrix A are independent and
satisfy (1.3). Without loss of generality, we may assume that K ≥ 1.

We first introduce the following tensorization property.

Lemma 2.2 ([RV08, Lemma 2.2]). Let X1, . . . , Xn be independent non-
negative random variables, and let M , m > 0 with P(Xj ≤ s) ≤ (Ms)m for
all s ≥ s0. Then

P
( n∑
j=1

Xj ≤ nt
)
≤ (C2.2Mt)mn for all t ≥ s0,

where C2.2 is a constant.

Next, we will give some inequalities for the norm of random matrices.

Lemma 2.3 ([RV08, Proposition 2.5]). Let m ≤ n, and Q be an m × n
random matrix with centered independent entries qi,j such that |qi,j | ≤ 1.
Then

P(∥Q∥ ≥ C2.3

√
n) ≤ exp(−c2.3n),

where C2.3 and c2.3 are constants.

Lemma 2.4 ([Rud24, Lemma 3.6]). Let m ≤ n and let A be an m × n
matrix whose entries are independent and satisfy (1.3). We have

P(∥A∥HS ≥ 2Kn) ≤ exp(−c2.4n
2),

where c2.4 is a constant depending only on K.
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2.4. Randomized least common denominators. The least common
denominator of a vector of Rn was first introduced in Rudelson and Vershynin
[RV08] as a valuable tool for estimating the small ball probability (the Lévy
function of the inner product of a real-valued vector and a random vector
with independent entries). To prove the main result, we need to estimate
the small ball probability of orthogonal projection, so we need the small
ball probability for a linear subspace similar to [RV16, Section 7]. However,
we know that the property of identically distributed entries in a random
vector is the key to estimating small ball probability. Thus, we need a new
anti-concentration inequality to characterize the small ball probabilities with
different distributions. In the following, we will give the randomized least
common denominators introduced in [LTV21] to overcome this problem.

Definition 2.5. Let V be an m × n (deterministic) matrix, ξ =
(ξ1, . . . , ξn) let be a real-valued random vector with independent entries
satisfying (1.3) and let L > 0, α ∈ (0, 1). Define the randomized log-least
common denominator (RLCD) of V and ξ by

RDξ
L,α(V ) = inf

{
∥θ∥2 : θ ∈ Rm,Edist2(V T θ ⋆ ξ,Zn) < L2 log+

α∥V T θ∥2
L

}
,

where log+ x = max {0, log x}.
If E ⊂ Rn is a linear subspace, we can adapt this definition to the

orthogonal projection PE to E setting

RDξ
L,α(E) = inf

{
∥y∥2 : y ∈ E, E dist2(y ⋆ ξ,Zn) < L2 log+

α∥y∥2
L

}
.

Moreover, let A be an n× t matrix with columns A1, . . . , At, and Aj having
independent entries satisfying (1.3). Then, we define the RLCD of V and A
by

RDA
L,α(V ) = min

j∈[t]
RD

Aj

L,α(V ).

We give the following result to estimate the small ball probability using
RLCD.

Proposition 2.6 (Small ball probability via RLCD). Consider a real-
valued random vector ξ = (ξ1, . . . , ξn) with independent entries satisfying (1.3)
and V ∈ Rm×n. Then there exists a universal constant c2.6 > 0 such that for
any L ≥ c2.6

√
m, we have

(2.2) L(V ξ, t
√
m) ≤ (C2.6L/(α

√
m))m

det(V V T )1/2

(
t+

√
m

RDξ
L,α(V )

)m
, t ≥ 0,

where C2.6 is an absolute constant.
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Proof. By Esseen’s inequality for the Lévy concentration function of a
general random vector Y ,

(2.3) L(Y,
√
m) ≤ Cm

�

B(0,
√
m)

|ϕY (θ)| dθ,

where ϕY (θ) = E exp(2πi⟨θ, Y ⟩) is the characteristic function of Y and
B(0,

√
m) is the ball of radius

√
m centered at 0. Set Y = t−1V ξ and assume

that Colk(V ) = Vk. Then

⟨θ, Y ⟩ =
n∑
k=1

t−1⟨θ, Vk⟩ξk and ϕY (θ) =

n∏
k=1

ϕk(t
−1⟨θ, Vk⟩),

where ϕk(s) := E exp(2πisξk).
Applying Esseen’s inequality and (2.3) yields

(2.4) L(V ξ, t
√
m) ≤ Cm

�

B(0,
√
m)

n∏
k=1

|ϕk(t−1⟨θ, Vk⟩)|dθ.

Note that for any s ∈ R,

|ϕk(s)|2 = E exp(2πisξk) = E cos(2πsξk).

Then for each k ≤ n, we have

|ϕk(s)| ≤ exp

(
−1

2
E[1− cos(2πsξk)]

)
,

using the inequality |x| ≤ exp
(
−1

2(1− x2)
)
, valid for any x ∈ R.

Moreover, for any s ∈ R and ξk satisfying (1.3), we have

E[1− cos(2πsξk)] ≥ c̃Edist2(sξk,Z).
Now, assume that

t ≥ t0 =

√
m

RDξ
L,α(V )

.

For θ ∈ B(0,
√
m),

∥θ/t∥2 ≤ RDξ
L,α(V ).

Then (2.4) yields

L(V ξ, t
√
m) ≤ Cm

�

B(0,
√
m)

n∏
k=1

|ϕk(t−1⟨θ, Vk⟩)| dθ

≤ Cm
�

B(0,
√
m)

exp

(
− c̃

2
E dist2(V T θ ⋆ ξ/t,Zn)

)
dθ

≤ Cm
�

B(0,
√
m)

exp

(
−cL2 log+

α∥V T θ∥2
Lt

)
dθ.
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Set z = V T θ. Then

L(V ξ, t
√
m) ≤ (CLt/α)m

det(V V T )1/2

�

Rm

exp(−cL2 log+ ∥z∥2) dθ.

Since �

Rm

exp(−cL2 log+ ∥z∥2) dz ≤
(

C√
m

)m
,

we have

L(V ξ, t
√
m) ≤ (CL/α

√
m)m

det(V V T )1/2
tm,

which completes the proof.

