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The small ball probability for singular values
of the inhomogeneous subgaussian random matrices

by

GUOZHENG DAI, ZEYAN SONG, and HANCHAO WANG

Abstract. Let A be an n X n random matrix with independent centered nonconstant
subgaussian entries. We give the small ball probability for the k-th smallest singular value
of A when k € (clogn, cy/n). Furthermore, we prove that for any k < c+/n, the probability
of the matrix having a rank lower than n — k is sub-exponential. This extends the earlier
results of Rudelson’s 2024 paper by removing the assumption of the identical distribution
of the entries across the matrix. Our model covers inhomogeneous matrices, allowing
different subgaussian moments for the entries as long as their subgaussian moments have
a standard upper bound. In past work, the assumption of i.i.d. entries was required due to
the lack of least common denominators of the non-i.i.d. random matrix. We overcome this
problem using the randomized least common denominator (RLCD) of Livshyts (2021).

1. Introduction. Let A be an n xn random matrix. A classical problem
is to estimate the probability that the random matrix A is singular, i.e.,
P(det (A) = 0). Consider a random matrix A with i.i.d. Rademacher entries
(taking values +1 with probabilities 1/2). A remarkable work [KKS95| of
Kahn, Komlés, and Szemerédi states that

P(det(A) = 0) < (0.998 + o(1))".

Subsequently, a lot of work was done to explore the asymptotically opti-
mal upper bound. For example, the singularity probability was bounded by
(3/4+0(1))™ by Tao and Vu [TV06, [TV07|, and further developed by Bour-
gain, Vu, and Wood [BVW1I0], who established a bound of (271/2 + o(1))".
Recently, Tikhomirov [Tik20] proved the following optimal bound:

P(det(4) = 0) = (; + 0(1))n.
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Furthermore, an interesting extension of the problem of estimating the prob-
ability of a random matrix’s singularity is investigating the distribution of
the smallest singular value; in particular, we want to give a small ball proba-
bility. Recall that the singular values of A are defined as square roots of the
eigenvalues of the positive semidefinite n x n matrix A" A:

SZ(A) = )\l(ATA), 1= 1, Lo,y

where we assume the non-increasing ordering A\j(ATA) > --- > )\, (AT A).
Spielman and Teng [ST02| conjectured that, when A is an i.i.d. Rademacher
random matrix, then for ¢ > 0,

P(s,(A) < en™Y?) < e + exp(—cn).

In the past 20 years, much work has been done around this conjecture.
In particular, Rudelson and Vershynin [RVO0S8] proved the Spielman-Teng
conjecture to a constant. In particular, they obtained, for € > 0,

(1.1) P(s,(A) < en~/?) < Ce + exp(—cn),

which is the first exponentially small ball probability. In fact, they gave a
more general result, which states that the above deviation inequality is valid
when the entries of A are i.i.d. subgaussian random variables with mean 0
and variance 1. Recall that a random variable X is called subgaussian if

(1.2) Eexp((X/K)?) < o0
for some K > 0 and we define the subgaussian norm by
1X [, = inf (¢ > 0 : E[exp((X/t)?)] < 2).

There is also considerable interest in computing the distribution of s,,(A) in a
general ensemble. Rebrova and Tikhomirov [RT'18| recovered the full strength
of , assuming only i.i.d. mean zero, variance one entries. A recent paper
[ILTV21] by Livshyts, Tikhomirov, and Vershynin established the deviation
inequality of s,(A) when A has independent but not identically distributed
heavy-tailed entries, which may be the most mild assumption in this context.
There are many other interesting works (e.g., see [Liv21al [RV09]) computing
the distribution of s,(A), which we will not cover here.

Considering the behavior of the intermediate singular values is also an
interesting and natural problem. Nguyen [Ngul8| considered the distribution
Sn—k+1(A) where A has i.i.d. subgaussian entries with mean 0 and variance
1 and proved that for any € > 0, v € (0,1), and k € (co,n/co),

P(sp_ii1(A) <en 1/?) < (Cf-://@)(l_“*)k2 + exp(—cn).

Recently, Dai et al. [DSW24] improved the above decay rate. In particular,
they proved for e > 0, v € (0,1/2), and logn < k < co\/n,

P(sp_i1(A) < enV2) < (Ce/k) 1% 4 exp(—ckn).
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As we have seen, all the results mentioned above revolve around i.i.d.
random matrices. What about inhomogeneous random matrices? The first
main result of this paper shows that the small ball probability for the k-th
singular value of a random matrix whose entries follow different distributions
behaves similarly to the i.i.d. case. Assume that a random variable X satisfies

(1.3) EX=0, EX?’=1, |[X|y<K.

THEOREM 1.1. Let A be an nxn random matrix with independent entries
satisfying (1.3). For any fixred v € (0,1) we have, for e >0 and logn < k <

drov/n, .
P<5n—k+1(A) < \;%) < <q:E]€>7 + ¢TI

where drT, G, ary are some constants depending only on v and K.

Similarly to the smallest singular value, we note that if the k-th smallest
singular value is equal to zero, then the rank of the matrix is at most n — k.
Consequently, the small ball probability of the k-th smallest singular value
can be used to estimate the rank of the matrix.

Kahn, Komlés, and Szemerédi showed that the probability that the
Rademacher random matrix A has a lower rank than n — k is O(f(k))",
where limy_, o f(k) = 0. When the entries of A are i.i.d. subgaussian vari-
ables (including the Rademacher variables), Rudelson [Rud24] very recently
proved for k < cy/n,

P(rank(A) <n — k) < e~ k",
Our second main result is the following.

THEOREM 1.2. Let k,n € N be such that k < dy1v/n and let A be an
n X n matriz with independent entries satisfying (1.3). Then

P(rank(A) < n — k) < exp(—qrzkn),
where di 1, > 0 are some constants depending only on K.