Moreover, we have the following corollary for orthogonal projection onto
a linear subspace.

Corollary 2.7. Consider a real-valued random vector ξ as in Proposi-
tion 2.6, let E be a subspace of Rn with dimE = m, and let PE denote the
orthogonal projection to E. Then there exists a universal constant c2.7 > 0
and for every L ≥ c2.7

√
m we have

L(PEξ, t
√
m) ≤

(
C2.7L

(α
√
m)

)m(
t+

√
m

RDξ
L,α(E)

)m
, t ≥ 0,

where C2.7 is an absolute constant.

We will first present some properties of the random variables that sat-
isfy (1.3).

Lemma 2.8. Let ξ be a random variable satisfying (1.3). Then

(2.5) P(|ξ| ≥ 1) ≥ p2.8,

where p2.8 := p(K) is a positive constant depending only on K.

Proof. Let p2.8 := (6 + 4K4)−1 and define X := ξ
2. Note that EX = 2.

Applying the Paley–Zygmund inequality yields

P(X ≥ 1) ≥
(
1− 1

2

)2 (EX)2

EX2
≥ (EX2)−1.

Note that EX2 = 6 + 2Eξ4 and

1 +
Eξ4

2K4
≤ Eeξ

2/K2 ≤ 2.

Combining the inequalities above, we can derive

P(|ξ| ≥ 1) ≥ (6 + 4K4)−1 = p2.8.

Later, we will fix p = p2.8, and with the help of the above lemma, we can
prove that the RLCD of the incompressible part is relatively large.
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Lemma 2.9. Let δ, ρ ∈ (0, 1), let A be an n × n random matrix as in
Theorem 1.1 and let U be an n × l deterministic matrix such that (URl) ∩
Sn−1 ⊂ Incomp(δ, ρ). Then there exists h2.9 = h2.9(δ, ρ,K) > 0 such that for
any θ ∈ Rl with ∥Uθ∥2 ≤ h2.9

√
n and j ∈ [n], satisfies

(2.6) E dist2(Uθ ⋆ Colj(A),Zn) ≥ L2 log+
α∥Uθ∥2

L
,

where α ≤ α2.9 = α2.9(δ, ρ,K).

Proof. Assume that there exists j ∈ [n] such that

EA dist2(Uθ ⋆ Colj(A),Zn) < L2 log+
α∥Uθ∥2

L
,

for some θ ∈ Rl; we want to prove that ∥Uθ∥2 > h
√
n.

Set ∥Uθ∥2 = t, Uθ/t = u, Colj(A) = X = (X1, . . . , Xn). Applying
log+ s < s2, we have

EX dist2(tu ⋆ X,Zn) < α2t2.

Let q ∈ Zn denote the closest integer vector to tu ⋆X and rewrite the above
inequality as

E|u ⋆ X − q/t|2 < α2.

By Markov’s inequality,

|u ⋆ X − q/t|2 < c2α2

with probability at least 1 − 1/c2. Using Markov’s inequality again shows
that

|uiXi − qi/t| <
cα

c1
√
n

for any i ∈ J1,

where J1 is some subset of [n] and |J1| ≥ n− c1n.
Furthermore, since E|Xj |2 = 2Var |Xj | ≤ 2K, applying Markov’s in-

equality shows that, with probability at least 1− 1/c2,

|Xi| ≤
c

c2

√
2K for any i ∈ J2,

where J2 is some subset of [n] and |J2| ≥ n− c2n.
Moreover, applying Lemma 3.4 of Rudelson and Vershynin [RV08], there

exists a set

J3 :=

{
i :

ρ√
2n

≤ |ui| ≤
1√
δn

}
,

satisfying |J3| ≥ 1
2ρ

2δn.
Finally, Lemma 2.8 shows that P(|Xi| ≥ 1) ≥ p. Let J4 ⊆ J3 be such

that
J4 := {i ∈ J3 : |Xi| ≥ 1}.
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Set |J3| = m and apply the Paley–Zygmund inequality. Then we have

P(|J4| ≥ pm/2) ≥ P(|J4| ≥ E|J4|/2) ≥
(E|J4|)2

4E|J4|2
≥ p2/4,

where |J4| ≤ m and E|J4| ≥ pm.
This means that there exists J4 ⊂ J3, which satisfies |J4| ≥ p

2 |J3| with
at least p2/4 probability

|Xi| ≥ 1 for any i ∈ J4.

We can choose the constants c, c1, c2 that depend only on δ, ρ, p such
that

2(1− 1/c2) + p2/4 > 2, n− c1n+ n− c2n+
p

4
ρ2δn > 2n.

Then, there exists a coordinate i for which we have simultaneously the fol-
lowing three bounds:

|uiXi − qi/t| ≤
cα

c1
√
n
, 1 ≤ |Xi| ≤

c

c2

√
2K,

ρ√
2n

≤ |ui| ≤
1√
δn

.

Furthermore, using the triangle inequality, we get∣∣∣∣qit
∣∣∣∣ ≥ |uiXi| −

cα

c1
√
n
≥ ρ√

2n
− cα

c1
√
n
> 0,

where 0 < α < α2.9 =
c1ρ

c
√
2
.

Thus qi ̸= 0, qi ∈ Z, we necessarily have |qi| ≥ 1. Furthermore∣∣∣∣qit
∣∣∣∣ ≤ |uiXi|+

cα

c1
√
n
<

c
√
2K

c2
√
δn

+
cα

c1
√
n
<

c

c2

√
2K√
δn

+
ρ√
2n

,

where h−1
2.9 =

c
c2

√
2K/δ + ρ√

2
> 0. Then |t| ≥ |qi|h2.9

√
n ≥ h2.9

√
n.

2.5. The number of integer points inside a ball. We will need to
estimate the number of integer points in a ball in Rn. The set B(0, R) is the
ball of radius R centered at 0.

Lemma 2.10 ([Rud24, Lemma 3.12]). For any R > 0,

|Zn ∩B(0, R)| ≤ (2 + C2.10R/
√
n)n,

where C2.10 > 0 is an absolute constant.

2.6. Almost orthogonal systems of vectors. In our paper, we need
to control the arithmetic structure of the kernel of some random matrix B.
This structure is essentially derived from the randomized least common de-
nominator (RLCD). This forces us to look for a way to divide the subspace.
At the same time, we want to find a suitable representative vector in the
subspace to estimate the probability that such vectors are in the kernel. We
will employ the result of Section 3.1 in Rudelson [Rud24], which solves the
problem above.
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Definition 2.11. Let ν ∈ (0, 1). An l-tuple of vectors (v1, v2, . . . , vl) ⊂
Rn \ {0} is called ν-almost orthogonal if the n× l matirx V0 with Colj(V0) =
vj/∥vj∥2 satisfies

1− ν ≤ sl(V0) ≤ s1(V0) ≤ 1 + ν.

The following lemma shows how to divide the linear subspace E into
E ∩W , where W ⊂ Rn \ {0} is a closed set, and the linear subspace F ⊂ E
of high dimension. This lemma is critical for estimating the arithmetic struc-
ture.

Lemma 2.12 ([Rud24, Lemma 3.3]). Let W ⊂ Rn \ {0} be a closed set.
Let l < k ≤ n, and let E ⊂ Rn be a linear subspace of dimension k. Then at
least one of the following holds:

(1) There exist vectors v1, . . . , vl ∈ E ∩W such that

• the l-tuple (v1, . . . , vl)is 1
8 -almost orthogonal;

• for any θ ∈ Rl such that ∥θ∥2 ≤ 1
20

√
l
,

l∑
i=1

θivi /∈ W

(2) There exists a subspace F ⊂ E of dimension k− l such that F ∩W = ∅.

Remark 2.13. The assumption k < c
√
n in Theorem 1.2 is based on the

condition ∥θ∥2 ≤ 1
20

√
l

in Lemma 2.12 and Proposition 3.1 (see more details
in Section 3).

2.7. Restricted invertibility phenomenon. In this subsection, we
will introduce some properties that will be used to estimate singular values
of deterministic matrices.

Lemma 2.14 ([NY17, Theorem 6]). Assume that M is a full-rank matrix
of size k×d with k ≤ d. Then for 1 ≤ l ≤ k−1, there exist l different indices
i1, . . . , il such that the matrix Mi1,...,il with columns Coli1(M), . . . ,Colil(M)
has the smallest non-zero singular value sl(Mi1,...,il) satisfying

sl(Mi1,...,il)
−1 ≤ C2.14 min

r∈{l+1,...,k}

√
dr

(r − l)
∑k

i=r si(M)2
,

where C2.14 is an absolute constant.

2.8. Estimate of the compressible case. Here we aim to prove that
the kernel of B is unlikely to contain an extensive, almost orthogonal system
of compressible vectors.

Lemma 2.15 ([Rud24, Proposition 4.2]). Let k, n ∈ N be such that k <
n/2 and let B be an (n−k)×n matrix whose entries are independent random
variables satisfying (1.3). There exists τ = τ2.15 > 0 such that the probability
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that there exists a 1
4 -almost orthogonal l-tuple x1, . . . , xl ∈ Comp(τ2, τ4) with

l ≤ τ3n and
∥Bxj∥2 ≤ τ

√
n for all j ∈ [l]

is less than exp(−c2.15ln), where c2.15 is a constant.

Remark 2.16. The proof of Proposition 4.2 in [Rud24] does not rely
on the variables being identically distributed, so the lemma can be invoked
as stated. What it does require is a uniform lower bound on the second
moments; this is why we take the variances of the matrix entries to be 1.
Any other positive lower bound would work equally well.

3. Incompressible vectors. Before stating the main result of this sec-
tion, we single out the linear subspace spanned by incompressible vectors
in kerB. Inside this subspace, “large RLCD” should be typical behavior;
more precisely, we want the probability that a vector has small RLCD to
be super-exponentially small. As the discussion in Section 4 shows, the key
obstruction is the existence of an approximately orthonormal l-tuple of vec-
tors, all with small RLCD. The main result below asserts that this event is
indeed super-exponentially unlikely.

We now introduce several important constants before presenting our main
results.

L = c2.6
√
k, α = min {α2.9(τ

2, τ4,K), α2.9(τ
2, τ4/2,K)},

and
r = min {h2.9(τ2, τ4,K)/2, h2.9(τ

2, τ4/2,K)/8},
where c2.6 is an absolute constant from Proposition 2.6, k appears in Theo-
rem 1.2, K is a parameter from (1.3), and τ is chosen by Lemma 2.15.

For ease of writing, we set

dA(x,Zn) = min
1≤i≤n

√
Edist2(x ⋆ Coli(A),Zn).

Proposition 3.1. Let ρ ∈ (0, ρ0), where ρ0 = ρ0(τ,K) is some positive
number. Assume that l ≤ k ≤ ρ

2

√
n. Let B be an (n − k) × n matrix with

independent entries satisfying (1.3). Consider the event E3.1 that there exist
vectors v1, . . . , vl ∈ kerB having the following properties:

(1) 2r
√
n ≤ ∥vj∥2 ≤ R := exp

( ρ2n
4L2

)
for all j ∈ [l];

(2) span(v1, . . . , vl) ∩ Sn−1 ⊂ Incomp(τ2, τ4);
(3) the vectors v1, . . . , vl are 1

8 -almost orthogonal system;
(4) dA(vj ,Zn) ≤ ρ

√
n for all j ∈ [l];

(5) the n× l matrix V with columns v1, . . . , vl satisfies

dA(V θ,Zn) > ρ
√
n

for all θ ∈ Rl such that ∥θ∥2 ≤ 1
20

√
l
and ∥V θ∥2 ≥ 2r

√
n.
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Then
P(E3.1) ≤ exp(−ln).

Let
W = {(w1, . . . , wl) : wi satisfy (1)–(5)}.

Therefore, we can obtain Proposition 3.1 by proving that:

P
(
∃w1, . . . , wl ∈ kerB with (w1, . . . , wl) ∈ W

)
≤ exp(−ln).