REMARK 1.3. In fact, a direct application of Theorem only yields
the part k£ > clogn. In the subsequent proof we will instead establish The-
orem [I.2] first, because the case of sufficiently small n in Theorem 1.1 will
be derived from Theorem [I.2} see the proof of Theorem in Section 4 for
details.

To conclude the introduction, we briefly describe our main techniques.
Firstly, we will use the geometric approach for the k-th singular value of a
random matrix, which allows us to estimate the small ball probability via
the distance from a random vector to a random subspace. Next, we focus on
the properties of the random subspace. The main technique is the “almost
orthogonal system” from [Rud24]. Ultimately, we reduce the problem to the
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small ball probabilities of vectors in “k-dimensional space", and we must
simultaneously characterize both the size of vectors and the magnitude of
these small ball probabilities. On the one hand, we introduce a randomized
log-least common denominator (RLCD) to study the small ball probability of
random matrices. The RLCD is used to estimate the small ball probability
in linear spaces, which overcomes the issues caused by random variables
with different distributions. On the other hand, we use the random rounding
method to discretize certain closed sets within linear spaces. During the
discretization process, we need to estimate the size of the discretized network.
Due to the influence of RLCD, we need to calculate the number of points
in the discretized network that are not too far away in “distance” from the
“integer lattice”. RLCD is the key to proving our result and will be detailed
in Section 3.

The rest of this paper is organized as follows. In Section 2, we will in-
troduce some notation and necessary lemmas. In Section 3, we shall prove
some properties of subspaces in R", which are important for the proof of
our main results. Finally, we complete the proofs of Theorems and in
Section 4.

2. Preliminaries

2.1. Notation. We denote by [n] the set of natural numbers from 1 to n.
For a vector « € R", its Euclidean norm is defined as ||zll2 = (3¢ :1:?)1/2,

and its supnorm is defined as ||z| = max; |z;|. The unit sphere in R™ is
denoted by S~ !, and the cardinality of a finite point set I C R™ is denoted
by |1].
For on m x [ matrix V, we write Row;(V) for its i-th row and Col;(V)
for its j-th column. Its singular values are denoted by
s1(V) > >s,(V)>0.

The Fuclidean operator norm of V is

[Vl = max [[Vz|s,
zesi—1

and the Hilbert—Schmidt norm is

IV [lis = (jf:zi:lﬁj)l/é

i=1 j=1

Note that |V|| = s1(V) and ||V ||gs = (Z;"Zl Sj(V)2)1/2.
For a random variable X we denote by X the symmetrization of X defined

as X = X — X', where X’ is an independent copy of X. Note that
(2.1) E|X|° = 2 Var(X).
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We denote by £(X,t) the Lévy concentration function of a random vector
X e R™
LX) = sup P(IX — ylls < ).
yeR™

For z,y € R", we define the Schur product of x and y as

xxy = (x1y1,- .- ,xnyn)T.

Denote by ¢, ¢,... the universal constants and by c(u), C(u) the con-
stants depending only on u. Their values may change from line to line.

2.2. Decomposition of the sphere. We will first introduce the classic
space partition in this field, as specifically defined by Rudelson and Ver-
shynin [RV0S].

DEFINITION 2.1. Let 6, p € (0,1). We define the sets of sparse, compress-
ible and incompressible vectors as follows:

e Sparse(d) := {x € R" : |[supp(z)| < on};
e Comp(4,p) := {x € S"~! : dist(x, Sparse(d)) < p};
e Incomp(d, p) := S™~ 1\ Comp(d, p).

2.3. The norm of random matrices and tensorization. In this

subsection, we assume that the entries in the matrix A are independent and

satisfy (|1.3)). Without loss of generality, we may assume that K > 1.
We first introduce the following tensorization property.

LEMMA 2.2 (JRV08, Lemma 2.2|). Let X;,..., X, be independent non-
negative random variables, and let M, m > 0 with P(X; < s) < (Ms)™ for
all s > sg. Then

P(Xn: X; < nt) < (CooMt)™  for all t > s,
j=1

where Cq 9 1s a constant.
Next, we will give some inequalities for the norm of random matrices.

LEMMA 2.3 (JRV08, Proposition 2.5]). Let m < n, and Q be an m X n
random matriz with centered independent entries g; j such that |g; ;| < 1.
Then

PRl > Gzzav/n) < exp(—azn),
where (g and qgmy are constants.

LEMMA 2.4 (JRud24, Lemma 3.6]). Let m < n and let A be an m x n
matriz whose entries are independent and satisfy (1.3). We have

P(||Alls > 2Kn) < exp(—qan?),

where qr7 is a constant depending only on K.
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2.4. Randomized least common denominators. The least common
denominator of a vector of R was first introduced in Rudelson and Vershynin
[RV08] as a valuable tool for estimating the small ball probability (the Lévy
function of the inner product of a real-valued vector and a random vector
with independent entries). To prove the main result, we need to estimate
the small ball probability of orthogonal projection, so we need the small
ball probability for a linear subspace similar to [RV16l Section 7|. However,
we know that the property of identically distributed entries in a random
vector is the key to estimating small ball probability. Thus, we need a new
anti-concentration inequality to characterize the small ball probabilities with
different distributions. In the following, we will give the randomized least
common denominators introduced in [LTV2I] to overcome this problem.

DEFINITION 2.5. Let V' be an m X n (deterministic) matrix, £ =
(&1,...,&n) let be a real-valued random vector with independent entries

satisfying (1.3) and let L > 0, a € (0,1). Define the randomized log-least
common denominator (RLCD) of V' and £ by

¢ . . m o 2Tn 7 gy 2y VOl
RDS (V) =inf{ [[0]l2: 0 € R™ Edist2(VT0+€,2") < L?log, ———2 1,

L

where log, = max {0,log x}.
If E C R™ is a linear subspace, we can adapt this definition to the
orthogonal projection Pr to E setting

RDE@(E) = inf {HyHg ty € B, Edist?(yx£,Z") < L*log,, O[HEJHQ}

Moreover, let A be an n x t matrix with columns Ay, ..., A;, and A; having
independent entries satisfying (|1.3). Then, we define the RLCD of V' and A
by

RD} (V) = min RD9 (V).
' Jjelt '

We give the following result to estimate the small ball probability using
RLCD.