To prove the above inequality, first consider a vector d = (d1, . . . , dl) ∈
[r
√
n,R]l with di = 2si for some integers si. Then, define Wd to be the

subset of W consisting of all (v1, . . . , vl) satisfying

∥vj∥2 ∈ [dj , 2dj ] for all j ∈ [l].

Now, we only need to estimate the intersection of Wd and kerB, then we
divide the proof of Proposition 3.1 into three parts. The first part estimates
the size of the net that discretizes Wd and the second part begins with a
detailed introduction on how to discretize Wd, and the final part completes
the proof of the proposition.

3.1. Size of the net. In this subsection, our main result is that the size
of the net is super-exponentially large. First, we set a temporarily undeter-
mined constant δ, to be determined in Section 3.2, which satisfies

(3.1) 0 < δ ≤ ρ.

Proposition 3.2. Let d = (d1, . . . , dl) be a vector such that dj ∈ [r
√
n,R]

for all j ∈ [l]. Let δ be as in (3.1) and Nd ⊂ (δZn)l be the set of all l-tuples
of vectors u1, . . . , ul such that for all j ∈ [l],

∥uj∥2 ∈
[
1
2dj , 4dj

]
with dA(uj ,Zn) < 2ρ

√
n

and
span(u1, . . . , ul) ∩ Sn−1 ⊂ Incomp(τ2, τ4/2).

Then

|Nd| ≤
(
C3.2ρ

c3.2

rδ

)ln( l∏
j=1

dj√
n

)n
,

where C3.2, c3.2 > 0 depend only on τ,K.

To prove this proposition, we need to estimate the number of vectors in
the set that satisfy the property dA(x,Zn) < 2ρ

√
n. For technical conve-

nience in the proof, we slightly modify the above set. Let

ΛJdj = {∥uJc∥2 ≤ 4dj} ∩
{
u :

4dj
τ
√
n
≥ |ui| ≥

τ4dj

8
√
2n

, for all i ∈ J

}
∩ δZn,

where uJc is the vector obtained by zeroing out the coordinates of u in J
and keeping the others unchanged. In fact, ΛJdj can be regarded as possessing
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an approximate product structure. More precisely, we decompose a vector
into two parts according to the index sets J and Jc. The component indexed
by Jc can be viewed as a discrete lattice on the sphere, while the compo-
nent indexed by J resembles a high-dimensional polytope. In particular, the
coordinates in J are essentially decoupled, which leads to a product-type
structure.

Note that, by [RV08, Lemma 3.4], there exists a constant cτ > 0 such
that for any vector v ∈ Incomp(τ2, τ4/2), there exists a subset I ⊂ [n] with
|I| ≥ cτn such that

τ4

2
√
2n

≤ |vi| ≤
1

τ
√
n

for all i ∈ I.

Therefore, if we ignore the condition dA(u,Zn) < 2ρ
√
n in Nd, then each

vector is contained in some ΛJdj , where J ⊂ [n] is a subset with cardinality
at least cτn.

Therefore, it suffices to estimate the number of vectors u in ΛJdj that
satisfy dA(u,Zn) < 2ρ

√
n, which is precisely the content of the following

lemma.

Lemma 3.3. Let W be a vector uniformly distributed in the set ΛJdj for
some J ⊂ [n] with |J | ≥ cτn and dj ∈ [r

√
n,R]. Then for each Coli(A),

i ∈ [n],
PW {EA dist2(W ⋆ Coli(A),Zn) ≤ (2ρ

√
n)2} < (C3.3ρ)

c3.3n.

where C3.3, c3.3 > 0 depend only on τ,K.

Lemma 3.4. For any t ∈ (0, 1) and u > 1, there exists n3.4 = n(t, u, τ,K)
such that for n ≥ n3.4 and |J | ≥ cτn. If x ∈ Rn satisfies

∥x∥22 ≤
cτ t

2
u2n, |{i ∈ J : |xi| ≥ 1}| ≥ t|J |,

and if W is a vector uniformly distributed on the set ΛJdj , then, for ρ ≥ δ,
we have

PW {dist(W ⋆ x,Zn)2 ≤ ρ2n} ≤ (C3.4ρ)
c3.4n,

where C3.4, c3.4 > 0 depend only on t, u, τ,K.

Proof. Assume that I0 = {i ∈ J : |xi| ≥ 1} and I = {i ∈ I0 : |xi| ≤ u}.
Then

u2(|I0| − |I|) ≤
∑
i∈I0\I

|xi|2 ≤
∑
i∈I0

|xi|2 ≤
cτ t

2
u2n.

We obtain |I| ≥ cτ t
2 n. Furthermore, set Y = δ−1W . Then for i ∈ I,

T1 := δ−1 τ4dj

8
√
2n

≤ |Yi| ≤ T2 := δ−1 4dj
τ
√
n
.
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Recall that W is uniformly distributed on the set ΛJdjand can be written as
W = δY . Then, for all i ∈ I, the random variables Yi are independent and
each is uniformly distributed on the integer set [−T2,−T1] ∪ [T1, T2].

Note that |Wixi| ≤ T := δuT2 and we have

P(dist(Wixi,Z) < ϵ) ≤
T∑

qi=−T
P(|δYixi − qi| ≤ ε)

≤
T∑

qi=−T
P(|Yi − δ−1qix

−1
i | ≤ ε/δxi)

≤ (2T + 1)(ε/δ + 1)

2(T2 − T1)
≤ Cε,

where ε ≥ δ and C = C(u, τ) > 0 is a constant depending only on τ and u.
Thus, for s ≥ δ2,

P(dist(wjxj ,Z)2 ≤ s) ≤ C
√
s.

Applying Lemma 2.2 with Xj = dist(wjxj ,Z)2 for all j ∈ I and m = 1/2,
we obtain, for any ϵ ≥ δ,

P(dist(W ⋆ x,Zn)2 < ϵ2|I|) ≤ P
(∑
i∈I

dist(wixi,Z)2 ≤ ϵ2|I|
)
≤ (c̃ϵ)|I|,

where c̃ is an absolute constant.
Lettig ϵ = max

{
ρ,
√

2
cτ t

ρ
}
, we obtain

P(dist(W ⋆ x,Zn)2 ≤ ρ2n) ≤ (Cρ)cn.

Proof of Lemma 3.3. It suffices to prove that, if W is a vector uniformly
distributed on the set of ΛJdj , then

PW (EX dist2(W ⋆X,Zn) ≤ 4ρ2n) ≤ (Cρ)cn,

where X = (X1, . . . , Xn) with Xi satisfying (1.3) for all i ∈ [n].
Applying Lemma 2.8, P{|Xi| ≥ 1} ≥ p. On the one hand, with at least

1− 1−p
1−t probability,

(3.2) |{i ∈ J : |xi| ≥ 1}| ≥ t|J |.
On the other hand, since ∥Xi∥ψ2 ≤ K,

P(∥X∥22 ≥ Cn) ≤ exp((2 log 2− C/K)n).

Thus, setting C = cτ t
2 u2 > 2K log 2, we have

(3.3) ∥X∥22 ≤
cτ t

2
u2n

with probability at least 1− exp
((
2 log 2− cτ tu2

2K

)
n
)
.
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Denote by E3.3 the event that both (3.2) and (3.3) occur. Then we can
choose t = t(τ,K) and u = u(τ,K, t) such that

P(E3.3) > p/2.

Thus, for every fixed X such that X ∈ E3.3, applying Lemma 3.4 with
ε = 4p−1/2ρ, we obtain

(3.4) PW
(
dist(W ⋆X,Zn)2 ≤ 16p−1ρ2n

)
≤ (Cρ)cn.

Let
D(W,X) := dist(W ⋆X,Zn)2 and E := E3.3.

Since (3.4) holds uniformly for all X ∈ E , and since W and X are indepen-
dent while E is determined only by X, Fubini’s theorem gives

EWPX(D(W,X) ≤ 16p−1ρ2n | E) = PW,X(D(W,X) ≤ 16p−1ρ2n | E)
≤ (Cρ)cn.

Hence, by Markov’s inequality,

PW

(
PX

(
D(W,X) ≤ 16p−1ρ2n | E

)
≥ 1

2

)
≤ 2(Cρ)cn.

Absorbing the factor 2 into the absolute constant C, we find that, with
probability at least 1− (Cρ)cn,

PX(D(W,X) > 16p−1ρ2n | E) ≥ 1

2
.

On this event,

EX [D(W,X) | E ] ≥ 8p−1ρ2n.

Moreover, since PX(E3.3) ≥ p/2, we have

EXD(W,X) ≥ PX(E3.3)EX [D(W,X) | E3.3]

≥ p

2
8p−1ρ2n = 4ρ2n.

Therefore,

PW (EX dist(W ⋆X,Zn)2 ≥ 4ρ2n) ≥ 1− (Cρ)cn.

This concludes the proof.

Proof of Proposition 3.2. Applying Lemma 2.10 yields

|ΛJdj | ≤
∣∣∣∣δZn ∩B

(
0,

(
4 +

4

τ

)
dj

)∣∣∣∣ ≤ (
Cdj

rτδ
√
n

)n
.
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Furthermore, by the discussion preceding Lemma 3.3, we have

|Nd| ≤
∑

|Jj |≥cτn

[ n∑
j=1

PW (E dist2
(
W ⋆ Colj(A),Zn

)
< 4ρ2n)

]l l∏
j=1

|ΛJjdj |

≤ 2nlnl
(
Cρc

rτδ

)ln( l∏
j=1

dj√
n

)n
≤

(
Cρc

rδ

)ln( l∏
J=1

dj√
n

)n
.

This completes the proof of Proposition 3.2.

3.2. Approximating. The following lemma is about random rounding,
whose use in random matrix theory was pioneered by Livshyts [Liv21a].

Proposition 3.5. Let k ≤ c3.5n and d = (d1, . . . , dl) ∈ [r
√
n,R]l. Let

δ > 0 be a small constant satisfying (3.1). Let B be an (n − k) × n matrix
such that ∥B∥HS ≤ 2kn. For any (v1, . . . , vl) ∈ Wd with vj ∈ kerB, for all
j ∈ [l], there exist u1, . . . , ul ∈ Nd with the following properties:

(1) ∥uj − vj∥∞ ≤ δ for all j ∈ [l];
(2) if U and V are n × l matrices with columns u1, . . . , ul and v1, . . . , vl

respectively, then
∥U − V ∥ ≤ C2.3δ

√
n;

(3) (u1, . . . , ul) is 1
4 -almost orthogonal;

(4) span(u1, . . . , ul) ∩ Sn−1 ⊂ Incomp(τ2, τ4/2);
(5) dA(uj ,Zn) < 2ρ

√
n for all j ∈ [l];

(6) if U is a matrix as in (2), then

dA(Uθ,Zn) >
ρ

2

√
n

for any θ ∈ Rl satisfying

∥θ∥2 ≤
1

20
√
l

and ∥Uθ∥2 ≥ 8r
√
n;

(7) ∥Buj∥2 ≤ 2Kδn for all j ∈ [l].

Proof. Let (v1, . . . , vl) ∈ Wd and v1, . . . , vl ∈ δZn be such that for all
j ∈ [l],

vj ∈ vj + δ[0, 1]n.

Define independent random variables εij , i ∈ [n], j ∈ [l], as follows:

P(εij = vj(i)− vj(i)) = 1− vj(i)− vj(i)

δ
,

P(εij = vj(i)− vj(i) + δ) =
vj(i)− vj(i)

δ
.
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Then we have |εij | ≤ δ and Eεij = 0. Let

uj = vj +
n∑
i=1

εijei ∈ δZn.

Lemma 5.3 in [Rud24] already gives (1) and (2) with probability at least
1−exp(−c2.3n); (3) and (4) are immediate consequences. It remains to verify
that (5) and (6) also follow from (1) and (2).

Note that for any i ∈ [n],

dist(uj ⋆ Coli(A),Zn) ≤ dist(vj ⋆ Coli(A),Zn) + ∥uj − vj∥∞∥Coli(A)∥2
≤ ρ

√
n+ δ∥Coli(A)∥2.

Then

dA(uj ,Zn) =
√
min
i

Edist2(uj ⋆ Coli(A),Zn)

≤
√
min
i

E(ρ
√
n+ δ∥Coli(A)∥2)2

< 2ρ
√
n.