PROPOSITION 2.6 (Small ball probability via RLCD). Consider a real-
valued random vector§ = (&1, . . ., &) with independent entries satisfying (|1.3))
and V€ R"™ ™. Then there exists a universal constant qzg > 0 such that for

any L > qgy/m, we have

(CzmlL/(oy/m))™ vm o \™
(2.2)  L(VE ty/m) < et (VVT)I2 <t+RD2a(V)>, t>0,

where (gg is an absolute constant.
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Proof. By Esseen’s inequality for the Lévy concentration function of a
general random vector Y,

(2.3) Ly, ymy<cm™ | |oy(0)do,
B(0,v/m)
where ¢y (0) = Eexp(27i(6,Y)) is the characteristic function of Y and

B(0,/m) is the ball of radius y/m centered at 0. Set Y = ¢t~'V¢ and assume
that Colg (V) = V. Then

=> 710, Vi)& and ¢y (0 H L0, V4))

where ¢ (s) := Eexp(2misy).
Applying Esseen’s inequality and (2.3) yields

(2.4) cvetymy<cm™ | ] et 0, Vi))| d6.
B(0,y/m) k=1
Note that for any s € R,
|pr(s)|? = Eexp(2mis,) = E cos(2msE},).
Then for each k < n, we have

1 _
(9] < exp 511 — cos(2msE)] ).
using the inequality || < exp(—21(1 — 2?)), valid for any = € R.
Moreover, for any s € R and & satisfying (1.3), we have
E[1 — cos(2ms€,)] > GE dist?(sé, Z).

Now, assume that
t>tg= gﬂ
RDL,a(V)

For § € B(0,y/m),
l6/t]> < RD (V).

Then (2.4) yields
cvetymy<cm | ] 1en(t0, Vi) do
B(0,v/m) k=1
<cm S exp (—;E dist2(VT9*§/t,Z")> dé
B(0,v/m)

T
<cm S exp (—CL2 log . 0‘”‘;59”2> de
B(0,y/m)
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Set 2 = V10. Then

(CLt/a)™ 2
L(VE tvm) < det(VVT)WRSm exp(—cL”log, ||z||2) 6.
Since m
[ exp(—cLlog, [|zl]b) de < (=
R™ " S \vm/)
we have (CL o)
CL/ar/m)™
L(VE t/ < ™
V& t/m) < Gevvz

which completes the proof. =

Moreover, we have the following corollary for orthogonal projection onto
a linear subspace.

COROLLARY 2.7. Consider a real-valued random vector € as in Proposi-
tion [2.6], let E be a subspace of R™ with dim E = m, and let Py denote the
orthogonal projection to E. Then there exists a universal constant qgzg > 0
and for every L > qgm/m we have

L(Pg&,tym) < <%>m<t + %)m, t>0,

where (g is an absolute constant.

We will first present some properties of the random variables that sat-

isfy (1.3)).
LEMMA 2.8. Let & be a random variable satisfying (1.3]). Then
(2.5) P(I€] > 1) > mzm,

where pog = p(K) is a positive constant depending only on K.

Proof. Let pgg:= (6 + 4K*)~! and define X := EQ. Note that EX = 2.
Applying the Paley—Zygmund inequality yields
1\ % (EX)2

P(X21)2<1—2> = > (Ex2)~1.

Note that EX? = 6 4 2E¢* and

E€4 §2K2

Combining the inequalities above, we can derive
P(E > 1) > (6+4K") ! = 1 =

Later, we will fix p = pgg, and with the help of the above lemma, we can
prove that the RLCD of the incompressible part is relatively large.
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LEMMA 2.9. Let §, p € (0,1), let A be an n X n random matriz as in
Theorem and let U be an n x | deterministic matriz such that (URY) N
S™=1 c Incomp(d, p). Then there exists hgg = hga(d, p, K) > 0 such that for
any 0 € RY with ||UB||2 < hgmgy/n and j € [n], satisfies
al|U6]2

L )

(2.6) E dist>(U8 x Col;(A), Z™) > L*log,,

where o < agg = agg(9, p, K).
Proof. Assume that there exists j € [n] such that
—_— 0
E4 dist*(U6 % Col;(A), Z") < L?log, O‘Hi”2
for some 6 € R!; we want to prove that |[U6||z > hy/n.
Set ||Ub||2 = t, UO/t = u, Col;(A) = X = (Xi,...,X,). Applying
log, s < s, we have

Ex dist?(tu x X, Z") < o*t2.
Let ¢ € Z™ denote the closest integer vector to tux X and rewrite the above

inequality as
Elux X — q/t]* < o®.
By Markov’s inequality,
lux X — q/t]* < c*a?
with probability at least 1 — 1/c?. Using Markov’s inequality again shows
that
— co )
lu; X — q; /t] < m for any i € Jy,
where J; is some subset of [n] and |J1| > n — cin.
Furthermore, since E|X;|> = 2Var|X;| < 2K, applying Markov’s in-
equality shows that, with probability at least 1 — 1/c?,
| X;| < S V2K for any 7 € Ja,
C2
where Jy is some subset of [n] and |J2| > n — con.
Moreover, applying Lemma 3.4 of Rudelson and Vershynin [RV08], there
exists a set
p

1
J3 i =R1: — < |ui| € — ¢,
3 { \/2n_| | \/511}
satisfying |J3| > §p*on.
Finally, Lemma shows that P(|X;| > 1) > p. Let Jy C J3 be such
that

Ji={ieJs: X > 1}
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Set |J3] = m and apply the Paley—Zygmund inequality. Then we have
2
Pl 2 pf2) = Pl 2 ELI2) 2 S = s

where |J4| < m and E|Jy4| > pm.