Furthermore, since (u1, . . . , ul) and (v1, . . . , vl) are 1
2 -almost orthogonal, and

∥vj∥2 ≥ 1
2∥uj∥2, it follows that

∥V θ∥22 ≥
1

4

l∑
j=1

θ2j∥vj∥22 ≥
1

16

l∑
j=1

θ2j∥uj∥22 ≥
1

64
∥Uθ∥22 ≥ r2n.

As (v1, . . . , vl) ∈ Wd, we have dA(V θ,Zn) ≥ ρ
√
n. Since

∥(U − V )θ∥∞ = max
i∈[n]

∣∣∣ l∑
j=1

εijθj

∣∣∣ ≤ max
i∈[n]

√√√√ l∑
j=1

ε2ij

√√√√ l∑
j=1

θ2j ≤
δ

20
,

for any i ∈ [n] we have

dist(Uθ ⋆ Coli(A),Zn) ≥ dist(V θ ⋆ Coli(A),Zn)− ∥(U − V )θ∥∞∥Coli(A)∥2

≥ ρ
√
n− δ

20
∥Colj(A)∥2.

Therefore,

dA(Uθ,Zn) =
√
min
i

Edist2(Uθ ⋆ Coli(A),Zn)

≥
√

min
i

E(ρ
√
n− δ∥Coli(A)∥2/20)2 ≥

ρ

2

√
n.

Indeed, once (1) and (2) are secured, we can make (5) and (6) hold by
choosing δ sufficiently small.
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So far we have shown that (1)–(6) hold simultaneously with probability
at least 1− exp(−c2.3n). Because

P
(
∥Buj∥2 ≤ 2Kδn for all j ∈ [l]

)
≥ 2−l

and 1 − exp(−c2.3n) + 2−l > 1, there exists a fixed tuple (u1, . . . , ul) ∈ Nd

satisfying (1)–(7), and the lemma follows.

3.3. Proof of Proposition 3.1. Before proving Proposition 3.1, we
record one more lemma. Throughout its statement and proof, δ is the con-
stant already fixed in Proposition 3.5.

Lemma 3.6. Let d = (d1, . . . , dl) ∈ [r
√
n,R]l and c3.6k ≤ l ≤ k ≤ δ

20

√
n.

Then
P(Wd ∩ kerB ̸= ∅) ≤ exp(−2ln).

Proof. Let Ñd ⊂ Nd be the set of (u1, . . . , ul) ∈ Nd that satisfy (3)–(7) of
Proposition 3.5. Let U be the n× l matrix with columns u1, . . . , ul. Firstly,
we shall show that

(3.5) RDA
L,α(U

T ) ≥ 1

20
√
l
.

Take θ ∈ Rl such that ∥θ∥2 ≤ 1
20

√
l
. Assume that

∥Uθ∥2 ≤ 8r
√
n ≤ h2.9(τ

2, τ4/2,K)
√
n.

By applying Lemma 2.9 with α < α2.9(τ
2, τ4/2,K), we have

dA(Uθ,Zn) ≥ L

√
log+

α∥Uθ∥2
L

.

Assume that ∥Uθ∥2 ≤
√
lmaxj∈[l] ∥uj∥2 ≤

√
lR; then we obtain

L

√
log+

α∥Uθ∥2
L

≤ ρ

2

√
n.

By virtue of Proposition 3.5(6), we get

(3.6) dA(Uθ,Zn) >
ρ

2

√
n,

whenever θ ∈ Rl satisfies

∥θ∥2 ≤
1

20
√
l

and ∥Uθ∥2 ≥ 8r
√
n.

Combining the preceding cases, we conclude that for every θ ∈ Rl with
∥θ∥2 ≤ 1

20
√
l
,

dA(Uθ,Zn) ≥ L

√
log+

α∥Uθ∥2
L

.

Hence, by definition,

RDA
L,α

(
UT

)
≥ 1

20
√
l
.
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Item (3) of Proposition 3.5 yields

det1/2(UTU) ≥ 4−l
l∏

j=1

∥uj∥2 ≥ 8−l
l∏

j=1

dj .

Write Bi = Rowi(B)T . For every t ≥ δ
√
n we have t ≥ 20l ≥

√
l/RDA

L,α(U
T ),

so Proposition 2.6 gives

P
(
∥UTBi∥2 ≤ t

√
l
)
≤

(
C2.6L/α

√
l
)l

det1/2(UTU)

(
t+

√
l

RDA
L,α(U

T )

)l
≤ C l∏l

j=1 dj
tl,

where C = C(τ,K) depends only on τ and K.
Put Yi =

1
l ∥U

TBi∥22 and M = C2
(∏l

j=1 dj
)−2/l. Then

P(Yi ≤ s) ≤ (Ms)l/2 for all s ≥ s0 := δ2n.

Apply Lemma 2.2 with m = l/2 and t = 4K2s0:

P
(
∥Buj∥2 ≤ 2Kδn ∀j ∈ [l]

)
≤ P

( l∑
j=1

∥Buj∥22 ≤ 4K2δ2ln2
)

= P
(n−k∑
i=1

Yi ≤ n · 4K2s0

)
≤ (C2.2Mt)m(n−k)

=
(
C̃δ

)l(n−k)( l∏
j=1

√
n

dj

)n−k
.

Hence
Pd := P

(
∃ (u1, . . . , ul) ∈ Ñd : ∥Buj∥2 ≤ 2Kδn ∀j

)
≤ |Ñd|

(
C̃δ

)l(n−k)( l∏
j=1

√
n

dj

)n−k
≤

(
C3.2ρ

c3.2

rδ

)ln( l∏
j=1

dj√
n

)n
(C̃δ)l(n−k)

( l∏
j=1

√
n

dj

)n−k
=

(
C1ρ

c3.2

r

)ln
δ−lk

( l∏
j=1

dj√
n

)k
≤

(
C1ρ

c3.2

r

)ln( R

δ
√
n

)lk
<

(
c̃ρc3.2

r
ecρ

2

)ln
< e−2ln,

where the last line holds since ρc3.2 < ar for a small enough absolute constant
a > 0.
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Finally, Lemma 2.4 gives
P(Wd ∩ kerB ̸= ∅) ≤ P(Wd ∩ kerB | ∥B∥HS ≤ 2Kn) + P(∥B∥HS > 2Kn)

≤ Pd + e−c2.4n
2 ≤ e−2ln.