This means that there exists Jy C J3, which satisfies [J4] > Z[J3] with
at least p?/4 probability

|X;| >1 foranyie€ Jy.

We can choose the constants ¢, ¢, co that depend only on §, p, p such

that
2(1 —1/c) +p?/4 > 2, n—cln+n—02n+§p26n>2n.

Then, there exists a coordinate ¢ for which we have simultaneously the fol-
lowing three bounds:

— ca - c 14

X —qi/t| < ——, 1<|X;] < —V2K, —< < —.
‘ul 7 qZ/’_Cl\/ﬁ —| Z|—c2 \/27 ’ul’—\/*
Furthermore, using the triangle inequality, we get

qi cx

S >0
cavn T V2n  cavn

> u; X4| —

where 0 < o < agg = 5\1/’1

Thus ¢; # 0, q; € Z, we necessarily have |g;| > 1. Furthermore
ca cV2K ca c V2K p
< + <——+ —F
avn o epVon  avn o e Von  V2n
where hﬁ: V2K /0 + % > 0. Then |t| > |¢;|hggn/n > hggn/n. =
2.5. The number of integer points inside a ball. We will need to

estimate the number of integer points in a ball in R™. The set B(0, R) is the
ball of radius R centered at 0.

LEMMA 2.10 (JRud24, Lemma 3.12]). For any R > 0,
1Z" 0 B(0, R)| < (2 + CzmoR/v/n)",

where Cgg > 0 s an absolute constant.

9 <|1X|—|—

2.6. Almost orthogonal systems of vectors. In our paper, we need
to control the arithmetic structure of the kernel of some random matrix B.
This structure is essentially derived from the randomized least common de-
nominator (RLCD). This forces us to look for a way to divide the subspace.
At the same time, we want to find a suitable representative vector in the
subspace to estimate the probability that such vectors are in the kernel. We
will employ the result of Section 3.1 in Rudelson [Rud24], which solves the
problem above.
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DEFINITION 2.11. Let v € (0,1). An I-tuple of vectors (vi,va,...,v;) C
R™\ {0} is called v-almost orthogonal if the n x [ matirx Vi with Col;(Vp) =
vj/||vjll2 satisfies
1-v<s(W) <s1(Vh) <1+
The following lemma shows how to divide the linear subspace E into
ENW, where W C R™\ {0} is a closed set, and the linear subspace F' C E

of high dimension. This lemma is critical for estimating the arithmetic struc-
ture.

LEMMA 2.12 (JRud24, Lemma 3.3]). Let W C R™ \ {0} be a closed set.
Letl <k <n, and let E C R" be a linear subspace of dimension k. Then at
least one of the following holds:

(1) There exist vectors vi,...,vp € ENWsuch that

o the l-tuple (vi,...,v;)is %—almost orthogonal;
e for any 0 € R! such that ||0]|2 < ﬁ[,

l
Z Hﬂ)l‘ §é w
i=1
(2) There exists a subspace F' C E of dimension k —1 such that FNW = @.
REMARK 2.13. The assumption k& < ¢y/n in Theorem is based on the
condition ||f]]2 < ﬁ in Lemma and Proposition (see more details

in Section 3).

2.7. Restricted invertibility phenomenon. In this subsection, we
will introduce some properties that will be used to estimate singular values
of deterministic matrices.

LEMMA 2.14 (INY17, Theorem 6]). Assume that M is a full-rank matriz
of size k xd with k < d. Then for 1 <1 < k—1, there exist | different indices
i1,...,1 such that the matriz M;, _;, with columns Col;, (M), ..., Col;, (M)
has the smallest non-zero singular value s;(M;, .. ;) satisfying

dr
M) " < Cema i ;
si( ooy z) = re{lr—f-lgl..,k} \/(T‘ —1) Zf:r si(M)2

where (g 15 an absolute constant.

2.8. Estimate of the compressible case. Here we aim to prove that
the kernel of B is unlikely to contain an extensive, almost orthogonal system
of compressible vectors.

LEMMA 2.15 (JRud24, Proposition 4.2|). Let k,n € N be such that k <
n/2 and let B be an (n—k) X n matriz whose entries are independent random
variables satisfying (1.3|). There exists T = 1y > 0 such that the probability



12 G. Dai, Z. Song, and H. Wang
that there exists a %—almost orthogonal I-tuple x1, . .., xz; € Comp(72, 7%) with
I < 73n and

|Bxjlla < 7v/n  forall j €l

is less than exp(—az1gin), where is a constant.

REMARK 2.16. The proof of Proposition 4.2 in [Rud24] does not rely
on the variables being identically distributed, so the lemma can be invoked
as stated. What it does require is a uniform lower bound on the second
moments; this is why we take the variances of the matrix entries to be 1.
Any other positive lower bound would work equally well.

3. Incompressible vectors. Before stating the main result of this sec-
tion, we single out the linear subspace spanned by incompressible vectors
in ker B. Inside this subspace, “large RLCD” should be typical behavior;
more precisely, we want the probability that a vector has small RLCD to
be super-exponentially small. As the discussion in Section 4 shows, the key
obstruction is the existence of an approximately orthonormal I-tuple of vec-
tors, all with small RLCD. The main result below asserts that this event is
indeed super-exponentially unlikely.

We now introduce several important constants before presenting our main
results.

L=qgk, o=min{agy(r’, ™" K), cgn(r? 7!/2,K)},
and
r = min {hgg(7, 7, K)/2, hga(7°, 7 /2, K) /8},
where ggg is an absolute constant from Proposition k appears in Theo-
rem K is a parameter from (1.3)), and 7 is chosen by Lemma [2.15]

For ease of writing, we set

ny _ oo ot 2 Col.(A) 7n
da(z,Z2") = min \/Edlst (x = Col;(A),Z").

PROPOSITION 3.1. Let p € (0, po), where po = po(7, K) is some positive
number. Assume that | < k < £y/n. Let B be an (n — k) x n matriz with
independent entries satisfying (1.3). Consider the event &g that there exist

vectors vy, ..., v; € ker B having the following properties:
(1) 2ry/m < ||vjlla < R := exp(£52) for all j € [I];

(2) span(vy,...,v;)NS" ! C Incomp(72, 74);

(3) the vectors vi,...,u are %—almost orthogonal system;
(4) da(v5,2") < py/in for all ] € [I];

(5) the n x 1 matriz V with columns vy, ..., v satisfies

dA(V97Zn) > ,0\/73
for all 6 € R such that ||0]|2 < ﬁ and [|[VO||2 > 2ry/n.
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Then
P(&s.1) < exp(—in).

Let
W = {(wy,...,w;) : w; satisty (1)—(5)}.

Therefore, we can obtain Proposition [3.I] by proving that:
P(Elwl, ..., wy € ker B with (wq,...,w;) € W) < exp(—In).

To prove the above inequality, first consider a vector d = (di,...,d;) €
[rv/n, R]' with d; = 2% for some integers s;. Then, define W, to be the
subset of W consisting of all (vy,...,v;) satisfying

|vjll2 € [dj,2d;]  for all j € [1].
Now, we only need to estimate the intersection of Wy and ker B, then we
divide the proof of Proposition into three parts. The first part estimates
the size of the net that discretizes Wy and the second part begins with a
detailed introduction on how to discretize W,, and the final part completes
the proof of the proposition.

3.1. Size of the net. In this subsection, our main result is that the size
of the net is super-exponentially large. First, we set a temporarily undeter-
mined constant §, to be determined in Section 3.2, which satisfies
(3.1) 0<d<p.

PROPOSITION 3.2. Letd = (di,...,d;) be a vector such that d; € [ry/n, R]
for all j € [l]. Let § be as in (3.1) and Ny C (§Z™)! be the set of all I-tuples
of vectors ui, ..., u; such that for all j € [l],

lujllz € [3dj,4d;]  with da(u;, Z") < 2pv/n
and
span(ui, ..., u) NS C Incomp(r?,7%/2).

Then
l

s () ([ 4)

where (g, > 0 depend only on 7, K.

To prove this proposition, we need to estimate the number of vectors in
the set that satisfy the property da(z,Z"™) < 2py/n. For technical conve-
nience in the proof, we slightly modify the above set. Let

4d; rd;
Al = elle <4d ¥ N{u: —L > |u| > —=L, forallie J Nz,
= el <aqy 0 fus 2% > il > D0 forai s
where u e is the vector obtained by zeroing out the coordinates of u in J
and keeping the others unchanged. In fact, Agj can be regarded as possessing
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an approximate product structure. More precisely, we decompose a vector
into two parts according to the index sets J and J¢. The component indexed
by J¢ can be viewed as a discrete lattice on the sphere, while the compo-
nent indexed by J resembles a high-dimensional polytope. In particular, the
coordinates in J are essentially decoupled, which leads to a product-type
structure.

Note that, by [RV08, Lemma 3.4], there exists a constant ¢, > 0 such
that for any vector v € Incomp(72,74/2), there exists a subset I C [n] with

|I| > ¢;n such that
4

1
Therefore, if we ignore the condition da(u,Z™) < 2py/n in Ny, then each
vector is contained in some /ljj, where J C [n] is a subset with cardinality
at least ¢, n.
Therefore, it suffices to estimate the number of vectors u in AJ that

forallieI.

satisfy da(u,Z"™) < 2py/n, which is precisely the content of the followmg
lemma.

LEMMA 3.3. Let W be a vector uniformly distributed in the set Aa’j for
some J C [n] with |J| > ¢-n and d; € [r\/n,R]. Then for each Col;(A),
i € [n],

Pw {E dist?(W % Col;(A), Z™) < (2pv/n)?} < (Cgzp) T2,
where (g, gz > 0 depend only on 7, K.
LEMMA 3.4. Foranyt € (0,1) and u > 1, there exists ngzg = n(t,u, 7, K)

such that for n > ngzg and |J| > c;n. If x € R™ satisfies

et
)13 < 7102” {ieJ: || > 1} = t]J],

and if W is a vector uniformly distributed on the set Ajj, then, for p > 0,
we have

Pw {dist(W % 2, Z")* < p*n} < (Cigap) =",
where gz, gz > 0 depend only on t,u, 7, K.
Proof. Assume that Iy = {i € J : |z;| > 1} and I = {i € Iy : |x;| < u}.

e 2(|Io] — 1) < 2< 2 ¢ ol
A=l < 32 I < el < S
We obtain |I| > %'n. Furthermore, set Y = §'W. Then for i € I,
i, 1 4d;

T::5*177J<Yi<T::5* )
! 8\/%_’ =T T/
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Recall that W is uniformly distributed on the set AJ and can be written as
W = 6Y. Then, for all ¢ € I, the random variables Y- are independent and
each is uniformly distributed on the integer set [T, —T71| U [T1, T5].
Note that |Wjz;| < T := duTb and we have
T
P(dist(Wiz;, Z) <€) < Y P(|6Yiz; — qi| <)
qi=—T

T
< > PV =6 gy < g/6mi)

qi=—T
2T+ 1)(e/d+1)
ST amoT) < Ck,

where ¢ > 6 and C' = C(u,7) > 0 is a constant depending only on 7 and w.
Thus, for s > 62,

P(dist(w;zj,Z)? < s) < C/s.

Applying Lemma with X; = dist(w;z;,Z)? for all j € I and m = 1/2,
we obtain, for any € > 6,

P(dist(W %z, Z")? < €2|I]) < P(Z dist(w;as, Z)? < 62|1|) < (@)1,

i€l

where ¢ is an absolute constant.