Summing up, we can prove Proposition 3.1 by applying Lemma 3.6 for
every d ∈ [r

√
n,R]l.

Proof of Proposition 3.1. Let Ed be the event that Wd∩ker (B) ̸= ∅. Then
E3.1 =

⋃
Ed, where d = (d1, . . . , dl) ∈ [r

√
n,R]l ∩ 2Z. Note that dj = 2sj and

sj ∈ N; by estimating the cardinality of d, we have

P(E3.1) ≤
[
log

(
R

r
√
n

)]l
exp(−2ln) ≤ exp(−ln).

4. Proof of Theorem 1.2. In this section, we prove Theorem 1.2 by
combining Lemma 2.15 with Proposition 3.1, with Lemma 2.12 being the
key additional ingredient. Furthermore, Theorem 1.1 is proved via a linear
algebra argument combined with Theorem 1.2. We first show that whenever
a subspace of kerB has a sufficiently large RLCD, it automatically carries a
strong exponential lower bound.

Lemma 4.1. Let A be an n× n random matrix with independent entries
that satisfy (1.3). For k < c

√
n, let J ⊂ [n] with |J | = n − k and define EkJ

as the event that there exists a linear subspace E ⊂
(
span(Coli(A), i ∈ J)

)⊥
such that dimE ≥ k/2 and

RDA
L,α(E) ≥ exp

(
C4.1

n

k

)
.

Then
P
(
Colj(A) ∈ span(Coli(A), i ∈ J) for all j ∈ [n] and EkJ ) ≤ exp(−c4.1nk

)
,

where c4.1 and C4.1 are constants depending only on K.

The proof follows by adapting the argument for [Rud24, Lemma 6.1], and
is therefore omitted.

Proof of Theorem 1.2. Assume that rank(A) ≤ n−k. There exists J ⊂ [n]
with |J | = n − k such that Colj(A) ∈ span(Coli(A), i ∈ J) for all j ∈ [n].
Then

P(rank(A) ≤ n− k)

= P
(
∃J ⊂ [n], |J | = n− k : Colj(A) ∈ span(Coli(A), i ∈ J) for all j ∈ [n]

)
≤

∑
J⊂[n], |J |=n−k

P
(
Colj(A) ∈ span(Coli(A), i ∈ J) for all j ∈ [n] \ J

)
≤

(
n

k

)
sup

J⊂[n], |J |=n−k
P
(
Colj(A) ∈ span(Coli(A), i ∈ J) for all j ∈ [n] \ J

)
.
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Note that (
n

k

)
≤ exp

(
k log

(
en

k

))
< exp(ckn),

we only need to prove

P
(
Colj(A) ∈ span(Coli(A), i ∈ J) for all j ∈ [n]

)
≤ exp(−2ckn).

To this end, we shall show that EkJ , defined in Lemma 4.1, occurs with
probability at least 1− exp(−ckn).

Let BJ be an (n−k)×n random matrix with rows Rowj(B) = Colnj (A)T ,
where nj is the j-th entry of J . Let E0 = kerBJ and denote by PE0 the
orthogonal projection onto E0. Let τ be chosen in Lemma 2.15, and denote
W0 := Comp(τ2, τ4).

Applying Lemma 2.12 with E0, W0 and l = k/4, we observe that at least
one of the events described by (1) and (2) of the lemma occurs. Denote these
events by E(1)

2.12 and E(2)
2.12 respectively. Using Lemma 2.15,

(4.1) P(E(1)
2.12) ≤ exp

(
−c2.15k

4
n

)
.

Assume E(2)
2.12 occurs, so there is a subspace F ⊂ E0 with dimF = 3

4k and
F ∩W0 = ∅. Fix the constant ρ chosen in Proposition 3.1 and set

W1 =

{
v ∈ F : 2r

√
n ≤ ∥v∥2 ≤ exp

(
ρ2n

4L2

)
, dA(v,Zn) ≤ ρ

√
n

}
.

Apply Lemma 2.12 to F , W1 and l; one of its two conclusions must hold.
Denote the corresponding events by V(1)

2.12 and V(2)
2.12. Proposition 3.1 yields

(4.2) P(V(1)
2.12) ≤ exp

(
−k

4
n

)
.

Assume V(2)
2.12 occurs, so there exists a subspace F ⊂ F with dimF = k/2

and F ∩W1 = ∅. We shall show that this forces

RDA
L,α(F ) ≥ R := exp

(
ρ2n

4L2

)
.

Choose an isometry U : Rk/2 → Rn with URk/2 = F ; then RDA
L,α(U

T ) =

RDA
L,α(F ). Fix θ ∈ Rk/2 and suppose

dA(Uθ,Zn) < L

√
log+

(
α∥θ∥2
L

)
.
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Because U(Rk/2 ∩ Sn−1) ⊆ Incomp(τ2, τ4), Lemma 2.9 applies once α <
α2.9(τ

2, τ4,K) and ∥θ∥2 ≤ 2r
√
n ≤ h2.9(τ

2, τ4,K)
√
n, giving

dA(Uθ,Zn) ≥ L

√
log+

(
α∥θ∥2
L

)
.

Hence the strict inequality above can never occur in that range, so any θ
violating it must satisfy ∥θ∥2 ≥ 2r

√
n. Since Uθ /∈ W1, the definition of W1

forces ∥θ∥2 ≥ R. Consequently, RDA
L,α(F ) ≥ R with probability at least

1− e−ckn. Furthermore, we have

P
(
Colj(A) ∈ span(Coli(A), i ∈ J) for all j ∈ [n]

)
≤ exp(−ckn) + P

(
Colj(A) ∈ span(Coli(A), i ∈ J) for all j ∈ [n] and V(2)

2.12

)
≤ exp(−c̃kn).

Proof of Theorem 1.1. We first prove Theorem 1.1 for all sufficiently
large n.