Lettig € = max {p, \/ %p}, we obtain

P(dist(W x z,Z")? < p?n) < (Cp)". =

Proof of Lemma([3.3 1t suffices to prove that, if W is a vector uniformly
distributed on the set of Ajj, then

Py (Ex dist?>(W x X, Z") < 4p2n) < (Cp)™,

where X = (X71,...,X,) with X; satisfying (1.3 for all i € [n].
Applylng Lemma . 2.8, P{|X;| > 1} > p. On the one hand, with at least
1— = probablhty,

(3.2) {ie J:|z;| > 1} >t|J]|
On the other hand, since || Xy, < K,

P(IX|2 > Cn) < exp((2log2 — C/K)n).
Thus, setting C' = CTtu > 2K log 2, we have

(3.3) HXH2 < 7u n

with probability at least 1 — exp((2 log2 — 072'}1(‘2 )n)
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Denote by &gz the event that both (3.2) and (3.3) occur. Then we can
choose t = t(7, K) and u = u(r, K, t) such that

P(&z3) > p/2.
Thus, for every fixed X such that X € £33, applying Lemma with

e = 4p~Y2p, we obtain
(3.4) Py (dist(W X, Z")* < 16p~'p*n) < (Cp)™
Let

D(W,X) :=dist(W « X,Z")? and €& := &3

Since (3.4)) holds uniformly for all X € &, and since W and X are indepen-
dent while £ is determined only by X, Fubini’s theorem gives

EwPx(D(W, X) < 16p~'p*n | £) = Pw,x (D(W, X) < 16p~'p°n | £)
< (Cp)™".

Hence, by Markov’s inequality,
1
PW< x(D(W,X) <16p 'p°n| &) > 2) < 2(Cp)™

Absorbing the factor 2 into the absolute constant C, we find that, with
probability at least 1 — (Cp)"

Px(D(W,X) > 16p *p?n | £) >

l\.'J\»—l

On this event,
Ex[D(W,X) | €] > 8p~'pn.
Moreover, since Px (&gzm) > p/2, we have

ExD(W, X) > Px(ﬁz:ﬂ)Ex[D(W,X) | Gzl
8p Lp?n = 4p’n.
Therefore,
Pw (Ex dist(W % X, Z™)? > 4p’n) > 1 — (Cp)"
This concludes the proof. =

Proof of Proposition[3.2. Applying Lemma [2.10] yields

4 cd; \"
n _ . < J .
Y4 mB(o, <4+T>d]> < <T75\/ﬁ>

J
Ay, | <
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Furthermore, by the discussion preceding Lemma [3.3] we have

I ESDY [ZPW(EdistQ(W*Colj(A), <4pn} H|A7|

i >ern j=1

o (S (1) = ()" (1 )

This completes the proof of Proposition [3.2] =

3.2. Approximating. The following lemma is about random rounding,
whose use in random matrix theory was pioneered by Livshyts |[Liv21al.

PROPOSITION 3.5. Let k < aqzzn and d = (di,...,d;) € [rv/n, R]'. Let
d > 0 be a small constant satisfying (3.1). Let B be an (n — k) X n matriz
such that || Bllas < 2kn. For any (vi,...,v) € Wq with vj € ker B, for all
J € [l], there exist uy,...,u; € Ny with the following properties:

(1) [Juj = vjlloc <0 for all j € [I];

(2) if U and V are n x | matrices with columns ui,...,u; and vi,...,u
respectively, then

U = V| < Czzov/n;
3) (uy,...,up) is i-almost orthogonal;
4) span(uq,...,u;) NS"~! C Incomp(72,74/2);

da(uj, Z") < 2p\/n for all j € [l];

if U is a matriz as in (2), then

da(U6,Z") > gﬁ

AN NN
D Ot
=

for any 0 € R satisfying

1
||9||2 < m and ||U9||2 > 8T\/ﬁ§

(7) |Bujllz < 2Kén for all j € [l].
Proof. Let (v1,...,v;) € Wy and ©1,...,7; € 0Z™ be such that for all
jelll,
vj € U; +6[0,1]".

Define independent random variables €;5, ¢ € [n], j € [I], as follows:
) —v;(4)

Pley = (1) — (i) = 1 - 2

P(eij = v;(i) —v;(i) +6) =
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Then we have |g;;| < § and Ee;; = 0. Let

u; = v + ZEUGZ‘ € oZ™.
i=1
Lemma 5.3 in [Rud24] already gives (1) and (2) with probability at least
1—exp(—agzmn); (3) and (4) are immediate consequences. It remains to verify
that (5) and (6) also follow from (1) and (2).
Note that for any i € [n],

dist(uj + Col;(A), Z") < dist(v; x Col;(A), Z") + ||uj — v;|se||[Coli(A) 2
< pv/'n + 6]|Col; (A)]l2.

Then
da(u;, Z2") = \/mjn E dist?(u; x Col;(A), Z")
< \/mmE(pf 7 + 6]|CoLi (A)12)2
< 2pV/n.
Furthermore, since (uy, ..., u;) and (v1i,...,v;) are %—almost orthogonal, and

[vjll2 > 3 llull2, it follows that
1< 1 < 1
V|5 > 1 > 630515 > EZ@H%’H% > 6*4HU9||§ > r’n.
=1 j=1

As (v1,...,v) € Wy, we have d4(V0,Z™) > py/n. Since

l
(U = V)0||o0 = maX‘ZSUG < ?é%‘}]{J Z%J D62 < ;

for any i € [n] we have

dist(U0 « Col;(A), Z") >dist(V0*Col-(A) Z") — (U = V)80 || Coli (A)]|2
> py/n — *IICol (A)ll2-

Therefore,

da(U8,Z") = \/mjn E dist2(U76 x Coly(A), Z7)

> \/mgnap\f— 5o (A) /202 > £ v

Indeed, once (1) and (2) are secured, we can make (5) and (6) hold by
choosing § sufficiently small.
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So far we have shown that (1)-(6) hold simultaneously with probability
at least 1 — exp(—qggn). Because

P(||Bujlla < 2Kdn for all j € [I]) > 27"

and 1 — exp(—qggn) + 27! > 1, there exists a fixed tuple (u1,...,u;) € Ny
satisfying (1)—(7), and the lemma follows. =

3.3. Proof of Proposition 3.1. Before proving Proposition [3.1] we
record one more lemma. Throughout its statement and proof, § is the con-
stant already fixed in Proposition [3.5]

LEMMA 3.6. Let d = (d1,...,d;) € [ry/n, R]' and qzgh <1< k < 5/n.
Then
PW, Nker B # () < exp(—2In).
Proof. Let Ny C Ny be the set of (uy, ..., u;) € Ny that satisfy (3)—(7) of

Proposition Let U be the n x [ matrix with columns uy, ..., u;. Firstly,
we shall show that

1
3.5 RD{ (UT) > —.
( ) L,a( ) = 20\/2
Take 6 € R! such that |||z < ﬁ. Assume that

1U0]|2 < 8rv/n < hgm(7?,7%/2, K)V/n.
By applying Lemma [2.9| with o < agm(72,74/2, K), we have

0
da(U6,Z") > Ly[log, O‘”li 2.
Assume that ||Uf||2 < \ﬁmaxje[l] |u;]]2 < VIR; then we obtain
allUflla _ p
Ly/1 < =+/n.
og, 7 < 2\/5
By virtue of Proposition [3.5(6), we get
(3.6) da(U6,Z") > g\/ﬁ,

whenever 0 € R satisfies

1
lolle < 57 and U0z 2 8rv/m

Combining the preceding cases, we conclude that for every # € R! with
62 < 517

da(U6,Z") > Ly[log, O‘”?”?

Hence, by definition,

B

RD4 (UT) >
La(U7) 2 20

S
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Item (3) of Proposition [3.5] yields

det'2(UTU) > 4~ lHHu]H2>8 ’Hd

Write B; = Row;(B)”. For every t > 5\/ﬁ we have t > 201 > \ﬂ/Rnya(UT),
so Proposition gives

!
P Bills < Vi) < Efeff/aﬂ (H A\/z ; >z _ lcl
et/ “(UTU) RD7 ,(UT) [T;=1 4,
where C' = C(1, K) depends only on 7 and K.
Put ¥; = H|UTB;|3 and M = C2([T_, d)
P(Y; <s) < (Ms)l/2 for all s > sg := §°n.
Apply Lemma with m =1/2 and t = 4K?%5s:

tl

72/1. Then

l
P(||Bujlla < 2Kén ¥j € [I]) < P(Z |Bu; 3 < 4K252zn2)
j=1

- P(Z Y, <n- 4K230)
< (o

S (1)

Py:=P(3(ui,...,w) € Ny: || Bujll2 < 2Kdn ¥j)
l \/77 n—k
< 1l (€0 (T1 )

(=) (e
(@ (1)
l

- r /n

~ in

&pB2 5

< ( 4 <P > < 6—2ln’
T

Hence

where the last line holds since pB2 < ar for a small enough absolute constant
a > 0.
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Finally, Lemma [2.4] gives
PWiNnker B # @) < P(WgnNker B | ||Bllus < 2Kn) + P(|| B|lus > 2Kn)
< P;+ P <e2n g

Summing up, we can prove Proposition by applying Lemma [3.6] for
every d € [ry/n, R]".

Proof of Proposition[3.1l Let £ be the event that WyNker (B) # (). Then
&1 =&y, where d = (di,...,d)) € [rv/n, R)' N 2%, Note that d; = 2% and
sj € N; by estimating the cardinality of d, we have

P(E31) < [log(%)}lexp(—ﬂn) < exp(—In). =

4. Proof of Theorem In this section, we prove Theorem by
combining Lemma [2.15] with Proposition with Lemma being the
key additional ingredient. Furthermore, Theorem is proved via a linear
algebra argument combined with Theorem [I.2] We first show that whenever
a subspace of ker B has a sufficiently large RLCD, it automatically carries a
strong exponential lower bound.

LEMMA 4.1. Let A be an n X n random matriz with independent entries

that satisfy (L.3). For k < cy/n, let J C [n] with |J| = n — k and define EX

as the event that there exists a linear subspace E C (span(Col;(A), i € J))L
such that dim E > k/2 and

RD7,(E) > exp (%Z)
Then
P(Col;(A) € span(Col;(A),i € J) for all j € [n] and Eh < exp(—qrnk),
where qzy and Ggq are constants depending only on K.

The proof follows by adapting the argument for [Rud24, Lemma 6.1], and
is therefore omitted.

Proof of Theorem[1.3 Assume that rank(A) < n—k. There exists J C [n]
with |J| = n — k such that Col;(A) € span(Col;(A), i € J) for all j € [n].
Then
P(rank(A) <n —k)

=P(3J C [n],|J| =n — k : Colj(A) € span(Col;(A),i € J) for all j € [n])
< > P(Colj(A) € span(Col;(A),i € J) for all j € [n] \ J)
JCn], |J|=n—k

< <n> sup P(Col;(A) € span(Col;(A),i € J) for all j € [n] \ J).
JCln), | J|=n—k
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(Z) < exp <k: 1og<e]:‘>> < exp(ckn),

we only need to prove

Note that

P(Col;(A) € span(Col;(A),i € J) for all j € [n]) < exp(—2ckn).

To this end, we shall show that 5];, defined in Lemma occurs with
probability at least 1 — exp(—ckn).

Let By be an (n—k)xn random matrix with rows Row;(B) = Col,, (A)7,
where n; is the j-th entry of J. Let Ey = ker B; and denote by Pg, the
orthogonal projection onto Ey. Let 7 be chosen in Lemma [2.15] and denote
W := Comp(72, 74).