By the Courant–Fischer–Weyl min-max principle,

sn−k+1(A) = min
dimH=k

max
x∈H∩Sn−1

∥Ax∥2.

Hence, if sn−k+1(A) ≤ ε/
√
n, there exists an orthonormal set (z1, . . . , zk)

such that
∥Azi∥2 ≤

ε√
n
, i = 1, . . . , k.

Let Z⊤ = (z1, . . . , zk) be an n × k full-rank matrix. Applying Lemma 2.14
shows that there exist i1, . . . , il ∈ [n] such that

sl(Zi1,...,il)
−1 ≤ C2.14 min

r∈{l+1,...,k}

√
rn

(r − l)
∑k

i=r si(Z)2

≤ C2.14 min
r∈{l+1,...,k}

√
rn

(r − l)(k − r + 1)

≤ C1

√
kn

(k − l)2
.

Set F = (Zi1,...,il)
⊤, F̃ = (Zil+1,...,in)

⊤, and Ai = Coli(A). Then

M := AZ⊤ = (Ai1 , . . . , Ail)F + (Ail+1
, . . . , Ain)F̃ .

Let F1 = F⊤(FF⊤)−1 be the right inverse of F . Thus, we have

MF1 := (Ai1 , . . . , Ail) + (Ail+1
, . . . , Ain)F̃F1.

Let H be the linear space spanned by Ail+1
, . . . , Ain . Let P be the orthogonal

projection in Rn onto H⊥. Then

PMF1 = P (Ai1 , . . . , Ail),
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which yields

dist2(Ai1 , H) + · · ·+ dist2(Ail , H)

= ∥PMF1∥2HS ≤ ∥MF1∥2HS ≤ ∥F1∥22∥M∥2HS.

On the one hand, for any x ∈ Rl,

1 = ∥FF1∥ ≥ ∥FF1x∥2
∥x∥2

≥ sl(F )
∥F1x∥2
∥x∥2

.

This implies that

(4.3) s1(F1) ≤ sl(F )−1 ≤ C1

√
kn

(k − l)2
.

On the other hand,

(4.4) ∥M∥2HS ≤
k∑
i=1

∥Coli(M)∥22 =
k∑
i=1

∥Azi∥22 ≤
kε2

n
.

By virtue of (4.3) and (4.4), we have

∥MF1∥HS ≤ ∥F1∥2∥M∥HS ≤ C1

√
kn

(k − l)2

√
kε2

n
≤ C1

kε

k − l
.

Furthermore, there exist i1, . . . , il ∈ [n] such that

dist2(Ai1 , H) + · · ·+ dist2(Ail , H) ≤
(
C1kε

k − l

)2

.

Now, we have

P

(
sn−k+1(A) ≤ ε√

n

)
≤ P

(
∃{i1, · · · , il} ⊂ [n] :

l∑
m=1

∥PH⊥Aim∥22 ≤
(
C1kε

k − l

)2)

≤
∑

i1,...,il∈[n]

P

( l∑
m=1

∥PH⊥Aim∥22 ≤
(
C1kε

k − l

)2)
.

Similar to the proof of Theorem 1.2, for all ω ∈ (0, 1), there exists ρ
depending on K and ω such that

P

(
H := ∃E ⊂H⊥, dimE = ωl,RDA

L̃,α
(E)≥R1 := exp

(
ρ2n

4L̃2

))
≥ 1− e−cln,

where L̃ = c2.6
√
l and c > 0 is a constant depending on K and ω.
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Then

P

( l∑
m=1

∥PH⊥Aim∥22 ≤
(
C1kε

k − l

)2)

≤ P

( l∑
m=1

∥PH⊥Aim∥22 ≤
(
C1kε

k − l

)2

,H
)
+ 2e−cln

≤ P

( l∑
m=1

∥PEAim∥22 ≤
(
C1kε

k − l

)2

,H
)
+ 2e−cln.

By Corollary 2.7,

P
(
∥PEAim∥2 ≤ t

√
ωl, H

)
≤ (C ′t)ωl + e−c

′n.

A tensorization argument identical to the one used in Lemma 2.2 gives

P
( l∑
m=1

∥PEAim∥22 ≤ l2t2, H
)
≤ (Ct)ωl

2
+ e−cln.

Substituting t = Ckε
l(k−l) we obtain

P

( l∑
m=1

∥PEAim∥22 ≤
(
Ckε

k − l

)2

, H
)

≤
(

Ckε

l(k − l)

)ωl2
+ e−cln.

Furthermore, we have

P

(
sn−k+1(A) ≤ ε√

n

)
≤

(
n

l

)((
Ckε

l(k − l)

)ωl2
+ exp(−cln)

)
≤ nl

((
Ckε

l(k − l)

)ωl2
+ exp(−cln)

)
.

Let l = ⌈
√

γ/ωk⌉, γ ∈ (0, ω). Then

P

(
sn−k+1(A) ≤

ε√
n

)
≤

(
Cε

k

)γk2
+ exp(−ckn).

Then Theorem 1.1 is valid for any n > n3.4. Note that

lim
ε→0

P

(
sn−k+1(A) ≤ ε√

n

)
= P(sn−k+1(A) = 0) ≤ e−ckn,

where the last inequality is due to Theorem 1.2. Hence, for any fixed n, there
exists an ε0(n, n3.4) such that for any ε < ε0(n, n3.4)

(4.5) P(sn−k+1(A) ≤ ε/
√
n)− P(sn−k+1(A) = 0) ≤ e−cn

2
3.4 .

Set ε0 = min {ε(1, n3.4), . . . , ε(n3.4−1, n3.4)}. Applying (4.5), we deduce that



26 G. Dai, Z. Song, and H. Wang

for any n < n3.4 and ε < ε0,

P(sn−k+1(A) ≤ ε/
√
n) ≤ 2e−ckn.

For any n < n3.4, ε > ε0, we have

P(sn−k+1(A) ≤ ε/
√
n) ≤ 1 ≤ (Cε/k)γk

2
.

where C = c
√
n3.4/ε0. Hence Theorem 1.1 is valid for any n and ε ≥ 0.
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