Applying Lemmawith Ey, Wy and | = k/4, we observe that at least
one of the events described by (1) and (2) of the lemma occurs. Denote these

events by % and ‘C{Z(TZ_E'Z] respectively. Using Lemma

(4.1) P(§y) < exp <_ qu%)

Assume ‘q(ZQ)Z] occurs, so there is a subspace F' C Ey with dim F' = %k and
F N W,y = @. Fix the constant p chosen in Proposition [3.1 and set

2
W, = {v € F:2ryn < |v||s < exp<”LZ>, da(v, Z") < Na}.

Apply Lemma to F', W1 and [; one of its two conclusions must hold.
Denote the corresponding events by )6:1_1):2] and V% Proposition yields

(4.2) P(Mity) < exp <—Zn> .

Assume VIE(.%EZI oceurs, so there exists a subspace F' C F with dim F = k/2
and F N W; = @. We shall show that this forces

2
A (FY>R .= pn )
RDL’O((F) >R exp<4L2

Choose an isometry U: R¥/2 — R™ with UR*/?2 = F; then RDﬁa(UT) =
RDf’a (F). Fix # € R¥/2 and suppose

da(U6,72") < L log+<()A|zw).
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Because U(R*2 N S"~1) C Incomp(2, 74), Lemma [2.9) applies once a <
ogg(r?, 7, K) and ||0]|2 < 2r\/n < hgg(r?, 74, K)\/n, giving

0
da(U6,72") > L log+<a”L|2>.

Hence the strict inequality above can never occur in that range, so any 6
violating it must satisfy ||0||2 > 2Tf Since U ¢ W1, the definition of W
forces ||8]la > R. Consequently, RD% «(F) > R with probability at least

1 — e~ Furthermore, we have
P(Col;(A) € span(Col;(A),i € J) for all j € [n])
< exp(—ckn) + P( Col;(A) € span(Col;(A),i € J) for all j € [n] and l’f?IZI)
< exp(—ckn). =
Proof of Theorem [1.1, We first prove Theorem for all sufficiently

large n.
By the Courant—Fischer—Weyl min-max principle,

— A) = i a Azx||a.
et ()= R 14
Hence, if s, x11(A) < £/4/n, there exists an orthonormal set (z1,...,2;)
such that
| Azl < i=1,...,k

f

Let ZT = (21,...,2) be an n x k full-rank matrix. Applying Lemma

shows that there exist i1,...,4; € [n] such that
W)™ < G _puin \/(r ) Zr:: 5i(2)?
<Cm min \/(r - 1)(/:;”— )
<ong k”l)z.

Set F = (Ziy,..i) " F = (Zisy,..in) > and A; = Col;(A). Then
M = AZT: (Azlvall)F+(A Al")p

i1
Let I} = FT(FFT)~! be the right inverse of F. Thus, we have

MF; = (Aiu - 7Ail) + (Ail+1? - ,Ain)FFl.
Let H be the linear space spanned by A4;, ..., 4;,. Let P be the orthogonal
projection in R™ onto H+. Then

PMF, = P(A;,..., A;),
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which yields
dist?(A;,, H) + - - + dist*(A;,, H)
= |[PMFi|fs < [MFi|fs < [|Fil31M s

On the one hand, for any = € R,

FFr P
]2 l|z]|2
This implies that
(4.3) (F) < si(F)' < Cyy| 20
. 1{£'1) = 51 <y (k — Z)Q‘
On the other hand,
- &2
(4'4) HMHI%IS < Z ” CO] ”2 — Z HAZzHQ < ke®

i=1

By virtue of (4.3]) and @, we have

M Fyllas < [[Fyl[2]|M[|lns < Cl\/ \/ 01
€|

Furthermore, there exist i1,...,4; € [n] such that

dist?(Ay,, H) + - - + dist?(A,,, H) < (ffj) .

Now, we have

P<snk+1<A> < ﬁ)

SP(H{il,... i} cn Z||PJW4WH2 <Cl_’“j>>
> (ZHPHLAMHQ <C_’“l))

7;1,...#’[6[71} m=1

IA

Similar to the proof of Theorem for all w € (0,1), there exists p
depending on K and w such that

2
P(?—L .=3EC H',dimE =wl,RD} (E)>R, = exp(pjl)) >1— e cn
@ AL

where L = qzgv/l and ¢ > 0 is a constant depending on K and w.
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Then

Cike
(Z 1Py, B < ( l_l) )
l Clk&‘ 2
P<Z HPHlAlmH% S (k—l) ,H) +2€_Cln

<
m=1
: Cike\?
< P<Z 1Pp A, I3 < (kl_l) ,H> 4 9e—cn,

m=1

By Corollary
P PpAi, |2 < tVwl, H) < (C't)“! + e~

A tensorization argument identical to the one used in Lemma [2.2] gives

l
wl? —cln
P(D 1PoAs, B < P2 ) < (Ot + e
m=1

£

Substituting t = l(iilil) we obtain

(St (25) )< ()

Furthermore, we have
(o2 32) = () (25 o)
(ECI p——
Let | = [\/v/wk], v € (0,w). Then o

P<sn_k+1(A) < 5) < <C:>7k + exp(—chn).

NLD

IN

IN

Then Theorem [I.1]is valid for any n > ngg. Note that

1 € —CRKNn
;g%PGn_kH(A) < \/ﬁ) = P(sy_ps1(A) = 0) < 7,

where the last inequality is due to Theorem[1.2] Hence, for any fixed n, there
exists an eq(n, ngz) such that for any ¢ < eo(n, ngz)

(45)  Plsa-rr1(4) < e/vn) = Plsn-rs1(4) = 0) < .
Set g = min{e(1, ngg), - . ., e(ngm—1, ngz) }. Applying (4.5), we deduce that
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for any n < ngg and € < ¢,

P(sn-kt1(A) <e/vn) < 2e” ",

For any n < ngz, € > €9, we have

P(sn_ks1(A) < g/vn) <1< (Ce/k)™.

where C' = ¢ /ngg/eo. Hence Theorem is valid for any n and € > 0. m
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